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ABSTRACT
Strong-gravitational lens systems with quadruply imaged quasars (quads) are unique probes
to address several fundamental problems in cosmology and astrophysics. Although they are
intrinsically very rare, ongoing and planned wide-field deep-sky surveys are set to discover
thousands of such systems in the next decade. It is thus paramount to devise a general
framework to model strong-lens systems to cope with this large influx without being limited
by expert investigator time. We propose such a general modelling framework (implemented
with the publicly available software LENSTRONOMY) and apply it to uniformly model three-
band Hubble Space Telescope Wide Field Camera 3 images of 13 quads. This is the largest
uniformly modelled sample of quads to date and paves the way for a variety of studies. To
illustrate the scientific content of the sample, we investigate the alignment between the mass
and light distribution in the deflectors. The position angles of these distributions are well-
aligned, except when there is strong external shear. However, we find no correlation between
the ellipticity of the light and mass distributions. We also show that the observed flux-ratios
between the images depart significantly from the predictions of simple smooth models. The
departures are strongest in the bluest band, consistent with microlensing being the dominant
cause in addition to millilensing. Future papers will exploit this rich data set in combination
with ground-based spectroscopy and time delays to determine quantities such as the Hubble
constant, the free streaming length of dark matter, and the normalization of the initial stellar
mass function.

� E-mail: ajshajib@astro.ucla.edu
† Packard Fellow.
‡ Subaru Fellow.

C© 2018 The Author(s)
Published by Oxford University Press on behalf of the Royal Astronomical Society

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/483/4/5649/5251838 by U
niversidade de Sï¿½

o Paulo user on 13 O
ctober 2020

http://orcid.org/0000-0002-5558-888X
http://orcid.org/0000-0003-0930-5815
http://orcid.org/0000-0001-5564-3140
http://orcid.org/0000-0003-2456-9317
http://orcid.org/0000-0001-7714-7076
http://orcid.org/0000-0003-4561-4017
http://orcid.org/0000-0003-2612-7926
mailto:ajshajib@gmail.com


5650 A. J. Shajib et al.

Key words: gravitational lensing: strong – methods: data analysis – galaxies: elliptical and
lenticular, cD – galaxies: structure.

1 IN T RO D U C T I O N

Strong gravitational lensing is the effect where light from a back-
ground object is deflected by a foreground mass distribution (e.g.
galaxy or galaxy cluster) and multiple images of the background
object form. Strong gravitational lenses are powerful probes to
answer a variety of astrophysical and cosmological questions (see
e.g. Treu 2010), as we discuss briefly below.

According to the concordance model in cosmology, our Universe
consists of 5 per cent baryonic matter, 26 per cent dark matter, and
69 per cent dark energy accounting for a cosmological constant �

(Planck Collaboration VI 2018). This model is known as the � cold
dark matter (�CDM) model. The predictions of the �CDM model
have been extensively tested with good agreement to observations
spanning from the largest scale up to the horizon down to ∼1
Mpc (e.g. Dawson et al. 2013; Shajib & Wright 2016; Planck
Collaboration VI 2018). However, there also have been observations
that are in tension with the flat �CDM paradigm. For instance, there
is a tension at the �3σ level between the local measurement of H0

from Type Ia supernovae (Bernal, Verde & Riess 2016; Riess et al.
2016, 2018a, 2018b) and that extrapolated from the Planck cosmic
microwave background measurement for a flat �CDM cosmology.
This tension may arise from unknown systematic uncertainties
in one or both of the measurements, or might point to new
physics, e.g. additional species of relativistic particles, a non-flat
cosmology, or dynamic dark energy. Therefore, it is crucial to
have precise and independent measurements of H0 to settle this
discrepancy.

In a gravitational lens, if the background source is time-variable
(typically a quasar, but also a supernova as originally proposed), the
delay between the arrival time of photons for the different images
can be used to measure the so-called time-delay distance (Refsdal
1964; Suyu et al. 2010). This distance is inversely proportional
to H0, thus it can be used to constrain H0 and other cosmological
parameters (for a detailed review, see Treu & Marshall 2016). H0 has
been determined to 3.8 per cent precision using three lens systems
in the flat �CDM cosmology (Suyu et al. 2010, 2013, 2017; Bonvin
et al. 2017; Rusu et al. 2017; Sluse et al. 2017; Wong et al. 2017;
Tihhonova et al. 2018). With a large sample size of about 40 lenses,
it is possible to measure H0 with the per cent precision (Jee et al.
2016; Shajib, Treu & Agnello 2018) necessary to resolve the H0

tension and make the most of other dark energy probes (Linder
2011; Suyu et al. 2012; Weinberg et al. 2013).

One of the baryonic components in dark matter is low-mass
star. Surprisingly, recent studies have shown that the low-mass star
contribution in massive elliptical galaxies is significantly underesti-
mated if the stellar initial mass function (IMF) of the Milky Way is
assumed (Treu et al. 2010; van Dokkum & Conroy 2010; Auger et al.
2010a; Cappellari et al. 2012; Schechter et al. 2014). Precise knowl-
edge about the IMF is key in measuring almost any extragalactic
quantity involving star and metal formation. Measuring the stellar
mass-to-light ratio in the deflectors of quadruply imaged lensed
quasars (henceforth quads) from microlensing statistics provides
one of the most robust methods to constrain the IMF (e.g. Oguri,
Rusu & Falco 2014; Schechter et al. 2014).

Quads also provide a unique test of small-scale structure for-
mation (Kauffmann, White & Guiderdoni 1993; Witt, Mao &
Schechter 1995; Klypin et al. 1999; Moore et al. 1999; Metcalf &

Madau 2001; Dalal & Kochanek 2002; Yoo et al. 2006; Keeton &
Moustakas 2009; Moustakas et al. 2009; Boylan-Kolchin, Bullock
& Kaplinghat 2011) by measuring the subhalo mass function
(Metcalf & Zhao 2002; Kochanek & Dalal 2004; Amara et al.
2006; Metcalf & Amara 2012; Nierenberg et al. 2014, 2017; Xu et al.
2015; Birrer, Amara & Refregier 2017, see also for studies involving
extended source only, Koopmans 2005; Vegetti & Koopmans 2009;
Vegetti et al. 2010, 2012, 2018; Hezaveh et al. 2016), independent
of their luminosity function. With a large sample of quads, Gilman
et al. (2018) demonstrate the possibility of constraining the free-
streaming length of dark matter particles more precisely than current
limits based on the Ly α forest (Viel et al. 2013).

Until recently, all of these methods could only be applied to a
small sample of known quads. However, such systems are currently
being discovered at a rapidly increasing rate due to multiple strong-
lens search efforts involving various large-area sky surveys (e.g.
Agnello et al. 2015, 2018b,c; Williams, Agnello & Treu 2017;
Schechter et al. 2017; Anguita et al. 2018; Lemon et al. 2018;
Sonnenfeld et al. 2018; Treu et al. 2018; Williams et al. 2018).
With more deep wide-field surveys, e.g. Wide-Field Infrared Survey
Telescope, Large Synoptic Survey Telescope, and Euclid, coming
online within the next decade, the sample size of quads is expected
to increase by two orders of magnitude or more (Oguri & Marshall
2010; Collett 2015).

Modelling such lens systems has so far been carried out for
individual systems while fine-tuning the modelling approach on a
case-by-case basis. However, with the rapidly increasing rate of
discovery, it is essential to develop a modelling technique that
is applicable to a wide variety of quads to efficiently reduce
the time and human labour necessary in this endeavour. Given
the large diversity in the morphology and complexity of quads,
this is an interesting problem to pose: is every quad different or
‘unhappy in its own way’ that requires careful decision-making by
a human in the modelling procedure, or are the quads similar or
‘happy’ to some extent so that a uniform modelling technique can
be applied to generate acceptable models without much human
intervention?

Recently, some initial strides have been undertaken along the lines
of solving this problem for strong lenses with extended sources.
Nightingale, Dye & Massey (2018) devised an automated lens
modelling procedure using Bayesian model comparison. Hezaveh,
Levasseur & Marshall (2017) and Perreault Levasseur, Hezaveh
& Wechsler (2017) applied machine learning techniques to au-
tomatically model strong gravitational lenses and constrain the
model parameters. In this paper, we devise a general framework
or decision tree that can be applied to model-fitting of quads both in
a single band and simultaneously in multiple bands. We implement
this uniform modelling approach using the publicly available lens-
modelling software LENSTRONOMY (Birrer & Amara 2018, based on
Birrer, Amara & Refregier 2015) to a sample of 13 quads from the
Hubble Space Telescope (HST) data in three bands. LENSTRONOMY

comes with sufficient modelling tools and the architecture allows
a build-up in complexity as presented in this work. We report
the model parameters and other derived quantities for these lens
systems.

To demonstrate the scientific capabilities of such a sample of
strong-lens systems, we study the properties of the deflector galaxy
mass distribution, specifically the alignment of the mass and light
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distributions in them. The distribution of dark matter and baryons
in galaxies can test predictions of �CDM and galaxy formation
theories (e.g. Dubinski 1994; Ibata et al. 2001; Kazantzidis et al.
2004; Macciò et al. 2007; Debattista et al. 2008; Lux et al.
2012; Read 2014). N-body simulations with only dark matter
particles predict nearly triaxial, prolate haloes (Dubinski & Carlberg
1991; Warren et al. 1992; Navarro, Frenk & White 1996; Jing &
Suto 2002; Macciò et al. 2007). In the presence of baryons, the
haloes become rounder (Dubinski & Carlberg 1991; Warren et al.
1992; Dubinski 1994). With a modestly triaxial luminous galaxy
embedded in the dark matter halo, large misalignments (∼16 ± 19◦)
between the projected light and mass major axes can be produced
(Romanowsky & Kochanek 1998). For disc galaxies, the dark matter
distribution is shown to be well-aligned with the light distribution
(Dubinski & Carlberg 1991; Katz & Gunn 1991; Debattista et al.
2008).

As the lensing effect is generated by mass, strong gravitational
lenses give independent estimates of the mass distribution that can
be compared with the observed light distribution. The deflectors
in quads are typically massive ellipticals (with Einstein mass ME

� 1011.5M�). Most of the massive ellipticals are observed to be
slow rotators with uniformly distributed misalignments between
the kinematic and photometric axes (Ene et al. 2018). The uniform
distribution of misalignments suggests these massive ellipticals to
be intrinsically triaxial. Massive ellipticals can also have of stellar
populations and dust distribution with different geometries produc-
ing isophotal twist that can create a misalignment between the mass
and light distributions (Goullaud et al. 2018). For lens systems, a
tight alignment within ±10◦ between the major axes of the mass
and light distribution has been observed for deflector galaxies with
weak external shear, whereas galaxies with strong external shear can
be highly misaligned (Keeton, Kochanek & Falco 1998; Kochanek
2002; Treu et al. 2009; Gavazzi et al. 2012; Sluse et al. 2012;
Bruderer et al. 2016). However, there has been some conflict
about the correlation between the ellipticity of the mass and light
distributions with reports of both strong correlation (Sluse et al.
2012; Gavazzi et al. 2012) and no correlation (Keeton et al. 1998;
Ferreras, Saha & Burles 2008; Rusu et al. 2016).

This paper is organized as follows. In Section 2, we describe
the data used in this study. We describe our methodology in
Section 3.3 and the results in Section 4. Finally, we summarize
the paper followed by a discussion in Section 5. When necessary,
we adopt a fiducial cosmology with H0 = 70 km s−1 Mpc−1, �m

= 0.3, �� = 0.7, and �r = 0. All magnitudes are given in the AB
system.

2 HST SAMPLE

Our sample consists of 12 quads and one five-image system. Some
of these systems were discovered by the STRong-lensing Insights
into the Dark Energy Survey (STRIDES)1 collaboration [STRIDES
paper I Treu et al. (2018), paper II Anguita et al. (2018), and paper
III Ostrovski et al. (in preparation)], some are recent discoveries
by independent searches outside of the Dark Energy Survey (DES),
and some are selected from the literature. In this section, we first
describe the high-resolution imaging data obtained through HST.
We then briefly describe the lens systems in the sample.

1STRIDES is a Dark Energy Survey Broad External Collaboration; PI: Treu.
http://strides.astro.ucla.edu.

2.1 Data

Images of the lenses were obtained using the HST Wide Field
Camera 3 (WFC3) in three filters: F160W in the infrared (IR)
channel, and F814W and F475X in the ultraviolet-visual (UVIS)
channel (ID 15320, PI Treu). In the IR channel filter, we used
a four-point dither pattern and STEP100 readout sequence for
the MULTIACCUM mode. This approach guarantees a sufficient
dynamic range to expose both the bright lensed quasar images and
the extended host galaxy. For the UVIS channel filters, we used a
two-point dither pattern. Two exposures at each position, one short
and one long, were taken. Total exposure times for all the quads
and the corresponding dates of observation are tabulated in Table 1.
The data were reduced using ASTRODRIZZLE. The pixel size after
drizzling is 0.08 arcsec in the F160W band, and 0.04 arcsec in the
F814W and F475X bands.

2.2 Quads in the sample

In this subsection, we give a brief description of each quad in our
sample (Fig. 1).

2.2.1 PS J0147+4630

This quad was serendipitously discovered from the Panoramic Sur-
vey Telescope and Rapid Response System (Pan-STARRS) survey
(Berghea et al. 2017). The source redshift is zs = 2.341 ± 0.001 (Lee
2017) and the deflector redshift is zd = 0.5716 ± 0.0004 (Lee 2018).
Initial models from the Pan-STARRS data suggest a relatively large
external shear γ ext ∼ 0.13.

2.2.2 SDSS J0248+1913

This lens system was discovered in Sloan Digital Sky Survey
(SDSS) imaging data using the morphology-independent Gaussian-
mixture-model supervised-machine-learning technique described in
Ostrovski et al. (2017) applied to SDSS u, g, and i, and Wide-
field Infrared Survey Explorer (WISE) W1 and W2 catalogue level
photometry (Ostrovski et al. in preparation). The lensing nature was
confirmed via optical spectroscopy with the Echellette Spectrograph
and Imager (ESI) on the Keck telescope in 2016 December prior
to the HST observations presented here and will be described in
Ostrovski et al. (in preparation). Delchambre et al. (2018) report the
independent discovery of this spectroscopically confirmed lensed
system as a lensed quasar candidate using Gaia observations. The
lens system resides in a dense environment with several other
galaxies within close proximity. Part of the lensed arc from the
extended source is noticeable in the F160W band in IR.

2.2.3 ATLAS J0259–1635

This lens system was discovered in VLT Survey Telescope (VST)-
ATLAS survey from candidates selected with quasar-like WISE
colours (Schechter et al. 2018). The source for this system is at
redshift zs = 2.16 (Schechter et al. 2018).

2.2.4 DES J0405–3308

The discovery of this system is reported by Anguita et al. (2018). A
complete or partial Einstein ring is noticeable in all the HST bands.
The source redshift is zs = 1.713 ± 0.001 (Anguita et al. 2018).
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Table 1. Observation information and references for the lens systems.

System name Observation date Total exposure time Reference
(s)

F160W F814W F475X

PS J0147+4630 2017 Sept 13 2196.9 1348.0 1332.0 Berghea et al. (2017)
SDSS J0248+1913 2017 Sept 5 2196.9 1428.0 994.0 Ostrovski et al. (in preparation), Delchambre et al. (2018)
ATLAS J0259–1635 2017 Sept 7 2196.9 1428.0 994.0 Schechter et al. (2018)
DES J0405–3308 2017 Sept 6 2196.9 1428.0 1042.0 Anguita et al. (2018)
DES J0408–5354 2018 Jan 17 2196.9 1428.0 1348.0 Lin et al. (2017); Diehl et al. (2017); Agnello et al. (2017)
DES J0420–4037 2017 Nov 23 2196.9 1428.0 1158.0 Ostrovski et al. (in preparation)
PS J0630–1201 2017 Oct 5 2196.9 1428.0 980.0 Ostrovski et al. (2018); Lemon et al. (2018)
SDSS J1251+2935 2018 Apr 26 2196.9 1428.0 1010.0 Kayo et al. (2007)
SDSS J1330+1810 2018 Aug 15 2196.9 1428.0 994.0 Oguri et al. (2008)
SDSS J1433+6007 2018 May 4 2196.9 1428.0 1504.0 Agnello et al. (2018a)
PS J1606–2333 2017 Sept 1 2196.9 1428.0 994.0 Lemon et al. (2018)
DES J2038–4008 2017 Aug 29 2196.9 1428.0 1158.0 Agnello et al. (2018c)
WISE J2344–3056 2017 Sept 9 2196.9 1428.0 1042.0 Schechter et al. (2017)

Figure 1. Comparison between the observed (first, third, and fifth columns) and reconstructed (second, fourth, and sixth columns) strong-lens systems. The
three HST bands: F160W, F814W, and F475X are used in the red, green, and blue channels, respectively, to create the red-green-blue (RGB) images. Horizontal
white lines for each system are rulers showing 1 arcsec. The relative intensities of the bands have been adjusted for each lens system for clear visualization of
the features in the system.
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2.2.5 DES J0408–5354

This system was discovered in the DES Year 1 data (Agnello et al.
2017; Diehl et al. 2017; Lin et al. 2017). The deflector redshift is zd

= 0.597 and the quasar redshift is zs = 2.375 (Lin et al. 2017). This
is a very complex lens system with multiple lensed arcs noticeable
in addition to the quasar images. The sources of the lensed arcs can
be components in the same source plane as the lensed quasar or
they can be at different redshifts. This system has measured time-
delays between the quasar images: �tAB = −112 ± 2.1 d, �tAD

= −155.5 ± 12.8 d, and �tBD = −42.4 ± 17.6 d (Courbin et al.
2018).

2.2.6 DES J0420–4037

This lens system was discovered in DES imaging data using
the morphology-independent Gaussian-mixture-model supervised-
machine-learning technique described in Ostrovski et al. (2017)
applied to DES g, r and i, Visible and Infrared Survey Telescope for
Astronomy (VISTA) J and K, and WISE W1 and W2 catalogue level
photometry (Ostrovski et al. in preparation). Several small knots are
noticeable near the quasar images that are possibly multiple images
of extra components in the source plane.

2.2.7 PS J0630–1201

This system is a five-image lensed quasar system (Ostrovski et al.
2018). The discovery was the result of a lens search from Gaia data
from a selection of lens candidates from Pan-STARRS and WISE.
The source redshift is zs = 3.34 (Ostrovski et al. 2018).

2.2.8 SDSS J1251+2935

This quad was discovered from the SDSS Quasar Lens Search
(SQLS; Oguri et al. 2006; Inada et al. 2012) (Kayo et al. 2007). The
source redshift is zs = 0.802 and the deflector redshift is zd = 0.410
measured from the SDSS spectra (Kayo et al. 2007).

2.2.9 SDSS J1330+1810

This lens system was also discovered from the SQLS (Oguri et al.
2008). The redshifts of the deflector and the source are zd = 0.373
and zs = 1.393, respectively (Oguri et al. 2008).

2.2.10 SDSS J1433+6007

This lens system was discovered in the SDSS data release 12
photometric catalogue (Agnello et al. 2018a). The redshifts of the
source and deflector are zs = 2.737 ± 0.003 and zd = 0.407 ± 0.002,
respectively (Agnello et al. 2018a).

2.2.11 PS J1606−2333

This quad was discovered from Gaia observations through a
candidate search with quasar-like WISE colours over the Pan-
STARRS footprint (Lemon et al. 2018). The main deflector has
a noticeable companion near the southmost image.

2.2.12 DES J2038−4008

This lens system was discovered from a combined search in WISE
and Gaia over the DES footprint (Agnello et al. 2018c). The
deflector and the source redshifts are zd = 0.230 ± 0.002 and zs =
0.777 ± 0.001, respectively (Agnello et al. 2018c). This system has

an intricate Einstein ring with complex features from the extended
quasar host galaxy.

2.2.13 WISE J2344−3056

This lens system was discovered in the VST-ATLAS survey
(Schechter et al. 2017). This is a small-size quad with reported
maximum image separation ∼1.1 arcsec. Several small and faint
blobs are in close proximity, two of which are particularly noticeable
near the north and east images.

3 LENS MODELLI NG

To devise a uniform approach that will suit a wide range of quads
that vary in size, configuration, light profiles, etc., we need to choose
from the most general models for the lens mass profile and the light
distributions. It is often required to fine-tune the choice of models
by adding complexities to the lens model in a case-by-case basis
to suit the purpose of the specific science driver of an investigator.
However, such detailed lens-modelling is outside of the scope of
this paper. We only require our models to satisfactorily (χ2

red ∼ 1)
fit the data while being general enough to be applicable to a wide
variety of lens systems.

We use the publicly available software package LENSTRONOMY2

(Birrer & Amara 2018, based on Birrer et al. 2015) to model
the quads in our sample. Prior to this work, LENSTRONOMY was
used to measure the Hubble constant (Birrer, Amara & Refregier
2016) and to quantify lensing substructure (Birrer et al. 2017). We
first adopt the simplest yet general set of profiles to model the
deflector mass and light, and the source-light distributions (e.g.
Sections 3.1 and 3.2). Then, we run a particle swarm optimization
(PSO) routine through LENSTRONOMY to find the maximum of
the likelihood function. After the PSO routine, we check for the
goodness-of-fit of the best-fitting model. If the adopted profiles
cannot produce an acceptable fit to the data, we gradually add
more mass or light profiles to account for extra complexities in
the lens system, e.g. presence of satellites, complex structure near
the Einstein ring, or extra lensed source components. We run the
PSO routine after each addition of complexity until a set of adopted
mass and light profiles can produce an acceptable model. Next, we
obtain the posterior probability distribution functions (PDFs) of the
model parameters using a Markov chain Monte Carlo (MCMC)
routine. The PSO and MCMC routines in LENSTRONOMY utilize
the COSMOHAMMER package (Akeret et al. 2013). COSMOHAMMER

itself embeds EMCEE (Foreman-Mackey et al. 2013), which is an
affine-invariant ensemble sampler for MCMC (Goodman & Weare
2010) written in PYTHON.

In this section, we first describe the profiles used to parametrize
the mass and light distributions. Then, we explain the decision tree
of the modelling procedure.

3.1 Mass profile parametrization

We adopt a power-law elliptical mass distribution (PEMD) for the
lens mass profile. This profile is parametrized as

κ = 3 − γ

2

(
θE√

qθ2
1 + θ2

2 /q

)γ−1

, (1)

2https://github.com/sibirrer/lenstronomy
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where γ is the power-law slope, θE is the Einstein radius, q is the
axial ratio. The coordinates (θ1, θ2) depend on position angle φ

through a rotational transformation of the on-sky coordinates that
aligns the coordinate axes along the major and minor axes.

We also add an external shear profile parametrized by two
parameters, γ 1 and γ 2. The external-shear magnitude γ ext and angle
φext are related to these parameters by

γext =
√

γ 2
1 + γ 2

2 , tan 2φext = γ2

γ1
. (2)

If there is a secondary deflector or a satellite of the main deflector,
we choose an isothermal elliptical mass distribution (IEMD), which
is a PEMD with the power-law slope γ fixed to 2.

3.2 Light profile parametrization

We choose the elliptical Sérsic function (Sérsic 1968) to model the
deflector light profile. The Sérsic function is parametrized as

I (θ1, θ2) = Ie exp

⎡
⎣−k

⎧⎨
⎩
(√

θ2
1 + θ2

2 /q2
L

θeff

)1/nSersic

− 1

⎫⎬
⎭
⎤
⎦ . (3)

Here, Ie is the amplitude, k is a constant that normalizes θ eff so that
it is the half-light radius, qL is the axial ratio, and nSérsic is the Sérsic
index. The coordinates (θ1, θ2) also depend on the position angle
φL that rotationally transforms the on-sky coordinates to align the
coordinate axes with the major and minor axes. We add a ‘uniform’
light profile parametrized by only one parameter, the amplitude,
that can capture unaccounted flux from the lens by a single Sérsic
profile.

The circular Sérsic function (with qL = 1, φL = 0) is adopted
to model the host-galaxy-light distribution. We limit θ eff > 0.′′04
(which is the pixel size in the UVIS bands) on the source plane to
prevent the Sérsic profile to be too pointy effectively mimicking
a point source. For a typical source redshift zs = 2, 0.04 arcsec
corresponds to ∼0.33 kpc. This is a reasonable lower limit for the
size of a lensed source hosting a supermassive black hole. If there are
complex structures in the lensed arcs that cannot be fully captured
by a simple Sérsic profile, we add a basis set of shapelets (Refregier
2003; Birrer et al. 2015) on top of the Sérsic profile to reconstruct the
source-light distribution. The basis set is parametrized by maximum
order nmax, and a characteristic scale β. The number of shapelets is
given by (nmax + 1)(nmax + 2)/2.

The quasar images are modelled with point sources with a point
spread function (PSF) on the image plane.

3.3 Modelling procedure

We model the quads in a general framework to simultaneously fit
the data from all three HST bands. Fig. 2 illustrates the flow of
the modelling procedure. We describe the nodes of this flow chart
below. Each node is marked with a lowercase letter. Some of the
decision nodes in Fig. 2 are self-explanatory and need no further
elaboration.

a. Initial set-up: We first pre-process the data in each band. A cut-
out with an appropriate field-of-view covering the lens and nearby
environment from the whole image is chosen. The background flux
estimated by SEXTRACTOR (Bertin & Arnouts 1996) from the whole
image is subtracted from the cutout. We also select four or more
stars from the HST images to estimate the initial PSF in each band.
A circular mask with a suitable radius is chosen to only include
the deflector-light distribution, and the lensed quasar-images and

arcs. If there is a nearby galaxy or a star, we mask it out unless
we specifically choose to model the light profile of a satellite or
companion galaxy, e.g. for DES J0408−5354, PS J0630−1201,
SDSS J1433+6007, and PS J1606−2333. As PS J0630−1201 is a
five-image lens, we allow the model the flexibility to produce more
than four images.

b. Fit the ‘most informative’ band: It is important to judiciously
initiate any optimization routine, such as the PSO, to efficiently
find the global extremum. Finding the global maximum of the
joint likelihood from all the bands together from a random initial
point is often very expensive in terms of time and computational
resource. Therefore, we first only fit the ‘most informative’ band to
iteratively select the light and mass profiles necessary to account
for the lens complexity. In this study, we choose F814W as the
‘most informative’ band. It is easier to decompose the deflector and
the source-light distributions in the F814W band than in the F160W
band as the deflector does not have a large flux near or beyond the
Einstein ring. The resolution in the F814W band is also twice as
high as in the F160W band. Furthermore, the deflector flux in the
F475X band is often too small to reliably model the deflector-light
distribution without a good prior. At first, we fix the power-law slope
for the lens mass model at γ = 2 (i.e. the isothermal case). With
each consecutive PSO routine, we narrow down the search region
in the parameter space around the maximum of the likelihood.
After each PSO routine, we iteratively reconstruct the PSF with the
modelled-extended-light subtracted quasar images themselves. This
is performed iteratively such that the extended light model updates
its model with the new PSF to avoid biases and overconstraints on
the PSF model. Similar procedures have been used in Chen et al.
(2016), Birrer et al. (2017), and Wong et al. (2017). The details are
described in Birrer et al. (2019) and the reconstruction routines are
part of LENSTRONOMY.

c. Good fit? We check for the goodness of fit by calculating the
p-value for the total χ2 and degrees of freedom. We set p-value
� 10−8 as a criterion to accept a model. This low p-value is enough
to point out substantial inadequacies in the model while applicable
to the wide variety of the lens systems in our sample. Implementing
a higher p-value would require noise-level modelling that is hard
to achieve in a uniform framework. The total χ2 in this node is
computed from the residuals in the F814W band only.

e. Add satellite mass profile: We add an IEMD for the satellite
or companion mass profile. The light distribution of the satellite is
modelled with an elliptical Sérsic profile. The initial centroid of the
satellite is chosen approximately at the centre of the brightest pixel
in the satellite.

g. Add extra source component: If there are extra lensed source
components, e.g. blobs or arcs, that are not part of the primary
source structure near the Einstein ring, we add extra light profiles in
the same source plane of the lensed quasar. We only add one light
profile for each set of conjugate components. It is easier to identify
and constrain the positions of additional source components on the
image plane. Among the identifiable conjugate components from
visual inspection, if one component is a smaller blob, and the others
form arcs, we choose the blob’s position in the image plane as
the initial guess. First, we only add one circular Sérsic profile for
each additional source component. For the second visit to this node,
i.e. there is unaccounted structure or extra light near the additional
lensed source components, we add shapelets with nmax = 3 on top
of the Sérsic profile. For each subsequent visit, we increase nmax by
2.

h. Add shapelets to source-light profile: If there are structures
near the Einstein ring, we add a basis set of shapelets on top of
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Figure 2. Flowchart showing the decision tree for uniform modelling of quads to simultaneously fit multiband data. After the initial set-up (node a), the fitting
is first done only with one band (node b) to iteratively choose the necessary level of complexity in the mass and light profiles (nodes d, e, f, g, h, k, l). A
proposed model is accepted, if the power-law slope γ does not diverge to a bound of the allowed range (nodes j) and the p-value � 10−8 for the fit (nodes c, j).
After deciding upon a set of profiles to simultaneously model the multiband data (node i), the uncertainties on the model parameters are obtained by running a
MCMC routine (node m).

the Sérsic function to the primary source-light profile. We first add
shapelets with nmax = 10 and increase nmax by 5 for each future visit
to this node. The characteristic scale β of the shapelets is initiated
with the best fit θ eff of the Sérsic profile for the source.

i. Fit all bands simultaneously: Before fitting all the bands
simultaneously it is important to check astrometric alignment be-
tween the bands and correct accordingly if there is a misalignment.
We align the data from the IR channel (F160W) with those from
the UVIS band (F814W and F475X) by matching the positions of
the four lensed quasar images. After that, we run PSO routines to fit
all the bands simultaneously. Each PSO routine is followed by one
iterative PSF reconstruction routine. During simultaneous fitting,
only the intensities of the light profiles and shapelets are varied
independently for different bands. All the other parameters, such
as scalelength, ellipticity, position angle and Sérsic index, are set
to be common across wavelengths, which is a common practice for
simultaneous fitting of multiband data (e.g. Stoughton et al. 2002;
Lackner & Gunn 2012). As a result, for the case of a single Sérsic
profile the best-fitting parameters are effectively an average over the
wavelengths. However, we find the resultant best-fitting parameters

from the simultaneous fitting to be within 1σ systematic+statistical
uncertainty of the ones from the individual fits of different bands
for one representative system (DES J0405−3308) from our sample.
Therefore, we assume that setting these parameters to be common
across wavelengths is sufficient for the purpose of this study.
For the case of shapelets or double Sérsic profile, the relative
intensities of the shapelets or Sérsic components can freely vary
across bands. This allows for more complex morphological vari-
ation across wavelengths and makes our assumption even more
reasonable.

j. Good fit? We check for the goodness of fit with the same
criteria described in node c. In this node, the total χ2 is computed
from the residuals in all the three bands. Moreover, we check that
the power-law slope γ has not diverged to the bound of the allowed
values when γ is relaxed in node i. This might happen if there
is not enough complexity in the adopted model to reconstruct the
observed fluxes. We also check if there is lens flux unaccounted
by the single Sérsic profile. If the total flux in the ‘uniform’ light
profile within the effective radius is more than one per cent of that
for the elliptical Sérsic profile, we decide that there is unaccounted
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lens flux. This can particularly happen in the F160W band as the
lens light is more extended in the IR than in the UVIS channels and
two concentric Sérsic functions provide a better fit to the lens light
(Claeskens et al. 2006; Suyu et al. 2013). If there is no unaccounted
lens light, we discard the ‘uniform’ profile from the set of lens-light
profiles before moving to node m.

l. Add second Sérsic function to lens-light profile: If there
is unaccounted lens flux, we discard the ‘uniform’ light profile
and add a second Sérsic function on top of the first one with
the same centroid. We fix the Sérsic indices for the two Sérsic
profiles to nSérsic = 4 (de Vaucouleurs profile) and nSérsic = 1
(exponential). We fix these Sérsic indices for numerical stability.
These profile fits should not be interpreted as bulge–disc decom-
positions. For a proper bulge–disc decomposition, more robust
methods should be adopted to detect the presence of multiple
components, e.g. Bayesian model comparison (D’Souza et al.
2014) and axis-ratio variation technique (Oh, Greene & Lackner
2017).

m. Run MCMC: If the PSO fitting sequence finds an acceptable
model for the quad, we run an MCMC routine. The initial positions
of the walkers are centred around the best fit found by the PSO
fitting sequence.

n. Finish: After the MCMC routine, we check for the conver-
gence of the chain. We accept the chain as converged, if the total
number of steps is ∼10 times the autocorrelation length, and the
median and variance of the walker positions at each step are stable
for 1 autocorrelation length at the end of the chain. We then calculate
the best-fitting value for each model parameter from the median
of the walker positions at the last step. Similarly, 1σ confidence
levels are computed from the 16th and 84th percentiles in the last
step.

3.4 Systematics

We estimate the systematic uncertainties of the lens model pa-
rameters by marginalizing over several numerical settings. We
performed the modelling technique described in Section 3.3 with
11 different numerical settings: varying the lens-mask size, varying
the mask size for extra quasar-images for PSF reconstruction,
varying the sampling resolution of the reconstructed HST image,
without PSF reconstruction, and with different realisations of the
reconstructed PSF. We checked for systematics for the lens system
SDSS J0248+1913. This system was chosen for two reasons: (i)
this system has relatively fainter arc compared to the point source
and deflector brightness, thus providing a conservative estimate
of the systematics, and (ii) the modelling procedure is one of
the simplest ones that enables running the modelling procedure
numerous times with different settings in relatively less time. We
assume the systematics are the same order of magnitude for the
other lens systems in the sample.

4 R ESULTS

In this section, we first describe the lens models and report the
model parameters along with some derived parameters for all the
quads. Then, we investigate the alignment between the mass and
light profiles and report our findings. In Appendices A–C, we
report additional inferred lens model parameters that are not directly
relevant for the scientific investigation carried out here but may be
of interest to some readers, especially in planning future follow-up
and observations.

4.1 Efficiency of the uniform framework

All the 13 quads are reliably (p-value ∼ 1; Table 2) modelled
following the uniform approach described in Section 3.3. The
framework was designed and tuned from the experience gained from
uniformly modelling the first ten observed quads in the sample. The
three quads, SDSS J1251+2935, SDSS J1330+1810 and SDSS
J1433+6007, were observed after the design phase. We effectively
modelled these three lenses implementing the general framework,
which validates its effectiveness. The total investigator time spent
for these two lenses is ∼3 h per lens including data reduction, initial
set-up and quality control of the model outputs. The number of CPU
hours (on state-of-the-art machines3) per system ranges between 50
and 500 depending on the complexity of the model.

4.2 Lens models

The set of profiles chosen through the decision tree for modelling the
quads along with the corresponding p-values are listed in Table 2.
We show a breakdown of the best-fitting models in each band for the
quads, SDSS J0248+1913, DES J0408-5354, SDSS J1251+2935,
SDSS J1433+6007, as examples, in Fig. 3. Model breakdowns for
the rest of lenses are provided in Appendix D. We show the red-
green-blue (RGB) images produced from the HST data alongside
the reconstructed RGB images for all the quads in Fig. 1.

We checked the robustness of the estimated lens model param-
eters with and without PSF reconstructions. We find the Einstein
radius θE, axial ratio q, mass position angle φ, external shear γ ext,
and shear angle φext to be robustly (within 1σ systematic+statistical
uncertainty) estimated. However, the power-law slope γ is affected
by ≥1σ systematic+statistical uncertainty due to deviations of the
reconstructed PSF. This is expected as γ depends on the thickness
of the Einstein ring and this thickness in the reconstructed model in
turn depends on the PSF.

We investigated if setting the Sérsic radius and index of the
source light profile common across wavelength bands biases the
measurement of the power-law slope. For one representative system
(DES J0405+3308) from our sample, we find the power-law slope
from the individual fits of different bands to agree within 1σ

systematic+statistical uncertainty of the one from the simultaneous
fit. Therefore, we conclude that setting the scaling parameters
of the source light profile except the intensity to be common
across wavelengths does not significantly (>1σ ) bias the power-law
slope.

We checked if the lens model parameters are stable with increas-
ing complexity in the model (Fig. 4). The stability of the Einstein
radius θE and the external shear γ ext improves if the mass profile
of a satellite is explicitly modelled. For increasing complexity in
modelling the source-light distribution, the power-law slope γ ,
the Einstein radius θE, and the external convergence γ ext are
stable.

We report the lens model parameters: Einstein radius θE, power-
law slope γ , axial ratio q, position angle φ, external shear γ ext, and
shear angle φext and deflector light parameters: effective radius θ eff,
axial ratio qL, and position angle φL in Table 3. For the deflectors
fitted with double Sérsic profiles, the ellipticity and position angles
are computed by fitting isophotes to the double Sérsic light distri-

3We utilized the Hoffman2 Shared Cluster provided by UCLA Institute
for Digital Research and Education’s Research Technology Group. https:
//idre.ucla.edu/hoffman2.
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Uniform lens modelling 5657

Table 2. Lens model profiles.

System name Mass profiles Lens-light profiles Source-light profiles p-valuea Decision flowb

PS J0147+4630 PEMD Double elliptical Sérsic Sérsic 1.0 abcijklbcijmn
Point source (image plane)

SDSS J0248+1913 PEMD Elliptical Sérsic Sérsic 1.0 abcijmn
Point source (image plane)

ATLAS J0259−1635 PEMD Elliptical Sérsic Sérsic 1.0 abcdfhbcijmn
Shapelets (nmax = 10)

Point source (image plane)
DES J0405−3308 PEMD Elliptical Sérsic Sérsic 1.0 abcijmn

Point source (image plane)
DES J0408−5354 PEMD Elliptical Sérsic Sérsic 1.0 abcdebcdfgbcdfgbcijkdf

IEMDc Elliptical Sérsicc Shapelets (nmax = 10) gbcijkdfhbcijmn
Sérsicc

Shapeletsc (nmax = 3)
Sérsicc

Point source (image plane)
DES J0420−4037 PEMD Elliptical Sérsic Sérsic 1.0 abcijkdfgbcijmn

Sérsicc

Sérsicc

Point source (image plane)
PS J0630−1201 PEMD Elliptical Sérsic Sérsic 1.0 abcdebcijmn

IEMDc Elliptical Sérsicc Point source (image plane)
SDSS J1251+2935 PEMD Double elliptical Sérsic Sérsic 1.0 abcijklbcijkdfhbcijmn

Shapelets (nmax = 10)
Point source (image plane)

SDSS J1330+1810 PEMD Double elliptical Sérsic Sérsic 0.005 abcijklbcijkdfhbcijmn
Shapelets (nmax = 10)

Point source (image plane)
SDSS J1433+6007 PEMD Double elliptical Sérsic Sérsic 1.0 abcdebcijklbcijmn

IEMDc Elliptical Sérsicc Point source (image plane)
PS J1606−2333 PEMD Double elliptical Sérsic Sérsic 1.0 abcdebcdfhbcijklbcijmn

IEMDc Elliptical Sérsicc Shapelets (nmax = 10)
Point source (image plane)

DES J2038−4008 PEMD Double elliptical Sérsic Sérsic 1.0 abcdfhbcijklbcijmn
Shapelets (nmax = 10)

Point source (image plane)
WISE J2344−3056 PEMD Double elliptical Sérsic Sérsic 1.0 abcijklbcijmn

Point source (image plane)

Notes. aThe p-value is for the combined χ2 from all three bands.
bLabels of nodes visited during the modelling procedure in the flow chart shown in Fig. 2.
cSatellite or extra source component separate from the central source.

bution. We use the PHOTUTILS4 package in PYTHON for measuring
the isophotes that implements an iterative method described by
Jedrzejewski (1987). We tabulate the astrometric positions of the
deflector galaxy and the quasar images in Table 4. The apparent
magnitudes of the deflector galaxy and the quasar images in each
of the three HST bands are given in Table 5.

4.3 Alignment between mass and light distributions

In this subsection, we report our results on the alignment between
the mass and light distributions in our sample of quads (Fig. 5).

4.3.1 Centroid

The centres of the mass and light distributions match very well for
most of the quads with a root-mean-square (rms) of 0.04 excluding

4http://photutils.readthedocs.io

three outliers (Fig. 5a). The three outliers are PS J0147+4630, DES
J0408-5354, and PS J0630−1201. In PS J0630−1201, there are two
deflectors with comparable mass creating a total of five images. If
the two deflectors are embedded in the same dark matter halo, the
centre of the luminous part of the deflector can have an offset from
the centre of the halo mass. The other two outliers also have nearby
companions possibly biasing the centroid estimation.

4.3.2 Ellipticity

We find a weak correlation between the ellipticity parameters of
the mass and light distribution for the whole sample (Fig. 5b). We
calculate the Pearson correlation coefficient between the axis ratios
q and qL of the mass and light distributions, respectively, in the
following way. We sample 1000 points from a two-dimensional
Gaussian distribution that is centred on the axial ratio pair (q, qL)
for each quad. We take the standard deviation for this Gaussian
distribution along each axis equal to the 1σ systematic+statistical
uncertainty. We take the covariance between the sampled points
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5658 A. J. Shajib et al.

Figure 3. Best-fitting models for SDSS J0248+1913 (top left), DES J0408-5354 (top right), SDSS J1251+2935 (bottom left), and SDSS J1433+6007 (bottom
right). The first three rows for each lens system show the observed image, reconstructed lens image, and the normalized residuals in three HST bands: F160W,
F814W, and F475X, respectively. The fourth row shows the reconstructed source in the F160W band, the convergence, and the magnification model. The
models for the rest of the sample are shown in Appendix D (Figs D1 and D2).

for each lens as zero as we observe no degeneracy in the posterior
PDF of the axis ratios for individual lenses. The Pearson correlation
coefficient for the distribution of the sampled points from all the
quads is r = 0.2 (weak correlation).

4.3.3 Position angle

The position angles of the elliptical mass and light distributions
are well aligned for 9 out of 13 quads. The standard deviation
of the misalignment in position angles for these eight lenses is
11◦ (Fig. 5c). The systems with large misalignment also have
large external shear. We find a strong correlation between the
misalignment angle and the external shear magnitude (r = 0.74,

Fig. 5d). We find weak correlation between the misalignment angle
and the mass axial ratio q (r = 0.21, Fig. 5e).

4.4 Deviation of flux ratios from macro-model

Stars or dark subhaloes in the deflector can produce additional
magnification or de-magnification of the quasar images through
microlensing and millilensing, respectively (for detailed descrip-
tion, see Schneider, Kochanek & Wambsganss 2006). In that case,
the flux ratios of the quasar images will be different than those
predicted by the smooth macro-model. Deviation of the flux ratios
can also be produced by baryonic structures (Gilman et al. 2017) or
discs (Hsueh et al. 2016, 2017), quasar variability with a time delay,
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Uniform lens modelling 5659

Figure 4. Stability of lens model parameters with increasing model com-
plexity. The four panels show the power-law slope γ , Einstein radius θE,
external shear γ ext, and logarithm of p-value of the reduced-χ2 of the model
fit, top to bottom, along the decision-flow for the quad DES J0408–5354.
The bottom-horizontal axis denotes the node identifiers along the decision
flow as in Fig. 2. Short descriptions for added profiles at corresponding
points along the decision flow are shown along the top-horizontal axis.
Solid-grey lines attached to the blue circles show 1σ systematic+statistical
uncertainty. The dashed-grey line at the bottom panel marks the threshold
p-value = 10−8 for accepting a model. The p-value decreases after
crossing the threshold the first time due to addition of the other two
bands for simultaneous fitting, which requires more complexity in the
model.

and dust extinction (Yonehara, Hirashita & Richter 2008; Anguita
et al. 2008). We quantify this deviation of the flux ratios in the

quasar images as a χ2-value by

χ2
f =

I �=J∑
I,J∈{A, B, C, D}

(
fIJ, observed − fIJ, model

)2

σ 2
fIJ

, (4)

where fIJ = FI/FJ is the flux ratio between the images I and J.
We assume 20 per cent flux error giving σfIJ = 0.28fIJ. We set
this error level considering the typical order of magnitude for
intrinsic variability of quasars (e.g. Bonvin et al. 2017; Courbin
et al. 2018). Although, many of the quads in our sample have short
predicted time-delays (Table C1), where intrinsic variability is not
a major source of deviation in flux-ratios, we take 20 per cent as a
conservative error estimate for these lenses.

If the flux ratios are consistent with the macro-model, χ2
f is

expected to follow the χ2(3) distribution, i.e. χ2
f ∼ χ2(3), as only

three out of the six flux ratios are independent producing three
degrees of freedom. However, the χ2

f -distribution is shifted toward
a higher value than χ2(3) (Fig. 6). The mean of the combined
distribution of log10 χ2

f from all the three HST bands is 2.04. A
Kolmogorov–Smirnov test of whether the observed χ2

f -distribution
matches with the χ2(3)-distribution yields a p-value of ∼0. The
shift is higher in shorter wavelengths. The mean of the log10 χ2

f ’s
in the F160W, F814W, and F475X bands are 1.85, 2.09, and 2.17,
respectively. This is expected, as the quasar size is smaller in shorter
wavelengths making it more affected by microlensing, and as shorter
wavelengths are also more affected by dust extinction.

5 SUMMARY AND DI SCUSSI ON

We presented a general framework to uniformly model large
samples of quads while attempting to minimize investigator time.
We apply this framework to model a sample of 13 quads and
simultaneously fit imaging data from three HST WFC3 bands.
All the quads are satisfactorily (p-value � 10−8) modelled in our
uniform framework. We choose the p-value threshold to be suitably
low to be applicable to our quad sample with large morphological
variation while being able to point out deficiencies in the modelling
choice of profiles along the decision tree. In the end, most of the
lens systems in our sample are modelled with p-value ∼ 1 (Table 2).
Thus, we showed that a large variety of quads can be modelled with
a basic set of mass and light profiles under our framework, i.e. all
the quads in our sample are ‘happy’ (or, at least ‘content’).

Table 3. Lens model parameters. The reported uncertainties are systematic and statistical uncertainties added in quadrature.

System name θE γ q φ (E of N) γ ext φext (E of N) θ eff
a qL

a φL (E of N)a

(arcsec) (deg) (deg) (arcsec) (deg)

PS J0147+4630 1.90 ± 0.01 2.00 ± 0.05 0.81 ± 0.04 − 55 ± 6 0.16 ± 0.02 − 72 ± 3 3.45 ± 0.10 0.93 ± 0.06 49 ± 16
SDSS J0248+1913 0.804 ± 0.004 2.19 ± 0.04 0.40 ± 0.06 46 ± 6 0.09 ± 0.02 6 ± 3 0.16 ± 0.03 0.40 ± 0.02 13 ± 1
ATLAS J0259−1635 0.75 ± 0.01 2.01 ± 0.04 0.66 ± 0.04 18 ± 6 0.00 ± 0.02 − 30 ± 3 1.00 ± 0.09 0.38 ± 0.04 20 ± 4
DES J0405−3308 0.70 ± 0.01 1.99 ± 0.04 0.95 ± 0.05 41 ± 12 0.01 ± 0.02 − 79 ± 5 0.44 ± 0.09 0.55 ± 0.05 37 ± 4
DES J0408−5354 1.80 ± 0.01 1.98 ± 0.04 0.62 ± 0.04 18 ± 6 0.05 ± 0.02 − 15 ± 3 2.15 ± 0.09 0.82 ± 0.04 28 ± 4
DES J0420−4037 0.83 ± 0.01 1.97 ± 0.04 0.87 ± 0.04 24 ± 6 0.03 ± 0.02 − 20 ± 4 0.44 ± 0.09 0.61 ± 0.04 27 ± 4
PS J0630−1201 1.02 ± 0.01 2.00 ± 0.04 0.53 ± 0.04 − 27 ± 6 0.14 ± 0.02 − 2 ± 3 1.64 ± 0.09 0.79 ± 0.04 12 ± 4
SDSS J1251+2935 0.84 ± 0.01 1.97 ± 0.04 0.71 ± 0.04 28 ± 6 0.07 ± 0.02 − 88 ± 3 1.02 ± 0.09 0.67 ± 0.04 23 ± 4
SDSS J1330+1810 0.954 ± 0.005 2.00 ± 0.04 0.59 ± 0.06 24 ± 6 0.07 ± 0.02 8 ± 3 0.40 ± 0.03 0.28 ± 0.02 24 ± 1
SDSS J1433+6007 1.71 ± 0.01 1.96 ± 0.04 0.51 ± 0.04 − 81 ± 6 0.09 ± 0.02 − 30 ± 3 1.10 ± 0.09 0.56 ± 0.04 − 88 ± 4
PS J1606−2333 0.63 ± 0.01 1.97 ± 0.04 0.88 ± 0.05 41 ± 10 0.16 ± 0.02 53 ± 3 1.36 ± 0.09 0.60 ± 0.07 − 24 ± 5
DES J2038−4008 1.38 ± 0.01 2.35 ± 0.04 0.61 ± 0.04 38 ± 6 0.09 ± 0.02 − 58 ± 3 2.85 ± 0.09 0.67 ± 0.04 38 ± 4
WISE J2344−3056 0.52 ± 0.01 1.95 ± 0.05 0.51 ± 0.06 − 70 ± 6 0.06 ± 0.02 − 68 ± 8 2.61 ± 0.19 0.76 ± 0.03 − 69 ± 4

Note. aCalculated from the F160W band for the lenses with double Sérsic fit for the lens light.
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Only one of the quads in our sample, DES J0408−5354, has
measured time delays: �tobserved

AB = −112 ± 2.1 d, �tobserved
AD =

−155.5 ± 12.8 d (Courbin et al. 2018). The predicted time
delays �t

predicted
AB = −100 ± 9 and �t

predicted
AD = −140 ± 13 d

(Appendix C) are in good agreement with the measured values,
although the measured values were not used as constraints in the
modelling procedure.

In order to make the problem computationally tractable for much
larger samples, we made some simplifying assumptions. Thus,
whereas some of the lensing quantities, such as Einstein radius,
deflector centre of mass, position angle and ellipticity, and image
flux ratios, are robustly determined, our models are not appropriate
for all applications. In particular, science cases requiring high
precision might require more sophisticated modelling for each
individual lens system.

The main simplifying assumptions in our work are (1) we
restricted our models to simple yet general profiles to describe the
mass and light distributions and (2) we assume no colour gradient in
the deflector and source fluxes. Thus, we use the same scalelengths
and ellipticity in the deflector- and source-light profiles in different
bands while fitting simultaneously. Some straightforward ways
to further improve the lens modelling are to allow for colour
dependence of the light distribution of the source and deflector,
explicitly including mass distribution of more nearby companions
or satellites, increasing the number of shapelets (nmax ), and consider
composite mass models consisting of both stellar and dark matter
components.

We illustrate the information content of this large sample of
quads by investigating the alignment between the light and mass
distributions in the deflector galaxies, and the distribution of so-
called flux ratio anomalies. Our key results are as follows:

(i) The centres of the mass and light distributions match very
well (the rms of the offsets is 0.04).

(ii) We find the correlation between the ellipticity of the mass
and light distributions to be weak (Pearson correlation coefficient,
r = 0.2).

(iii) The position angles of the major axes of the mass and light
distributions are well-aligned within ±11◦ for 9 out of 13 lenses.

(iv) Systems with high (>30◦) misalignment angle between the
light and mass also have large external shear (γext � 0.1). The
Pearson correlation coefficient between the misalignment angle and
the external shear is r = 0.74.

(v) The measured flux ratios between the images depart signif-
icantly from those predicted by our simple mass models. These
flux ratio anomalies are strongest in the bluest band, consistent
with microlensing being the main physical driver, in addition to
millilensing associated with unseen satellites.

Our finding of weak correlation between the light and mass
ellipticity slightly agrees with Keeton et al. (1998), Ferreras et al.
(2008) and Rusu et al. (2016) who find no correlation. However, we
do not find a strong correlation as Sluse et al. (2012) and Gavazzi
et al. (2012) report. The weak correlation between the mass and light
ellipticity in our study is consistent with the hierarchical formation
scenario of elliptical galaxies, where the remnants in the simulation
of multiple mergers are shown to have no correlation between the
halo and light ellipticity (Weil & Hernquist 1996). Moreover, some
of the deflectors in our sample are discy galaxies. The projected
ellipticity of discy galaxies will not be correlated with the halo
ellipticity if viewed from arbitrary orientations.

Moreover, dark matter haloes are expected to be rounder than the
stellar distribution from simulation (Dubinski & Carlberg 1991;
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Uniform lens modelling 5661

Table 5. Photometry of the deflector and quasar images. The deflector magnitudes are calculated from the total flux
within a 5 arcsec × 5 arcsec square aperture. Magnitudes are given in the AB system. The reported uncertainties are
systematic and statistical uncertainties added in quadrature.

System name Filter Deflector A B C D

PS J0147+4630 F160W 18.3 ± 0.1 15.46 ± 0.03 15.78 ± 0.03 16.18 ± 0.03 18.05 ± 0.03
F814W 19.4 ± 0.1 15.79 ± 0.03 16.09 ± 0.03 16.45 ± 0.03 18.21 ± 0.03
F475X 21.8 ± 0.3 16.39 ± 0.03 16.67 ± 0.03 17.13 ± 0.03 18.74 ± 0.03

SDSS J0248+1913 F160W 20.8 ± 0.1 19.88 ± 0.04 20.41 ± 0.04 19.91 ± 0.03 20.13 ± 0.04
F814W 22.7 ± 0.1 20.20 ± 0.03 20.23 ± 0.03 20.43 ± 0.03 20.66 ± 0.03
F475X 26.4 ± 0.3 21.14 ± 0.03 21.18 ± 0.03 21.35 ± 0.03 21.80 ± 0.03

ATLAS J0259−1635 F160W 20.7 ± 0.1 18.48 ± 0.03 18.57 ± 0.04 19.06 ± 0.03 19.30 ± 0.04
F814W 22.7 ± 0.1 19.00 ± 0.03 19.16 ± 0.03 19.62 ± 0.03 19.70 ± 0.03
F475X – 21.08 ± 0.03 20.81 ± 0.03 21.50 ± 0.04 21.33 ± 0.03

DES J0405−3308 F160W 20.2 ± 0.1 19.43 ± 0.07 19.58 ± 0.04 19.60 ± 0.04 19.33 ± 0.03
F814W 22.0 ± 0.1 20.22 ± 0.04 20.60 ± 0.04 20.33 ± 0.03 20.09 ± 0.03
F475X 25.0 ± 0.3 22.16 ± 0.04 22.81 ± 0.04 22.04 ± 0.03 21.91 ± 0.03

DES J0408−5354 F160W 18.6 ± 0.1 20.18 ± 0.03 19.79 ± 0.04 20.33 ± 0.04 20.82 ± 0.04
F814W 19.9 ± 0.1 20.38 ± 0.03 20.00 ± 0.03 21.66 ± 0.03 20.87 ± 0.03
F475X 22.6 ± 0.3 21.20 ± 0.03 21.34 ± 0.03 23.16 ± 0.03 21.86 ± 0.04

DES J0420−4037 F160W 18.6 ± 0.1 20.18 ± 0.03 21.03 ± 0.04 21.85 ± 0.04 21.96 ± 0.05
F814W 19.5 ± 0.1 20.44 ± 0.03 20.96 ± 0.03 21.71 ± 0.03 21.98 ± 0.04
F475X 21.5 ± 0.3 20.66 ± 0.03 21.25 ± 0.03 22.09 ± 0.03 22.09 ± 0.03

PS J0630−1201a F160W 20.4 ± 0.1 18.71 ± 0.03 18.82 ± 0.03 18.74 ± 0.03 21.01 ± 0.04
F814W 22.5 ± 0.1 19.70 ± 0.03 19.67 ± 0.03 19.71 ± 0.03 21.67 ± 0.03
F475X 26.7 ± 0.3 21.06 ± 0.03 20.92 ± 0.03 21.10 ± 0.03 23.03 ± 0.03

SDSS J1251+2935 F160W 18.3 ± 0.1 19.35 ± 0.03 20.25 ± 0.05 21.30 ± 0.06 21.02 ± 0.05
F814W 19.4 ± 0.1 20.01 ± 0.03 20.80 ± 0.04 22.80 ± 0.06 21.66 ± 0.04
F475X 21.4 ± 0.3 20.01 ± 0.03 20.73 ± 0.04 22.73 ± 0.04 21.95 ± 0.04

SDSS J1330+1810 F160W 17.9 ± 0.1 19.17 ± 0.03 19.36 ± 0.03 20.00 ± 0.03 21.24 ± 0.05
F814W 19.1 ± 0.1 20.11 ± 0.03 20.03 ± 0.03 20.48 ± 0.03 20.56 ± 0.03
F475X 21.4 ± 0.3 20.31 ± 0.03 20.82 ± 0.04 21.24 ± 0.03 21.58 ± 0.04

SDSS J1433+6007 F160W 18.1 ± 0.1 20.43 ± 0.03 20.47 ± 0.04 20.55 ± 0.04 21.56 ± 0.04
F814W 19.2 ± 0.1 20.25 ± 0.03 20.17 ± 0.03 20.45 ± 0.03 21.74 ± 0.03
F475X 21.2 ± 0.3 20.31 ± 0.03 20.16 ± 0.03 20.49 ± 0.03 21.93 ± 0.04

PS J1606−2333 F160W 19.5 ± 0.1 19.59 ± 0.03 19.65 ± 0.04 19.99 ± 0.03 19.47 ± 0.03
F814W 20.6 ± 0.1 19.06 ± 0.03 19.22 ± 0.03 19.38 ± 0.03 19.52 ± 0.03
F475X 21.8 ± 0.3 19.52 ± 0.04 19.76 ± 0.04 19.97 ± 0.03 20.48 ± 0.04

DES J2038−4008 F160W 16.4 ± 0.1 18.48 ± 0.03 18.27 ± 0.03 18.60 ± 0.03 19.49 ± 0.04
F814W 17.4 ± 0.1 20.25 ± 0.03 19.99 ± 0.03 20.05 ± 0.03 20.88 ± 0.03
F475X 19.1 ± 0.3 21.02 ± 0.03 20.89 ± 0.03 20.71 ± 0.03 21.43 ± 0.03

WISE J2344−3056 F160W 19.0 ± 0.1 21.36 ± 0.05 20.94 ± 0.04 21.16 ± 0.06 20.78 ± 0.04
F814W 20.0 ± 0.1 21.76 ± 0.03 21.20 ± 0.03 21.27 ± 0.03 20.76 ± 0.03
F475X 21.6 ± 0.3 22.79 ± 0.03 21.68 ± 0.03 21.66 ± 0.03 21.13 ± 0.03

aThe magnitudes of image E are 22.51 ± 0.10, 23.40 ± .04, and 24.77 ± 0.04 in the F160W, F814W, and F475X bands,
respectively.

Warren et al. 1992; Dubinski 1994) with reported agreements
to observations (Bruderer et al. 2016; Rusu et al. 2016). In our
sample, the majority of the systems follow this prediction. Only
three systems have significantly flatter mass distribution than the
light distribution (DES J0408−5354, PS J0630−1201, and WISE
J2344−3056). All these systems have satellites or comparable-mass
companions and thus are not the typically relaxed systems where
we expect this to hold. In contrast, four systems in our sample are
significantly rounder in mass than in light: ATLAS J0259−1635,
DES J0405−3308, DES J0420−4037, and PS J1606−2333. These
are likely to be discy galaxies from visual inspection of their shapes.
This explains the large difference in ellipticity between the mass and
light.

To reliably compare the ellipticity of the light and mass distribu-
tion, the ellipticity needs to be estimated within the same aperture,
or within an aperture large enough beyond that the ellipticity does

not significantly evolve. From a strong-lens system, only the total
(projected) mass within the Einstein radius can be estimated. If
the Einstein radius is much smaller than the effective radius of the
deflector galaxy, the comparison of ellipticity between light and
mass may not be representative of the entire galaxy.

We find a strong alignment between the mass and light position
angles, which agree very well with previous reports (Kochanek
2002; Ferreras et al. 2008; Treu et al. 2009; Gavazzi et al. 2012;
Sluse et al. 2012; Bruderer et al. 2016). Our result is also in
agreement with Bruderer et al. (2016) that the systems with high
misalignment (>30◦) also have strong external shear (γext � 0.1).
The absence of systems with high misalignment but low external
shear is in agreement with the prediction of galaxy formation
models. Orbits that are highly misaligned in isolated galaxies
(thus with low external shear) are shown to be rare and unstable
(Heiligman & Schwarzschild 1979; Martinet & de Zeeuw 1988;
Adams et al. 2007; Debattista et al. 2015). The misalignment in
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5662 A. J. Shajib et al.

Figure 5. Mass and light alignments in the deflector galaxies: comparison between (a) the mass and light centroids, (b) the axis ratios of the light and mass
profiles, (c) the misalignment angle (between the mass and light profiles’ position angles), (d) the misalignment angle and the external shear, and (e) the
misalignment angle and the mass profile axial ratio. The thin-solid-grey lines attached to the data points show 1σ statistical uncertainty and the thick-solid-black
bars annotated with ‘sys.’ in each figure shows the 1σ systematic uncertainty. The systematic uncertainty is estimated by marginalizing over various numerical
settings for the system SDSS J0248+1913 as described in Section 3.4. In (a) the solid-grey ellipse centred at (0, 0) shows the root-mean-square (rms) spread
of �RA and �Dec. for nine lens systems excluding the systems with large deviations: PS J0147+4630, DES J0408−5354, and PS J0630−1201. This rms
spread can be taken as the upper limit of the systematics. The dashed grey line traces the perfect 1-to-1 correlation in (b) and the zero misalignment in (c) to
aid visualisation. The centres of the mass and light distributions match very well (a). The systems with large offsets between the mass and light centroids have
satellites or comparable-mass companions possibly biasing the centroid estimate. The axis ratios of the light and mass distributions are only weakly correlated
(b). The position angles align very well within ±12◦ for 8 out of the 12 systems (c). Systems with large misalignment have larger values of external shear (d).
However, there is very weak to no correlation between the position angle misalignment and mass ellipticity (e).

isolated galaxies can only be sustained by a constant gas-inflow in
blue starburst galaxies (Debattista et al. 2015).

Furthermore, for systems with θE/θ eff < 1, the lensing mass is
likely to be dominated by the stellar mass. In that case, relatively
stronger correlation between the mass and the light distributions
is naturally expected. A comparison between the dark matter
and luminous matter distribution would be more interesting in
regard to directly testing �CDM and galaxy formation theories.
However, broadly speaking, large deviations in ellipticity and
alignment in our sample have to be explained by the presence
of dark matter. However, direct comparison between the dark and
luminous mass distributions requires composite mass models with
dark and luminous components as adopted by Bruderer et al. (2016).
Gomer & Williams (2018) find that two elliptical mass distributions
corresponding to the dark matter and baryon with an offset can
better reproduce the image positions in quads than just one smooth
elliptical mass distribution with external shear. Those kinds of
mass models are beyond the scope of this paper and left for future
studies.

The departures of flux-ratios from the smooth model in the discy
galaxies in our sample are not at the extreme of the χ2

f -distribution.

This further supports microlensing by foreground stars being the
dominant source of the flux-ratio anomaly.

Detailed follow-up of this sample is under way, to measure
redshift and velocity dispersion of the deflectors as well as the time
delays between the quasars and the properties of the environment.
Once follow-up is completed, we will use this sample to address
fundamental questions such as the determination of the Hubble
Constant (e.g. Bonvin et al. 2017), the nature of dark matter (e.g.
Gilman et al. 2018), and the normalization of the stellar IMF in
massive galaxies (e.g. Schechter et al. 2014).
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Figure 6. Distribution of χ2
f for flux-ratio anomalies from Equation (4)

assuming 20 per cent error in flux. The distribution is for 12 quads in our
sample excluding PS J0630−1201. The χ2

f -distributions in bands F160W,
F814W, and F475X are shown in orange, green, and purple shaded regions,
respectively. The χ2

f -distribution from all the bands combined is shown as

the grey shaded region. The black dashed line shows the expected χ2
f ∼

χ2(3) distribution in the absence of microlensing. The arrows on the top
show the mean of the χ2

f -values in bands F160W (solid orange), F814W

(dashed green), and F475X (dotted purple). The combined χ2
f -distribution

is shifted to higher values. The shift is higher for shorter wavelengths, as
the quasar size gets smaller with decreasing wavelength making it more
susceptible to microlensing.

Inicativa Cientı́fica Milenio through grant IC 12009, awarded to
The Millennium Institute of Astrophysics (MAS). FC and GM
acknowledge support from the Swiss National Science Foundation
#200020 172712. IK is supported by Japan Society for the Pro-
motion of Science (JSPS) KAKENHI Grant Number JP15H05896.
PJM is supported by the United States Department of Energy under
contract number DE-AC02-76SF00515. MO is supported in part
by World Premier International Research Center Initiative (WPI
Initiative), MEXT, Japan, and JSPS KAKENHI Grant Number
JP18K03693 and JP15H05892. FO acknowledges the joint support
of CAPES (the Science without Borders programme) and the
Cambridge Commonwealth Trust during part of this research. SHS
thanks the Max Planck Society for support through the Max Planck
Research Group.

This work is partly based on data from the ESO VLT Survey
Telecope at Paranal Observatory under programme ID 177.A-3011.
This work used computational and storage services associated with
the Hoffman2 Shared Cluster provided by UCLA Institute for
Digital Research and Education’s Research Technology Group.

Funding for the DES Projects has been provided by the US
Department of Energy, the US National Science Foundation, the
Ministry of Science and Education of Spain, the Science and
Technology Facilities Council of the United Kingdom, the Higher
Education Funding Council for England, the National Center
for Supercomputing Applications at the University of Illinois at
Urbana-Champaign, the Kavli Institute of Cosmological Physics
at the University of Chicago, the Center for Cosmology and
Astro-Particle Physics at the Ohio State University, the Mitchell
Institute for Fundamental Physics and Astronomy at Texas A&M
University, Financiadora de Estudos e Projetos, Fundação Carlos
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A P P E N D I X A : L E N S L I G H T PA R A M E T E R S

We report the parameters of the best-fitting Sérsic functions for the
deflectors in Table A1.

Table A1. Lens light parameters. The reported uncertainties are systematic and statistical uncertainties added in quadrature. The magnitudes are given in AB
system.

System name nSersic θ eff Ie (F160W) Ie (F814W) Ie (F475X) qL φL (E of N)
(arcsec) (mag arcsec−2) (mag arcsec−2) (mag arcsec−2) (deg)

PS J0147+4630 4 4.97 ± 0.03 29.7 ± 1.0 32.2 ± 1.0 34.4 ± 1.5 0.81 ± 0.01 18 ± 1
1 0.14 ± 0.03 23.4 ± 0.9 26.7 ± 0.9 30.0 ± 1.3 0.87 ± 0.01 62 ± 1

SDSS J0248+1913 2.4 ± 1.4 0.16 ± 0.03 24.5 ± 0.4 27.8 ± 0.4 31.6 ± 0.6 0.40 ± 0.02 13 ± 1
ATLAS J0259−1635 11.8 ± 1.4 1.00 ± 0.03 28.7 ± 1.0 32.2 ± 1.0 – 0.38 ± 0.02 20 ± 1
DES J0405−3308 7.6 ± 1.4 0.44 ± 0.03 26.8 ± 1.0 30.1 ± 1.0 33.1 ± 1.5 0.55 ± 0.02 37 ± 1
DES J0408−5354 5.5 ± 1.4 2.15 ± 0.03 28.5 ± 1.0 31.3 ± 1.0 34.0 ± 1.5 0.82 ± 0.01 28 ± 2
DES J0420−4037 4.0 ± 1.4 0.44 ± 0.03 25.1 ± 1.0 27.5 ± 1.0 29.5 ± 1.5 0.61 ± 0.01 27 ± 1
PS J0630−1201 6.8 ± 1.4 1.64 ± 0.03 29.9 ± 1.0 33.5 ± 1.0 37.7 ± 1.5 0.79 ± 0.01 12 ± 1
SDSS J1251+2935 4 0.53 ± 0.03 25.5 ± 1.0 28.1 ± 1.0 30.4 ± 1.5 0.67 ± 0.01 23 ± 1

1 5.00 ± 0.03 30.4 ± 0.9 32.6 ± 0.9 34.0 ± 1.3 0.67 ± 0.03 16 ± 3
SDSS J1330+1810 4 0.75 ± 0.03 24.8 ± 0.4 27.7 ± 0.4 31.9 ± 0.6 0.26 ± 0.01 24 ± 1

1 0.37 ± 0.03 24.5 ± 0.4 26.7 ± 0.4 27.9 ± 0.6 0.37 ± 0.01 25 ± 1
SDSS J1433+6007 4 0.56 ± 0.03 25.4 ± 1.0 28.2 ± 1.0 30.4 ± 1.5 0.56 ± 0.02 − 88 ± 2

1 3.35 ± 0.03 28.9 ± 0.9 31.1 ± 0.9 32.8 ± 1.3 0.54 ± 0.02 − 88 ± 1
PS J1606−2333 4 0.11 ± 0.03 25.2 ± 1.0 27.7 ± 1.0 – 0.56 ± 0.06 − 26 ± 4

1 1.66 ± 0.04 28.5 ± 0.9 31.0 ± 0.9 32.1 ± 1.3 0.77 ± 0.02 − 11 ± 2
DES J2038−4008 4 3.36 ± 0.03 26.7 ± 1.0 29.3 ± 1.0 31.1 ± 1.5 0.64 ± 0.01 38 ± 1

1 4.99 ± 0.03 29.2 ± 0.9 31.3 ± 0.9 32.6 ± 1.3 0.47 ± 0.01 − 62 ± 1
WISE J2344−3056 4 0.61 ± 0.04 26.9 ± 1.0 30.9 ± 1.0 – 0.75 ± 0.03 − 68 ± 4

1 4.67 ± 0.05 30.1 ± 0.9 31.7 ± 0.9 33.1 ± 1.3 0.80 ± 0.07 65 ± 10
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A P P E N D I X B: C O N V E R G E N C E , SH E A R , A N D
S T E L L A R C O N V E R G E N C E

The convergence κ , shear γ , and the stellar convergence κ� at
the image positions for each lens are given in Table B1. The
convergence at the image position is given by the lens mass

Table B1. Convergence, shear, and stellar convergence at the image posi-
tions. The reported uncertainties are systematic and statistical uncertainties
added in quadrature. The stellar convergence, κ�, is estimated from the
F160W band for the lenses with double Sérsic fit for the lens light.

System name Image κ γ κ�/κ

PS J0147+4630 A 0.41 ± 0.03 0.55 ± 0.04 0.37 ± 0.17
B 0.39 ± 0.03 0.52 ± 0.04 0.37 ± 0.17
C 0.43 ± 0.03 0.45 ± 0.03 0.27 ± 0.12
D 0.84 ± 0.06 0.99 ± 0.08 0.41 ± 0.18

SDSS J0248+1913 A 0.63 ± 0.05 0.87 ± 0.06 0.002 ± 0.001
B 0.26 ± 0.03 0.50 ± 0.02 0.003 ± 0.002
C 0.20 ± 0.03 0.31 ± 0.02 0.006 ± 0.003
D 0.87 ± 0.07 1.04 ± 0.09 0.011 ± 0.003

ATLAS J0259−1635 A 0.41 ± 0.03 0.42 ± 0.03 0.06 ± 0.03
B 0.66 ± 0.05 0.67 ± 0.05 0.25 ± 0.15
C 0.36 ± 0.03 0.36 ± 0.02 0.05 ± 0.03
D 0.64 ± 0.04 0.65 ± 0.04 0.21 ± 0.11

DES J0405−3308 A 0.48 ± 0.04 0.46 ± 0.03 0.06 ± 0.02
B 0.53 ± 0.04 0.53 ± 0.04 0.20 ± 0.08
C 0.52 ± 0.04 0.51 ± 0.04 0.19 ± 0.08
D 0.49 ± 0.03 0.47 ± 0.03 0.06 ± 0.02

DES J0408−5354 A 0.34 ± 0.02 0.31 ± 0.02 0.17 ± 0.06
B 0.45 ± 0.03 0.35 ± 0.02 0.24 ± 0.09
C 0.57 ± 0.04 0.57 ± 0.04 0.17 ± 0.07
D 0.75 ± 0.05 0.68 ± 0.05 0.32 ± 0.13

DES J0420−4037 A 0.56 ± 0.04 0.56 ± 0.04 0.12 ± 0.05
B 0.50 ± 0.04 0.44 ± 0.03 0.07 ± 0.03
C 0.45 ± 0.03 0.41 ± 0.03 0.05 ± 0.02
D 0.56 ± 0.04 0.51 ± 0.04 0.16 ± 0.06

PS J0630−1201 A 0.52 ± 0.04 0.45 ± 0.03 0.07 ± 0.05
B 0.49 ± 0.03 0.52 ± 0.04 0.07 ± 0.05
C 0.45 ± 0.03 0.55 ± 0.04 0.07 ± 0.04
D 1.39 ± 0.10 1.23 ± 0.08 0.03 ± 0.02

SDSS J1251+2935 A 0.57 ± 0.04 0.57 ± 0.04 0.21 ± 0.08
B 0.50 ± 0.04 0.41 ± 0.03 0.17 ± 0.07
C 0.63 ± 0.04 0.57 ± 0.04 0.21 ± 0.09
D 0.33 ± 0.02 0.25 ± 0.02 0.12 ± 0.05

SDSS J1330+1810 A 0.48 ± 0.08 0.43 ± 0.04 0.04 ± 0.02
B 0.59 ± 0.09 0.52 ± 0.05 0.16 ± 0.08
C 0.36 ± 0.06 0.43 ± 0.04 0.02 ± 0.01
D 0.74 ± 0.12 0.71 ± 0.06 0.23 ± 0.12

SDSS J1433+6007 A 0.35 ± 0.02 0.20 ± 0.01 0.08 ± 0.03
B 0.38 ± 0.03 0.35 ± 0.02 0.10 ± 0.04
C 0.78 ± 0.06 0.72 ± 0.05 0.16 ± 0.06
D 1.20 ± 0.09 1.16 ± 0.08 0.22 ± 0.09

PS J1606−2333 A 0.46 ± 0.03 0.25 ± 0.02 0.50 ± 0.20
B 0.49 ± 0.03 0.22 ± 0.02 0.53 ± 0.22
C 0.77 ± 0.06 0.75 ± 0.05 0.61 ± 0.25
D 0.57 ± 0.04 0.66 ± 0.05 0.77 ± 0.31

DES J2038−4008 A 0.21 ± 0.02 0.43 ± 0.03 0.73 ± 0.27
B 0.22 ± 0.02 0.49 ± 0.03 0.73 ± 0.27
C 0.45 ± 0.03 0.89 ± 0.06 0.72 ± 0.28
D 0.59 ± 0.04 1.11 ± 0.08 0.74 ± 0.26

WISE J2344−3056 A 0.79 ± 0.06 0.69 ± 0.06 0.54 ± 0.22
B 0.37 ± 0.03 0.38 ± 0.03 0.62 ± 0.25
C 0.37 ± 0.03 0.38 ± 0.03 0.66 ± 0.26
D 0.82 ± 0.07 0.72 ± 0.06 0.60 ± 0.24

distribution. We assume a constant mass-to-light ratio to convert
the surface brightness distribution into a stellar surface mass-density
distribution. We choose the maximum normalization factor for the
stellar convergence that meets these two criteria: (i) the stellar
convergence is smaller than the convergence and (ii) the integrated
stellar convergence is smaller than two-thirds of the integrated
convergence within half of the effective radius (Auger et al. 2010b).

APPENDI X C : TI ME D ELAY S

The time delay between two images I and J is given by

�tIJ = D�t

c

[
1

2
(θ I − β)2 − 1

2
(θ J − β)2 − ψ(θI) + ψ(θ J)

]
, (C1)

where θ is the image position, β is the source position, ψ is the
lensing potential, c is the speed of light, and D�t is the time-delay
distance given by

D�t = (1 + zd)
DdDs

Dds
. (C2)

Here, zd is the deflector redshift, Dd, Ds, and Dds are the angular
diameter distances between the observer and the deflector, between
the observer and the source, and between the deflector and the
source, respectively. The predicted time delays between the images
for the quads are given in Table C1.
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Table C1. Predicted time-delays between the quasar images. The reported uncertainties are systematic and statistical
uncertainties added in quadrature. We adopt fiducial redshifts zd = 0.5 and zs = 2, where the redshifts are not measured
yet.

System name zd zs �tAB �tAC �tAD

(d) (d) (d)

PS J0147+4630 0.572 2.341 − 2.1 ± 0.3 − 7 ± 1 − 193 ± 18
SDSS
J0248+1913

0.5 2.0 2.7 ± 0.2 20 ± 2 − 5.9 ± 0.4

ATLAS
J0259−1635

0.5 2.16 − 3.6 ± 0.3 7 ± 1 − 2.7 ± 0.2

DES J0405−3308 0.5 1.713 − 1.7 ± 0.2 − 0.9 ± 0.2 − 0.3 ± 0.2
DES J0408−5354 0.597 2.375 − 100 ± 9 − 105 ± 9 − 140 ± 13
DES J0420−4037 0.5 2.0 1.8 ± 0.2 7 ± 1 1.4 ± 0.1
PS J0630−1201 0.5 3.34 − 0.12 ± 0.02 − 0.09 ± 0.02 − 108 ± 10
SDSS
J1251+2935

0.41 0.802 0.6 ± 0.1 − 0.43 ± 0.04 36 ± 3

SDSS
J1330+1810

0.373 1.393 − 0.20 ± 0.02 6 ± 1 − 11 ± 1

SDSS
J1433+6007

0.407 2.737 − 24 ± 2 − 36 ± 3 − 100 ± 9

PS J1606−2333 0.5 2.0 − 3.8 ± 0.4 − 11 ± 1 − 7 ± 1
DES J2038−4008 0.23 0.777 − 6 ± 1 − 11 ± 1 − 27 ± 2
WISE
J2344−3056

0.5 2.0 3.3 ± 0.4 3.4 ± 0.4 − 0.6 ± 0.2

APPEN D IX D : LENS MODELS

In this section, we provide rest of the lens models in Figs D1–D3
that were not included in Fig. 3.
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5668 A. J. Shajib et al.

Figure D1. Best-fitting models for PS J0147+4630 (top left), ATLAS J0259−1635 (top right), DES J0405-3308 (bottom left), and DES J0420−4037 (bottom
right). The first three rows for each lens system show the observed image, reconstructed lens image, and the normalized residuals in three HST bands: F160W,
F814W, and F475X, respectively. The fourth row shows the reconstructed source in the F160W band, the convergence, and the magnification model.
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Uniform lens modelling 5669

Figure D2. Best-fitting models for PS J0630−1201 (top left), SDSS J1330+1810 (top right), PS J1606−2333 (bottom left), and DES J2038−4008 (bottom
right). The first three rows for each lens system show the observed image, reconstructed lens image, and the normalized residuals in three HST bands: F160W,
F814W, and F475X, respectively. The fourth row shows the reconstructed source in the F160W band, the convergence, and the magnification model.
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5670 A. J. Shajib et al.

Figure D3. Best-fitting models for WISE J2344−3056. The first three rows
show the observed image, reconstructed lens image, and the normalized
residuals in three HST bands: F160W, F814W, and F475X, respectively.
The fourth row shows the reconstructed source in the F160W band, the
convergence, and the magnification model.
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