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Abstract 
We study the group of automorphisms of the group algebra QG, where G is a metacydic group of order 2n with presentation G = (a, b I an = l, 62 = 1, ba = aib). 

1 Rational Group Algebras 
Throughout the paper G is a. meta.cyclic group with presentation 

G = (a,b I an= 1, b2 = 1, ba = a'b),, 
whith 1 ~ i $ n - 1. In this paper we study the automorphism group of the ra.tional group algebra QG. Our work persues a study begun in [2]. The unit group of the integral group ring ZG has been stu<lied in [5] where a. description of the rational group algebra of this group is given. In order ot state this description we need to introduce some notation a.nd make a. few observations. 

Note that it follows that i2 = 1 (mod n). Furthermore, if we set d = gcd(n, i - 1), then Z(G) =< a' >, G' =< ai-t >, and the non-central conjugacy classes of Gare either of the form aibG', 0 ~ j $ d - 1, or of the form {ar, ari} with ar ¢ Z(G). So the number of conjugacy cJas.5es of G is [Z(QG) : Q] = 2d + "2d. 

1 The first. and third authors are partially supported by research grants from CNPq., (Proc. 300371/82-9{RN) and Proc. 300243/79-0(RN) respectively) and Fapesp Proc. 95/1319--0; tl1e second is supported in part by NSERC-grant OGP003G631. 
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Because of [5), QG is of the form: 

QG ~ Q(G/G') ffi A(G: G') ~ Q(G/G') $($min M2(Qm)) 
m /tJ 

where Qm = Q( {m + {!n, {! + {;!, · · ·) and ~m denotes a. primitive root of 

unity of order m. Notice that, though not reflected on the notation employed, 

the field Qm also depends on the integer i verifying i2 = 1 (mod n). We give 

a more precise description of this field below. 

Lemma 1.1 Let m and i be positive integers, such that i2 = 1 (mod m) but 

i ¢. l ( 111ml m) and let ~ be a primitive root of unity of order m; set Qm = 
Q({ + ~;. {2 + {2i, · · ·), as above. Then Qm = Q({ + {i) except if {1 = -{, 

in which mse Qm = Q(e). In both cases we have that [Q(O: Qm] = 2. 

Proof. Assume first that {1 cfi -f We claim that [Q({) : Q({ + {1)] = 
2. To prove this assertion, it will suffice to show that the Galois group 

of this extension has order 2, i.e. that there exists only one non-trivial 

automorphism of Q({) that fixes Q({ + e). Note that since i ~ l(mod n), 

it follows that -{ cfi {; and thus the Galois group has order at least 2. 

Let t/J be a non-trivial automorphism. Then, tj,({) = C, for some positive 

integer r such that gcd( m , r) = 1. Then: 

We may assume that arg({) = ~ and arg({i) = i~. Since l~I = !el = 1 

it is easy to SN', from elementary geometric considerations, that: 

I{+ {ii = 2 !cos ( i; 1) . : [ , 

· i + 1 211' 
arg({ + f) = -

2
- .-:;;;· 

In a. similar way we obtain: 
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ml(r±l)(i-1), 

m I (r - l){i + 1). 
So, we are left with two possible ca.5es: 

("){ m j (r-l){i+l) 1 
m I ( r - 1 )( i - 1) 

(""){ mj(r-l)(itl) 
n m j (r+l)(i-1) 

We discuss case ( ii) first. Subtracting, we obtain that m I 2( r - i), which implies that either ~r = {' or C = -{-;. The second possibility leads to a contradiction since if we have that (r-i = -1 then 2lm and it follows that 2 I (i - 1 )(i + 1) so i is odd. Hence ~ + ~i = 1/J({ + (i) = -~; + (-l)i~i
2 

= -Ui + ~) and thus 2({ + ~i) = O implying that ( = -(i, against the initial assumption. So we obtain that lj,(() = (i. Since 1/J is also a Qm•automorphism of Q(O and Q(( + (i) C Qm C Q(O but Qm :/ Q((), it follows that Q({ + e) = Qm and [Q(O: Qm] = 2. Case ( i) readily gives, also by subtraction, that m I 2( r - 1) an<l again eit~er e = ( or {r = -{. If e- 1
, then 2 I m and, as above, we obtain a con­tradiction. Therefore, we must have that rp(f.) =(,which is a. contradiction, since t/J is not trivial. 

It follows easily that Qm = Q(e). Furthermore, Q(fl /, Q((l) for, otherwise, we would have~= e1 for some l, and thus m I ('2/ - l). However, {i = -( implies that m is even, so m r (21 - l ). Thus [Q(O : Qm] = [Q(O: Q((i)] = 2. 
D 

We need some technical results. We begin with the following easy lemma. 
Lemma 1.2 Let{, (J be roots of unity such that o(O) is even and Q({) C Q(9). Then [Q(9): Q(()] = 2 if and only if one of the following conditions holds: 

(i) o(() is even and either o(O) = 2o({) or o(O) = :lo(() and a k o(fl. 

(ii) o({) is odd and either o(O) = -lo({) or 0(6) = 60({) and a k o((). 

Proof. Since { E Q( 6) and o( 6) is even, we have that { = oi, for some positive integer j, and hence o(fl I o(O). We write o(~) and o(O) as products of different prime divisors: 
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o(~) 

o(O) 

with 1 ~ a; $ bi, 1 $ i $ t. 
SincP [Q(O): (Q(!)] = 2 we readily see that ef>(o(O)) = 2¢{o(~)), where¢ 

denotes Euler's Tutient function. Thus: 

2 b1-111 b,-a, ci-t c,-1( 1) ( 1) = Pt · · · Pt qt · · · q. qt - · · · qs - · 

If o(fl is even, we may assume that Pt = 2 and we have two possibilities: 

either b1 = a 1 + 1, with bi = a;, 2 $ i $ t and s = 0 or bi = a;, 1 ~ i ~ t 

and s = 1 with qt = :3 and Ct = 1 so, we obtain ( i). The converse is trivial. 

If o({) is o<l<l, since o(O) is even, we may assume that qt = 2 and again 

we have two possibilities: either q1 = 2 with Ct = 2 or qt = 2, q2 = 3 with 

c1 = r.2 = l. In both cases, we have that ai = b,, 1 ~ i ~ t and s = l or 

2. Notice also that, in the last case, we have that 3 f o(~). The converse is 

again trivial. □ 

Lemma 1.3 Let m < k be positive integers and let i be an integer such that 

i2 = l (mod m) and i2 = 1 (mod k) but i ¢ 1 (mod m), i ¢ l (mod k). If 

Qm = Qk Ihm. one of the following conditions holds: 

(i) g('(l(6,m)= l andk=2m. 

(ii) grd(fi, m) = 2 and k = im, where 4 I m. 

(iii) gC<l(H, m) = ;J and either k = 2m or k = 1m. 

Proof. Let 0 he a primitive root of unity of order lcm(m, k); then Q(O) = 

Q(!m,lk) , Since Lemma 1.1 shows that [Q(~k) Qk] = 
[Q{~m): Qm] = 2, it follows that [Q{O): Q({m)] = [Q{O): Q({k)] $ 2. 

If [Q(O): Q(!m)] = 1, then we have that Q(~m) = Q(~k) and [7, 111.2.14) 

shows that k = 2m and m is odd. 

So, assume that [Q(0): Q({m)l = 2, set d0 = gcd(m,k) and write m = 
m'd0 , k = k'd0 . Then, o(O) = lcm(m, k) = k'm = m'k. If m and k are 

both evPn, then Lemma 1.2 shows that m', k' E {2, 3} a.nd we obtain that 

rn = 2d0 , k = :td0 so k = ~m. Notice that this implies also that d0 must be 

even, so ,I I m. 
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If m is even and k odd, then Lemma 1.2 shows that k' = 3 and also that m' = 4 or 6, contradicting the fact that m < k. If m is odd and k is even it follows that m = 3do, k = 4do so k = fm. 
Finally, Lemma 1.2 shows that the case where m and k are both odd cannot occur. 
We are now ready to complete our discussion. 
If gcd(6, m) = 1 it is easily seen that Qm = Qk can only happen if Q({m) = Q(6,) and hence k = 2m and mis odd. 
If gcd(6, m) = 2 then, clearly, k =-= }m and 3 (m. . If gcd(6, m) = 3 either Q({m) = Q(~k) and then k = 2m or k = jm. Notice that gcd(6, m) = 6 is impossible since this implies that m and k are both even and m = 2do, k = 3d0 , so o(O) = :tm is even and Lemma 1.2 shows that 3 tm, a contradiciton. o 

Lemma 1.4 let ~, 8 be roots of unity of orders k = 3do an<l l = (id0 respectively, where do is an even number, and let i be a positive integer such that i 2 = 1 (mod l) and k ( gcd(l, i - 1). Set Qk = Q(~ + {i, .. . ); then: 

(i) [Q(O): Q(~)] = 2. 

(ii) Gal(Q(O): Q11:) = {ho, hi, h2, h3 }, where ho(6) = 0, h1 ( 9) = 9i' h2( 9) = ok+l, h3( tJ) = ok+• and the fixed field of Q( 6) under this Galois group is Q11:. 

Proof. Since 0(6) = 6d0 = l we have that Q(O = Q (02
), so [Q( 0) : Q( ~)] $ 2. The order of the group of torsion units of Q( !) is ITU(Q(~)) I = m, so 8 'f_ Q({) and thus [Q{6): Q(O] = 2. Since I.: r(i - 1), Lemma 1.1 shows that [Q(O), Q11:)] = 4. 

Direct computations show that the mappings of the statement are well­defined Qk-automorphisms of Q(O) which are pairwise different. Since IGal(Q(O), Qk)I $ [Q{6), Qk)] = 4, the proof is complete. □ 

Theorem 1.5 Let m < k be positive integers, set l = lcm( m, k) and let i be a positive integer such that i2 = 1 ( mod l) and such that both m and k do not divide gcd(l, i- I). Set Qm = Q(! + (i, .. . ); then Qm = QA: i/ and only if one of the following conditions holds: 

(i) mis odd and either k = 2m or 3 I m, 32 km, 2
;;' ! (i - 1) and 

k = im. 
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(ii) m and Tare both even, 3 jm, TI (i-1) and k = im. 
Proof. Assume that Qm = QA:. We shall use the results of Lemma. 1.3. 

If gcd(6, m) = 1 then condition (i) holds. If gcd(6, m) = 2 then k = Im, 
where -1 I m. Writing m = 2d0 and k = 3do, we have that do is even 
and l = 6d0 • Setting 8 = {1 and { = {k we may apply Lemma 1.4. Since 

o(lm) = 2do = 0(83
), we may assume that {m = 83

• 

Now, the elements of Gal(Q(8) : QA:) fix Qm = QA:, Then, the element 

{m + {:n = (}3 + 03 i E Qm must be fixed by h3 E Gal( Q( 9) : QA:), so w~ have: 

03 + 03i = h3((J3 + eJi) = 93(k+i) + 93i(k+i). 

Since 93k = 09rlo which has order 2, we conclude that 93k = -1. Hence: 

93 + 93i = -03i - 03. 

Consequently 03' = -03 , which implies that T = d0 divides i - I. Thus, 
condition ( ii) holds. 

Now, we consider the case where gcd(6, m) = 3. Then, either k = 2m or 
k = ~m. If k = 2m we obtain condition (i), so assume that k = !m. Writing 
m = 3d0 and k = 4do, we have that d0 is odd. 

Notice that being do odd, we have that o(-{m) = 6d0 and thus, since i 
is odd, we obtain that Q6do = Q3do; hence Q6do = Qk = Q4r1o. Also notice 
that since LPmma 1.3 shows that gcd( 6, m) /; 6 it follows that gcd( 6, 4d0) = 2 

and thus :l i do. Set m1 = 4do and k1 = 6do; then Qm1 = Qk1 and condition 
( ii) of the statement shows that T = 2d0 = 2!{1 divides ( i - 1 ). 

To prove the converse, we begin by assuming that condition ( ii) holds. 

Write m = 2do, where do is even and 3 ido, k = 3do, l = 6do and do I (i-1). 
Set 8 = {1 and 03 = !m- Then, Lemmas 1.1 and 1.2 show that: 

[Q(O): Qm] = [Q(6) : Q({m)][Q({m) : Qm] = 4. 

Furthermore, since Lemma. 1.4 shows that IGal((Q(IJ) : QA:}I = 4~ in 

order to prove that Qm = Qk it will suffice to show that Gal(Q(O): QA:) C 
Gal(Q(O): Qm)-

Since ~:.i = 93i and o( 93do) = 2, writing i = doq + 1, we obtain that 
!!n = 03 i = ( -1 )q83 = ( -1 )q~m. [f q is even then m = 2do divides i - 1, 
a contradiction. Thus, q must be odd and then (:n = -!m• Therefore, 

Lemma 1.1 shows that Qm = Q((;.) = Q(06
). 
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'\ 

' Now, a simple calculation shows that 96 is fixed by the elements of 
Gal(Q(9): Qk) described in Lemma 1.4. Hence Gal(Q(O), Q1;) C 
Gal(Q(9), Qm)· 

Assume now that condition ( i) holds. If k = 2m we can take 6, = -lm, 
so that Q({m) = Q(6:) and Qm = Qk. 

On the other hand, assume that mis odd, 3 I m, 32 
} m, 2

~ I (i - 1) 
and k = !m. Also write m = 3do and k = 4do, with 3 k d0 • Then we can 
conclude, as before, that Q3do = Q6do· If we set m1 = 4do and k1 = 6d0 we 
can apply { ii) proved above to obtain that Q3do = Q6do = Q4do, as desired. 
D 

2 The Automorphism Group 

In order to describe the group of automorphisms of the algebra QG, which 
..,. we denote by Aut(QG), we introduce three subgroups. 

First, for ea.ch element µ E U(QG), where U(QG) stands for the set 
of invertible elements of QG, let us denote by r,,. the inner automorphism 
induced by µ and set: 

/nn(QG) = {r,,. I /l E U(QG) }, 

which is a normal subgroup of Aut(QG). 
Given an index m, where min, m id, and an automorphism <hm : Qm -+ 

Qm, we define an automorphism <l>m : M2(Qm) - M2 (Qm) by: 

For each family of automorphisms (<l>m) min we shall denote by f = 
m/4 

(</>m) min the automorphism of QG which is the identity on Q(G/G') and 
m/d 

coincides with <Pm on .M2(Qm), for each min, m f d. We set: 

M = { 41 = ( </>m) ... ,n I <Pm : Qm -+ Qm is an automorphism } . 
m Jd 

Also, given two integers m, k such that Qm ~ Qk we notice that, since 
these fields are normal extensions of Q, we actually have that Qm = Qk 
and QG contains two simple components that are isomorphic to the full 
matrix ring M2(Qm)- Let am be the automorphism of QG that permutes 
these components and fixes all the others. ,ve denote by P the subgroup 
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of Aut(QG) generated by all such automorphisms, which will be a direct 
product of symmetric groups. 

Finally, let r 1 be the set of all automorphisms , of Q( G / G') which we 
extend to an automorphism of QG by making them equal to the rdentity 
mapping on J.( G : G') and denote by r 2 the set of automorphisms of Ll( G : 
G') which are the identity on Q( G /G'). Then, clearly: 

Theorem 2.1 With the notations above, we have that: 

Proof. We shall prove first that Inn( QG).J\,f is a semidirect product. 
So, assume that there exists an element cl> E M n Inn(QG). Since conju­
gations fix the centers of each direct summand, it follo_ws immediately that 
~=I. 

Also, given cl> E ."1 and µ E U(QG), it is clear that the automor­
phism c1,-t or,. o c) gives, by restriction, an automorphism of every sim­

ple component, which fixes its center. By the Theorem of Skolem-Noether 
(4, Theorem 4.3.l] these restrictions are inner automorphisms on every com­
ponent, so there exists an element II such that ci,-t o Tµ o t = r,,, showing 
that lnn(QG) is normal in Inn(QG).M. 

It is clear that (Inn(QG)XJM)nP = {l}. Set now Tµoi E (Inn(QG)XIM 
and u E P and compute: 

O'-I O (Tµ 0 4>) 0 (T = (0'- 1 
D Tµ 0 u) 0 (u- 1 

0 cl) DO'). 

As before, (O'-t o Tµ o O') gives, by restriction, an automorphism of each 
simple component fixing its center so, it is of the form ( u- 1 o Tµ o o) = r.,, for 
some II E U(QG) . On the other hand, 0-1 o qi o u also gives, by restriction, 
an automorphism of every simple component, though it does not necessarily 
fix the corresponding center. Hence, on each component M2(Qm) is of the 
form T..,m o 1Pm, where Wm is a unit of M2(Qm) and 1Pm is an automorphism 
of Qm as mentioned above. Thus u-1 o cl> o u is of the form T.., o t so: 

u- 1 o (rµ o qi) o u = T,,.., o ii E Inn(QG)xiM. 

Hence, (Inn(QG)X1M).P is a semidirect product. 
Finally, we shall show that every element / E r 2 is in ( Inn( QG) )(J M) Xl P. 

8 



Note that, if J(M2(Qm)) = M2(Q1<) for some pair of indexes m, k, since 
the respective centers must also correspond, we have that f(Qm) = Q1< and, 
since these fields are normal extensions of Q, actually Qm = Q1<- Conse­
quently, there exists an element" E P which permutes simple components in 
the same way as f so J ou-1 fixes every component of ~(G: G'). We denote 
by ef>m the automorphism that it defines, by restricion, on the corresponding 
centers and define 41 = ( ef>m) ml,. . 

m/d. 
Now, f o u-1 o 41-t fixes every component and also its respective center 

so, there exists a unit µ E QG such that f o u-1 o cJ,- 1 = r,..; hence: 

J = Tµ 0 cf, 0 O', 

as desired. D 

3 Some Examples 

We conclude with a few examples, illustrating our result, wher~ we examine 
closely the subgroups r 1 and P. 

Example 1. If n is either odd or of the form n = 21
, it follows easily 

that P = {1}. 

Example 2. Let n = 10. Since i2 = 1 (mod n), but i ¢. 1 (mod n) 
it follows that i = 9. Sod= gcd(n, i - l) = 2, hence G' =< ri

2 >, G/G' :':! 
C2 x C2 and thus: 

Notice that r 1 ~ S4 and that, according to Theorem 2.6. we have that 
Qs = Q10 so, P = C2 and consequently: 

Aut(QG) ~ S4 x ((/nn(QG)>0M)XJC2)-

Example 3. Set n = 12. Then it follows easily that there are three 
possible values for i: i1 = .',. i2 = 7, i3 = 11. Wt> denote hy G 1, G2 G3 the 
corresponding groups. 

Consider first G1• In this case, we have that d = grd(l2, •l) = 4 and 
G~ =< ri

4 > so IG~I = 3 and Gi/G~ ~ C4 X C2-
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Since QC4 ~ Q EB Q EB Q(i) and Q(Gi/G~) ~ QC4 ® QC2, we have that 
Q(Gi/GD ~ Q EB Q EB Q EB Q EB Q(i) EB Q(i). Therefore, 

QG1 ::! Q ll1 Q EB Q EB Q ffi Q(i) 67 Q(i) ffi M2(Q3) $ M2(Q6) EB M2(Q12). 

Clearly Q3 ~ Q6 ~ Q and IQ12: Q] = 2. So P ~ C2. 
We now observe that an automorphism of Q(G1/GD which leaves in­

variant the simple components is necessarily the identity on the first four 
components. Also, note that Gal(Q(i) : Q) ~ C2 and that an automor­
phism of Q(Gi/Gi) can actually interchange the first four simple compo­
nents among themselves and also the last two ones. It is then easily seen 
that Aut(Q(Gi/G~)) ~ (C2 x C2)X1(S4 x C2). 

Hence: 

Now, let us consider G2 • We have that d = gcd( 12, 6) = 6 and G2 = 
< a6 >. So IG2I = 2 and G2/G2 ::! c6 X C2 ~ C2 X C2 X C3. Since 
QC3 ~ Q EB Q( i./3), we have that: 

In order to compute Aut(G2/G2) we proceed as above. Since Q4 ¥, Q12 , 
by theorem 1.5, we have that P = 1 and thus: 

Finally, let us consider G3 • In this case d = gcd( 12, 10) = 2 and a; = 
< a10 > so IG31 = 6 and G3/G3 ~ C2 x C2. Hence: 

Now, it follows easily that Q3 = Q4 = Q5 = Q. So: 
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Example 4. As a final example, we consider the case where n = 60 and 
i = 59. Then, d = gcd(60,58) = 2 and G' =< a2 > so G/G' ~ C2 x C2 and 
we have that: 

QG ~ Q EB Q EB Q EB Q EB M2(Q3) EB Ah(Q4) EB M2(Qs) EB M2(Q6) EB M2(Q10) 

EBM2(Q12) EB M2(Q1s) EB M2(Q20) EB A/i(Q30) $ Af2(Q6u). 

Simple computations show that 

Consequently: 
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