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Some results about minimal immersions having flat normal 

bundle. 

Celia Cantin Goes 

Introduction 

In the study of isometric immersions r.11 C- if+1 , the local 

existence of functions w, defined in M and having the proper­

ties : w 2:: O, 11w ::: II A 11
2 + I gra~ w 1

2
, where A 1s the second 

fundamental tensor of the immersion, has led to an integral bound 

for minimal hypersurface curvatures [ 5 J, and to an "a priori" bound 

., to the norm of the gradient of solutions of the minimal hypersurface 

equation [lJ [6]. 

In what follows we found the existence of such functions to 

n+2 
isometric minimal immersions in :rt having flat normal bundle. 

Indeed we proved the following results: 

n n+2 
Theorem 1 - Let M '----;--+ ~ be an isometric minimal im-

mersion having flat normal bundle. Then in a neighborhood of each 

p e M there is a function w, of class c2 , such that w 2:: 0 and 

!::.w = c2 + I ow l 2 where c2 
:a II A 112 and o = gra~ . 

Theorem 2 - Let MnC--+ ~n+2 be an isometric minimal im-

, mersion having flat normal bundle. Then for each p e M, there is 

d > 0 such that if O < P < o < d , we have 

4 

(o-p) 2 
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where BP(p) is the ball in :nn+2
, centered in p and having ra­

dius p • 

Theorem 3 - Let Mn<=--+ Jl nttn be an isometric minimal im-

mersion having flat normal bundle. Then 

If {v(k)}lsksm is a local orthonormal family of 

parallel fields in the normal bundle, then 

1 t::.C2 + C4 + 
2 k k 

where 

and 

v<k) v<r> 
Ck = < A , A > 

r 

c2 = 
k 

1,2, ..• ,m 

This result generalizes a known result to the hypersurface 

case [2] and implies the following Bernstein type theorem: 

Theorem 4 - Let M""' {(x,f(x),g(x))/x e En} bea minimal graph 

in :Rn+
2
, having flat norma l bundle and such that 

lim 
R ~ oc, J dM = 0 ; 

BR(p)nM 

vpeM, V € > 0 

a) If n ~ 5 and M is not totally geodesic and there is an 

orthonormal family {V,W} of parallel fields in the normal bun-
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b) 

3 

dle such that 
V W 

< A ,A > - O, then M cannot be stable. 

!an1ily 

(a) • 

If n ~ 3 there is a 

satisfying the conditions of 

then M is totally geodesic. 

of vector fields {V,W} 

Therefore, if M is stable 

This theorem remains true for all complete manifolds that 

have an orthonormal family of parallel fields in the ooIItBl 

globally defined on M, if the above limit is valid for 

balls. 

bundle, 

geodesic 

This result generalizes a theorem of do Canno and Peng [2]. 



§ 1 - Basic facts 

1.1 - Let Mnc.._ :Rn+m be an isometric immersion and 

f e c1 (U), where u is an open set in :Rnfm such that UnM * ~. 

The gradient of the restriction of f to M will be denoted by 

c5f. We observe that c5f depends only on the values of f over M. 

If p e UnM, {ui}l~i n 

is the gradient of f in 

is an orthonormal basis of Tp (M) , 

Df :R n+m and {V(k)} is an ortho-
l~ksm 

normal frame of normal fields defined on UnM, then we have: 

(1.1.1) 

(1.1.2) 

n 
c5f(p) = l < Df(p) , ui > ui 

1=1 

m 
c5f = Df - L < Df, V(k) > V(k) 

k=l 

If {e1 , ... ,en+m} is a coordinate system to :R nim , that is 

each is a constant field and 

(1.1.3) 
rn V(k) > V(k) 

oif = Dif - l < Of , . i = 1, 2, .•. , n+m 
i 

, 
k=l 

where D
1

f = < Of,e1 > I 
V(k) =<V(k>,e. > and c51 f = < cf,ei > 

1 l. 

1.2 - If H is the mean curvature field of an isometric im­

mersion Mn~ :Rn-+m , V is the riemannian connection of :Rn+m , 

{V(k}}lsksrn is a local orthonormal frame of normal vector fields 

defined in a neighborhood of p e M and {ei}lsisn+rn is a coordi-

c nate system of :R n-+m such that 

8 n+k (p) = V(k) (p) , we have at p, 
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0 = 
i Di for i s n 

0 = 0 for k = 1,2,.· •• ,m , 
n+k 

V(k) 
n+m 

< H, > = - l · o v<k> {p) 
p i=l i . 1 

n+m 
Since r O vlk) 

l i i 
i=l 

does not depend on the chosen coordinate 

system, we have 

(1.2.1) 

at any point of M and in relation to any coordinate 

:Rn+m. So 

(1.2.2) H = - l I o vlk) m ( n+m ) 

k=l 1=1 1. i 

The same way we have 

(1.2.3) 
v<s) 

, A 
n+m 

> = r 
ij=l 

system of 

at any point of M and with respect to any coordinate system of 

:Rn+m. 

From now on 

(1.2.4) 

m 
c2 = I 

k=l 
c2 = 

k 
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1.3 - Now let x e x(M) 

system of En+m such that 

and {e} be a coordinate 
i lsisn+m · 

v<k) (p} = en+k; k = 1,2, ••• m 

Since 

divM X (p) = trace (w i--- Vw X) ; 

V is the connection of M, it follows 

n+m 

we TM, p 
where 

and as l o1 
x1 

does not depend on the coordinate system, we 

i=l 
have 

(1.3.1) 

at any point of M and with respect to any coordinate system. 

Once the laplacean of f e c2 (M) is given by 

(1.3.2) 

it follows that 

n+m 
(1.3.3) llf = l 

i=1 

with respect to any coordinate system of nntm. 

1.4 - We will use the following well known results: 

(1.4.1) 



such that ♦ I M has compact support. 

(1.4.2) 

V • e c2 ( ~ n+m) such that it, IM has compact support and 

V ii, e c2 CRn+m, . 

1 

J. 
be an isometric immersion, V be the 

induced connection of the normal bundle and let RJ. be its curva­

ture tensor. We say that the immersion has flat normal bundle if 

Rl. = O. 

We will consider the following well known results: 

a) R~ _ O if, and only if, for each point p e M there is an 

orthonormal family {V(k)}lsksm of parallel fields in the normal 

bundle, defined in a neighborhood of p, that is, 

(1.5.1) v~ vCk) = o; vxexCM), k • 1,2, ••• ,m 

b) If N has constant curvature and {ek}lsksm is an ortho -

normal frame of normal fields, then Ri = 0 if, and only if, the 

Aek 
tensors are simultaneously diagonalized·. 

1. 6 - Proposition 1 - Let Mn'---+ E.n+m be an isometric im­

(k) 
mersion and let {V }lsksm be an orthonormal family of parallel 

fields in the normal bundle. Thus, relatively to 

system of Bn+m, we have, at each point of M, 

any coordinate 

(1.6.1) = J: v<k) 
vj i ; lsi,jsn+m 

lsksm 
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Proof - Let p e M and {e1}lsis n+m be a coordinate system 

of Rn+m such that 

and 

if 

k = 1,2, •.. ,rn 

Then, 

(ei,ejJ(p)e TPM 

=- <Si vJk) 

if 1 :s i,j::; n 

if 1 s i,j 

<5 = 0 at p 
n+r 

<5 v
1
(k) (p) = o ; ls is n+p 

n+r 
1 s k,r s m 

On the other hand, 

o = < gei v<k), v<r) > = D v<k) (p) = ~ v<k) (p) 
p i n+r i n+r 

and 1 s k,r s m 

Therefore, 

o1 v<k) (pl= o vi<k) Cpl 
n+r n+r 

Thus, relatively to {e1 } we have 

. 
I 

1 s 1 s n+rn 

1 s k,r s m 

ls 1,j s n+m 

l s k s m 

s n, 

Now let {e1 }lii~n+m be another coordinate system such that 
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n+m 1 - - (k) (k) - and e . :::s l a ei' vi 1:1 < V ,e1 
> 

] i=l j 

51 = < o ,e1 
> • Then, 

-(k) - vlk>) n+m 
aj i (o i V(k) - o V(k)) (~1 vj - 0 (p) = r (li (p) = 0 

j h, R.=l h h h 1 

Then, a1 vJk> (p) = oj v!k) (p) 

_n+m. 
coordinate system of .I{ 

with respect to any 

1.7 - Pro~sition 2 - Let Mn C............ ifl+m be an isometric im-

mersion and (k) 
{V 11 sksm be an orthonormal family of parallel 

fields in the normal bundle. Then at any point of M and relatively 

to any coordinate system of :R.n+m we . have 

m n+m 
(V(k) V(k) - V(k) V (k)) 

(1.7.1) co 1 ,ojJ = I I o. a1 oh 
k=l h•l i J h j h 

where 

Proof - It is made by a similar argument to that one in § 1. 6 

and by using (1.6.1) and the fact that 

(1.7.2) 
n+m l v<r) o V(k) 
h=l h j h 

if 1 s j s n+m and 1 s k,r s m. 

1. 8 - Proposition 3 - Let l'fl c_____. ifl+rn be an isometric mi-

m~ral immersion having an orthonormal family 

allel fields in the normal bundle. If 



.. 

.. 

(1.8.1) 

6V~k) 
J -

= 

that 

Proof - From (1.6.1) and 

n+m 
V(k) = I <5i<5j 

i=l 
1 

n+m rn n+m 

r r r 
i=l 

<5 j <5 i Vik) + 
r=l ih=l 

n+m 
Since l o v(k) = o 

i=l ii 
and 

10 

(1.7.1) 

(V (r) 
1 

oj v~r) - v<r> 
j 

~ V (r) ) 
1 h 

(5 V (k) 
h 1 

ntm (r) ~ v<k) = 
L Vi oh i O, 

i=l 
it follows 

Thus (1.2.3) and (1.24) imply (1.8.1). 

Note - If m = 2 and v(l) = v, v< 2> = w, them the formulas 

(1. 8 .1) are 

(1.8.2) 

{

6V = - c2 
V - C W 

V VW 

2 
6W = - C W - C V 

w vw 

where and C =- < Av,Aw > 
vw 
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§ 2 - 2.1 Proof of theorem 1 

Let p e M and u be a neighborhood of p such that 

u = { (x, f (x) , g (x) ) = F (X) / X e n C ~ n} 

h n i ub t f T, n. If were u s an opens se o .&-. 

and then 

(2.1.1) 

Now let 

- (1) 1 (- D f D f, 1, 0) V = , . . . , -
'11+ 1Df 12 1 n 

- ( 2) 1 
(- D g D g, o, 1) V = I • • • I -

V1+ II:kJ l2 1 n 

and {V(l), v< 2 )} obtained from orthonormalization of {V(l) ,v< 2 >} 

in such way that v< 2) = v< 2). 

Thus 

- (l+ !Dg J1 Dif + <Df,Dg> Dig 
V ( 1) = --------------

i 

V (1) = 
n+l 

Vb 

; vCl> = 
n+2 

, if i s n 

<Df,Dg> 
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v<2> 
Dif 

= - I if 1 s n 
i ✓l+ !Dg! 2 

v<2> 0 v<2) 1 
= i = 

n+l n+2 
V l+ !Dg l 2 

and 

~ V (1) v<2) v<2) V(l) l 
(2.1.2) = -n+l n+2 n+l n+2 Vb 

But for any two normal fields V and W that constitute an 

orthonormal frame having the same orientation of {V(l), v< 2 >}, we 

have 

Then in a neighborhood of each p e u we have 

where {V,W} 1s a frame of parallel fields in the normal bundle of 

M. 

Thus 

A ( ,J ~ ) = A (vn+l wn+2 - vn+2 wn+l) = 

= 

= - _ l _ c2 + 2 ~v ~w 2 ~ ~ 
<v l' v 2> - <vV 2

, vW 
1

> 
Vh n+ n+ n+ n+ 

(see 1.8.2). 
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Indeed, imply 

n+2 
= I 

i=l 

n+2 
r 

i=l 

n+2 
r 

i=l 

n+2 
+ E 

i=l 

= 

= 

- - - -
Dn+2 vi (Dn+l wi - l wn+l wj oj wi - j wn+l wj oj wi) 

- -where V and W are orthonormal extensions of V and W to a 

neighborhood of M in if+ 2 • It is easy to show that the last term 

of the last member does not depend on the extensions of V and W. 

Thus the expression formed by the remaining four terms of the last 

member does not depend on the extensions too. 

But if the extensions are given by 

-V (x1,···,xn+2> = V (x1,···,xn, f (x), g (x)) 

w ( x 1 ' · · • ' xn + 2 ) = w (x1,···,xn, f (x), g (x)) 

- - - -
we have 0n+l vi = 0n+2 vi = 0n+2 wi = 0n+l wi = o, vi which .inplies 



14 

that 

(2.1.3) 

-
holds for any extensions V and W of V and w, respectively. 

- -
Now let V and W be extensions of V and W that are 

constant on each plane spanned by V(y) and W(y), ye M. 

For these extensions, 

Since the second me-nber of (2.1.3) does not depend on the 

coordinate system of :Rn+
2

, if {e1 }1 ~i~n+ 2 is one such that 

V(y) = en+l 

W(y) = en+2 

-= < v'v(y) V, eji 

- -

and 

we have 

> = 0 , 

Dn+2 v1 (y) = < vw(y) v, e 1 > = o , 

This reduces the second member of (2.1.3) to 

1 --(y) 

\fh 

and then 

n+2 
r 

i=l 
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Thus 

(2.1.4) 
c2 

The function w = log \[h is the one looked for, since 

and 

(2.1.5) 

2.2 - Proof of theorem 2 

Theorem 1 implies that for each p e M there 1s a neighbohcod 

U of p and a function w ~ O on it such that 

If d dist (p, au> and 4>2 e 2 we have = Co (Bd (p)), 

. 

(2.2.1) Aw ",;!: f &wl 2 ====-$ l q,2 Aw dM > l ~ 2 I 5w I 2 
dM 

Since 

<f><l5ff> , ow> dM 

and 



,. 
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we have 

(2.2.2) 

From (2.2.1) and (2.2.2) it follows 

(2.2.3) 

On the other hand, 

which, together with (2.2.2) and (2.2.3), implies 

(2.2.4) 

Now given p and cr such that O < P <a< d, 

be a sequence of functions of C~ (Bd(p)) such that 

0 s cj,. (x) ~ 1 , V X e Ba (p) 
J 

4> j (X) = 1 if X e Bp(p) 

<I> • (X) = 0 if X ¢ B
0

(p) 
J 

and lirn ID<!>. (x) I = · 1 
sup cr-P 

j J 

For each j, (2.2.1) implies that 

16 

let 
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(2.2.5) l 4>~ c2 
dM ~ 4 l 1~4>- 12 dM ~ 

J J 

2 
J dM ~ 4 lim sup !Dcf>j(x) I ~ 

j MnB (o) a -

~ 
4 

J dM (a-p) 2 
,. MnB

0
(p) 

Then 

(2.2.6) J c2 dM 
4 L~(p) (cr-p) 2 

MnBP(p) 

Note - If d = + 00 and (1 = 2P I , (2.2.6) implies 

(2.2.7) I c2 dM s 4 J dM ~ 
MnBP(p) 

p 
MnB2p(p) 

Besides if 
1 

J dM 4 n 
is a 

p MnBp (p) 

bounded function of p , that is if the area of MnBP (p) is not 

much bigger then the area of sphere in En, we have 

(2.2.8) lim 1 J c
2 

dM =O,'de:>O 
Pn-2+e: 

P+oo 
MnBp {p) 

e 
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§ 3 - 3 .1 - Proposition 4 - Let w1 '--. :R n+m be an isometric mini-

rnal immersion having flat normal bundle and let 

orthonormal family of parallel fields defined in an 

u CM. If {ei 11~a~n+rn 1s a coordinate system of :Rn-tm 

V (k) (p) = en+k' k = 1,2, ..• ,m at some p e u, we have , 

(3.1.1) 

(3.1.2) 

m 
(p) = I 

h,i,j=l 

Proof - Ri = 0 implies 

Thus 

1. 2 _ .1. n+m ( n+m 
2 tick - 2 L oioi l 

i=l hj=l 

n+rn 
L 

hij=l 

twice, we get 

1. tic2 = 
2 k 

n+m r Ls o v~k)) 2 + 
hij =l \ i h J 

n+m 
L 

hij=l 

+ 

= 

open set 

such that 



• 

(3.1.3) 

(3.1.4} 

But from (1.8.1) , 

Thus, (1.2.3) and (1.7.2), implies 

= -

So from (3.1.2) we have 

1. tc2 + c4 + 
2 k k 

n+m 
= I 

hij=l 

o o V~k) (p) 
n n+r J 

Then we have at p: 

(1. 6C2 + c4 + 
2 k k 

c2 
kr = 

n+m 
= - I 

s=l 

c2 > Cp) 
kr 

n+m 
= I 

pij=l 
Co t5 v<k>, 2 Cp> - 2 

1 h j 

= 

c4 -
k 

m n+m 

I I 
R.=l sj=l 

c2 
kr 

19 
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But, 

(k) 
n 

Co v<t>> Co vCk~> 
oi on+R. vn+j (p) = r (p) 

s=l i s s n+~ 

and o vlk~ (p) = < 'iJl V (k), 
en+j > = 0 

s n+J e p 
s 

II 

Thus 

.. m 
c2 > <½ 11C

2 
+ c4 + I (p) = 

k k r=l kr 

r*k 
n 

<01ohvJk>>2 
m n 

Coo v<k>> 2 
= I (p) + r r (p) + 

hij=l .t=l ih=l i h n+R. 

m n v<k))2 
m n V~k))2 

+ I I <01 on+! (p} - 2 r I (oion+R. (p) = 

R.=l ij=l 
j !=l sj=l J 

n 
(oiohvJk)>2 = I (p) 

hij=l 

which gives (3.1.1) 

c2 = 
m 

c2 ==> t1c2 m 
/1C2 

Note - r = r 
k=l k k=l k 

and C = 
v(k) v(r) 

< A A > :5: Ck C 
kr r 

m 
c4 

m m 
c4 + 

rn 
c2 c2 

implies I + I c~ :5: r r = .. k=l k k*r r k=l k k*r 
k r 

m 
c4 

m 
c2 c2 

m 
C2)2 = c4 

= I + 2 r = < I 
k=l k k<r k r k=l k 

Then, from (3.1.1) we have 
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(3.1.5) 

3.2 - Proof of theorem 3 

Since R.J. = 0 we may choose a coordinate system {ei}lsi~n+m 

of ~n+m such that V (k) (p) = en+k I k = 1,2, ••• ,m at some p e M 

v(k) 

and it diagonalizes simultaneously the tensors A at p, which 

implies that it diagonalizes the natrix 

for 

k = 1,2, ... ,m, 

1 s 1,j ::S n . 
I 

Thus, 

c2 = 

1 n 
[ m = 

2C2(p) 
r I 

i=l R.k=l 

1 n [Jl ::S r 
2C2 (p) i=l 

= -

1 s k s m • 

= 

i: 2 <¾ v.<kl l (6 ¾ v.<k> > (6 v<1> l (6 6 v<1> > 1 (pl 
hr=l h i h r r 1 r r 

::S 

n 
(o v:Ck>) 2 

m n 
(6 v<1 > ,2 (6. 6 v.Oc> > 2}pl r <~ o v<t>>2 + r r 

hr=l hh i r r k9,=l hr=l rr 1.hl\ 
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So, 

(3.2.1) 
2 loc ! (p) 

m 
r 

k=l 

But, 

n 
L 

ih=l 
( o o V (k) ) 2 (p) 

i h n 
= 

n+m 
a) l o1 ohv~k) = o ; k = 1,2, ••• ,m, 1 = 1,2, ••• ,n+m 

h=l 

for the immersion is minimal, 

b) on+R. - O at p implies 

22 

(k) (k) 
m n+m 

cv<r>o v<r>_v<r>o v<r>)o v<k> {p) 
o1on+R. vn+t (p) = on+.t o1 vn+1 (p) + r I = 

i n+.9, s n+R. 1 s s n+!L 
r=l s=l 

n 
Co v<.e.> > Co vCk> > = - l (p) 

s=l is s n+.R. 

c) Rl - 0 implies c V(k) 
s n+.R. (p) = 0 

Thus, 

So, 

{3.2.2) 
n 

(o o v<k>> 2 n ( n 6 6 v<k) )
2 

r (p) = 
1!1 hil 

(p) ~ 

i=l i i i i _h h 

h*i 

n n 
(o o v<k>> 2 

s (n-1) I I (p) 

i=l h=l i h n 

h*i 



e 

which together with (3.2.1) implies 

(3.2.3) 
2 l!Sc l <P> s n 

m n 
f r 

k=l ih=l 
i*h 

Now, from (1.7.1) we have 

Coo v<k>> 2 (p) 
i h h 

23 

m n+m 
oiohv.h(k) (p) = o o v.<k> Cp) + I I cv<.ri> o v<t> - v.<t> o v<t> > o v.(k> Cp) = 

h i h R.=l s=l i h s h i s s h 

and so, 

Thus (3.2.2) and (3.2.3) imply 

(3.2.4) 

From (3.1.5) and (3.2.4) we have 

(3.2.5) 
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which is true at any p e M, for the elements involved in the 

inequality are independent of {e1}. 

Analogous computations give the inequalities 

. n 
~ n r 

ih=l 
i*h 

( ~ i: V (k) ) (p) ,· k = 1 2 rn 
uiuhh '•••r 

which, together with (3.1.1), gives 

(3.2.6) .l tic2 + c4 + 
2 k k 

m 
r 

r=l 
r*k 

c2 
kr 

; k = 1,2, ... ,rn 
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§ 4 - 4.1 The second variation of the area. 

Let f: Mr ~ M be an immersion of a compact Mani.fold M 

in M and let F: M x (-E,E)---+ M be a variation of f such 

If E is the variational field of F, we set 

(4.1.1) A(tl = l dMt ; t e (-c,el 

where dMt is the volume form of Mt= F (M x · {t}). ' 

Thus, 

(4.1.2) A' ( 0 ) = - l < EN , H > dM 

where dM = dM, and if f is a minimal immersion, 
0 

(4.1.3) 

where R is the curvature tensor of M 

A is defined by < A (v) , w > = < 
p 

w are normal vectors of M at p e M. 

where V and 

'v
2 is the laplacian in the normal bundle which is defined 

by 

r 
}: 

i=l 
V - v!- v) 

"i/eiei 
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where {ei}l~isr is an orthonormal tangent frame, ~ is the con­

nection of M and ~J. is the connection of the normal bundle. 

(see [4]) 

Besides if f: Mn~ :R ntm is an isometric minimal imrersion 

having flat normal bundle 
(k) 

{V } l~k:Srn is an orthononnal f arnily of 

parallel fields in the normal bundle defined in an open set UcM, 

and E is the variational field of a variation F of f sudl that 

m 
r , k = 1,2, ... ,m 

k=l 

we have 

L < - .,2 

and 

< VJ. EN, V1 EN> 
n 

EN, EN>= 
(4.1.4) = l < VJ. VJ. 

i=l 
ei ei 

n m 
[hk])2 = l I (ei 

i=l k=rl 

where {e1 }l:Sisn is an orthonormal tangent frame. 

Now let {e1 }lsisn+m be a coordinate system of :Rnfm such 

that 

k = 1, 2, •.. ,m 

at some p e u. 
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Then, from (4.1.4), 

,(4.1.5) EN, 'vl EN 
n m 2 

< 'vl > = I I {Dihk) (p) -
p i=l k=l 

n m 2 
m n+m 2 

= r I (o ihk) (p) = r r (oihk) (p) = 
i=l k=l k=l i=l 

m 
!ohkl2 = I (p) 

k=l 
• 

On the other hand, we have 

(4.1.6) and 

(4.1.7) 

Thus from (4.1.3), (4.1.5), (4.1.6) and (4.1.7) we have 

(4.1.8) N' (0) ~ l I hkh ck ] dM 
kr=l r r 

k*r 

In particular if m = 2 and v(l) = V and v( 2 ) = w, 

" 
(4.1.9) 

where . , 
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4.2 - Proof of theorem 4 

Since M is simply connected, there is an orthonormal fami­

ly of parallel fields {V,W}, globally defined in the normal bundle 

[3]. 

Let E be the variational field of a variation of 

:R n+2 given by 

In particular let 

h = ~ Cl+q 
1 V 

and 

where 

and 

Thus, 

implies 

(4.2.1) 

But 

(4.2.2) = 

M in 
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and 

(4.2.3) 

Using {3.2.6) 
.. 

t£~ 2 = 4q Cl+ q) c2q joc 12 + Cl+ q) c2q ~c2 
t! 

V V V V V 

~ 4q (l + q) c2q lac 12 + 2(1 + q) c2q c-c4 - c2 + C 1 + ~) locv l2> 
V V V V VW n 

So, from (4.2.3) we have 

{4.2.4) 

+ (1 + q) L .2 ~ dM + (1 + q) L .2 ~ c!, dM 

(4.2.1) and (4.2.4) imply 

(4.2.5) 

• ~ f c~+2 10<1>!2 dM + q f <1>2 ~4 dM + (1 + q) f 4>2 c;,2q c~ ~ 
M M M 

On the other hand, from (4.2.2) again, we have 
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where we have used that 2ab ~ e:a
2 + t b

2 with a . =~ c; o1cv and 

b = c;+q o
1

cp. 

From (4.2.1) we have 

(4.2.6) ( 1 +q) ( 1 +q+e:) 

1 
+ ----- -

( 1 +g) ( 1 +q+ e: ) 

Now from (4.2.5) and (4.2.6) it follows 

(4.2.7) ( q + ~ 
1 + q + e: 

C2q+4 dM 
V 

( 

(1 
s 1 + 

l+g 2) +· e: ) {g + n) f c2q+2 

1 + q + e: .k V 

2 
q + -

We observe that 

Thus, for 

+ ~ q n 

1 + q 

E > 0 

- q > 0 
2 

q 
2 

< -n 

sufficiently small and 

__ n_ - q > O, which together with 

l+g+e: 

2 
q 

2 
< - , n 

and 
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(4.2.7) imply 

(4.2.8) dM 

On the same way taking a variation such that and 

h 2 = <t, c!+q, where ~ and q have the same meaning as above, we 

have 

(4.2.9) s 

Thus from (4.2.8) and (4.2.9) we have 

(4.2.10) 

Recalling the Young's inequality ab s 

that is true for all a ~ 0, b ~ 0, a > O 

as as 

s 

1 < s < + m and l<t<+«> 

-t bt 
+ a_-,---_ 

t 

1 1 
with - + - = 1 

s t 

, 

Now choose r such that O < r < 2q + 2 and 2 > O, and 

set 

c2q+2 1(5<P l2 <P2 (C2q+2-r Cr 
lo<P 12 

= <t, 2 
) s 

V V V 

~2[as cs(2g+2-rl 
-t I 6~ 1

2 t] 
Cl (Cr 

:!S: +- -- 2 J 
S V t V 

<P 

Taking r,s and t such that 
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.. 

we have that 

s (2q + 2-r) = 2q + 4 

rt = 2 

2 
t = l+q, r = l+q and s = l+q 

q 

this system of equations . 

is a solution of 

An analogous inequality is true for Cw. Thus (4.2.10) im-

plies 

l $2 (C~q+4 + c2q+4> 
w dM s 

y ( n, q, £) [ a: l cp 2 (C 2q+4 + c2q+4> 
-t 

l 
(C2-IC2) ,~~/2q+2 ] 

s dM + ~ V w dM 
V w t 2-q 

4> 

So, choosing o small enough ~o have 

1 - y(n,g,£) as O 
> , 

s 
we have 

S(n,q,E) 

Taking <P in the place of <Pl+q we get 

(4.2.11) 

lcS<Pl2q+2 

4> 2q 
dM 
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Now, let p e M and BR(p) be a family of balls in lRn+
2 

such that 

u 
R€ ( 0 , +co) ( BR ( p) n M) = M 

For a given R, if <P is a function such that 

0 s <P (x) $ l , 

cf> (X) = 1 

cf> (x) = 0 

I Def> I s 2 
R , 

we have from (4.2.11) I 

J 
(C2q+4 + C2q+4) 

V W 

MnBR/2 (p) 

dM s 

and so from ( 2. 2. 7) , 

c2q+ 4 ) dM s 
w 

't/ X 

if X €· BR/2 (P) 

if X 8 BR(P) 

22q+2 
S(n,q,c) 2 + 2 R q J c

2 
dM 

MnBR(p) 

22q+2 J 
f3 ( n , q , c ) 2 + 4 dM 

R q 
MnB 2R (_p) 

Besides if 2q+4 > n and R~ + 00 , the limit 

second side will be zero. On this case, 

l c2q+4 + c2q+4) dM = o 
V W 

of the 

which implies Cv = Cw= 0, that is, C = 0. But then M will be 
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n+2 
totally geodesic in E , against the hypothesis. 

This proves (a) because 

2q + 4 > n and 2 < 
2 imply q -n 

n < 2 fr+ 4 , i.e, n s 5. 

Now let {V, w} be an orthonormal family of parallel fields 

in the normal bundle. We have 

2 
q + n 

l+q - q > l+q 

that 

1 + 2q + 2q2 
< ~ 

n 

and so, for c > O sufficiently small, 

and 

2 
q + n 
l+q+c - q > l+q 

Then from (4.2.7), 

if l + 2q + 2q2 < ~ n 

JM .2 (C~q+4 - ctq c&> dM < 

< B(n,q,e) JM ctq+2 16♦ 1 2 dM 



,. 

• 

• 

.. 

Then adding these two inequalities, 

JM ♦ 2 [clq <ci - c~> + ciq <ct - c~>] dM s 

< B (n,q, <) L (C~q+2 + ciq+2> Id♦ 12 dM 

Since 
2 

C-­vw 
:S c~ c~ we get 

V W 

(4.2.12) 
J 

41 2 (C~q+ 2 - C~q+ 2) (C~ - C~) dM ~ 
V W V W 

M 
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By a similar argument to that one made with (4.2.7) we get 

from (4.2.12) 

22q+2 
B(n,q,e:) 2 4 

R q+ 

Now if we let R --4 + 00 when 

2q + 4 > n and 

which gives 

1 + 2q + 2q2 2 
< -n , we have 

j (C~q+ 2 - C~q+ 2 ) (C~ - C~) dM = 0 
V W V W 

M 



.. 

.. 

• 

t 

Then {V,W}, where V + W 
V = 

V2 

2 
0 , i e, C­

v 

- -
and V - W w = , 

V2 
normal family of parallel fields in the normal bundle 

cvw = 0. Thus (a) implies n s 5. And so, if M is 

geodesic, it cannot be stable • 

36 

is an ortho-

such that 

not totally 

But the~e is q such that 2q + 4 > n and 

only if n = 2 or n = 3. This proves (b). 

1 + 2q + 2q 2 < ~ n 

Note - The theorem 4 is true for manifolds that are not graphs in 

the following way: 

"let M be simply connected and Mn > :R n+2 be an i sanetric 

complete minimal immersion having flat normal bundle such that there 

exist 

lim 
R -+ + oo 

1 j c2 dM, 

MR (p) 

p e M , 

where MR(p) is a geodesic ball of radius R, centered in p. Then 

(a) and (b) are true". 

Taking <f> e C~(M) such that 

0 s <P (x) s 1, V X e M 

<P (x) = 1 if X € MR/2 (p) 

4> (x) = 0 if X ♦ MR(p) 

I 15 <t> I 2 
~ -R , 

the proof is exactly the same. 



• 

... 

37 

REFERENCES 

[1] Bombieri - Di Giorgi - Miranda - "Una maggiorazione a priori 

relativa alle ipersuperfici minimali non parametriche" 

Archive for Rat. Mech. and Analysis (1968). 

[2] M. do Carma and C.K. Peng - "Stable Complete Minimal Hyper­

surfaces" - Proc. of the Beijing Symposium, China (1980). 

[ 3 J Kobayashi and Nomizu - "Foundations of Differential Geaootry" 

(vol. I). 

[4] H.B. Lawson - "Lectures on minimal submanifolds" (IMPA) vol. 

1. 

[SJ M. Miranda - "Una maggiorazione integra~e per le curvature 

delle ipersuperfici minimali" - Rend. Sem. Mat. Univ. Pa­

dova, 38 (1967). 

-
[6] N.S. Trudinger - "A new proof of the Interior Gradient Bound 

for the Minimal Surface Equation in~ dimensions" - Proc. 

Nat. Acad. Sci. USA, vol. 69 (1972). 

Institute de Matematica e Estatistica 

Universidade de Sao Paulo - Brasil 



" 

8001 - PLETCH, A. 

TAABALH05 

00 

DEPARTAMENTO DE MATEMATICA 

TITULOS PUBLICADOS 

Local freeness of profinite 

! ME-USP, 1980. l0p. 

grou:es- Sao Paulo, 

8002 - FLETCH, A. ~trong CO!!!Eleteness in erofinite g:roues- Sao 

Paulo, IME-USP, 1980. 8p. 

8003 - CARNIELLI, W.A. a ALCANTARA , L.P. de. Transfinite induction 
on ordinal configuration!. Sao Paulo, IME-USP, 1980. 22p. 

·. 
8004 - JONES RODRIGUES, A.R. Integ ral rep resentations of c yclic p­

qroups. Sao Paulo, I ME-USP, 1980. 13p. 

8005 - COR~DA, M. & ALCANTARA, L.P. de. Notes on many-sorted sys­
tems. Sao Paulo, IME-USP, 1980. /25/p. 

8006 - POLCINO MILIES; F.C. & SEHGAL, S.K. FC-elernents in a grou£ 

rlng. Sao Paulo, IME-USP, 1980. /10/p. 

8007 - CHEN, C.C. On the Ricci condition and minimal surfaces with 

constantly curved Gauss map . Sao Paulo, IME-USP, 1980. 

!Op. 

8008 - CHEN, c.c . Total curvature and topolog ical structure of com­

p lete minimal surfaces. Sao Paulo, IME-USP, 1980. 2lp. 

8009 - CHEN, c.c. On the image of the generalized G~uss map of a com 

plete minimal surface in R
4

• Sao Paulo, IME-USP, 1980. 8p 

8110 - JONES RODRIGUES, A.R. 

1981. 7p. 

n Units of ZCp. Sao Paulo, IME-USP, 

8111 - KOTAS, J. & COSTA, N.C.A. da. Problems of modal and discussi­

ve lq_gics. Sao Paulo, !ME-USP, 1981. 35p. 



.. 

.. 

-/\ l m' i ·, r .i_ i ~ . r_ .:i e:_ . il_~X:..C! ~-!.~iv as._ , 

5 i ~ t P r-:.:is c~ if Prc-nc .in 1 !; ,·, o l 1, or ~i ,:_ ii ~ lH°J l'_(~C:!c.1::0..~>r~. -~: _<: !ii.:2-~~E. ___ .... ------ -- - --·-----
7p . 

Pll3 - POI ,rnm r1ILJF.S, r.c. ~_i;-.2_up __ i) _ _ros w!-•0.c;,, _torsion _units 

-~~~~~· - ~2 u_!~un II. ~~~o P,,uJo, n ~r-:-c;sp, J<J Cl. lv. 

(r ?t c, 11.:1qinado) 

P.114 - ('IJFN, C'. C'. Pn e) emPntary nroof of r·alah i 's _ thcorcrrs on 

b.05:n~orphic curves • .siic, Paulo, rrw-t 1SP, l()fH. Sr. 

E:115 - COST~, n.c./1. da & 1\LVES, E.!1 . Pelntions between nara-

consi s tC'nt loaic nnd . maI!;l-Vu luec1 lpgJ_ c. Sao Paulo, 

If1F.-tTSP, 19f 1. 8p. 

6116 - CASTJLIA, M.S.A.C'. On Pr~rnusins}:i 's theorem. Sao Pau­

lo, I!-"E-USP, 1qr.1. rn. 

fill? - CliF.tl, c.c. t c0rs, c.c. f 'f'( .rr 0 rc1tr. 111inj1ri nl surfuces in 
. - - - - ---- - ---· - - - -·--- - -··---- - - ·--·-

p '
1 

• ~ ri o P m 1 1 o , T : 1 r: - t • s r , 1 ., .:· l • :) l n . 

n11r - C/STTJ..rr, r~.f..J\.C. In:cwr-1;: irw•r;,;15 c1r:- c11riumus ilr>lica-~- - .. _ - . . - - - -· .. . --- - ·• · --- - ··-----
1;::_<~~-!~ J .. <...:_C'_~c!_C1l!~ - Silo T',1t , l 1 ,, f j -r - r -~·p, ]'H. J. Up. 

!,ir-1·.:1] vcrsic,r. of J:2rh ,c-r: ' • ·YlPr·i ; ior. t 1 ,c· c. n•rn. SiJo Pau -- --- . - -·- -- ... - ... - - - ..... . ... - ' .... - -

rj r,., . 
- - -- ------ •,; i t.!1 :c;c• l v ;i J 1<' ur.it r1r0u~s . .. .. . - -· -- -- ·- _ .. _ ·· -- --~-

8122 - GON~ALVFS, D.L. Nilnotent actions. S5o Paulo, !ME-USP, 
1981. lOp. 

812J - COELHO, S.P. ' 
Group rinqs wi t.h u~..!_ t__:=;_.9!_ bounden ex ponent 



.,., 

.Ul24 _ P/\Wn::J'l'EP., rl.rt. l't POT,CillO rn:r,IES, F.r.. l\ note on isomor­

nhic qrou '-- rinqs. s3o Paulo, HtJ-:-fJSP, 1981. 4p • ... _ 

.8125 - MERKLEN, H.A. llereditar;t al0cbraH with maximum s pectra 

are of finite t e. S~o Paulo, IHP.-USP, 1981. lOp. 

-8126 - POLCINO MILIES, F.C. Units of qrou1 rinqs: u. short surve 

Sao Paulo, H1E-USP, 1981. 32p. 

8127 - CHEN, C.C. & GACKSTATTER, r. Ellintic and h nerelliptic 

functions and complete minimal surfaces with handles. 

Sao Paulo, Il'1E-USP, 1981. 14p • 

. 8128 - POLCINO MILIES, F.C. A glance at the early history of 

group rings. Sao Paulo, IME-USP, 1981. 22p . 

. 8129 - FERru-;n SAN'l'OS, W.R. Reductive actions of alqebrai.c rouc 

on affine varieties. sio Paulo, IME-USP, 1981. 52p . 

. 8130 - COST/\, N.C.l\. da. The hil.9sophic,1.l trnpnrt of paraconsis 

tent logic. Sno Paulo, 11'-lli-USP, 1981. 2<ip. 

81 31 - CON1;/'\.LVJ•:r;, n. L. r,encra U .zcd classes of roup s, s paces 

S:...~!1 i 1 )Oten t and "the llurcwicz theorem". Sao Paulo, 

IMI•;-usp, 1981. 30p. 

8132 - COST!\, N.C.l\.. da & MORTENSP.lj, Chris. Notes on the theor,i 

9 f variable hindinq term o e ra tors. Sao pciulo, IME-US 

1981. 18p . 

. 8133 - MERKLEN, fl.A. Homoqenes .t-hereditary algebras with maxi­
mum spectra. Sao Paulo, IME-USP, · 1981. 32p • 

8134 - flP.T.?PST, r,.J\. A not.o on i;m'linril""O rir>nnrnlizf'!n alt-0rnat.jvf 

c1lrif"'~r;rn. Sao Paulo, P1P.-llSP, l()qJ. 1nT). 1 

8135 - Miru\GT,T.l\ NETO, F. On the r> rP.servation of elementary equ~ 

v;~_.1 ence an<l P.mhcdrlin<1 hv f il trc~rl no,,1r>rs and structures 

of nt nhlP. continuous fun ct.ions. f>i1o Paulo, Pff:-OSP, 

l 'l fl 1. 'ln • 



8136 - flGlJEIREDO, G.V.R. Catastro he thcor: some t lobal theor 1 

a full proof. Sao Paulo, !'IE-USP, 1~81. 91p. 

8237 - COSTA, ILC.f. On the derivations of gametic al qcbras. Sao 

Paulo, I>IE-USP, 1982. 17p. 

8~38 - FIGUEll~:: DO, G.\',R. d e . . . \ shorter r,roof of the Thom-Zeeman 

gloh;il theorem for catastro phes of co,l , S. Sao Paulo, 

1: 11.:-u ~;r, 1982. 7p. 

1f 

823!:l - VEI../1~;0, J.'!.'1. Lie crn1at:ions ~na Lie nl .~ ehras: the intran-

sitive c:1.se. S:10 :>:1ulo, 1'112-'lt:;!>, .1982. 97p. 

l 




