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ABSTRACT 
 

 Most studies involving cure fraction models in survival analysis relate the probability 

of cure and possible prognostic factors considering a logistic link function. As is well 

known, the logistic density function is symmetric, preventing the possibility of 

asymmetry in the relationship between the cure probability and the covariates. The main 

purpose of this paper is to predict the chance (or probability) of cure for future patients, 

considering other links between the covariates with the cure fraction. Some links 

extensively considered in the literature for modeling the cure probabilities are the probit 

and the complementary loglog links (c-loglog). We evaluate the use of asymmetric links 

when the main goal is the estimation of survival probabilities. In addition, the patients are 

considered to be grouped in clinics and, for a given clinic, there may be a non-null 

association among the survival times, thus affecting the survival probabilities. An  

EM-type algorithm conjugated with REML estimation procedure in the M-step is 

considered for parameter estimation. Model comparisons are implemented using the 

cAIC and cBIC scores. A simulation study suggests that the proposed estimation 

procedure behaves well for moderate and large sample sizes. A real data illustration 

reveals also the good performance of the proposed model and estimation approach. 
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1. INTRODUCTION 
 

 In recent decades, medical treatments have helped to improve the life expectancy of 

patients with many types of cancer. In some cases, patients submitted to similar medical 

procedures and sharing certain genetic as well as environmental characteristics may live 

longer than originally expected. Statistical models to deal with data sets generated by 

these scenarios have been developed by several authors, such as Chen et al. (1999b) and 

Berkson and Gage (1952). More recently, there have been a number of generalizations 

proposed in the literature (see, e.g., Rodrigues et al. (2009a, 2009b, 2012), Cancho et al. 

(2013), Barreto-Souza (2015) and Gallardo et al. (2016, 2018)). In this paper we consider 

the approach motivated by Berkson and Gage (1952), known as the mixture model 

approach, that assumes the existence of two subgroups of patients in the population, 
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namely cured and uncured or susceptible patients. We also assume a parametric 

framework, where a family of distributions is assigned to the survival times related to the 

uncured individuals. The fraction of cured subjects is allowed to change according to a 

set of potential covariates through a conveniently chosen link function. In the context of 

mixture models, it is usual to consider a logistic link function for the cure fraction and an 

exponential model for the survival times of uncured patients, the so-called logistic-

exponential model; however, other options have been described as the logistic-Weibull 

model (Farewell, 1982) and, in a semi parametric approach, Fang et al. (2005) and Lu 

(2008) assume a logistic link function for the probability of cure. 
 

 The extensive use of the logistic distribution (in a cure rate model and other contexts) 

can be explained by the ease of computational implementation and interpretation. For 

discussion about this topic, we suggest Chen et al. (1999a) and Bazán et al. (2006, 2010, 

2014). However, it also imposes an important limitation, that of being symmetric about 

the origin. Consequently, if the objective of the study is to predict the survival time or the 

probability of cure for future patients, such approach may not be appropriate, particularly 

when trying to predict patients with unusual values for some covariates. Other link 

functions extensively studied in the literature in this situation are the probit link (normal 

cumulative distribution function) and the complementary loglog link (Gumbel cumulative 

distribution function). The first is symmetrical and the latter, asymmetrical. In addition to 

studying link functions other than the logistic, in this work we also consider that, due to 

the adopted experimental design, the sample units are grouped in clusters, so that for 

those subjects from a given cluster, non-observable characteristics may interfere with the 

outcomes. We consider, then, random effects models to take into account possible 

similarities of survival experience for those units. In this context, Yau and Ng (2001) 

proposed a mixture model incorporating random effects on the cure rate (that we will 

denote by   ) and on the survival function of susceptible individuals (  ) assuming that, 

for a given cluster  ,    and    are independent and normally distributed; their work is 

based on the logit link for the cure probability. As the two effects are related to the same 

cluster, it is conceivable include some sort of dependency; Lai and Yau (2008) assumed 

that (  ,  ) followed a bivariate normal distribution, again under a logit link for the cure 

probability. In the same context, Lai and Yau (2010) considered a power family of 

functions to link the covariates related to the survival of susceptible individuals. 

Although we will base our development in the mixture model, it is worth mentioning that, 

for the cure model of Chen et al. (1999b), Lopes and Bolfarine (2012) incorporated 

random effects in the cure probability, whereas Gallardo et al. (2013) generalized a bit 

more, including random effects in both, the cure probability and the survival function of 

susceptible individuals, although assuming independence between the random effects. 
 

 In this paper, we propose a unified family of link functions, including the logit, probit 

and complementary loglog functions for the random effects mixture model, where the 

random effects follow a bivariate normal distribution. In Section 2 we present the 

ordinary mixture cure rate model. In Section 3 we extend the model of Section 2, 

incorporating random effects. In Section 4 we develop the classical procedure for 

parameter estimation, combining the EM algorithm and an approach based on Best 

Linear Unbiased Predictor (BLUP) and Restricted Maximum Likelihood (REML). In 

Section 5, the model is considered in a real life database. In Section 6 we present a 
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simulation study to evaluate the performance of the estimation procedure presented in 

this paper. In Section 7, we conclude that the proposed estimation approach is 

satisfactory, being a viable alternative for real data when it seems adequate the use of an 

asymmetrical link for the probability of cure. 

 

2. THE MIXTURE MODEL 
 

 Following Berkson and Gage (1952), we assume the target population contains two 

types of units, susceptible to the event of interest and non-susceptible or cured. It is not 

known whether a given unit is cured or not; so that we consider a non-observable (latent) 

random variable Y assuming value 1 if the unit is susceptible and 0 otherwise. For  

non-cured units, we denote        as the survival function related to the time up to the 

event of interest is observed, where   is a set of unknown parameters. If         , 

the survival and hazard functions of the entire population are given, respectively, by 
 

                       and           
        

            
, 

 

where         
       

  
    . Note this model does not belong to the family of 

proportional hazards models. Let   
  be the time to failure for the  -th experimental  

unit and    the corresponding censoring time. Considering right censoring, for each  

unit  ,        , the actually observed time is represented by random variables  

           
      and        

     . The available (observed) data will be denoted  

by           , where              and             . We also define  

             so that the complete data will be denoted by           . It is easy to 

see that the complete likelihood function for (     is given by 
 

         ∏           

      

 ∏                   

      

  

 

where                      and    and    denotes the subset of indices for cured and 

susceptible individuals, respectively. Following Lu (2010), we have that 
 

                    
        

            
          (1) 

 

 In order to allow the inclusion of covariates                
  among the 

susceptible items, assuming a proportional hazards model for   
   

 

                                      (2) 

 

for      
  , where         is known as the baseline survival function,   is a  -vector of 

unknown parameters. Also, we consider covariates                
  related to the cure 

fraction, i.e., 
 

       
             

 

where   is a  -vector of (also unknown) parameters and       is any of the link functions 

in the Table 1. As discussed in Gallardo et al. (2013), the vector   cannot contain an 

intercept in order to avoid identifiability problems. 
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Table 1 

Link Functions for the Cure Probability in the Mixture Model.  

     is the Cumulative Distribution Function for the Standard Normal Model 

Link Logit Probit C-loglog 

                                        

 

3. THE MIXTURE MODEL WITH RANDOM EFFECTS 
 

 As discussed in Section 2, we assume that experimental units are grouped in clusters, 

so that dependence among lifetimes from a same cluster may arise. Assume there are  

  clusters with    units in cluster  ,        . Therefore,     is the unobserved binary 

random variable assuming value 1 for the  -th unit from cluster   is susceptible to the 

event of interest and 0 otherwise. For        , let                    
  . Also, let 

   
  be the time to event for the  -th experimental unit in the  -th cluster and     the 

corresponding censoring time, so that              
       and      (   

     ). We 

consider the situation where         is as in (2). In addition, we also include a second 

index for the covariates, so that, for each unit we have information on     and    . To 

account for the effect of the  -th cluster, let (  ,   ),        , be random variables 

related to the survival time of susceptible units and to the cure fraction, so that 
 

       
      and       (   

     ),                   (3) 

 

 The random variables   ,         are usually called frailties. As in Lai and Yau 

[18], we assume that (     )         , with  
 

  (
  

      

       
 ), (4) 

 

where   is the correlation between    and   . Moreover, let             ,  

             and         , so that          , where        and    is the 

identity matrix of dimension J. High values of    suggest that susceptible units in  -th 

cluster are at greater risk of suffering the event of interest; low values of    suggest units 

in -th cluster have greater probability of being cured. As mentioned above, it is not 

possible to include an intercept in the model, so that the random effects   ,         

take this role. The complete BLUP log-likelihood function for the model is given by 

       , where 
 

   ∑∑{   [               (   | )     (     (   | )     )]

  

   

 

   

 (     )     (     )} 

(5) 

and 

    
 

       
(

   

  
  

   

  
  

     

    
)  (

 

 
)          

   
         . (6) 

 



Diego I. Gallardo et al. 463 

 See Yau and Ng (2001) and Lai and Yau (2008) for more details about the 

construction of    and   . In this work, we consider two scenarios for the baseline 

survival         : a Weibull model, where 
 

                           (7) 

 

and a piecewise exponential (PE) model (Friedman, 1987) 
 

           { ∑         

 

   

}              (8) 

where 

      {

           

                   

               

,          (9) 

 

with                a vector of known constants,      and     . Such models 

have the proportional risks property, which is reasonable in many biological contexts. For 

a more detailed discussion about the topic, see Chen et al. [1]. For the Weibull model, 

        , and depending on values of  , the risk function may be monotonic 

increasing, decreasing or constant, whereas for the PE model,            , and non-

monotonic risk functions are accommodated as well. As a particular case, when     

and          is the survival function in (7), we have the model discussed by Yau and Ng 

(2001). Also, unlike Lai and Yau (2008), we assume a parametric approach, which allows 

model comparison based on measures of relative goodness of fit such as cAIC and cBIC, 

conditional versions of AIC and BIC criteria, respectively, with a penalization that 

depends on the predicted random effects and their respective variances. For more details, 

see Donohue et al. (2011). 

 

4. ESTIMATION 
 

 The estimation of parameters and prediction of random effects for the mixture model 

discussed in the previous section relies on expressions (5) and (6). At first, following Yau 

and Ng (2001), the baseline survival function          is considered as known but its 

estimation will be discussed later in this section. 
 

 In order to deal with the latent variables    ,         ,        , we have 

implemented an EM algorithm in the following way. This procedure has drawn attention 

in recent years in the context of cure rate models. For instance, Pal and Balakrishnan 

(2016, 2017), Balakrishnan and Pal (2016), Gallardo et al. (2017a, 2017b). In the E-step, 

with fixed values from a previous iteration (say,    ) for            and  

      
    

    , using (1) we have 
 

 ̃                
                      

      (     )
   

     
  (   | 

     )
    

  
     

     
     

    
     

  (   | 
     )

    
  
              . (10) 
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 Let  ̃         ̃  
   

    ̃   

   
  be the resulting values in (10). In the M-step, we update 

the parameters and the random effects in       considering the restricted maximum 

likelihood (REML) approach proposed by McGilchrist and Yau (1995). At this point, the 

value of       is also taken as fixed, so that we may find the BLUE and BLUP of the 

elements in       (Henderson, 1975) by the Newton-Raphson algorithm, that is, 
 

    
    

   
    

 ,  
    

-
  

(
  

  
)  

    
                (11) 

 

where   
    

 is an initial value at step  . The matrix B is given by the negative of the 

second derivative of   with respect to  . Algebraic details are provided in Appendix A. 

Let ( ̂     ̂     and  ̂    be the BLUE and BLUP for (     and b at the  -th iteration, 

respectively. The matrix B evaluated at  ̂      and its inverse, according to the partition 

     , are 
 

 ̂     [

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

] and { ̂    }
  

 [

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

 ̂  
    

]. 

 

 Defining the matrices 
 

   (
   

  
)     (

   
   

) and    (
  
   

). (12) 

 

 We next update the value of      . As such, let  ̂ 
    

   ( ̂  
   

  ̂    ̂    )  , 

 ̂ 
    

   ( ̂  
   

  ̂    ̂    )     and  ̂ 
    

   ( ̂  
   

  ̂    ̂    )  . It follows that 

(see Lai and Yau, 2008) the REML estimators of       at the  -th iteration may be 

expressed as 
 

  ̂ 
        ̂ 

    
  ,   ̂ 

        ̂ 
    

   and  ̂      ̂ 
    

 √ ̂ 
    

 ̂ 
    

. (13) 

 

 The variances of these estimators are computed in Appendix B. 
 

 The values of        
      are updated considering the REML estimators for   and   

obtained at the  -th iteration; a profile log-likelihood function (  ) is computed for   at 

the  -th iteration assuming either a Weibull or a PE distribution for the baseline survival 

function. If   
    

is an initial value, then the Newton-Raphson algorithm will result 
 

    
    

   
    

 ,  
    

-
  

.
   

  
/  

    
                (14) 

 

where   is minus the second derivative of the profile log-likelihood function    with 

respect to  . Details are given in Appendix C. The standard error for the estimator of   

can be estimated by Jackknife (Miller, 1974). 
 

 The whole process to get estimates and predicted values for  ,   and   is based on 

iterative procedures based on equations (10)-(14). Initial values for fixed quantities are 
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obtained through the fit of a linear model without random effects; the random effects   

and   are initially taken as zero and, for the corresponding variances and correlation 

coefficient  , initial values are arbitrarily set (e.g., 0.5 and zero, respectively). 

 

5. APPLICATION 
 

 Grande et al. (2000) conducted a follow-up study at the Dentistry School of the 

University of São Paulo, Brazil, to compare retention efficacy of two products: Delton  

(a standard sealant) and Optibond (a dual cure glass filled dental adhesive). The study 

involved 37 children with ages ranging from 11 to 17 years. Each individual received 

both sealants, randomly assigned to each side of the mouth. In total, there are 171 teeth 

receiving the sealants, related to the 37 children. All subjects were instructed with respect 

to oral hygiene during the trial period (30 months). Periodically, trained researchers 

evaluated the sealants condition and assigned scores 1 (perfect sealed), 2 (partial loss) or 

3 (total loss). The response variable was defined as the time (in months) up to partial or 

total sealant loss. 

 

 
Figure 1: Kaplan-Meier Estimates by Sealant 

 

 Figure 1 shows Kaplan-Meier estimates for each sealant material, suggesting a higher 

retention for Optibond when compared to Delton. For this problem, it is appropriated to 

consider a survival model with cure rate since it is possible that the sealant remains in 

good conditions until adulthood. Here, we term as cure a tooth   for which the sealant 

remains in perfect conditions throughout the life of an individual  , with probability    . 

The clustering, related to measurements made on the same individual, suggests the need 

to consider a mixed model. Therefore, we applied the models discussed in Section 3 

based on Weibull as well as PE distributions with     and    . We also adopted the 

link functions described in Table 1. In addition, for          and         , the 

following quantities were defined: 
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                       
   . For the  -th tooth in the  -th individual,          

indicates whether Delton (    or Optibond (    was applied, and      
  denotes 

the age centered at the its median value. 

             , with the same codification as before. 

                               , denoting the intercept and the effects of 

material and age on the cure probability. 

  , denoting the effect of Delton (in comparison with Optibond) on the retention 

time for susceptible subjects. 
 

 Note that the age of subjects is considered only when modeling the cure probability. 
 

 Finally, we also consider the cases for bivariate (     random effects. Table 2 

presents the values of cAIC and cBIC for the fitted models. Both criteria suggest that the 

best model is the mixture model based on the PE distribution with     for the non-

cured individuals and c-loglog (Complementary) link function for the cure probability. 

 

Table 2 

cAIC and cBIC for Mixture Models with Bivariate Random Effects  

and Selected Link Functions 

Model for          Criterion 
Link 

Logit Probit C-loglog 

        
cAIC 615.47 616.80 619.40 

cBIC 762.41 763.86 765.61 

PE       
cAIC 570.24 567.70 564.76 

cBIC 717.93 715.54 712.09 

PE       
cAIC 568.92 568.37 565.61 

cBIC 716.44 716.04 712.94 

 

 In addition, Figure 2 depicts point estimates and confidence intervals based on the 

three link functions and the PE model for         . The random effect associated to     is 

fixed at zero and the sealant is Optibond. Note that logit and probit links provide 

somewhat closer results when compared to the complementary log-log link. The 

confidence intervals suggest similar conclusions: around the median age, the interval for 

the c-loglog link has no intersection with the intervals for the other two links. Similar 

patterns were observed for different values of the random effects   ’s and Delton sealant. 
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Figure 2: Estimated Probability of Retention and Confidence Intervals for  

Different Ages and Optibond Sealant. Solid lines are Point Estimates.  

Dashed lines are 95% confidence intervals. 

 

 Table 3 shows estimates for parameters in the selected model. We can see that type of 

sealant is an important predictor for both, survival of uncured individuals and probability 

of retention. The estimated variances for the random effects in the cure fraction are much 

larger than the variances for the frailties. 

 

Table 3 

REML Estimates for the Mixture Model with Bivariate Random Effects,  

PE Distribution (   ) for Non-Cured Individuals and Link c-loglog  

for Cured Individuals 

Parameter Estimates s.e. 

        2.77002 0.25164 

           0.62461 0.14432 

        -0.80348 0.20413 

      -0.00893 0.07102 

  
  0.87742 0.07739 

  
  0.06904 0.13149 

  0.99630 0.17341 

   0.00168 0.00031 

   0.04991 0.29198 

 

 The estimated hazard ratio for uncured individuals is   ̂        in favor of 

Optibond, that is, for a given susceptible subject, a partial or total loss of material in a 

tooth sealed with Delton has a risk approximately 15 times greater than for a similar tooth 

receiving Optibond. For two individuals of same age, given the negative value of        , 
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the probability of non-susceptibility to sealant loss (cure) is smaller for Delton when 

compared to Optibond. 

 

6. SIMULATION STUDY 
 

 In this section, we present results of two simulation studies conducted to assess the 

performance of the proposed methodology. The first one considers the model of Section 3 

and the complementary log-log link function for the cure probability. Parameter recovery 

based on the estimation procedure of Section 4 is evaluated. The second study focuses on 

the evaluation of the cure rate estimation for different scenarios produced by the three 

link functions discussed earlier. 

 

6.1 Parameter Recovery 

 We consider similar conditions as described in Yau and Ng (2001) and Lai and Yau 

(2008) but with the complementary log-log link (asymmetric) function instead of the 

(symmetric) logit link considered by them in the cure probability. The computational 

routines were developed in R, version 2.15.1 (2015). 
 

 Data was simulated considering      clinics with 15 patients each: 10 of them were 

randomly assigned to the treatment group (       and the remaining 5 to the control 

group (      . Cure probability was based on covariates             . Random effects 

(       were simulated from a        distribution, with   as in (4). The values of     

(susceptibility indicator) were simulated from a Bernoulli distribution, with mean    .  

If      , failure time was taken as 1; otherwise, it was simulated from the density 

                                     
             . Failure times greater than the 

censoring time   (a fixed quantity) were considered as censored at  . We evaluated two 

cases:         based on a Weibull distribution as in (7), with parameters        and 

    and         related to a PE distribution with    , as in (8), with parameters 

       ,         and constant      . In both cases, the vector   was taken as 

known. Such specifications imply a mean for the time-to-event of 100 and 88.7 for 

Weibull and PE models, respectively. The regression coefficients were fixed as  

      ,        and        . Such values imply a reduction of the risks in 

          for individuals with covariate     compared with individuals with    . 

Additionally, the specified cure rate is given by          and                   for 

individuals with covariate     and    , respectively. In addition, for each group we 

considered    
        

              and   was taken in the set                   
in order to allow us the assessment of the estimation procedure for different intensities of 

correlation. A total of 500 simulations was taken in each case. 
 

 It is to be expected that an increase in   should improve the performance of the 

estimators in general, since the inclusion of this parameter in the model is justified by the 

dependence of the random effects in a given clinic. Simulation results are presented in 

Tables 5 and 6 in Appendix D. As in Yau and Ng [17] we also consider     and    , the 

mean of the standard errors and the standard deviations of the estimates for the 500 

simulated samples, respectively. Comparison between these two quantities provides an 

idea whether there is over or underestimation of the standard errors of our estimators. 
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 With respect to the estimation of  , the bias seems to decrease as   increases and the 

variance of the corresponding estimator is slightly overestimated. For  ̂  and  ̂  the 

biases turned out to be very small for all considered cases, but the variance of both are 

also overestimated by a small quantity. Moreover,  ̂ 
  and  ̂ 

  have an acceptable bias, 

that is improved when the correlation   is larger. The variances of these estimators are 

slightly overestimated, except in Case 4, for the PE model, when it seems to be 

underestimated. Finally, the performance of  ̂ is quite reasonable when compared to the 

average bias, although the variance of the corresponding estimator seems to be more 

overestimated than the ones related to the other estimators; however, it seems to occur 

some improvement as   increases. 
 

 Based on both simulation studies, we may conclude that, at least in the cases 

considered here, the performance of the proposed estimators is acceptable in relation to 

bias and the corresponding estimated variances. The results show improvement as the 

correlation   becomes larger. 

 

6.2 Assessing the Effect on the Cure Rate Estimation 

 We also simulated the model in Section 3 based on the logit, probit and 

complementary loglog link functions; for each case, we estimated the cure probability. 

The simulation procedure in the previous subsection was considered, except that we 

studied only         derived from a Weibull distribution. The simulation parameters were 

fixed as                                          
        

      

and      . Different values for   
  and   

  where taken, from     to     and values of  

  from     to    . In addition, we considered three combinations for the number of 

clinics and the number patients, as follows: 
 

                   

                    and 

                     
 

 In each clinic, one third of the patients were randomly assigned to the treatment group 

(       and the remaining, to the control group (      . The covariates     were 

drawn from the standard normal distribution truncated at the interval (-3,3). Also, two 

values were randomly imputed as -3 and two values as 3, in order to guarantee extreme 

values in the covariates, where the effect of an asymmetric link could be more 

advantageous when compared with a symmetric link. In each case, a total of 500 

replicates were simulated. The results are presented in Table 7 in Appendix E. For the 

estimates of the cure probabilities we computed the average bias and the average of 

maximum bias for the 500 simulated samples (and the corresponding standard 

deviations). 
 

 In general terms, the choice of a wrong link seems to slightly increase the average 

bias of the cure probability estimates, but the major problem is that the maximum bias of 

cure rate estimates can increase considerably. 
 

 On the other hand, an increase on the number of patients in each clinic leads to a 

decrease in the maximum bias associated to the cure probabilities, whose estimates seems 
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to become more accurate, while an increase on the clinics only made the estimates more 

accurate. 

 

7. FINAL DISCUSSION 
 

 This paper extends the idea considered in Lai and Yau [18], by considering the 

mixture model with bivariate random effects and different link functions for the cure 

probability (including the logit link). 
 

 We adopted a parametric approach, in order to select a link between the proposed 

functions. Parameter estimation was performed based on the EM algorithm, but in the 

maximization step we used the REML approach proposed in McGilchrist and Yau 

(1995). Simulation studies were considered, suggesting an acceptable performance for the 

proposed estimation method. The new model was also applied to a real data set, and the 

complementary loglog link function outperformed the two symmetrical links (logit and 

probit) we considered. This was more evident in the estimation of the cure probability, 

especially for extreme values of the covariates. 
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APPENDIX A: 

THE BLUP ESTIMATION PROCEDURE 
 

 The Table 4 presents the cumulative distribution function of Logistic, normal and 

Gumbel distributions in their standard versions, with the respective first and second 

derivatives. 
 

Table 4: 

Cumulative Distribution Functions for the Logistic, Normal and Gumbel 

Distributions and its First and Second Order Derivatives 

Distribution                      

Logistic 
  

    
 

  

       
 

         

       
 

Normal                     

Gumbel       
      

       
        

 

 The score vector and B, minus the second derivative of   in relation to  , are given by 
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with         and        .     and   are the design matrices of     and the 

random effects   and  , respectively. To simplify the notation, let  
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and lets         the cumulative hazard function. The first and second partial derivatives 

of    with respect to the components of   and   as follows. 
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APPENDIX B: 

ASYMPTOTIC VARIANCES FOR THE VARIANCE COMPONENT 

PARAMETER ESTIMATES 

 

It can be verified that 
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with       and    defined in (12). Moreover, let 
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 Following Lai and Yau (2008), the variance of   is given by the inverse of matrix   , 

where the elements of matrix   are given by 
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APPENDIX C: 

ESTIMATION OF PARAMETERS FOR THE BASELINE HAZARD 
 

 For the Weibull distribution to non-cured individuals, the cumulative hazard is 

           . The first and second partial derivatives of    with respect to the 

parameters of the baseline hazard and matrix are given as follows. 
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 For the PE model,         ∑         
 
   , with        defined in (9). The elements 

of        and         
      are given by 
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APPENDIX D: 

TABLES FOR SIMULATION STUDY 1 

 

Table 5: 

Estimated Biases for 500 Simulations of REML Estimators  

(Survival Function of Non-Cured Considered from Weibull Model) 

Parameter True Value 
Average 

Bias 
           

Simulation set (                  

Simulation 1 (       

  -0.5 0.052 0.276 0.219 0.941 

   0.5 -0.044 0.269 0.225 0.934 

   -0.5 0.001 0.298 0.253 0.943 

  
  0.5 -0.066 0.307 0.245 0.905 

  
  0.5 -0.058 0.295 0.273 0.897 

  0.2 0.055 0.459 0.390 0.837 

Simulation 2 (       

  -0.5 0.033 0.287 0.217 0.937 

   0.5 -0.035 0.267 0.223 0.929 

   -0.5 0.028 0.294 0.252 0.954 

  
  0.5 -0.044 0.314 0.254 0.907 

  
  0.5 -0.027 0.309 0.288 0.902 

  0.4 0.051 0.426 0.356 0.871 

Simulation 3 (       

  -0.5 0.013 0.280 0.217 0.941 

   0.5 -0.039 0.272 0.213 0.932 

   -0.5 0.027 0.296 0.249 0.955 

  
  0.5 -0.055 0.281 0.249 0.909 

  
  0.5 -0.031 0.336 0.286 0.903 

  0.6 0.045 0.357 0.312 0.885 

Simulation 4 (       

  -0.5 0.013 0.278 0.213 0.947 

   0.5 -0.045 0.256 0.209 0.929 

   -0.5 0.009 0.288 0.248 0.950 

  
  0.5 -0.033 0.283 0.260 0.920 

  
  0.5 0.031 0.364 0.317 0.903 

  0.8 0.014 0.246 0.247 0.957 
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Table 6 

Estimated Biases for 500 Simulations of REML Estimators  

(Survival Function of Non-Cured Considered from PE Model) 

Parameter True Value 
Average 

Bias 
           

Simulation set (                      

Simulation 1 (       

  -0.5 0.034 0.257 0.257 0.938 

   0.5 -0.011 0.285 0.242 0.935 

   -0.5 0.013 0.260 0.250 0.946 

  
  0.5 -0.045 0.270 0.253 0.902 

  
  0.5 -0.009 0.321 0.299 0.899 

  0.2 0.022 0.454 0.385 0.846 

Simulation 2 (       

  -0.5 0.012 0.239 0.215 0.936 

   0.5 -0.011 0.263 0.235 0.925 

   -0.5 -0.002 0.271 0.249 0.952 

  
  0.5 -0.030 0.289 0.259 0.905 

  
  0.5 -0.018 0.332 0.294 0.901 

  0.4 -0.005 0.396 0.363 0.850 

Simulation 3 (       

  -0.5 0.033 0.238 0.213 0.937 

   0.5 -0.010 0.247 0.230 0.928 

   -0.5 0.012 0.251 0.251 0.958 

  
  0.5 -0.020 0.325 0.263 0.905 

  
  0.5 0.024 0.328 0.315 0.901 

  0.6 -0.010 0.326 0.318 0.868 

Simulation 4 (       

  -0.5 0.036 0.239 0.215 0.941 

   0.5 -0.019 0.232 0.212 0.926 

   -0.5 -0.004 0.263 0.251 0.952 

  
  0.5 -0.006 0.283 0.270 0.912 

  
  0.5 0.028 0.293 0.314 0.898 

  0.8 -0.014 0.209 0.242 0.968 
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APPENDIX E: 

TABLES FOR SIMULATION STUDY 2 

 

Table 7 

Estimated Biases and Maximum Biases Estimates for Cure Rate Estimates  

using the 3 Links Proposed to the Cure 

 

Set parameter:                                        

Link used to simulate: Logit 

                              

Link to cure 
Av. Bias 

(sd) 
Max. Bias 

(sd) 
Av. Bias 

(sd) 
Max. Bias 

(sd) 
Av. Bias 

(sd) 
Max. Bias 

(sd) 

Case I:   
        

            

Logistic 
0.004 

(0.099) 
0.244 

(0.161) 
-0.005 
(0.071) 

0.200 
(0.120) 

-0.001 
(0.070) 

0.246 
(0.123) 

Probit 
-0.005 
(0.095) 

0.250 
(0.159) 

-0.012 
(0.070) 

0.209 
(0.121) 

-0.011 
(0.070) 

0.269 
(0.124) 

C-loglog 
0.012 

(0.097) 
0.275 

(0.163) 
-0.001 
(0.070) 

0.229 
(0.125) 

0.008 
(0.070) 

0.285 
(0.131) 

Case II:   
        

            

Logistic 
-0.010 
(0.094) 

0.268 
(0.166) 

-0.008 
(0.070) 

0.218 
(0.134) 

-0.010 
(0.066) 

0.274 
(0.131) 

Probit 
-0.023 
(0.091) 

0.274 
(0.164) 

-0.018 
(0.065) 

0.222 
(0.131) 

-0.024 
(0.066) 

0.296 
(0.134) 

C-loglog 
-0.003 
(0.092) 

0.294 
(0.165) 

-0.005 
(0.066) 

0.237 
(0.138) 

-0.001 
(0.066) 

0.313 
(0.143) 

Case III:   
        

            

Logistic 
0.006 

(0.093) 
0.237 

(0.146) 
0.005 

(0.064) 
0.200 

(0.124) 
0.001 

(0.063) 
0.230 

(0.115) 

Probit 
-0.004 
(0.093) 

0.243 
(0.146) 

-0.004 
(0.063) 

0.206 
(0.124) 

-0.009 
(0.062) 

0.244 
(0.118) 

C-loglog 
0.013 

(0.094) 
0.266 

(0.149) 
0.007 

(0.064) 
0.224 

(0.129) 
0.009 

(0.063) 
0.257 

(0.125) 

Link used to simulate: Probit 
                              

Link to cure 
Av. Bias 

(sd) 
Max. Bias 

(sd) 
Av. Bias 

(sd) 
Max. Bias 

(sd) 
Av. Bias 

(sd) 
Max. Bias 

(sd) 

Case I:   
        

            

Logistic 
0.007 

(0.088) 
0.286 

(0.175) 
0.002 

(0.058) 
0.238 

(0.134) 
0.003 

(0.060) 
0.298 

(0.132) 

Probit 
-0.005 
(0.086) 

0.257 
(0.161) 

-0.008 
(0.056) 

0.213 
(0.123) 

-0.010 
(0.059) 

0.275 
(0.126) 

C-loglog 
0.015 

(0.087) 
0.283 

(0.164) 
0.008 

(0.058) 
0.243 

(0.132) 
0.014 

(0.061) 
0.303 

(0.137) 
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Link to cure 
Av. Bias 

(sd) 
Max. Bias 

(sd) 
Av. Bias 

(sd) 
Max. Bias 

(sd) 
Av. Bias 

(sd) 
Max. Bias 

(sd) 

Case II:   
        

            

Logistic 
0.008 

(0.088) 
0.311 

(0.187) 
0.002 

(0.067) 
0.264 

(0.161) 
0.001 

(0.063) 
0.326 

(0.163) 

Probit 
-0.010 
(0.082) 

0.277 
(0.172) 

-0.014 
(0.060) 

0.230 
(0.144) 

-0.016 
(0.061) 

0.296 
(0.152) 

C-loglog 
0.015 

(0.085) 
0.310 

(0.181) 
0.005 

(0.061) 
0.259 

(0.154) 
0.011 

(0.062) 
0.322 

(0.160) 

Case III:   
        

            

Logistic 
0.014 

(0.086) 
0.283 

(0.166) 
0.009 

(0.066) 
0.240 

(0.138) 
0.008 

(0.061) 
0.302 

(0.136) 

Probit 
0.001 

(0.081) 
0.263 

(0.154) 
-0.003 
(0.063) 

0.206 
(0.124) 

-0.005 
(0.060) 

0.272 
(0.133) 

C-loglog 
0.021 

(0.083) 
0.288 

(0.159) 
0.013 

(0.064) 
0.236 

(0.134) 
0.018 

(0.063) 
0.302 

(0.142) 

 
Table 8 

Estimated Biases and Maximum Biases Estimates for Cure Rate Estimates  
using the 3 Links Proposed to the Cure (Continuation) 

 

Set parameter:                                        
Link used to simulate: C-loglog 

                              

Link to cure 
Av. Bias 

(sd) 
Max. Bias 

(sd) 
Av. Bias 

(sd) 
Max. Bias 

(sd) 
Av. Bias 

(sd) 
Max. Bias 

(sd) 

Case I:   
        

            

Logistic 
-0.005 
(0.100) 

0.263 
(0.163) 

-0.004 
(0.069) 

0.229 
(0.137) 

-0.008 
(0.068) 

0.290 
(0.125) 

Probit 
-0.015 
(0.096) 

0.277 
(0.156) 

-0.014 
(0.066) 

0.214 
(0.129) 

-0.021 
(0.065) 

0.284 
(0.118) 

C-loglog 
0.002 

(0.096) 
0.260 

(0.161) 
-0.001 
(0.066) 

0.225 
(0.132) 

0.000 
(0.064) 

0.299 
(0.123) 

Case II:   
        

            

Logistic 
0.005 

(0.103) 
0.309 

(0.191) 
-0.009 
(0.072) 

0.259 
(0.148) 

-0.009 
(0.072) 

0.319 
(0.143) 

Probit 
-0.017 
(0.099) 

0.314 
(0.183) 

-0.024 
(0.069) 

0.241 
(0.137) 

-0.031 
(0.064) 

0.303 
(0.131) 

C-loglog 
0.001 

(0.099) 
0.301 

(0.185) 
-0.007 
(0.069) 

0.249 
(0.141) 

-0.003 
 (0.064) 

0.317 
(0.137) 

Case III:   
        

            

Logistic 
0.013 

(0.099) 
0.256 

(0.160) 
0.002 

(0.064) 
0.283 

(0.126) 
0.000 

(0.072) 
0.273 

(0.124) 

Probit 
0.019 

(0.099) 
0.257 

(0.161) 
-0.012 
(0.062) 

0.271 
(0.117) 

-0.012 
(0.071) 

0.272 
(0.121) 

C-loglog 
0.002 

(0.098) 
0.241 

(0.164) 
0.008 

(0.062) 
0.257 

(0.123) 
0.007 

(0.070) 
0.265 

(0.126) 
 


