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Synchronization of two bubble trains in a viscous fluid: Experiment and numerical simulation
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We investigate the interactions of two trains of bubbles, ejected by nozzles immersed in a viscous fluid,
due only to the solution’s circulation. The air fluxes (Q,,0Q>) are controlled independently, and we constructed
parameter spaces of the periodicity of the attractors. We have observed complex behavior and many modes of
phase synchronization that depend on these airflows as well as on the height (H) of the solution above the
tops of the nozzles. Such synchronizations are shown in details in the parameter space (Q;,Q>) and also in the
(Q1,H) space. We also observed that the coupling strength between the two trains of bubbles increases when
the solution height increases. The experimental results were reasonably explained by numerical simulations of a
model combining a simple bubble growth model for each bubble train and a coupling term between them, which
was assumed symmetrical and proportional to the growth velocities.
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I. INTRODUCTION

Synchronization may appear in any nonlinear system
composed of a group of coupled oscillators or by a self-
sustained oscillator that is subject to an external force [1]. It has
been observed in biological processes [2], such as ecological
systems [3], postural control [4] and the cardiorespiratory
system in humans [5], coupled neurons [6,7], and neuron
networks [8]. Synchronization of coupled chaotic systems
has been seen as a way to improve secure communications,
complementing software encryption [9,10].

The frequency-locking synchronization of the bubbling of
a single nozzle with a periodic external force (a sinusoidal
sound wave) was studied in Refs. [11-13] and synchronized
regions were identified. For most of the synchronization
regions found, the bubbling frequency was a submultiple
of the sound frequency, since the parameter windows are
usually wider than in higher-order synchronizations. Some
experiments showed synchronizations with four different
submultiples, with sound frequencies four to ten times the
frequency of the bubbling. Chaos arising for strong enough
external forces was also studied. As the gas-liquid reactors
usually have multiple orifices or nozzles many studies on
synchronization in air bubbling has been done in systems with
two or more orifices in the same plenum [14—16]. It was shown
that the synchronization depends on the distance between the
orifices [15] and two synchronized modes were found, one for
the low-airflow regime and another for higher airflow, with
nonperiodic behavior (intermittence) in between them [16].
These systems have behavior that is difficult to predict since
the bubbling orifices are coupled both by the common air
reservoir and by the fluid above. In Ref. [17], Snabre and
Magnifotcham studied the effect of adding an independent
bubble stream next to a previously ongoing one. They showed
that the rising velocity of the ongoing bubble stream is reduced
as the airflow of the added nozzle increases, and that the bubble
streams attract each other, causing a small deviation of the
bubble paths from the vertical.

We present experimental results of phase synchronization
of two bubbling streams, generated in two nozzles with in-
dependent airflow controls, interacting only via the solution’s
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circulation. In this particular setup, the bubble train generated
in each nozzle has a period-1 regime, in the whole air flux
range, when each one is bubbling alone. The experiments have
the airflows Q; and Q, of both nozzles and the fluid height
H above the nozzle tops as control parameters. The airflow
establishes the natural bubbling frequency, and we also show
that the fluid height above the nozzles increases the size of
the periodic (synchronized) regions in the parameter space
(Q1,Q0»). For each nozzle we used a simple model for bubble
formation, developed by us and described in Ref. [18]. In
the present case of the interaction of bubbles formed in each
nozzle, we insert a symmetric coupling between them that
is proportional to the growth velocities of the bubbles. This
model reproduces the experimental parameter spaces, with the
coupling strength playing the same role as the solution height
in the experiment.

II. EXPERIMENTAL APPARATUS

A diagram of the experimental apparatus is shown in Fig. 1.
It consists of an acrylic transparent cylindrical container of
10 cm diameter which is partially filled with a glycerol and
water solution (75%-25%). The bubbles are generated by
injecting air through two symmetrically placed nozzles at the
bottom of the solution container. Each nozzle is the tip of a
hypodermic syringe, without needle, with a channel of length
10 mm and internal radius 1.1 mm. The bubbles appear at the
nozzles 4.5 cm above the bottom of the cylinder and 4.5 cm
away from each other. Each nozzle is connected to an indepen-
dent air injection system, with its airflow rate Q controlled by a
proportional solenoid valve driven by a proportional-integral-
derivative (PID) controller [11,12,19] and measured with a
mass flow meter in ml/min. These geometrical parameters
of the individual nozzles are similar to the ones used in
Ref. [13], where the bubbling regime is such that the time
between bubbles is constant.

In each nozzle, the time delay 7; between successive
bubbles was obtained by detecting in a resistor the beginning
of the 5 V voltage pulses induced by the scattering of a laser
beam (placed a little above the nozzle), focused in a photodiode
which is in series with the resistor. The bubbling frequency is
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FIG. 1. (Color online) Schematic drawing of the experimental
apparatus. (a) Enlargement of the cylindrical container showing the
relevant parameters: The distance between the nozzles D, the solution
height H above the nozzle tops, the airflows Q; and Q, to both
nozzles, and the height z of the bubble on the nozzle. (b) Overview
of the experimental setup, showing the air reservoir and the two
air injection systems, with the independent airflow controllers. The
microphones are used to detect the pressure wave and the laser beams
are used to detect the time interval between bubbles, 7;.

defined as f® = (Tl.(k))’l, where k = 1,2. The pressure waves
created by the bubbling inside each hose were detected with
microphones [18], whose signals are proportional to —p. All
data were collected by a data acquisition system composed of
eight analog-to-digital converters (ADCs) of 16 bits at 250 000
samples/s measuring the signals simultaneously, allowing
comparison of the signals from both nozzles.

Bifurcation diagrams are constructed by plotting the T;
from each nozzle in different colors (gray scale) against the
air flow Qj, allowing it to vary at the rate of 4.0 ml min~2,
by using the linear ramp mode of the PID set point. These
diagrams are obtained for different values of the airflow of the
second nozzle Q,, as well as the solution height H above the
nozzle tops. We also constructed parameter spaces showing
the periodicities and synchronizations with colors (gray scale)
with different textures. The bubble formation regimes from
each nozzle were analyzed by determining the periodicity from
the time series Ti(k) and the synchronization of the two regimes
from the microphone signals. Two kinds of parameter space
were drawn: (Q1, Q»), for fixed values of H, and (Q,H), for
fixed values of Q5.

III. RESULTS AND DISCUSSION

A. Experimental results
1. Bifurcation diagrams

Letting the air flow (Q or Q») vary in the [40, 180] ml/min
interval, the bubbling in each isolated nozzle occurs at
fixed time intervals or at the same bubbling frequencies,
which characterize the period-1 behavior. However, when both
nozzles are bubbling together complex behaviors appear, with
regions of higher periodicity and nonperiodicity, depending
on both airflows (Q; and Q»,) as well as on the solution
height (H) above the nozzles. In Fig. 2 is shown a bubbling
example for H = 80 mm. In both nozzles we have periodic
behaviors at different airflows Q; = 160 ml/min (left nozzle)
and Q, = 60 ml/min (right nozzle). The bubbling frequencies
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FIG. 2. A snapshot of a bubbling example of frequency locking
2:3 (see the movie in the Supplemental Material [20]), for H =
80 mm, Q; = 160 ml/min, and Q, = 60 ml/min. In nozzle 1 there
are three different values of the time intervals between successive
bubbles while in nozzle 2 only two values are observed.

are f; ~ 27.5bubbles/s and f, =~ 18.3 bubbles/s, whose ratio
f@/fM 2 0.66 indicates a 2:3 frequency locking of bubbles
of different sizes.

In Fig. 3, we show bifurcation diagrams Ti(l) vs Q; and

Ti(2) vs Q| obtained by slowly increasing the airflow Q of the
first nozzle at a rate of 4 ml min~2 while keeping the second
nozzle airflow constant at Q@ = 105 ml/min. The diagrams
presented in Fig. 3(a) for H = 120 mm have large windows
of period 1 in the range [85, 118] ml/min which is a 1:1
frequency locking, since only one value of the time intervals
between successive bubbles was observed in both nozzles.
Other periodic windows can be seen, such as for Q; in the
range [40, 48] ml/min. In this case, the bubbling in nozzle
1, shown in magenta (light gray), presents two distinct values
of TV, so it is a period-2 behavior, while the bubbling in
nozzle 2, shown in black, presents three distinct values of Ti(z),
so it is a period-3 regime. Therefore, for these parameters,
we have a 2:3 frequency locking. The same conclusion can
be reached by calculating the ratio of bubbling frequencies
fO/f® =(T@) /(TD) = 0.67 [see Eq. (4)]. For Q around
170 ml/min, the ratio of bubbling frequencies f(/f® = 1.2
indicates a 6:5 frequency locking.

In the case of Fig. 3(b) for H =30 mm, only the
frequency-locking window 1:1 is clearly seen in the range
[100, 110] ml/min with the same time intervals between
successive bubbles in both nozzles. Other windows are more
difficult to detect, since the width of the time interval 67 =
max(7") — min(7") is too small, approximately 1.5 ms, while
the periodicities P were determined by counting the number
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FIG. 3. (Color online) Experimental bifurcation diagrams
obtained by slowly changing the airflow, at the rate of 4 ml/min?, of
the first nozzle Q and for Q, = 105 ml/min, in (a) for the solution
height above the nozzles H = 120 mm, and in (b) for H = 30 mm.
In both cases, the data from the first nozzle are in magenta (light gray)
and from the second one in black.

of distinct values 7; using the threshold o7 ~ 0.15 ms, which
is very near the fluctuations due to noise. However, we were
still able to find, in the range Q| = [55,58] ml/min, the ratio
fO/f@ = 1.34, showing a 4:3 frequency locking.

2. Parameter spaces

These results show that there are many periodic behaviors
that depend on the three control parameters Q, Q», and H. For
some values of H we constructed parameter spaces and looked
for the periodicities by counting the number of different values
of the time series Ti(k) in each nozzle, taking into account the
precision threshold o7 = 0.15 ms. The data were obtained in
aset of 41 x 41 different pairs of (Q1, Q»), with both airflows
in the interval [60, 180] ml/min, with steps of 3 ml/min.
For every pair we checked the bubbling behavior by attractor
reconstruction by observing the first-return maps (f)l Vs T(k)
for k = 1,2. Figure 4 shows the parameter space (Q1,0>) for
H = 90 mm, with colors (gray scale with different textures)
used to indicate the period of each bubble train. The parameter
spaces from both nozzles have a periodic window of period 1
around the diagonal Q| = Q», with higher periods appearing
in stripes on the upper left and lower right of the diagonal,
mainly periods 2, 3, and 4. It can be noted that one space is
the mirrored version of the other (in regard to the diagonal)
and periodic windows appear together in both spaces, i.e.,
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FIG. 4. (Color online) Experimental parameter spaces of the
attractor periodicity for the solution height H = 90 mm, for (a) nozzle
1 and (b) nozzle 2. The colored regions (gray scale with different
textures) show the periodicity P detected, where 8 4+ represents
parameters where the period was 8 or higher. The parameter regions
with no periodicity detected are in white.

the parameter region in which there is a periodic window in
Fig. 4(a) has a corresponding periodic window in Fig. 4(b).
In the set of 41 x 41 pairs of (Q1,Q0,) we also used
microphones to simultaneously measure the pressure wave
in each nozzle, obtaining data more appropriate for detecting
synchronization. For this purpose, we first defined a phase
function for each nozzle k, k = 1,2: after obtaining, by the
use of a Poincaré map, the instants fy, of the maximum of
the microphone signal, where N; is the enumeration of these
maxima in the series of nozzle k, we defined 6;(ty,) = 2 N;

and, for ¢ between ty, and ty,, ,

—ty,

O0c(t) =2 N; + 27 (1)

Ny — I

This is similar to what was done with spikes of the cardiac
signal in Ref. [5] (see Fig. 5 for an illustration).
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FIG. 5. (Color online) For Q1 = 62.9 ml/min (a) and Q) =
178.7 ml/min (b), the blue (black) lines are samples of the normalized
signals of the microphones, the vertical lines in red (light gray
and thin) are the positions of the maxima used to define a phase
for each signal, and the green (the oblique straight gray) line
(right scale) the phases 6, and 6, calculated using Eq. (1). (c) The
generalized phase difference ¢5, = 36, — 260, showing that there is
a 3:2 synchronization.

Then we used the generalized phase difference [1]

Gnm (1) = n6(1) — mby(1), 2

and we calculated ¢, ,, for all combinations of (n,m) with
n,m < 10. We looked for the smallest (72,m) such that the
absolute value of the phase difference was bounded, i.e.,

Gam < K. 3)

The choice of the smallest (n,m) is because when the pair
(n,m) satisfies this condition in a system, the pair (2n,2m)
will also satisfy it. When ¢, ,, is bounded, the system is in an
n:m phase-locking synchronization. We have chosen the value
for the constant K such that, in a synchronous case, the phase
difference |¢, ,»| was smaller than one period of the slower
bubbling: K = 2w max(n,m).
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FIG. 6. (Color online) Experimental parameter space (Q1,0,)
of the synchronized regions n:m for H = 90 mm. This parameter
space was built by applying the condition of synchronization given by
Eq. (3) to the calculated phase difference Eq. (2). The modes n:m and
m:n were painted with the same color (gray scale with the same
texture), so the painted regions actually show min(n,m) : max(n,m).
As the system is symmetric, it is possible to find the right order by
looking at the relation between the airflows Q; and Q,. The white
regions are the ones with no synchronization found.

It is important to point out that when a system of two
oscillators is in an n:m phase synchronization, the mean
periods of the oscillators satisfy the relation

m(TV) = n(T?), “)

i.e., their frequencies are also locked.

By calculating the generalized phase difference from the
microphone time series we made the parameter space for the
synchronization that is presented in Fig. 6. To make the space
parameters simpler the synchronization space was built by
painting the same colors (gray scale with the same texture) for
n:m and m:n; otherwise we would have to use twice as many
colors to portray the same number of synchronizations. It is
important to notice that the decision to give n:m and m:n the
same color (gray scale) does not imply a loss of information in
the parameter space, as we can recover the order (n:m or m:n)
by looking at the airflows Q; and Q5.

The regions of the parameter space in Fig. 6 that have
synchronization n:m appear in the parameter spaces of Fig. 4
with periodicity P, =n for the bubbling in nozzle 2 and
P = m in nozzle 1. For example, the synchronization space
shows a 1:1 phase synchronization around the diagonal Q| =
Q», where the period-1 window appears on the periodicity
space, and the high-order synchronization windows appear
symmetrically with respect to the diagonal with the nozzles
presenting periods n and m (or m and n). So the parameter
spaces in Figs. 4 and 6 confirm that when the system
synchronizes in an n:m regime, the periodicity P, of the
bubbling regimes is n for one nozzle and m for the other.

The effect of the solution height H on the bubbling dynam-
ics can be better visualized in the parameter space (Q;,H)
of phase synchronization. In Fig. 7, we show an example of
the (Q1,H) space, constructed keeping Q, = 147 ml/min.
This parameter space was constructed by acquiring the data

022917-4



SYNCHRONIZATION OF TWO BUBBLE TRAINS IN A ...

1201
100
£ w %@E
= 60 3 éB
40 §EEI
20 ig IEE | |
100 120 140 160 180
Q@1 (ml/min)
n:m |

11 2:3 34 35 45 56 67 7:8 others

FIG. 7. (Color online) Experimental parameter space (Q;,H)
showing the synchronized regions for O, = 147 ml/min. The painted
regions show the synchronization detected and the white regions are
the ones with no synchronization found.

for combinations of (Q,H), keeping the same Q, for all
measurements, the airflow Q; going from 40 to 180 ml/min
in steps of 2 ml/min between two consecutive Q;, and the
solution height going from 20 to 130 mm in steps of 10 mm.
This made 852 different combinations of (Q,H). The 1:1
and 2:3 synchronization modes can be easily recognized in
the parameter space (Q;,H) in Fig. 7. The width of both
modes increases as the solution height increases; the 1:1
synchronization window width ranges from 18 ml/min at
H =40 mm to 80 ml/min at H = 130 mm. The structure of
the synchronized regions resembles Arnold tongues, and the
parameter space (Q;,H) in Fig. 7 is similar to the parameter
space (£2,€) of the circle map (see Ref. [13] for Arnold tongues
in a bubbling system), where €2 is the ratio of the two oscillator
frequencies and € is the strength of the coupling between them.
Therefore, we conclude that the interaction between the two
bubble trains is stronger when we increase the solution height.

B. Simulation results

To describe the experimental data, we used a model of
single-bubble formation developed in Ref. [18]:

o .
p VO[RTQ —pV(2)]

| i (&)
A(z){[p Pe(2)] — B(2)z — C(2)z7},
where p is the pressure inside the reservoir just behind the
nozzle, z is the height of the top of the air/solution interface,
with z = 0 being the top of the nozzle, p.(z) is the equilibrium
pressure, which is the sum of the hydrostatic pressure and
the surface tension in the air/solution interface, R,T, and V,
are constants and V(z),A(z),B(z),C(z) are functions related
to the regime of the flow and the geometry of the system; see
the Appendix of Ref. [18]. The instants of bubble detachment
are given by an equilibrium formula that relates the forces
in the bubble: when the upward force (buoyancy) is equal to
the downward forces (surface tension and viscous drag).We
used the experimental values of the geometrical parameters
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FIG. 8. (Color online) Simulated bifurcation diagrams 7; vs Q.
The data related to nozzle 1 are shown in magenta (light gray) and for
nozzle 2 in black. The airflow of the second nozzle was 105 ml/min,
and the coupling constant o = 26 kg/m?s. The system behavior
should be compared with the experimental diagram in Fig. 3(a).

so that an isolated nozzle presents period-1 behavior as in
the experiment. As the fluid circulation dynamics has a low
Reynolds number, to emulate the interaction between the
bubble trains, we added a simple coupling proportional to
the velocities of bubble formation in the equilibrium pressure
De terms:

(e))

(p 1
e

)aew = (P

(P?) e = (P

where « is the strength of the coupling. The bubbles drag
the nearby liquid when they go upward, and the liquid goes
downward far from them. This velocity profile suggests that
the growth of each bubble is inhibited by the bubble of the other
nozzle, so the coupling parameters are positive in Eq. (6).

As the coupling was not directly deduced from the
properties of the circulating flow, we need to calibrate the
value of «. For that, we calculated the distribution §7%® =
max(7%®) — min(T®) as a function of «, Q;, and Q5 from
numerical integration of the model, and then we compared
simulation and experimental data in the nonperiodic regions
at the borders of the diagrams (Q; = 40 and 180 ml/min) for
Q5 = 100 ml/min. This calibration gave a = 22 kg/m? s for
H = 100 mm.

The bifurcation diagrams for the two nozzles with o =
26 kg/m? s are shown in Fig. 8. This value was obtained by
using the calibration of the constant « for H = 100 mm and
o =0 for H =0 and doing a linear extrapolation for H =
120 mm. The simulated diagram is similar to the experimental
one shown in Fig. 3(a). It also shows the 1:1 synchronization
window near Q; = Q, and the 2:3 window near Q; =
45 ml/min.

To detect the synchronization in the simulated system,
we made Poincaré maps using the time of detachment.
This moment is the most convenient one, as the numerical
integration must be halted to reset the initial conditions of the
nozzle that the bubble just left.

We have created the synchronization parameter space
(Q1,0Q>) for a constant coupling strength o = 20 kg/m?s,
shown in Fig. 9(a). This value of the coupling o was obtained
from the calibration between the numerical simulation and the
experimental parameter value used in Fig. 6; and the parameter

+ a2y,
)old 2 (6)

)Old+aZl’
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FIG. 9. (Color online) Simulated parameter spaces of the syn-
chronized regions: (a) (Q1, Q») with o = 20 kg/m?s and (b) (Q;,@)
with O, = 147 ml/min. The parameters used in these two spaces
are analogous to the experimental ones shown in Figs. 6 and 7. The
criteria for determining the synchronization in the simulated data
were the same as used to analyze the experimental data.

space (Q;,«) for a constant Q, = 147 ml/min is shown in
Fig. 9(b).

The parameter space (Q1,(Q»), shows the same pattern as
the experimental one: we have the 1:1 synchronization around
the diagonal Q; = Q», and the higher-order synchronizations
appearing symmetrically above and below the diagonal. The
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simulated parameter space (Q,«) presents the same Arnold
tongue profile with the widths of the tongues growing as
the coupling strength increases, in a similar way as in the
experimental parameter space (Q1,H). The simulated param-
eter space presents a small difference from the experimental
ones: the width growth of the 1:1 synchronization with solution
height H in the experimental parameter space is not linear like
the coupling strength « in the simulated parameter space, but
there is no reason to expect that the function «(H) would
be linear. For example, if the coupling were proportional to
the boundary layer of the bubbling stream, we would have
o o v/ H, as the size of the boundary layer is proportional to
the square root of the length of the bubble stream [21].

IV. CONCLUSIONS

We observed that two bubble trains, generated in nozzles
with independent airflow control systems, present complex
behavior. We constructed bifurcation diagrams of the times
between successive bubbles Ti(k) vs Q1 by varying the airflow
of nozzle 1 while keeping the other constant. These diagrams
presented many regions in which the dynamics of both
bubblings became simultaneously periodic. We constructed
two kinds of parameter space (Q;,Q»): (a) the periodicity
parameter space, using the times between bubbles to identify
the periodicities, and (b) the phase synchronization parameter
space, using the microphone signals to estimate the phase
difference of each pressure wave inside the hose connections.
Comparing these two parameter spaces, we found that the
system synchronizes in n:m phase synchronization, with
bubbling periodicities P, =n and P; = m that depend on
the airflows Q; and Q5. In the parameter space (Q,H), we
observed that the width A Q of each synchronization mode is a
crescent-shaped function of the height H as in Arnold tongues.
The simulations were performed with a single-nozzle model
for each bubbling stream and insertion of a simple symmetrical
coupling between the two bubblings, proportional to the bubble
growth velocities, was enough to describe the main features of
the experimental observations.
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