





Because of [5], QG is of the form:

QG = Q(G/G")® A(G: G') 2 Q(G/G) & (& :}nsz(Qm))

where Q. = Q(ém +& 6 4+£2%,...) and & denotes a primitive root of
unity of order m. Notice that, though not reflected on the notation employed,
the field Q,, also depends on the integer ¢ verifying i2 = 1 (mod n). We give
a more precise description of this field below.

Lemma 1.1 Let m and i be positive integers, such that i2 = 1 (mod m) but
i # 1 (mod m) and let £ be a primitive root of unity of order m; set Qum =
Q(E + Eiv £2 + EZis 1 ')’ as above. Then Qm = Q(E + 6‘) ezcept 1f Ei = —61
in which case Q,, = Q(€2). In both cases we have that Q) : Qm] =2.

Proof. Assume first that & # —£. We claim that [Q(£) : Q(§ + )] =
2. To prove this assertion, it will suffice to show that the Galois group
of this extension has order 2, i.e. that there exists only one non-trivial
automorphism of Q(£) that fixes Q(€ + £'). Note that since ¢ # 1(mod n),
it follows that —€ # £ and thus the Galois group has order at least 2.

Let ¢ be a non-trivial automorphism. Then, P(€) = £, for some positive
integer r such that ged(m,r) = 1. Then:

E+E =PE+E)=E +E

We may assume that arg(€) = 2 and arg(€') = iZ. Since [¢] = €] = 1
it is easy to see, from elementary geometric considerations, that:

(i - 1) 27
cos —,
2 m

3 ‘l+1 27
arg(€ + £) = .

2 ‘m
In a similar way we obtain:

e+ € =2

€+ €7 =2
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arg(€" +£7) =

Hence:



m|(r+1)(i- 1),
m (r = 1)(i 4 1),

So, we are left with two possible cases:

m{mu—mwn (m{mu—mwu
ml(r—l)(i-l) m](r+1)(i—1)

We discuss case (%) first. Subtracting, we obtain that m | 2(r - i),
which implies that either =€ or¢ = ~€~'. The second possibility
leads to a contradiction since if we have that €7~ = then 2| and it
follows that 2 (-1 + 1) so 7 is odd. Hence E+¢6 = YE+E) =
=€+ (-1)¢” = _(¢ ¢ §) and thus 2(¢ + £) = ¢ implying that £ = ¢,
against the initial assumption. So we obtajn that Y(€) = €. Since Y is also
2 Qr:-automorphism of Q(¢) and Q¢ +¢€) C Qm C Q(€) but Q,,, £ Q(¢),
it follows that Q(¢ + £') = Qm and [Q(¢) : Q] = 2.

Case (%) readily gives, also by subtraction, that m | 2(r ~ 1) and again
either " = £ or § = —£ If €, then 2 | m and, as above, we obtain a con-
tradiction. Therefore, we must have that () = £, which is a contradiction,
since ¢ is not trivial.

It follows easily that Qn = Q(&2). Furthermore, Q(¢) 2 Q(&?) for,
otherwise, we would have £ = £% for some l, and thus m | (21 - 1). However,
£ = —¢ implies that m is even, so m I (20 - 1). Thus Q) : Q] =
[Q€) : Q&) = 2. o

We need some technical results. We begin with the following easy lemma.

Lemma 1.2 Let §,0 be roots of unity such that o(0) is even and Q(¢) C
Q(9). Then [Q(9): Q(£)] = 2 if and only if one of the following conditions
holds:

(1) o(£) is even and either o(0) = 20(¢) or o) = do(€) and
3 to(¢).
(1) o(€) is odd and either o(0) = 4o(€) or o(0) = 60(¢) and
3 }o(§).

Proof. Since ¢ € Q(8) and o(9) is even, we have that £ = 67, for some
positive integer ;, and hence o(€) | o(#). We write o(£) and o(8) as products
of different prime divisors:



olf) = p’---B s
o(6) be gct

SR AL O
with 1 < ag; <bh;, 1 < i<t
Since [Q(0) : (Q(£)} = 2 we readily see that #(0(0)) = 24(o(£)), where ¢

denotes Euler’s Totient function. Thus:

2= p'{"“‘ ...p?“"‘qf"" ...qﬁ“‘(ql -1)...(¢s - 1)

If o(£) is even, we may assume that py = 2 and we have two possibilities:
either 0y =a1+1,withb,-=a;,2_<_i§tands=00rb.-=a.-,lSiSt
and s = 1 with ¢; = 3 and ¢; = 1 so0, we obtain (¢). The converse is trivial.

If o(£) is odd, since o(#) is even, we may assume that q; = 2 and again
we have two possibilities: either g1 = 2 with ¢; = 2 0or q1 = 2, g2 = 3 with
¢; = c3 = L. In both cases, we have that a; = b;; 1<i<tand s=1lor

2. Notice also that, in the last case, we have that 3 } o(§). The converse is
again trivial. O

Lemma 1.3 Let m < k be positive integers and let i be an integer such that
i2 = | (;mod m) and i? = 1 (mod k) but i # 1 (mod m), i # 1 (mod k). If
Q.. = Qi then, one of the following conditions holds:

(1) ged(6,m) =1 and k = 2m.
(i1) ged(6,m)=2 and k = %m, where 4 | m.

(iii) ged(6,m) =3 and either k = 2m or k = im.

Proof. Let 8 be a primitive root of unity of order lem(m, k); then Q(6) =
Q(&m s &k). Since Lemma 1.1 shows that [Q(&) : Qi) =
[Q(€m) : Q] = 2, it follows that [Q(6) : Q(ém)] = [Q(0) : Q(&)) £ 2.

If [Q(0) : Q(£n)] = 1, then we have that Q(&x) = Q(&k) and [7, 111.2.14]
shows that k = 2m and m is odd.

So, assume that [Q(8) : Q(&m)] = 2, set do = ged(m, k) and write m =
m'dy, k = K'dy. Then, o(f) = lem(m,k) = K'm = m'k. If m and k are
both even, then Lemma 1.2 shows that m’/, k' € {2, 3} and we obtain that

m = 2dy, k = 3dy so k = 3m. Notice that this implies also that d¢ must be
even, so 4 | m.



If m is even and & odd, then Lemma 1.2 shows that &' = 3 and also that
m’ = 4 or 6, contradicting the fact that m < k. If m is odd and k is even it
follows that m = 3dg, k = 4dyso k = %m.

Finally, Lemma 1.2 shows that the case where m and k are both odd
cannot occur.

We are now ready to complete our discussion.

If ged(6,m) = 1 it is easily seen that Q,, = Qy can only happen if
Q(&m) = Q(&k) and hence k = 2m and m is odd.

If ged(6,m) = 2 then, clearly, k = 3m and 3 | m. _

If ged(6,m) = 3 either Q(én) = Q&) and then k = 2m or k — im.
Notice that ged(6,m) = 6 is impossible since this implies that m and & are
both even and m = 2dy, k = 3dy, so o(8) = 3m is even and Lemma |.2
shows that 3 fm, a contradiciton. a

Lemma 1.4 Let £, 6 be roots of unity of orders k = 3dy and | = Gd,,
respectively, where dg is an even number, and let i be a positive integer such
that i = 1 (mod ) and k | ged(l, i - 1). Set Qr = Q€+ ¢, .. .); then:

(}) 1Q(9) : Q(¢)] = 2.

() Gal(Q(9) : Qi) = {ho, hy, ha, h3 }, where ho(#) = 6,
hi(0) = &, hy(9) = 6%+, hy(0) = 6%+ and the fized field of
Q(6) under this Galois group is Q.

Proof. Since 0() = 6dy = ! we have that Q(€) = Q (6?), so
(Q(8) : Q(€)] < 2. The order of the group of torsion units of Q(¢) is
ITUQ(E))] = m, s0 6 ¢ Q(¢) and thus [Q(6) : Q(€)] = 2. Since & [ (i - 1),
Lemma 1.1 shows that [Q(6), Q)] = 4.

Direct computations show that the mappings of the statement are well-
defined Qj-automorphisms of Q(8) which are pairwise different. Since
|Gal(Q(9), Qx)| < [Q(8), Q)] = 4, the proof is complete. a

Theorem 1.5 Let m < k be positive integers, set | = lem(m, k) and let i
be a positive integer such that i? = | (mod 1) and such that both m and k do
not divide ged(l,i~- 1). Set Q,, = Q(E+¢,..); then Q,, = Qk if and only
if one of the following conditions holds:

(i) m4is odd and either k = 2m or 3 | m, 32 f m, | (i-1) and
k= am.



(i) m and 2 are both even, 3 fm, 2 |(i-1) and k = 3m.

Proof. Assume that Q,, = Q. We shall use the results of Lemma 1.3.

If ged(6,m) = 1 then condition (i) holds. If gcd(6,m) =2 then k = 3m,
where 4 | m. Writing m = 2dy and k = 3dy, we have that dy is even
and I = 6d,. Setting 8 = & and £ = & we may apply Lemma 1.4. Since
o(&m) = 2dy = 0(8°%), we may assume that £,, = 6°.

Now, the elements of Gal(Q(0) : Qi) fix Q; = Qi. Then, the element
bm+E = 03463 € Q,, must be fixed by hs € Gal(Q(f) : Qz), s0 we have:

03 + 03;' = 113(03 + 93:') e 03(k+i) + 93i(lc+i).

Since 8% = %4 which has order 2, we conclude that 8°* = —1. Hence:

93 + 031' = _831' _ 63.

Consequently 8% = —@3, which implies that % = dp divides : ~ 1. Thus,
condition (i¢) holds. .

Now, we consider the case where ged(6, m) = 3. Then, either & = 2m or
k = 4m. If k = 2m we obtain condition (i), so assume that k = 3m. Writing
m = 3dy and k = 4dy, we have that dy is odd.

Notice that being dg odd, we have that o(—£,) = 6dp and thus, since i
is odd, we obtain that Qg4, = Qaq,; hence Qgq, = Qr = Qaq,. Also notice
that since Lemma 1.3 shows that ged(6,m) # 6 it follows that ged(6, 4dp) = 2
and thus 3 Jdy. Set my = 4dy and ky = 6dp; then Q,,, = Qk, and condition
(72) of the statement shows that Z1 = 2dy = sz divides (i —1).

To prove the converse, we begin by assuming that condition (i¢) holds.
Write m = 2dg, where dp is even and 3 Jdy, k = 3dp, ! = 6dg and dg | (i —1).
Set # = £ and 63 = £,,. Then, Lemmas 1.1 and 1.2 show that:

[Q(8) : Q] = [Q(8) : Q(6m)[Q(Em) : Qrm] = 4.

Furthermore, since Lemma 1.4 shows that |Gal((Q(f) : Q]| = 4, in
order to prove that Q,, = Qy it will suffice to show that Gal(Q(#) : Qi) C
Gal(Q(9) : Q).

Since &, = 6% and o(83%) = 2, writing i = dog + 1, we obtain that
£ = 6% = (~1)76° = (=1)%,,. If q is even then m = 2dg divides i — 1,
a contradiction. Thus, ¢ must be odd and then &, = —&,. Therefore,
Lemma 1.1 shows that Q,, = Q(£2) = Q(6°).



Now, a simple calculation shows that 6% is fixed by the elements of
Gal(Q(f) : Qi) described in Lemma 1.4. Hence Gal(Q(9),Qr) C
Gal(Q{6), Qm)-

Assume now that condition (i) holds. If k = 2m we can take € = =€,
so that Q({m) = Q(&) and Q= Qu.

On the other hand, assume that m is odd, 3 | m, 32 fm, 3| (i-1)
and k = g-m. Also write m = 3dy and k = 4d,, with 3 } do. Then we can
conclude, as before, that Q34, = Qed,- If we set m; = 4dy and ky = 6dy we

can apply (i) proved above to obtain that Qsdy = Q64 = Qua,, as desired.
a

2 The Automorphism Group

In order to describe the group of automorphisms of the algebra QG, which
we denote by Aut(QG), we introduce three subgroups.

First, for each element y € U(QG), where U (QG) stands for the set
of invertible elements of QG, let us denote by 7, the inner automorphism
induced by u and set:

Inn(QG) = {r, | L€ U(QG) },

which is a normal subgroup of Aut(QG).
Given an index m, where m|n, m ! d, and an automorphism &,, : Q. -
Q:, we define an automorphism ¢,, : My(Q,n) — M2(Q.,) by:

Fmlai;) = (dmlai)) » (aij) € My(Qum).

For each family of automorphisms (¢m) mm we shall denote by & =

mJjd
(@m) min the automorphism of QG which is the identity on Q(G/G") and
mfd
coincides with ¢, on M3(Qy,), for each min, m }d. We set:

M={®=(dn) mpn | bm: Qm — Qu, is an automorphism }.

m)d

Also, given two integers m, k such that Q,, = Q. we notice that, since
these fields are normal extensions of Q, we actually have that Q,, = Q
and QG contains two simple components that are isomorphic to the full
matrix ring M>(Qy.). Let o, be the automorphism of QG that permutes
these components and fixes all the others. We denote by P the subgroup
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of Aut(QG) generated by all such automorphisms, which will be a direct
product of symmetric groups.

Finally, let Ty be the set of all automorphisms vy of Q(G/G') which we
extend to an automorphism of QG by making them equal to the f:ientity
mapping on A(G : G') and denote by I'; the set of automorphisms of A(G :
G') which are the identity on Q(G/G'). Then, clearly:

Aut(QG) =T, xTI'y
Theorem 2.1 With the notations above, we have that:
o= (Inn(QG))OJM))O’P.

Proof. We shall prove first that Inn(QG)..M is a semidirect product.
So, assume that there exists an element & € M N Inn(QG). Since conju-
gations fix the centers of each direct summand, it follows immediately that
d=1.

Also, given ® € M and g € U(QG), it is clear that the automor-
phism -1 o 7, o & gives, by restriction, an automorphism of every sim-
ple component, which fixes its center. By the Theorem of Skolem-Noether
[4, Theorem 4.3.1] these restrictions are inner automorphisms on every com-
ponent, so there exists an element v such that = o7, 0 & = 7,, showing
that Inn(QG) is normal in Inn(QG).M.

It is clear that ([nn(QG)x M)NP = {1}. Set now 1,09 € (Inn(QG)x M
and ¢ € P and compute:

o lo(r,0®)o0=(0"'or,00)0(c ' odoo).

As before, (67! 0 7, 0 0) gives, by restriction, an automorphism of each
simple component fixing its center so, it is of the form (¢-'o7,00) = 7,, for
some v € U(QG). On the other hand, 0! o ® o & also gives, by restriction,
an automorphism of every simple component, though it does not necessarily
fix the corresponding center. Hence, on each component M;(Q,,) is of the
form 7,,,, 0 P, where wy, is a unit of M,(Q,.) and ¥y, is an automorphism
of Q,, as mentioned above. Thus 0= 0 & o ¢ is of the form 7, 0 ¥ so:

o lo(r,0®)00 =1,,0¥ € Inn(QG)xM.

Hence, (Inn(QG)xM).P is a semidirect product.
Finally, we shall show that every element f € I'; isin (Inn(QG)xM)xP.



Note that, if f(M(Qm)) = M2(Qx) for some pair of indexes m, k, since
the respective centers must also correspond, we have that f (Qm) = Q& and,
since these fields are normal extensions of Q, actually Q,, = Qx. Conse-
quently, there exists an element ¢ € P which permutes simple components in
the same way as f so foo~ fixes every component of A(G : G’ ). We denote
by ¢, the automorphism that it defines, by restricion, on the corresponding
centers and define & = (¢,1) myn -
m[d

Now, foo~! o ®-! fixes every component and also its respective center
so, there exists a unit u € QG such that foo™' 0 ! = r,; hence:

f=140800,

as desired. o

3 Some Examples

We conclude with a few examples, illustrating our result, where we examine
closely the subgroups Iy and P.

Example 1. If n is either odd or of the form n = 2!, it follows easily
that P = {1}.

Example 2. Let n = 10. Since i* = 1 (mod n), but i # 1 (mod n)
it follows that ¢ = 9. So d = ged(n,i — 1) = 2, hence G’ =< a? >, G/G’
C3 x C, and thus:

QGZQaQ92Q0 QP M2(Qs) ® M2(Qo).

Notice that Ty = 54 and that, according to Theorem 2.6. we have that
Qs = Qqo 50, P = C; and consequently:

Aut(QG) = Sy x (Inn(QG)x M)xC,).

Example 3. Set n = 12. Then it follows easily that there are three
possible values for i: iy = 5. i, = 7, i3 = 11. We denote by G, G G3 the
corresponding groups.

Consider first Gy. In this case, we have that d = grd(12,4) = 4 and
G} =< a* > 50 |G}| = 3 and G1/G}, = Cy x C,.



Since QC; % Q& Q & Q(¢) and Q(G,/G%) = QC4 ® QC,, we have that
Q(G1/G}) ¥ Q6 Q® Q6 Q& Q(i) ® Q(i). Therefore,

QGi=Q38Q6 QD QD Q) & Qi) ® Ma(Qs) B Ma(Qs) B Ma(Qi2).
Clearly Qs = Qs =2 Q and [Q12: Q] =2. So P = (C,.

We now observe that an automorphism of Q(G;/G}) which leaves in-
variant the simple components is necessarily the identity on the first four
components. Also, note that Gal(Q(i) : Q) = C, and that an automor-
phism of Q(G1/G}) can actually interchange the first four simple compo-
nents among themselves and also the last two ones. It is then easily seen
that Aut(Q(Gl/Gﬁ)) = (Cg X Cz)xl(54 X Cg)

Hence:
Aut(QG) % ((Cz x Ca)n(S4 x Cz)) x ((Inn(QG)xuM)Jx: Cs).

Now, let us consider G;. We have that d = ged(12,6) = 6 and G, =
< a® >. So |Gy = 2 and G3/Gy = Ce X C2 = Cy x C3 x C3. Since
QCs = Q & Q(iv/3), we have that:

QG2 ¥ Q6QBQBQIQ(iV3)BQ(V3)BQ(iV3)BQ(iV3)S Ma(Q4)D M2 (Q12).

In order to compute Aut(G,/Gj) we proceed as above . Since Qg £ Qqa,
by theorem 1.5, we have that P = 1 and thus:

Aut(QG,) = ((C2 x C2 x Ca x C2)x (54 X 54)) x ((Inn(QG))qM) .

Finally, let us consider G3. In this case d = ged(12, 10)=2and G} =
< a'® > 50 |GY| = 6 and G3/G% = C, X C,. Hence:

QG:=Qo QO QD QO M(Qa) ® Mx(Qq) ® M2(Qs) ® M2(Q12).
Now, it follows easily that Q3 = Q4 = Qg = Q. So:
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Aut(QG3) = S x ((Inn(QG)XIM))aSg) .

Example 4. As a final example, we consider the case where n = 60 and
¢ = 59. Then, d = gcd(60,58) = 2 and G’ =< a? > so G/G' = C; x C, and
we have that:

QG=ZQoQaQd QD M(Q3)® Ma(Q4) d Ma(Qs) ® M2(Qe) ® M2(Qyo)
OM2(Q12) & M2(Qus) ® My(Qa0) & M2(Qa0) & M2(Qeu)-

Simple computations show that

Q3 =Q4=Q6 =Q,
Q5 = QlOs
Qi5 = Qao.

Consequently:

Aut(QG) = S, x ((Inn(QG))dM )%0(Ca x Ca x 53)) .
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