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Frobenius non-classical frinomial curves

Jodo Paulo Guardieirol, Herivelto Borges2
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Abstract

Using a geometric interpretation of the Frobenius classicality of a curve with respect to the Veronese morphism, we
were able to identify the Frobenius non-classical trinomial curves with respect to the morphism of lines.
Keywords: Algebraic curves, Frobenius order-sequence, Rational points

Intfroduction

Stohr and Voloch [2] presented a bound for the number of rational points on an algebraic curve. To obtain their
result, they studied the Frobenius order sequence of the curve associated to a projective embedding (see Definition
2). We say that a curve is Frobenius-classical if this sequence (of finite length ) is composed by the first n natural
numbers, and the curve is called Frobenius non-classical otherwise.

We want to bound the number of rational points of trinomial curves using the Stohr-Voloch theory. For that, we
first need to find a suitable projective embedding and determine whether these curves are Frobenius classical or
non-classical with respect to it. Theorems 4 and 5 are examples of what we obtained on this matter.

Main results

We will denote by X an irreducible non-singular algebraic curve defined over an algebraically closed field k
of prime characteristic p and f : X — P" a projective embedding given in coordinates by f = (fp:---: fy), with
Sos--s fu € k(X), the function field of X.

Definition 1. Let 7 be a separating variable of k(X)/k. We define the i-th Hasse derivative in [t] as

D (Lajt’) = Z( { )ajtji

and we extend it naturally to k(X).
Definition 2. The [F,-Frobenius order sequence of the curve X with respect to the embedding f is the smallest

sequence (Vo,...,V,—1) in the lexicographic order such that the determinant
B
pMfy - DY,
det . . r
Dy o DS,

is not zero in k(X).

When f is the Veronese morphism of degree d, there is a geometric interpretation of the F,-Frobenius order
sequence as the intersection multiplicity of X with curves of degree up to d. In particular, the Frobenius classicality
(or non-classicality) of a curve can be determined by studying the image of its points under the F,-Frobenius
morphism. This interpretation was used by several authors, for instance Arakelian and Borges. When d = 1 (the
morphism of lines), Proposition 2.6 in [1] can be restated as the following.

Theorem 3. Let X be a curve such that p { (degX — 1). We have X [F,-Frobenius non-classical with respect to
the morphism of lines if, and only if, the image of infinitely many points of X under the [F;,-Frobenius morpshim
lies on their tangent lines.
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Using Theorem 3 and the bound provided by Stéhr and Voloch, we studied the Frobenius classicality of
trinomial curves and their number of rational points. The next two results are examples of what we obtained.

Theorem 4. The curve 7 : X+ X?Y¢+Y¢ = 0, where a,b,c,d > 0,a > d and p1t(ac+bd —ad) is F -
Frobenius non-classical with respect to the morphism of lines if, and only if, there exists £ such that 3¢ | 4 and

s x DG -0/ P ) | x (0=D/ PP )y (0 DD/ (PP ) Ly (0" -D/ (0 P ) .

Theorem 5. Let 7 : X* +X"Y° +Y? = 0 be aF,-Frobenius classical curve, ac+bd —ad = p"-M, ged(a,d) =
p" Dy, ged(a—b,c) = p"* - Dy and ged(b,c — d) = p"> - D3, where p is the characteristic of ;. Then, the number
N, () of F-rational points of .77 satisfies

. M-D —Dy — D3+ (q+2)max{a,b+c}

Ny() < ;
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