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Abstract 

We consider cellular automata in two dimensions that generalize the Bootstrap Percolation 
dynamics. We focus on the threshold, Pc, of the initial density for convergence to total 
occupancy to occur, and classify these models according to Pc being 0, 1 or strictly 
between these extreme values. Explicit upper &nd lower bounds are provided in the third 
case. 
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In this paper we consider further the cellular automata studied in !Sch] in the 
two dimensional case. The models arc defined as follows. Each site x of ~ 7 is al 
time t = 0,1,?, ... in state r1,(:r) E {0,1}. At t = 0 the sites 11rc indcpendcnlly in 
state l (occupied) with probability p or in state O (vacant) with probability l - p. 
The evolutio;1 in time is deterministic, with the following features. Let N = (0, l ), 
W = (-1,0), S = (0,-1) and E = (J,0) be the- nearest neighbors of the origin of 
~
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• Set al~o N = { N, W, S, E}. To define the dynamics, ta.kc a set. 'D of su bset.s of N 

with the property of being increasing, i.e., if A C B and A E D, then BE D. Let the 
translation by X of a set. A C ~ 2 be written as 

A + x = {y E ~ 2 
: I/ = z + x for some z E A}. 

The evolution is given by the rules: 

(i) If 11,(x) = l then 1]1+1(x) == 1. 

(ii) If 11,(x)=0 and 11,(y)=l forall yEA+x forsome AED,tben IJ1+1(x)=l. 

(iii) Otherwise l/1+1(x) = 0. 

We denote by Pp(·) the law of the process starting from density p. 

Bootstrap Percolation 11rc the models for which a set is or not in D depending 
only on its cardinality, that is, the cases of the sort 

D={Ac.N':IAl~l}, 

for some fixed I = 1,2,3,4. 

Adler and Aharony introduced in [AA] models that they call Diffusion Percolation, 
which are closely related to the models that we arc considering. 

For each one of these models defined abO\"C the density at time t, 

is non-decreasing in t and hence converges to the a.5ymptotic density 

Wlicn Poo(JJ) = l one says thitl Ilic proccs~ rorl\"ergcs to total occupancy. Due to 
monotonicity in · 71 one naturally defines the critical point 
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In this paper we will classify all thr~e two dimensional models according to Pc 
being 0, 1 or stricly between these two extreme values. Some explicit upper and lower 
bounds will also be provided in the t.hird case. 

First we recall results from !Sch] . The four oriented models arc those with 
V = {AC N: Sc A), where S is mpectivcly {E,N}, {N, W), {W,S}, or {S,E) . 
We (arbitrarily) call the first. 011 c the bMic orient.ed model. In Section 4 of [Sch] it. was 
pro\'en that for the oriented models 

Pc= l - p", 

where J>° is the critical point for oriented sit.e percolation on ~ 2
• We say that a model 

I dominates a model II if (with a self explanatory notation) 'Du C 'Di, i.e., if it is easier 
for a ,·acanl site to become occupit;:d in I as compared lo II. In Section 5 of [Sch] a simple 
argument was given, showing that if a model does not dominate any oriented model, then 
this model has Pc= 1. In other words, if no one of the sets {E,N}, {N, W}, {W,S} 
and { S, E) is in 'D, then Pc = 1. (In our case it is enough to observe that squares of 
side 2 of vacant sites al lime O will remain vacant forever.) 

Now we consider models that dominate one of the oriented models, and with no 
loss of generality (due to symmetry) we can suppose that the dominated model is the 

· basic oriented model,i.e., 
{E, N} E 'D. (0.1) . 

There are two cases: 

Case I: (0.1) holds and at least one of the following sets is also in v ·: {N, W}, {S,E}. 

Case II: (0.1) holds but no one of the sets {N, W}, {S, E} is in 'D. 

Theorem: 

(i) In Case 1, Pc = 0. 

(ii) In Ca se II, 1 - (p") 1 I◄ s; Pc S I - p" 1 in particular Pc E' (0, l ). 

Proof: i) Dy symmetry Ihm: is no loss in gmcrnlily in nssuming that { {E, J\'}, {S, £}} c 
'D. 



Define the subsets of Z7, 2
: 

V(i;j) = {(.:r,y) E Z7,2 : X = i, 0 $11 $ j}, 
H(i1,i2;i) = {(x,y)EZ7,2 :i1 $x$i2, y=j}. 

Consider now the numerical sequence (mk)k=l,2, ... given by 

·m1 = -1, 

mk+1 = mk - k. 

And for k = 1, 2, ... define the events 

Fk = {Forall iE{mk+i+l, ... ,mk} . thereisatleastonesite xEV(i;k-1) 
such that 'lo(x) = 1}, 

Gk = {Forsome xEH(mk+ 1 +1,mk;k) 'lo(x)=l}. 

If Fi and G1 happen then the region V(m 2 + 1, I) is completely occupied. If also 
F2 and G2 happen, then it is easy to sec that V(m3 + 1, 2) and H(m 3 + I, m3; 0) will 
eventually become completely occupied . fl casoning inductively we see that if all the events 
Fki Gk, k = 1,2, ... happen, then in particular all sites of the form (- h,0), h = 1,2, ... 
will become eventually occupied. The probability that all these e\'ents happen is 

Hence, for every p > 0 
o(p) > 0. (0.2) 

We say that the origin is a good site if all the e\'cnts Fk, Gk, k = 1, 2, ... happen . More 
generally we say that the site x E Z7, 2 is a good site if all these eYcnts happen when 'lo 
is replaced by the shifted configuration O~r')o· given by 

(O_rl)o)(y) = 'lo(Y + :r) . 

By ergodicity and (0.2), there arc with probability one good sites 011 the x-axis to the 
right of the origin . Therefore, by the remarks above, the origin will almost surely become 
eventually occupied and 



This completes the proof of (i) . 

ii) Consider the squares of side 2 

Q(x,y) = {(2x,2y),(2x + l.2y),(2x + l,2y + 1),(2x,2y + l)} . 

Think of a new lat.ticc 2Z 2 and declare the site (x,y) of ll1is new lattice lo be 

vacant at time t if and only if the four sites in Q(x, y) are vacant at time t in the 

original lat Lice. · 

We say that dou1le oriented percolation of vacant sites occurs in the configuration 

( ifthereisadoublyinfinilechainofsites ... ,z_1,z0,z1 , ••• suchthat z0 =0,((z;)=O 

;mp z;+1 E {z; +(1,0),z; + (0,1)}, for i E 7l. 

Suppose that at t = 0 double oriented percolation of va.cant sites occurs in 

the new lattice. We will argue that then the same will occur at any later time and in 

particular 7/,(0) = 0 for every t ?: 0. Indeed, if z = (x, y) belongs to the doubly infinite 

chain of vacant new sites which is present at t = 0, then in the original lattice the four 

sites of Q(z) are vacant and 

. a) (2x,2y) and(2x+l,2y+l) havealmostoneoccupiedneighbor, 

b) (2x, 2y + 1) has at most the sites to its north and west occupied, 

c) (2x + l,2y) has al most the sites to its south and east occupied. 

Hence, Ly the hypothesis, Q(z) will still be completely vacant at time t = 1. (Observe 

that if V contains a singleton, then it must contain one of the sets {N, W} , or {S, E}.) 

Induction on t completes now the argument which leads to 

1 - Poo(P) 

2'._ P~(at t -= 0 there is double oriented percolation of vacant sites in the new lattice). 
. (0.3) 

But if (l - p)4 > p•, then tl,e probability in the r.h .s. of (0.3) is strictly positive, since 

double orirnteJ percolation is equivalent to orie111cd percolation in the first quadrant and 

simultaneous oric11tetl percolation with inverted ?ricn1 ations in the third quadrant. Bence 

]1<;?:} - (p~)I/◄• 
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The other bound, 

Pc S 1- p• 

is a trivial consequence of the fad that the model dominates the basic oriented model and 
that, as remarked before, the critical point of this latter modd coincides with 1 - p•. 0 

Part (i) of our theorem applies to bootstrap percolation with I = 2, for which 
the result Pc = 0 had been proven before by van Enter jvEnJ based on an unpublished 
idea by Straley. Our proof was in fact. inspired by these arguments, but in a sense it is 
more robust, since it applies to certain models in which the orientation is relevant and 
for which the Straley-van Enter argument does not apply. For instance Duarte (Dua] 
considered the model for which a vacant site becomes occupied when al least two among 
its three neighbor& to the North, East and South are occupied. He observed that the 
Straley-van Enter argument does ~ot apply and obtained from simulations on lattices of 
linear size between 5 and 15360 the numerical prediction Pc = 0.034 ± 0.01. For this 
model {{N,E}, {S,E}} C 1) so that our theorem implies Pc= 0. 

As a. consequence of our bounds on p., we conclude in particular that no model in the class that we consider can have Pc in the intervals (0, 1 - (p•)1l4) and (1 - p•, 1 ). 
The oriented models have Pc = 1 - p• and we conjecture that there are models that 
dominate an oriented model and have O <Pc< l - p•. A candidate for this seems to be 
the model defined by 

1) = {A C JI: {N, E} C A or I «',£} CA} . .,. 
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