
RT-MAE9705 

ESTIMATION IN WEIBUU REG/tF.SSION 

MODEL WI11I MEASUREMENT EltROR 

by 

Pldrlcla Gimenez, HeleH 8olfarlne 
and 

Enrico A. Col~ 

Palavru-Oan: coulttnit estlaater; nrnctM Rett; ~varlabla; naive 

eatlmater. 

Cluslfkll~ AMS: '2ffl. 62J05 
(AMS Clusllicatill■) 

-Abrlde 1"7-



ESTIMATION IN WEIBULL REGRESSION MODEL 
WITH MEASUREMENT ERROR 

Pat.ricia Gimenez0 Heleno Bolfarine" 

Enrico A. Colosimo"·' 

0 Dcpartamcuto de Estatistica, IME/USP, Caixa Postal 20570, 
01452-9!)0, Sao Paulo-SP, Brazil 

6Departamcnto de Estatistica, ICEx/UFMG, Caixa Postal 702, 
30161-970, Belo Horizonte-MG, Brazil 

/(ey Words: consist.cut estimator; corrected score; error-in-variables; naive 
estimator. 

ABSTRACT 

A new estimator is proposed for the Weibull regression model with measui-e­
ment error. The naive estimator obtained by ignoring measurement error is 
asympt.otically biased. This new estimator is established based on the fact 
that asympt.otically the naive estimator converges to the true parameter times 
an attenuation factor. A brief review of the bias-corrected estimators litera­
ture is preseuLed as well as an exhaustive simulation comparing the estimators 
properties. 
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1 Introduction 

Failure time data is common in many research areas. Dy failure, we mean 
the occurence or a event of interest such as death in a clinical trial or produd 
failure in a industrial accelerated life test. By failure time, we mean the period 
of time taken for the event to occur. An important component of failure time 
data is the possible presence or censoring. This refers to the circumst.ance 
where some subjects or itens under study are event free due to either early 
withdrawal or termination of the study. The parametric Weib11li model plays 
a special position among the methods for the analysis of failure time data. 

Most studies in life sciences, biology, engi;1cering, demography and eco­
nomics dealing with failure time data involve covariates that can not be recorded 
exactly. Errors arise, most notably as measurement errors. Examples include 
a follow-u1> study of A-bomb survivors·where the variable radiation received is 
measured with error (Okajima, Mine and Nakamura, 1985, Pierce et al., 1992), 
amount of nitrogen in the soil in a study related to the yield of a certain grain 
(Fuller, 1987), biologic covariates, such as sistolic blood pressure, daily intake 
of saturated fat in the famous Framingham Heart prospective study dealing 
with cardiovascular <lisease (Gordon and Kannel, 1968). 

When predictors are measured with error, the naive estimator obtained by 
ignoring measurement error is asymptotically biased. Several methods have 
been developed in order to obtain reduced bias estimators. Some approaches 
considered replacing contamined covariates by an estimate of them before pa­
rameter estimation. Whittemore (1989} proposed Stein estimates and Carroll 
and Stefanski (1990} proposed an estimation of the conditional expectation 
of the true covariates given the observed values. These two estimators are 
very similar when the conditional expectation is linear in the observed values. 
Stefanski (1985, 1989a) showed how to reduce the bias of the naive estimator 
such that second-order unbiased estimators were obtained. These estimators 
are easily computed but yield only ap1>roximately consistent estimates. Con­
sistent parameter estimators for nonlinear regression models are difficult to 
obtain as established by Stefanski (19S5), Stefanski and Carroll (1985), Car­
roll et. al. (1984), Armstrong (1985) and Whittemore and Keller (1988) among 
others. Nakamura (1990} proposed an estimation method based on a corrected 
score function that generates consistent and asymptotically normal estimates. 
A new estimator is proposed by removing the asymptotic bias of the naive 
estimator. This new estimator is established based on the fact that the naive 
estimator converges to the true paran1eter times an attenuation factor. 

There a.re very limited results in literature with resped to small samples 
properties of these estimators. Zhao and Lee (1996) in a recent paper examine 
the small sample properties of some bias-corrected estimators for generalized 
linear measurement error models. However, they do not considered censored 
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observations and replications for the esLiniation of the error variance. The 

purpose o( this paper is Lo propose a new estimator and compare it.s proper­

ties with those of some important bias-corrected estimators for the Weibull 

regression model. This model is described in Section 2, a brief review of the 

bias-corrected estimators literature as well as a new estimator are presented 

in Section 3. The simula\ion study and its results are presented in Section 4. 

2 Model Formulation and Notation 

The Weibull regression model for the ith failure time T; of a sample of n 

observations is usually written in terms of ib logaritm as 

log T; = z;/3 + ue; (I) 

where z: = (1, z;1, ... , z;,) is a p + 1 vector of cov-c1.riates, /J' =(/Jo, ... , /1,.) is 

a p + 1 vector of parameters, u is a scale parameter and £1 is a random error 

which has a standard extreme value distribution, /(e;) = e•• exp(e'•). 

Consider the classic random censorship model in which a vector of censor­

ing times (Ci, . .. , C,.)' is assumed independent of the failure times T;s. The 

observed data are the min(T;, C;) and 6;, that is the failure indicator, such as 

y; = min(logT;,logC;), i = 1, ... ,n. 
Estimatiou of IJ = {/J,u} is based on the loglikelihood function whicl1 in 

the presence of censoring observations is written for the model (1), laking z; 

as fixed and assuming that Lhe distribution of the censoring limes docs not 

depend on parameters, as 

.. 
l(IJ;y,Z) = El;(9;y;,z;) 

i=l 

= t6;{<y;-/:/J~ -logu}-e.rp((?i,-z;/J)/11) (2) 

where Z is the design matrix of dimension n by I' + 1 and y' = (y,, ... , y,.). 

Estimates of IJ are obtained by maximizing (2), which is equivalent to finding 

the roots defined by lhe score vector U(B;y,Z) = (U1(8;y,Z), U,(IJ;y,Z), 

U3(8;y, Z))', where 

U1(9;y, Z) 

U2(9;y,Z) 
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We are concerned with the situation that Z can not be recorl1ed <lirectly, 
but instead we observe a surrogate X having measurement err?r· C~nsiclering 
an ad<litivc error mo<lcl 

X; = Zj + U;, i = }, • • • 1 n 

where the ran<lom error measurement u 11 ••• , Un, is independent of Z and y, 
has zero mean an<l covariance matrix :Eu. This covariance matrix may be 
assumed known or cstimak:<l from replications of the x;s. If the covariates Z 
are fixed constants, a functional model is obtained; if Z are independent and 
identically distrihute<l random vectors Crom some distribution, a structural 
mo<lcl is <lcfinc<l. Although the mo<lcl ( 1) exhibits the functional form, the 
majority of the estimation methods are appropriate for both functional and 
structural mo<lels. 

3 Parameter Estimation 

The naive estimator BN obtained by solving the equations U(9N;y,X) = O, 
such that, the true covariates Z arc replaced by the observed ones X is known 
t.o be inconsistent. We review next some t.ypica.J met.hods used to improve 
parameter estimation and propose a new estimator based on the asymptotic 
properties of the naive estimator. In order to simplify the notation, the presen­
tation consider the measurement <'nor model with just one covariate (p = 1). 
For a general form of the estimators refer to the original papers an<l the gen­
eralization of the new estimator is straight.forward. Initially let's consider that. 
:Eu = u! is known. Dy the end of this section we will establish the estimator 
for u! ba.se<l on replications for the situation where u! is unknown. 

3.1 Z estimation approach 

WhiLlemorc ( 198!)) and Carroll and Stdanski (1990), based just in the observed 
values of the covariates, proposed differenL estimators for Z. The methods 
consist basically of estimatii,g Lhe unobserved covariates Z and then estimating 
of the parameters of interest iJ in lhe usual way. That is, finding iJ sud1 that 
U(B;y,Z) = 0. 

Whittemore (1989) considering a functional modd with independent nor­
mal measurement err01s, that is, u;,,.,, N(O,u!); 1 = l, ... ,n, proposed Lhe 
James-Stein estimate 

(4) 
A .. ,,,._3, -

where z = 1/n I:i=i z;, D = ~ and S = Eia1(z; - z)2
• This estimator 

has a justification in terms of tte sum of the mean square error loss and a 
interpretation in terms of the empirical Bayes estimator. 
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Carroll and Stefanski (1990) considering a structural model proposed the 

conditional. expectation of Zi given Zi estimate, that is, ii = E(zdzi)- If 
Ui ~ N(O,u!) and Zi ~ N(µ,112

), E(z;/zi) is lineAr and can be estimated as 

where jl = x and u! = S/(n -1) such that 

E(zi/z;) = flz + (l - fi')z; (5) 

where fl= "?1;f'1• Ol>serve that these estimators (4) and (5) have the same 

form and just a minor dilference between iJ and fl. 

3.2 Naive correction approach 

Stefanski (1985) derived first order bias of the naive estimator and proposed 
the following bias-corrected estimator 

The melhod is applicable to both functional and 11Lructural cases. Stefa.11ski'11 

( 1985) approach is valid only when the covariaLe measurement. error is small. 

3.3 Corrected Score Approach 

Nakamura (1990) consiclcrs a correction for score functions. The main idea is 
finding a corrected log-likelihood, that is, a function t•(B;y,X) such that 

E(r(8;y,X)/y,.Z] = l(8;y,Z) 

and then consider the corrected score function 

u·cs· X) - or(B;y,X) ,y, - {)8 

where, E(./y,Z) and a) being interchangeable we have that 

(7) 

The estimador 9· obtained by solving U•( 8; y, X) = 0 sud1 that - au·ii.Jf .Xl 

is- positive definite, is called the correcLed estimador for 8. As nok-d by Aaka­

mura (1990) E[U·(8°;y, X)) = O, where 8° is the true parameter value. Under 
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some rcgularily conclilions and Lliis properly, consislcncy and a.symplolic nor­
mality of the estimator 8* can be established. The corrected score method 
depends critically on the assumed normality of the measurement error. Cor­
rected score functious satisfying (7) may not exisL and finding them may not 
be an easy task. These issues are studied in details in Stefanski (1989b). The 
corrected score function U•(8;y,X) = (Uj(8;y,X),U2(8;y,X),Uj(8;y,X))' 
takes the following form for the Weibull regression model: 

Vi(8;y,X) 

Uj(8;y,X) 

3.4 New Estimator 

The naive estimator 9 N converges noL to the true parameter 8° but rather to 
8 which satisfies 

E(U(8;y,X)) = 0. (9) 

This expectation is taken over 8° and generally 8 :f, 8° (Stefanski, 1985). 
Evaluating the expression (9) for the non-censored structural Weibull re­

gression model (I), that is, taking z ~ N(µ, v1 ), results in 

From (10) and (11) we get the following system of equations 

(12) 
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exp (11:1-Po + ;P?-P,),, + { + 7) r(u0 /u +I))[µ+~ (/ft - /Ji) - ~ P, ] 
-µ = 0, (13) 

where { = fJJ:~; and 7 = --2('1,tf1•l
2

• From (12) and (13), we can find 

/Ji = k.,fll 

where k., = ,)~,,,. IL can be observccl that I.:., is the same attenuation £actor 

from the ordina;y least squares with mea.'lurement error. It is usual called 

reliability tatio (Fuller, 1987). 

In this way a consistent. estimator for /J1 can be obtained as 

- .,. l -/J, = k; P1N 

where k., = ~s"! with u! as in (3.1). 
"• 

3.5 Estimation of u! 
It was assumed so far that the measurement error variance u! is known. The 

parameter u! can be estimated provided we have repeated measurements of 

:i;. That means, suppose thaL z;;; j = 1, ... , k represent k independent and 

identically distributed replicates such tl1at 

Z ,j = z; + u,;, 

i = 1, ... , n. Replications enable us t.o estimate u! by the usual componenls 

of variance analysis, AS follows 

(14) 

where x;. = 1/1.: EJ=1 z;;. llcplacing z; by z;., u! by ii!/ k and z by :F. •• = 
1/n Li=l x,. in the expressions of the estimate-. in (3.1)-(3.4} above we can 

estimate 8 without assume that u! is known. 

4 Simulation Study 

In this sect.ion we perform Monte Carlo simulation for comparing the perfor­

mance of the new estimator and the others described in the previous section. 

The simulation study is based on a Weibull regression model with shape pa­

ramckr «'11ua.l Lo 2. 
Two independent sets of independenL random variables T' = (Ti, ... , 7',.) 

and c' = ( C., ... , C,.) are generated for each repelilion and the lifetime 
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min(T;, C;) and 61 ai-e recorded. T; is a realizaLion of a Weibull(2, ex11(z;/J)) an<l 
C;, corresponding Lo the random censoring med1anism, is uniform on (0, r ). 
The true cova.ria.Le is genera.led once as a standard normal and it is maintained 
the same in a.II repetitions. The error variable is generated as a normal with 
mean O and variance u!. The parameters Po and p, are set equal to zero and 
one respectively and 1000 replications are run for each simulation. 

The simulations are performed for several combinations varying the sam­
ple sizes (n = 50,100,300), the variance of the error measurement (u! = 
0.1,0.3,0.5) and the proportion of censoring (F = 0,25,50%) in the sample. 

• The proportion of censoring, P(C; < T;), is obta.ined by controlling the value 
of the parafneter r. The simulations were run in a CRAY computer using 
the IMSL software at CCE/USP. Tables I, II and lII display th~ simulations 
sample means and the root of the mean square error (RMSE) of the various 
estimators of {31• The error-free estimate presented in the first line of Lheae 
tables is the maxwnum likelihoo estimator based on the unobserved data 
(ya, z1), ... , (Yn, Zn), that is solution for the equation U(9;y, Z) = 0. Tables 
IV, V a.nd VI display the simulations using an estimated value for u! l>ased on 
two replications for ca.ch value of z. 

5 Discussion 

Some conclusio11s can be drawn from the simulation studies presented in the 
previous section. 

1. The sample size and the proportion of censoring appear that do not affect 
I.he bias magnitude of the estimates'. As it is known their effects is on 
the standard deviation of the estimates. 

2. As expected Lhc naive estimate attenuates to zero as the error measure­
ment increases. The same seems Lo happen with the SLcfanski's estimate 
buL in a much slower spcc<ly. The others estimators perform well in terms 
of reducing Lhe l>ias 

3. As expcckd all cstimbtcs a.re more variable Lhan Lhe naive and error-free 
ones, and their variability increases as the value of u! increases. " 

4. Comparisons or the estimators using the mean square error have to take 
into accounL Lhe magnil.ude or u! and Lhe amount of information provided 
by the 11ample (measured by the sample size and the proportion of cen­
soring). Essentially for a small measurement error (u! = 0.1) the naive 
estimator is so good as the others one. In situations with little informa­
tion sud1 as n = 50 and F = 50%, the standard deviation dominates the 
l>ias and even in a bad situation such as u! = 0.5, the naive estimate 
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has Llic smaller 111ra11 square error. l11 the others sit11atio1111 it i;,~·111:1 that 
lhc corrccLe<l estimators are really effective and the Wl1iUc111ore and the 
new estimators arc behaving a little hcUcr than the 0U1crs. 

5. Stefanski's estimati. has the biggest values for the bias for large values 
of a! since the naive conection only works well for small values of this 

, term. Ou the other haud, the others estimators do not impose such kind 
of constraints. 

6. The estimate (14) for the error variance a! in Tables IV, V and VI is very 
'accurate even for41iluations with little information such as n = 50 and 
F = 50%. In this way the results obtaine<I in these tables are compared 
with the formers where a: is known and rq>laccd by o!/2. 

In general, it seems that all corrected-bias estimators work well ror mo<l­
etate to large values of a! except the Stefanski's estimate that docs not work 
well £or a! = 0.5. However, the new estimator is simple and easier to calculate 
than the others. 
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Table I - Estimators Performance (no censoring) 

11 = 50 n = 100 n = 300 

EsLi1111tLc Mean SD llMSE Mca.u SD llMSE Mean SD RMSE 

Error-free 1.00 0.30 0.30 LOO 0.20 0.20 1.00 0.12 0.12 

o! = 0.1 
Naive 0.90 0.28 0.30 0.90 0.19 0.22 0.91 0.12 0.15 

New 0.99 0.31 0.31 0.99 0.21 0.21 1.01 0. 13- 0.13 

Nakamura. 0.99 0.31 0.31 0.99 0.21 0.2) 1.01 0.13 0.13 

Slefanski 0.98 0.31 0.31 0.98 0.21 0.21 1.00 0.13 0.13 

WhiUemore 0.98 0.31 0.31 0.98 0.21 0.21 1.01 0.13 0.13 

CarroU-SLefanski 0.99 0.31 0.31 0.99 0.21 0.21 1.01 0.13 0.13 

o! = 0.3 
Naive 0.75 0.26 0.36 0.75 0.18 0.31 0.76 0.11 0.27 

New 0.96 0.33 0.34 0.98 0.23 0.23 1.00 0.14 0.14 

Nakamura 0.97 O.J:J 0.33 0.98 0.24 0.24 1.00 0.15 0.15 

Slefa.uski 0.92 0.33 0.33 0.93 0.22 0.24 0.94 0.14 0.15 

WhitLemore 0.95 0.33 0.33 0.97 0.23 0.23 1.00 0.14 0.14 

CarroU-SLcfanski 0.!)6 0.33 0.33 0.97 0.23 0.23 1.00 0.1'1 0.14 

a!= 0.5 
Naive 0.6,J 0.2•1 0.-13 0.65 0.17 0.39 0.65 0.10 0.37 

New 0.9•1 0.35 0.37 0.97 0.25 0.25 0.99 0.16 0.16 

Nakamura 0.94 0.36 0.36 0.96 0.26 0.26 0.99 0.16 0.16 

Stefani.ki 0.86 0.33 0.36 0.86 0.23 0.26 0.87 0.14 0.19 

WhaLe111ore 0.92 O.J,J 0.35 0.96 0.25 0.25 0.98 0.16 0.16 

CarroU-SLefanski 0.9•1 0.35 0.36 0.97 0.25 0.25 0.99 0.16 0.1(5 

• 
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Table II - Estimators Performance {25% censoring) 

n = 50 n = 100 n = 300 
Estimate Meau SD RMSE Mean SD llMSE Mean SD RMSE 
Error-free 1.01 0.37 0.:17 I.OJ 0.26 0.26 1.01 O.l!i 0.15 
u! = 0.1 
Naive 0.95 0.35 0.36 0.92 0.25 0.26 0.91 0.1'1 0.16 
New 1.01 0.38 0.38 0.99 0.27 0.27 1.01 o. J(j 0.16 
Nakamura 1.05 UAO OAO 1.02 0.28 0.28 I.OJ 0.15 0.15 
Stefanski 1.01 0.39 o.:m 0.99 0.27 0.27 1.00 0. l(l 0.l(j 
WhiUcmore 1.01 0.38 (1.38 0.99 0.27 11.27 I.Ill O.Hi (I.Iii 
Carroll-Stefanski 1.01 0.38 0.38 0.9!) 0.27 0.27 1.00 0.15 0.15 
u! = 0.3 
Naive 0.81 0.33 0.38 0.77 0.23 0.32 0.7u 0.13 0.27 
New 0.98 0.41 0.41 0.97 0.28 0.29 1.00 0.17 0.17 
Nakamura 1.07 0.45 0.46 1.04 0.33 0.33 1.01 0.18 0.18 
Ste£an5ki 0.95 OAO 0.41 0.93 0.28 0.29 0.95 0.17 0.17 
Whittemore 0.97 OAO 0.40 0.96 0.28 0.28 1.00 0.17 0.17 
Carroll-Stefanski 0.98 0.41 0.-11 0.97 0.28 0.28 1.00 0.17 0.17 
u! = 0.5 
Naive 0.66 0.29 0.45 0.67 0.22 0.39 O.Gli 0.12 0.3G 
New 0.96 0.43 0.43 0.96 0.30 0.30 0.99 0.18 0.18 
Nakamura 0.95 0.43 0.43 1.05 0.37 0.37 1.02 0.21 0.21 
Slefa.nski 0.88 0.40 0.42 0.86 0.28 0.31 0.88 0.17 0.21 
Whittemore 0.94 0.42 0.42 0.95 0.30 0.30 0.99 0.18 0.18 
Carroll-Stefanski 0.96 0.43 0.43 0.96 0.30 0.30 0.99 0.18 0.18 
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Table III - Estimators Performance (50% censoring) 

n = 50 n = 100 n = 300 

Elllimale M1>a11 SI> llMSI~ Mean SD llMSE Mean SD RMSE 

Error-r R'C I.Oli 0..17 0.47 1.03 0.33 0.33 1.01 0.J!) 0.19 

u! = 0.1 
Naive 0.94 0A2 0.43 0.91 0.31 0.32 0.91 0.18 0.20 

New 1.02 0.48 0.48 1.00 0.34 0.34 1.00 0.19 0.10 

Nakamura 1.03 0.48 0.48 1.01 0.34 0.34 1.01 0.20 0.20 

Stefanski 1.03 0.'1!) 0.49 J.01 0.35 0.35 1.01 0.20 0.20 

Whittemore 1.02 0.47 0.47 J.00 0.34 0.34 1.00 0.19 0.19 

CarroU-SLefanski 1.02 0.48 0.48 1.00 0.34 0.28 1.00 0.19 0.19 

(T! = 0.3 
Naive 0.78 0.38 0.43 0.75 0.26 0.36 0.75 0.10 0.30 

New 0.98 0.50 0.50 0.97 0.35 0.35 0.99 0.21 0.21 

Nakamura 0.!)9 0.50 0.50 0.98 0.30 0.36 1.00 0.22 0.22 

Stefanski 0.!)6 0.51 0.51 0.94 0.35 0.36 0.95 0.21 0.22 

Whittemore 0.97 0.50 0.50 0.97 0.35 0.35 0,99 0.21 0.21 

Carroll-Stefanski 0.98 0.50 0.50 0.97 0.35 0.35 0.99 0.21 0.21 

(T! == 0.5 
Naive 0,68 0.34 0.47 0.65 0.24 0.43 0.64 0.14 0.39 

Nrw 0.95 0.53 0.53 0.96 0.37 0.37 0,98 0.22 0.22 

Nakamura 0.95 0.51 0.51 0.95 0.38 0.38 0.99 0.23 0.23 

Stefanski 0.89 0.52 0.53 0.87 0.35 0.37 0.88 0.20 0.23 

Whittemore 0.94 0.52 0.52 0.95 0.36 0.30 0.98 0.22 0.22 

Carroll-Stefanr;ki 0.95 0.53 0.53 0.95 0.37 0.37 0.98 0.22 0.22 
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Table IV - Estimators Performance (no censoring) and 
two replications for each z 

n = 50 n = 100 
Eslimal.C .Ml',111 Sr> HMSE t.fra.n SD RMSE t.fra.11 
Error-free 1.00 0.30 0.30 1.00 0.20 0 .20 1.00 
a!= 0.1 
-l a., 0.!0 0.02 O.o2 0.10 0.01 0.01 0.10 
Naive 0.96 0.26 0.26 0.96 0.20 0.20 0.96 
New 1.00 0.27 0.27 1.00 0.20 0.20 1.00 
Nakamura. 1.01 0.28 0.28 I.OJ 0.21 0.21 1.00 
Stefanski 1.00 0.27 0.27 1.00 0.20 0.20 I .OU 
Whittemore 1.00 0.27 0.27 1.00 0.20 0.20 1.00 
Carroll-Stefanski 1.00 0.27 0.27 1.00 0.20 0.20 1.00 

a!= 0.3 
-2 a., 0.30 O.OG 0.06 0.30 0.0-1 0.0•1 0.30 
Naive 0.90 0.26 0.28 0.89 0.19 0.22 0.88 
New 1.01 0.29 0.29 1.01 0.22 0.22 1.01 
Nakamura. l.01 0.30 0.30 1.01 0.23 0.23 1.01 
Stefanski 1.00 0.30 0.30 1.00 0.22 0.22 0.!)!) 

Whittemore 1.00 0.29 0.29 1.00 0.22 0.22 1.00 
Carroll-Stefanski 1.00 0.29 0.29 1.01 0.22 0.22 LOO 

a!= 0.5 
-2 

"· 0.50 0.10 0.10 0.50 0.07 0.07 0.50 

Naive 0.84 0.25 0.30 0.82 0.19 0.26 0.80 

New 1.01 0.32 0.32 1.01 0.24 0.24 1.01 

Nakamura 1.02 0.33 Q.33 1.02 0.25 0.25 1.01 

Stefanski 0.99 0.31 0.31 0.98 0.21 0.21 0.97 
Wbittcmore 1.00 0.31 0.31 1.01 0.24 0.2•1 1.01 

CarroU-Stefauski 1.00 0.31 0.31 I.OJ 0.24 0.24 I.OJ 
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n = 300 
SD RMSE 

0.12 0.12 

0.01 0.01 
Cl.II 0.12 
0.12 0.12 
0.12 0.12 
0. 12 0.12 
0.12 0.12 
0.12 0.12 

0.0:1 0.03 
O.ll 0.16 
0.13 0.1:1 
0.13 0.1:J 
0.12 0.12 
0.13 0.13 
0.13 0.1:l 

0.04 0.0,1 

0.12 0.23 
0.14 0.14 
0.16 0.16 
0.13 0.13 
0.14 0.M 
0.14 0.14 



Table V - Estimators Performance (25% censoring) and 
two replications for each z 

n = 50 II= 100 

L•:sti11ml.<) Mca.n SI> llMSI•; M<'an SD RMSI~ Mean 

Error-free 1.0,1 0.37 0.37 1.01 0.26 0.26 1.01 

u! = 0.J 
-2 u., 0.10 0.02 0.02 0.10 0.01 0.01 0.10 

Naive 0.98 0.32 0.32 0.97 0.24 0.24 0.95 

New 1.02 0.3•1 0.34 1.01 0.23 0.23 1.00 

Nakamura 1.02 0.34 0.34 1.02 0.26 0.26 1.00 

Stefanski 1.02 0.3•1 0.34 1.02 0.26 0.26 1.00 

\VhiUcmoro 1.02 0.3-1 0.3•1 I.OJ 0.26 0.26 1.00 

Carroll-Stefanski 1.02 0.34 0.34 1.0) 0.26 0.26 1.00 

u! = 0.3 -, 
CT,. 0.30 0.06 0.06 0.30 0.04 0.04 0.30 

Naiv<! U.!H 0.:12 0.3:J 0.89 0.24 0.26 0.87 

New 1.02 0.36 0.36 1.01 0.27 0.27 1.00 

Nakamura 1.03 0.37 0.37 1.02 0.28 0.28 1.01 

Stefauski J.02 0.37 0.37 I.OJ 0.28 0.28 0.99 

Whittemore 1.01 O.:J6 0.36 I.OJ 0.27 0.27 1.00 

CarroU-SLefauRki 1.02 o.:m 0.36 1.01 0.27 0.27 1.00 

u! = 0.5 
- 2 
(T" 0.50 0.10 O.JO 0.50 0.07 0.07 0.50 

Naive 0.85 0.31 0.34 0.82 0.23 0.29 0.80 

New 1.02 0.:11:1 0.38 1.01 0.28 0.28 1.00 
Nakamura 1.0·1 OAO 0.40 1.01 0.30 0.30 1.01 

Stefanski 1.02 0.39 0.39 0.90 0.29 0.29 0.97 
Whittemore 1.02 0.37 0.37 1.00 0.28 0.28 0.99 
Carroll-Stefanski 1.02 0.38 0.38 1.01 0.28 0.28 1.00 
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n = 300 
SD llMSE 

0.15 0.15 

0.01 0.01 
0.13 0.14 
0.14 0.14 
0.14 0.14 
0.14 0.14 
0.14 0.14 
0.14 0.14 

0.03 0.03 
0.13 0.18 
0.15 O.IS 
0.15 0.15 
0.15 0.15 
0.15 0.15 
0.15 0.15 

0.04 0.04 
0.12 0.23 
0.16 0.16 
0.16 0.16 
0.15 0.16 
0.16 0.16 
0.16 0.16 



Table VI - Estimators Performance (50% censoring) 
and two replications for each ;; 

II= 50 II= 100 
EsLimah! M1•a11 SD lfMSI~ Mean SU U.MSE Ml'an 
Error-free 1.06 0.47 0.47 1.03 0.33 0.33 1.01 
11! = 0.1 
-2 a,. 0.10 0.02 0.02 0.10 0.01 0.01 0.10 
Naive O.!)!) 0.41 0.41 0.08 0.31 0.31 0.!)6 
New t.O•I 0.,1:1 0.43 1.02 0.32 0.:12 I.Ill 
Nakamura 1.0,1 OAJ 0.-13 J.O:J 0.:12 0.32 1.01 
SLcfauski 1.05 0.44 0.44 I.OJ 0.3:J 0.33 1.01 
Whittemore 1.04 0.43 0.-13 1.02 0.32 0.32 1.01 
Carroll-Stefanski 1.04 0.43 0.43 1.02 0.32 0.32 1.01 
u! = 0.3 
-2 u. 0.30 0.06 0.06 0.30 0.04 0.04 0.30 
N;uve 0.93 0.40 0.40 0.90 0.2!) 0.31 0.88 
New 1.04 0.45 0.45 1.02 0.33 0.33 1.00 
Nakamura 1.05 0.48 0.48 1.03 0.35 0.35 1.01 
Stefanski 1.06 0.48 0.48 1.03 0.35 0.35 1.01 
Whittemore 1.04 0.45 0.45 1.02 0.33 0.33 1.00 
Carroll-Stefanski 1.04 0.45 0.36 1.02 0.33 0.33 1.00 
u! = 0.5 
-2 u., 0.50 0.10 0.10 0.50 0.07 0.07 0.50 
N;uve 0.87 0.38 0.41 0.83 0.28 0.33 0.81 
New 1.05 0.47 0.-17 1.02 0.35 0.35 I.DO 
Nakamura 1.05 0.50 0.50 1.01 0.37 0.37 1.0-..! 
Stefanski 1.06 0.50 0.50 1.02 0.36 0.36 O.!JO 
Whittemore 1.04 0.47 0.47 1.02 0.35 0.35 1.00 
Carroll-Stefanski 1.04 0.47 0.47 1.02 0.35 0.35 1.00 
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n = 300 
Sil HMSE 

0. 1!) 0.19 

0.01 0.01 
0.17 0.17 
0.18 0.18 
O. l!J 0. l!J 
0. 18 0.18 
0.18 0.18 
0.18 0.18 

0.03 0.03 
0.16 0.20 
0.1!) 0.l!J 
0.1!) 0.19 
0 .19 0.19 
0.1!) 0.1!) 
0.19 0.19 

0.04 0.0-1 
0.16 0.25 
0.20 0.20 
0.20 0.20 
0 .20 0.20 
0.19 0.19 
0.20 0.20 
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