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1. Introduction

Stability problems associated with interpolation processes have been a central topic in
the theory since its inception. Stability issues about the differential process associated
with an analytic family of Banach spaces have also been considered since the seminal
work of Rochberg and Weiss [34]. In this paper, we will start with an interpolation family
(Xw)weau on the border of an open subset U of C conformally equivalent to the open unit
disc D, and we will study different stability problems connected to the analytic family of
Banach spaces (X;),cy obtained by the complex interpolation methods of [12] and [22].

Analytic families of Banach spaces are relevant to other topics in Banach space theory
such as the construction of uniformly convex hereditarily indecomposable spaces [19], the
study of #-Hilbertian spaces [30] introduced by Pisier, or problems about the uniform
structure of Banach spaces. Recall that the question of whether the unit sphere of a
uniformly convex space is uniformly homeomorphic to the unit sphere of a Hilbert space
can be positively answered for Koéthe spaces using interpolation methods: if X and
X1 are uniformly convex spaces, then the unit spheres of Xy and X, are uniformly
homeomorphic for 0 < 6,v < 1 by a result of Daher [16]; this fact, together with an
extrapolation theorem of Pisier [30], implies that the unit sphere of a uniformly convex
Ko6the space is uniformly homeomorphic to the unit sphere of the Hilbert space (see
also [11]). Thus, an extrapolation theorem for arbitrary uniformly convex spaces would
provide a positive answer to the problem.

Starting with (X,)wesv, @ complex interpolation method constructs a Banach space F
of analytic functions on U with values in a Banach space X and, for each z € U, defines
a Banach space X; = {f(z) : f € F}, endowed with the quotient norm in F/ ker§,, where
8; 1 F — X denotes the continuous evaluation map at z € U, and we get the analytic
family (X;);cy. An important case is the complex method described in [4], in which U is
the unit strip S = {z € C: 0 < Rez < 1} and the starting family is just an interpolation
pair (Xo, X1) of Banach spaces. In this case, X; = XRe;; so it is usual to consider only
the scale (Xg)o<g<1-
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Stability of the differential process 3

An analytic family (X;).cy of Banach spaces obtained by interpolation generates
a differential process (£2;),cy, where . is a certain nonlinear map defined on X, —
see formula (3) — which is called the derivation at z. In the context of Kothe spaces,
derivations are centralizers in the sense of [21, 22], and therefore can be used in a standard
way to generate twisted sums

0 X, do. X, X. 0. (1)

Rochberg’s approach [33], however, contemplates the formation of the so-called derived
spaces dX, = {(f'(z), f(z)) : f € F} endowed with the obvious quotient norm, and shows
that both constructions are isomorphic; i.e., dX; ~ dgo_ X;.

The stability of the differential process associated with an analytic family (X;),cy can
be studied at several levels. At the basic level, one considers the stability of isomorphic
properties of the spaces X, either under small perturbations in the parameter z (local
stability) or for the whole range of the parameter (global stability). Results of this kind
have been obtained by many authors. Let us mention one obtained by Kalton and
Ostrovskii [25]: If dg(A, B) denotes the Kadets distance between two Banach spaces
A and B, a property P is said to be open if for every X having P, there exists
Cx > 0 such that Y has P when dg(X,Y) < Cx, while P is said to be stable if there
exists C > 0 such that if X has P and dg(X,Y) < C then Y has P. Examples of open
and stable properties can be found in [1] and [25, §5]. Kalton and Ostrovskii showed
[25, Theorem 4.5] that dk (X;, X;) < 2h(z, s), where h is the pseudo-hyperbolic distance
on U (see Definition 3.8). Thus, at its basic level, the differential process has local
stability with respect to open properties and global stability with respect to stable
properties.

At the first level, we consider stability problems for the family (dX;),cy of derived
spaces. We will also consider stability problems at level n, i.e., for the families of higher
order Rochberg’s derived spaces [33] d"X,; = {(%f(”)(z), ..., f(2) : f € F}, which can
also be interpreted as twisted sums [5]. As a typical result, we will show a generalized form
for the Kalton-Ostrovskii result mentioned before: dg(d"X;,d"X,) < 4(n+ Dh(z, n),
which implies local /global stability for open/stable properties of d" X, ; see Theorem 3.11.

The interpretation of the derived spaces d X, as twisted sums generated by €2, allows
one to study the stability of d X, in terms of the stability of @, (see Definition 4.1), which
is what we will mainly do in the paper. Recall that an exact sequence like (1) splits when
X, is complemented in dX; this happens if and only if €, can be written as the sum
of a bounded homogeneous map plus a linear map, and in this case we say that , is
trivial. Thus, two derivations Q; and Q. are equivalent when Q, — Q! is trivial. Kalton’s
approach to complex interpolation instead relies on the notion of bounded equivalence:
two derivations ©, and Q] are said to be boundedly equivalent when Q, — Q. is bounded.

Probably the first stability results at level one have been those obtained by Cwikel,
Jawerth, Milman, and Rochberg [14] for the minimal (8, 1)-interpolation method applied
to an interpolation pair (Xg, X1). They reinterpret the results of Zafran [36] to show that
whenever Qg is bounded for some 0 < 8 < 1, then all @, are bounded and Xo = X; up
to a renorming. Kalton obtains in [22] a similar stability result in the context of complex
interpolation for pairs of Kéthe function spaces: €2¢ is bounded for some 6 € S if and only
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4 J. M. F. Castillo et al.

if @, is bounded for all z € S and, in this case, Xo = X| up to an equivalent renorming.
See Theorem 3.4 for the precise statement.

Kalton’s result leaves several questions unanswered, and a good part of this paper
is devoted to solving them. We complete Kalton’s result by showing: (i) for complex
interpolation of pairs (Xg, X1) of superreflexive Kéthe spaces, Qg is trivial if and only
if there is a weight w so that X¢o = X|(w) up to an equivalent renorming, solving the
stability problem for splitting for pairs of K6the spaces; see Theorem 4.4. (ii) The stability
results for pairs remain valid for families of up to three Kéthe spaces distributed in three
arcs of the unit circle T (see Theorem 4.15) but fail for families of four Kéthe spaces
(Corollary 4.21), marking the limit of validity for Kalton’s theorems. We also give other
examples in which stability fails. Related with the results we have just mentioned, Qiu
[31] showed that, at the basic level, complex interpolation for families is stable under
rearrangements of two spaces, but it is not stable under rearrangements of three spaces.
But note that Qiu’s results only consider finite-dimensional spaces, while the nonstability
we study concerns isomorphic properties.

Regarding Kothe spaces, Theorem 4.22 presents the 1-level interpretation of the
classical reiteration result for families of Coifman, Cwikel, Rochberg, Sagher, and Weiss
[12, Theorem 5.1]. This result explains, to some extent, the lack of stability in the
previous counterexamples and can be used to obtain other natural counterexamples.
In the construction of some counterexamples, we use an analogue of Rochberg’s concept
of flat analytic family [32]. Let ||| be a norm on C" and let (T}).ep be a family of
bijective linear maps on C" depending analytically on z in D). Define |x||, = ||Tz_lx||.
Then (C", || - |l;)zep is called a flat analytic family on D. Proposition 4.17 shows the
existence of a nonconstant flat analytic family of Kéthe sequence spaces with norms
Ixll: = lle P@x|» (z € D) generated by an analytic family D(z) of diagonal operators
for which the derivation map €2, is linear and does not depend on z.

The existence of local or global stability for the differential process associated with
complex interpolation for a couple of arbitrary Banach spaces remains still an open
problem: Assume (Xg, X1) is a pair of Banach spaces such that Qg is bounded for some
0 <6 < 1. Does it follow that Xg = X1 up to equivalence of norms?

In §5, we present some isometric stability results valid for couples of Banach spaces.
A key role in our analysis is played by the properties of the extremal functions and by
some differential estimates for the norm in an interpolation scale. In [14, Theorem 5.2],
Cwikel et al. obtained the estimate

d
7g lalle.r ~ llallo.r +11€0all..

for the minimal (@, 1)-method applied to a pair (Xp, X;) when X( is continuously
embedded in Xj. Our version of this estimate for the complex method (Lemma 5.5)
is

Ellallz e < 1R20alls,

from which we derive a number of stability results for pairs. For interpolation pairs
(X0, X1) satisfying a coherence condition, including regular interpolation pairs of reflexive
spaces that have a common Schauder basis or are rearrangement invariant Kéthe spaces,
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Stability of the differential process 5

we show in Theorem 5.6 that if supg _, g, [1€2: : Xy — X;|| < 00 for some 0 < 6y < 6; < 1,
then Xo = X up to an equivalent norm.

In many cases, derivations are uniquely defined, so it makes sense to study exact
stability (instead of up to a bounded plus linear perturbation) problems. We show that
exact stability is related to isometric characterizations of Xo and X;. In particular,
Theorem 5.11 provides a complete and explicit characterization of pairs (X, X1) of spaces
for which g is linear.

2. Preliminary results

For background on the theory of twisted sums and diagrams, we refer to [2, 10]. A twisted
sum of two Banach spaces Y, Z is a quasi-Banach space X, which has a closed subspace
isomorphic to Y such that the quotient X/Y is isomorphic to Z. An exact sequence
0— Y - X - Z — 0 of Banach spaces and continuous operators is a diagram in which
the kernel of each arrow coincides with the image of the preceding one. Thus, the open
mapping theorem yields that the middle space X is a twisted sum of ¥ and Z. The
simplest exact sequence is obtained taking X = Y @& Z with embedding y — (y,0) and
quotient map (v, z) = z. Two exact sequences 0 > Y - X1 > Z—-0and 0 > Y —
X, — Z — 0 are said to be equivalent if there exists an operator T : X| — X3 such that
the following diagram commutes:

0 Y X Z 0
| [
0 Y X Z 0.

The classical 3-lemma [10, p. 3] shows that T must be an isomorphism. An exact
sequence is said to be trivial if it is equivalent to0 — Y — Y @ Z — Z — 0. In this case,
we also say that the exact sequence splits. This is equivalent to the subspace Y being
complemented in X.

Kalton [21, 22] developed a deep theory connecting derivations and twisted sums for
Kothe function spaces that we briefly describe now because it is essential to understand
our work. We even present Kalton’s definition of Kéthe function space since it is slightly
different from the standard one [27]. According to [22, p.482], given a o-finite measure
u on a Polish space, and denoting by Lo = Lo(u) the space of all complex-valued
u-measurable functions endowed with the topology of convergence in measure, an
admissible norm is a map | -|lx : Lo — [0, 00] such that X ={f € Lo : || fllx < oo} is
a vector subspace of Lo(u), || -|lx is a norm on X with {z € X : ||z]lx < 1} closed in Lo,
and there exist strictly positive functions 4, k € Lo such that ||Af]l; < || fllx < Ilkf|loo for
every f € Lo. In this case, X is a Banach space continuously embedded in L, and it is
called an admissible space. A Kothe function space is a sublattice of Lo(u) endowed with
an admissible lattice norm (| f| < |g| implies || fI| < llgl)-

Let X be a Kothe function space. A centralizer on X is a homogeneous map Q: X —
Lo(u) for which there is a constant C such that, given f € Loo(i) and x € X, Q(fx) —
fQx) e X and |Q2(fx) — fQLMWIx < Cllfllollxllx. A centralizer Q on X induces an
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6 J. M. F. Castillo et al.

exact sequence

J

0 X X@aX X 0,

where X@®oX ={(f,x) e LoxX: f—Qx € X}, endowed with the quasi-norm
I(f, ©)lle = I f — Qxlx + [lx]lx, with inclusion j(y) = (v, 0) and quotient map g(f, x) =
X.

We say that a centralizer Q is trivial if the exact sequence induced by 2 splits. Recall
that an homogeneous map F : X — X is called bounded if there is C > 0 such that
IF(x)| < C|lx]| for every x € X. The following characterization of triviality is essentially
known.

Proposition 2.1. A centralizer Q : X — Lo(w) is trivial if and only if there exists a linear
map L : X — Lo(u) such that Q— L is a bounded map from X to X.

Proof. If a map L as above exists, then the map (f, x) = (f — Lx, 0) is a linear bounded
projection on X g X with range j(X). Indeed, f—Lx = f —Qx+ Qx —Lx € X and
If—Lxlx < lI(f, ) lle+1(€2—L)xlx.

Conversely, if Q is trivial then there is a bounded linear map §: X — X &g X such
that ¢S is the identity on X [10, Lemma 1.1.a]. Then Sx = (Lx, x) for some linear
map L : X — Lo(u). Since ||(Lx, x)|lq = |[Lx — Qx|x + [Ixllx < |IS] - |Ix|lx, L satisfies the
required conditions. O

3. Kalton spaces of analytic functions

Here we present the abstract version of the complex interpolation method introduced in
[24] and other previous papers of Kalton [21, 22, 25]. Along the section U will be an open
subset of C conformally equivalent to the unit disc D. The boundary of U is denoted by
oU, and we will write T = oD.

Definition 3.1. A Kalton space is a Banach space F = (F(U, X), | -|l5) of analytic
functions on U with values in a complex Banach space X satisfying the following
conditions:

(a) For each z € U, the evaluation map 8, : F — X is bounded.

(b) If ¢ : U — D is a conformal equivalence and f : U — X is an analytic map, then
feFifand only if - f € F, and in this case |l¢- fllg& = | fllF.

Given a Kalton space F(U, X), for each z € U we define
X, ={xe X :x= f(z) for some f € F},

which endowed with the norm || x||; = inf{|| f|l5 : x = f(2)} is isometric to F/ker4,.
The family (X;).cp is called an analytic family of Banach spaces on U, and a function
fr.z € F such that fy ;(2) = x and || fxzll5 < cllx|l; is called a c-extremal (for x at z).
There are many ways of generating Kalton spaces, and here is where complex
interpolation enters the game. We shall mainly consider two cases: U = S, more suitable
to handle interpolation pairs [4], and U = I, more suitable for interpolating families [12].
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Stability of the differential process 7

Next we describe the complex interpolation method for pairs as a reference, and later
we will introduce other versions of the complex interpolation method when we need them.

Complex interpolation for pairs. An interpolation pair (Xg, X1) is a pair of Banach
spaces, both of them linear and continuously contained in a bigger Hausdorff topological
vector space X, which can be assumed to be X = Xo+ X; endowed with the norm
llx]l = inf{llxollo + llx1ll1 : x = x0+x1 xj € X for j =0, 1}. The pair will be called regular
if, additionally, A = XN X is dense in both Xg and X;. The space A endowed with the
norm ||x[|a = max{||x|lx,, lIx|lx,} is a Banach space, and the inclusions A — X; — X are
contractions.

The Calderdn space € = C(S, Xo+ X1) is formed by those bounded continuous functions
F:S — X+ X;, which are analytic on S and such that the maps t — F(k+ti) € Xy are
continuous and bounded, k = 0, 1. Endowed with the norm ||F||¢ = sup{||F (k +1i)|x, :
teR, k=0,1} < oo, Cis a Kalton space.

Since X; = XRe, for z € S, it is usual to consider only the scale (Xg)o<g<1. Sometimes,
for convenience, we will write (Xo, X|)g instead of Xy.

3.1. Derivations, centralizers and twisted sums

Given a Kalton space (U, ¥) and z € U, the evaluation map 8, : f € F — f'(z) € X of
the derivative at z is bounded for all z € U (see Lemma 3.5 for a precise estimate of its
norm). We also need the following well-known fact, for which we present a proof for the
sake of later use.

Proposition 3.2. For each z € U, the map 8. is continuous and surjective from ker$;
to X;.

Proof. Let ¢ : U — D be a conformal equivalence such that ¢(z) = 0. Each g € ker§, can
be written as g = ¢ - f for some f € F, and g'(2) = ¢'(2) f(2) € X;; thus & (kerd;) C X,
and the continuity into X, follows from the closed graph theorem. Moreover, given x €
X, and f €T with f(zx) =x, g =¢'(2) " '¢- f € kers, and g’(z) = x, hence 8.(kerd;) =
X;. O

For each z € U, we consider the space dX,; = {(f'(z), f(z)) : f € F}. Themap A, : F —
dX, given by A,(f) = (f'(z), f(z)) is bounded and thus dX, can be endowed with the
quotient norm ||(a, b)|| = inf{|| fll: f € F, f'(z) =a, f(z) =b}. The space dX,; admits
an exact sequence 0 - X, — dX, - X, — 0 with inclusion j,(x) = (x,0) (thanks to
Proposition 3.2) and quotient map g, (y, x) = x. All this yields a commutative diagram:

5

0 —— ker§, —— & — X, 0
| ] @
0 — X, —— dX; X, 0
Jz 9z

Thus we have a method to obtain twisted sums of the spaces X, associated with a
Kalton space. The twisted sum space can be described using the so-called derivation
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8 J. M. F. Castillo et al.

map given by
Q, =4.B,, 3)

where B; : X, — JF is a homogeneous bounded selection for the evaluation map §; : F —
XY, and the family of maps (2;).cy is the differential process associated with F.
We consider the space

do X; ={(y,x) € ¥ x X;:y—Q;x € X}
endowed with the quasi-norm

s 200 = 1y = 2zxllz + llxll

so that one has an exact sequence 0 — X, — dg X, — X; — 0 with inclusion x — (x, 0)
and quotient map (y,x) — x. It is not hard to check [6] that this exact sequence is
equivalent to the lower row of (2). Note that different choices of selection B, lead to
different derivations 2, but the difference between two of these derivations is always a
bounded map, so both choices produce isomorphic derived spaces and equivalent twisted
sums.

The derivation map €2, is said to be trivial if the associated exact sequence splits. With
the proof of Proposition 2.1, we obtain the following result.

Proposition 3.3. The derivation map 2, is trivial if and only if there is a linear map
L: X, — X such that Q, — L is a bounded map from X, to X,.

A centralizer 2 on a Kothe space of functions X is called real if Q(x) is real
whenever x € X is real. Kalton’s theorem stated below establishes that all real centralizers
essentially arise from complex interpolation of an interpolation pair of K&the spaces.

Theorem 3.4. [21, 22]

(1) Given an interpolation pair (Xo, X1) of complex Kdthe function spaces and 0 < 6 <
1, the derivation Qg is a real centralizer on Xg.

(2) For every real centralizer Q on a separable superreflexive Kdthe function space X,
there is a number ¢ > 0 and an interpolation pair (Xo, X1) of Kothe function spaces
so that X = Xg for some 0 <6 <1 and e — Q : Xo — Xg is a bounded map.

(3) The derivation Qg is bounded as a map X9 — Xg for some 0 if and only if Xo = X,
up to an equivalent renorming. In this case, Qg is bounded for all 6.

3.2. Distances and isomorphisms

It is not difficult to translate results (at levels 0 and 1) from the open unit disc D to the
open unit strip S, and conversely. Indeed, if ¢ : S — D is a conformal map and (X,)wen
is an interpolation family on D, then Y, = X, (;) provides an interpolation family (¥7);cs
on S. The corresponding derivation maps are related as follows:

Q§ =¢'(2) QE’(Z) )
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Stability of the differential process 9

Given s € U, we denote by ¢; : U — D a conformal equivalence taking s to 0. In the
case U =S, an example is given by
sin (w(z —5)/2)

s (2) = m (z€8) (4)

for which ¢}(s) =n/(2sinzs). The conformal equivalence ¢; is unique up to a
multiplicative constant: any other conformal equivalence ¥ taking s to 0 can be written
as ¥y = f oy, where f(z) = ¢!z [3, Lemma 13.14].

Given F(U, ¥) and z € U, we denote by 67 : I — X the evaluation of the nth derivative
at z. We will need the following estimates.

Lemma 3.5. Let F(U, X) be a Kalton space, s € U, and n € N. Then
(1) 18" : F — || < nl/dist(s, dU)",
(2) 118} - kerés — Xi|| = inf{||8;x|| : x € ker &, dist(x, ker8,) = 1} = |p;(s)].

Proof. Given a positively oriented closed rectifiable curve I' in U for which z belongs to
the inside of T', the Cauchy integral formula [26, Appendix A3] establishes that, for each

n € Np, ! f(a))
M@= /
r

————dw.
27i Jp (w—z)nt!

We take a number r with 0 < r < dist(s, 9U) and denote by I' the boundary of the open

disc D(s, r). By the Cauchy integral formula

| |
w nl [ IS @) n!
IFPONS 5 | S diel < Sl

and since we can take r arbitrarily close to dist(s, 9U), we get estimate (1).

(2) Clearly |18} : ker 8 — X,|| > inf{||8;x|| : x € ker &, dist(x, ker8;) = 1}, and given g €
ker 8, the function f(z) = ¢}(s) - ¢s (z)"'g(z) is in F and satisfies f(s) = g’(s) and || || =
los()Iligll. Therefore [I55glls = lf ()]s < lgs()lligll, and we get |5 : kerdy — Xl <
o5 ().

Also, given x € By, and ¢ > 0, we can take f € F with | f|| < (14+¢) and f(s) = x.
Then g(z) = ¢.(s) "' 9;(2) - f(2) defines g € ker §; with ||g|| < (1 +¢)/]¢.(s)] and g'(s) = x.
Hence

8y (Brers,) D loy()1(1+¢)""' Bx,,
and we get inf{||8;x| : x € ker &, dist(x, ker8;) = 1} > |¢;(s)| finishing the proof. O

Part (2) of Lemma 3.5 says that §; : kerd; — X is a multiple of a quotient map: the
induced injective map ker &5/ (ker 8, Nker ;) — X is |¢}(s)| times an isometry.
Lemma 3.6. For each f € F and s € U, we have Q(f(s)) — f/(s) € Xy with
1925 (f () = f ()5 < 20185 : ker &g — X[l £ 1l < 21 f1l/dist(s, dU).

Proof. From Q(f(s)) — f'(s) =8, (Bs(f(s))— f) with Bs(f(s)) — f € kerd;, we get
the first part. For the rest, note that the operator &, :kers; — X; is bounded by
Lemma 3.5. O
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10 J. M. F. Castillo et al.

Proposition 3.7. Let s,t € U.

(1) The spaces ker8s and F are isometric. Consequently, ker 85 and ker§, are isometric.
(2) For everyn € N, Nogi<n keréf and F are isometric.
Proof. The operator d; : F — ker§; given by ds(f)(z) = f(2)@s(2) is clearly well defined
and injective, and it is surjective because each g € ker §; can be written as g = ¢, - f with

feTd.
To prove (2), just note that (dy)"+' : F — Nokn ker 8¥ is also an isometry. O

Let s,t € U. The map ¢, - f € keré; — ¢; - f € ker§; is a bijective isometry, but we
need a more precise description. Note that the map ¢, ; : U — D defined by
— t
¥s(2) — @5 (1) Z€U>
1 — sy (2)

is a conformal equivalence satisfying ¢; ;(r) = 0. Moreover, denoting o = ¢;(¢) € D, one

@s,1(2) =

has
A—o
lps — @s.illoo = sup [@s(2) — @54 (2)| = sup (A — ——
zeU reD I—ax
w—o o — aw?
= sup |w — ——| = sup —
weT 1 —ocw weT| 1 —0w
aw —aw
= sup |———| < 2|«|
weT w—o

since |aw —ow| < |ow — x| + |ao — aw| = 2|a||lo —o].

Definition 3.8 [25]. The pseudo-hyperbolic distance h(-,-) on U is defined by h(s, t) =
s (£)].

Given two closed subspaces M, N of a Banach space Z, and denoting by Bjs the unit
ball of M, the gap g(M, N) between M and N is defined as follows:

gM,N) = max{ sup dist(x, By), sup dist(y, BM)}.
xeBy yeBN
The Kadets distance dg(X,Y) between two Banach spaces X and Y is the infimum
of the gap g(i(X), j(¥)) taken over all the isometric embeddings of i, j of X,Y into a
common superspace. We have the following proposition.

Proposition 3.9 [25, Theorem 4.1]. Let E and F be closed subspaces of a Banach space
Z. Thendx(Z/E,Z/F) < 2g(E, F).

Proposition 3.10. For each n € NU{0}, g(Mocr<n ker8f, Nocrgn kersf) <2(n+ Dhes, 1).

Proof. We proceed inductively on n. For n = 0, we take a norm-one ¢; - f € kerdy. Since
@s,t - | € kerd; is norm-one and [|¢s - f — @5, - fll7 = llgs — @51 lloc < 2h(s, 1), and we can
proceed similarly for each norm-one ¢, - f € keré;, we get g (ker s, ker8;) < 2h(s, t).
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Stability of the differential process 11

Moreover, if the estimate holds for n — 1, then it also holds for n because
an+1 _bn+1 — an+1 —a"b+anb _bn+1 — an(a _b) +(an _bn)b D
Since F/ mogkgn ker 8f = d" X, Propositions 3.9 and 3.10 provide the following result.

Theorem 3.11. Given s,t € U and n € NU{0}, dx (d" X, d"X;) < 4(n+ 1Dh(s,1).

Corollary 3.12. Let P be an open (resp. stable) property. Assume that there is s € U so
that d" Xy has P. Then d"X; has P for allt € U (resp. for all t in an open disc centered
ins).

3.3. Bounded stability

Let F(U, X) be a Kalton space and let z € U. Then the exact sequence 0 - X, — dX; —
X, — 0 associated with @, : X, — X splits if and only if there exists a linear map L :
X, — X such that @ — L takes X, to X; and it is bounded (Proposition 3.3). Kalton’s
work justifies the importance of the case Q, bounded in interpolation affairs. Let us
accordingly introduce a few related notions.

Definition 3.13. The derivation €2, is bounded when it takes values in X, and it is bounded
as a map from X, to X,. In this case, we will say that the induced exact sequence
boundedly splits.

Bounded splitting admits the following characterizations.

Theorem 3.14. Let F(U, X) be a Kalton space and let s € U. The following assertions
are equivalent:

(1) 8 : kers, — X is surjective.

(2) F = ker 8, +kerd;.

(3) There exists M > 0 such that each f € F can be written as f = g+ h with g € ker &y,

h € ker§; and max{|glls, |hlg} < M| fll-

(4) 8,(F) C X;.

(5) & :F — X is bounded.

(6) Q(X5) C X;.

(7) Q5 : X5 — X is bounded.

Proof. Clearly (1) & (2) & (3), (4) < (5), and (6) < (7). Moreover, (4) < (6) and (5) <
(7) follow from Lemma 3.6. We will prove (1) = (3) = (5) and (4) = (2).

(1) = (3): Let f € F with || f|| = 1. Since & : ker§, — X, is surjective, it is open. So
there exists r > 0 such that we can find h € ker 8, with ||h]| < 7| f(s)|ls and h(s) = f(s).
Since || f()|ls < || fI, taking g = f —h € kerd; we obtain (3) with M =r + 1.

(3) = (5): Let f €F. Then f = g+h with g € kerd,, h € keré;, and ||glls < M| fl7;
hence

18 ()lls = 185Nl < 185+ ker &g — Xl - llglly < M5 < ker8s — Xl - [ fll.
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12 J. M. F. Castillo et al.

(4) = (2): We know that the operator & :kerd; — X, is surjective. So taking a
linear selection £ : X — kerd, for 85, for each f € F, €(f'(s)) € kerd8; and f —€(f'(s)) €
ker §;. O

Condition (6) shows that the requirements in Definition 3.13 are redundant. Condition
(2) in Theorem 3.14 provides a neat description of how the twisted sum space dg, X
splits when Q; is bounded. Indeed, since dg, X, = F/(ker §; Nker §;) and the subspace X
embeds in do X as ker §;/(ker 8 Nker 8}), condition (2) gives

F _ kerd; +ker g B ker & ker §;
kerd; Nkerd,  kerd; Nkerd,  kerd;Nkerd, = kerds Nkerd,’

4. Stability of splitting for K6the function spaces

We will consider the following notions of stability:

Definition 4.1. We say that a differential process (R2;).cu

(1) has local stability if whenever Qg is trivial, then there is & > 0 such that Q; is
trivial for |z —zo] < €.

(2) has local bounded stability if whenever €2, is bounded, then there is ¢ > 0 such that
2, is bounded for |z —zo] < &.

(3) has global stability if whenever Qg is trivial, then €, is trivial for all z € U.

(4) has global bounded stability if whenever Q,, is bounded, then €, is bounded for all
zeU.

Theorem 3.4 shows that when an analytic family is generated by an interpolation pair
(X0, X1) of Kothe spaces, then the differential process is ‘rigid’, in the sense that whenever
Q;, is bounded at some point zg then Xy = X1, up to some equivalent renorming. Here
we will prove the following:

o The differential process associated with families of up to three Kéthe spaces distributed
in arcs enjoys global (bounded) stability; in fact, it is ‘rigid’ in the case of bounded
stability and ‘rigid’ up to weighted versions in the case of stability. See §4.3.

e The differential process associated with families of four spaces can fail local bounded
stability (Proposition 4.17) or local stability (Proposition 4.19).

4.1. Stability for pairs of Kothe spaces

After Kalton’s bounded stability theorem (Theorem 3.4), it is a reasonable guess that
‘nontrivial scales’ of Kothe spaces correspond to ‘nontrivial centralizers’. The difficulty
is that the nontriviality notion involves uncontrolled linear maps, as we can see in
Proposition 3.3. Thus, while Kalton shows [22] that the centralizer Q¢ associated with
the scale (X, X1)g of Kothe function spaces is bounded if and only if Xy = X up to
equivalence of norms, the following question remained open: Does the triviality of Q2
mmply that Xo and X are equal, or at least isomorphic?
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Stability of the differential process 13

We shall now prove global stability for pairs of Kothe spaces. The following sentence in
[8, p. 364] clearly suggests that it was known to Kalton, at least in the domain of K6the
sequence spaces: If (Zo, Z1) are two superreflerive sequence spaces and Zg = (Zo, Z1)s
for 0 < 0 < 1 is the usual interpolation space by the Calderdon method, one can define a
derivative dZg that is a twisted sum Zg ®q Zg, which splits if and only if Z1 = wZy for
some sequence of weights w = (w(n)), where w(n) > 0 for all n. These remarks follow
easily from the methods of [22].

Next we recall Kalton’s formula [22, (3.2)] for the centralizer Qg corresponding to a
couple of Kothe function spaces (Xo, X1) and 0 <6 < 1. It is well known [7] that X,
coincides with the space X(])faXﬁ)7 with

Ixlle = inf{liyllg "2zl : v € Xo,z € X1, x| = [yI" 1z}

We fix ¢ > 1. For each x € Xg, we write |x| = |ag(x)|'~?|ay (x)|? with |lag(x)]lo, lla1 ()1 <
cllx|lg, where ag and a; are chosen homogeneously.
Then By (x)(z) = (sgnx)|ag(x)|' ~%|a; (x)|* gives an extremal for x at 6, and we obtain

G
lag(x)|”

Given a Kothe function space X of pu-measurable functions, a weight w is a positive
function in Lo(n). We denote by X (w) the space of all measurable scalar functions f
such that wf € X, endowed with the norm | x|/, = ||wx| x. From the approach in [9], we
get the following general version of a well-known result for L ,-spaces [4, Theorem 5.4.1].

Qp(x) = 8)Bp(x) = x lo

()

Proposition 4.2. Let X be a Kdithe function space with the Radon—Nikodym property,
and let wo, wy be two weights. Then (X (wp), X (w1))g = X(w(l)_ew?) for 0 <6 < 1, with
associated linear centralizer Qg(x) = log(wy/wo) -x for x € X.

Proof. By [24, Theorem 4.6], the space (X(wp), X(w;))p is isometric to the space
X (wo)'=? X (w1)? endowed with the norm

Ixll = inf{llall, b1, : a € X (wo). b € X (w), |x| = la|'~ |b]"}
= inf{lwoally llwibl% : a € X(wo), b € X (wy), x| = lal' " b]}.
Standard lattice estimates such as [28, Proposition 1.d.2] imply that
lell > inf(llwy~"a'~ wib?lx x| = lal'™" 1bI°) = Il (10,0,
and the reverse inequality can be obtained by using woa = w1b = wé_e w?x.
To obtain Q¢ on Xy, observe that Bg(x)(z) = (wl/wo)‘g*zx is a bounded homogeneous
selector for the evaluation map 8. Indeed, By (x)(0) = x while || Box|| = [|x|lx, as it follows

from
I1Bo(x)(O+it)lluy = I1Bo(x) (1 +it) lw, = lwy P wixllx = llxllx,- O

Complex interpolation between two Hilbert spaces always yields Hilbert spaces [24].
Let us show that the induced derivation is trivial.
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14 J. M. F. Castillo et al.

Corollary 4.3. Let (Hy, H1) be an interpolation pair of Hilbert spaces. Then for every
0 <6 < 1, the derivation Q2 is trivial.

Proof. It follows from Proposition 4.2, since [17, Lemma 2.2] shows that (Hy, H;) is
equivalent to an interpolation pair (¢2(1), £2(I, w)), where I is a set and w: I — R is a
positive weight. O

Next we solve the stability problem for the splitting in the case of a pair of Kothe
spaces, completing Theorem 3.4.

Theorem 4.4. Let (Xo, X1) be an interpolation pair of superreflexive Kothe function
spaces and let 0 < 0 < 1. Then Qg is trivial if and only if there is a weight w so that
X1 = Xo(w) up to equivalence of norms.

Proof. Recall that Xo, X| are spaces of u-measurable functions. The proof goes in two
steps.

Step 1. If Qg is trivial, then there are weighted versions Y; of X; so that if Wy is the
associated derivation, then there is a real function f € Lo(un) so that, denoting also by f
the multiplication map by f, Wo(x) — fx € Xp and Wy — f is a bounded map on a dense
subspace of Xg.

Since we are dealing with interpolation of Kéthe function spaces, there is a positive
function k > 0 such that |lx||lx; < [|kx|lec for j =0, 1. Consider the couple (Yo, Y1), where
Y; =X;(1/k), j =0, 1. We denote the derivation induced at 6 by this couple by Wy. Then
Yy = Xo(1/k) and Wy is trivial. The advantage of working with Yy is that it contains the
characteristic functions of measurable sets.

Since Wy is a centralizer, there is a constant ¢ > 0 such that for every a € Lo (1) and
every x € X we have ||Wg(ax) —aWo(x)|x, < cllallscllxlly,, and since it is trivial, there is a
linear map L so that Wy — L takes values in Yy and is bounded there. The techniques in [9]
(Lemmas 3.10 and 3.13) show that after some averaging it is possible to get a linear map
A such that Wy — A takes values in Yy, is bounded there, and A (ux) = uAx for every unit
u (every function with |#| = 1). Since characteristic functions can be written as the mean
of two units, one gets that if s = ), 1;14, is a simple function, then A(sx) = sA(x). Now,
simple functions are dense in Lo, s0 given a € Ly pick a simple s so that ||la —s| < e.
Since

Alax) = A((a—5)x)+ A(sx) and aA(x) = (a —s)A(x) +sA(x),
it follows that for some constant K
[A(ax) —aAX)| = [[A((a —s)x) — (@ —s)AX)| < Klla —s|llx]l < Kellx],

which shows that A actually verifies A(ax) = aA(x) for every a € Lyo. It is then a
standard fact that A must have the form A(x) = gx on the subspace ng of bounded
elements of Yy.

Since Yy is superreflexive, it is o-order continuous by Theorem 1.a.5 and
Proposition 1.a.7 in [28]. So Y7 is dense in Yp.

Now, there is also & > 0 such that [|hx|lL, < [x|ly;, j =0,1. The centralizer Wy is
bounded as a map from Yy into Yo+ Y7, so it is bounded from Yy into Li(hdw). The
same is true of Wy — A, so A is bounded from Yy into Li(hdu).
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Stability of the differential process 15

Let x € Yy, and take a sequence (x,) C Yeb such that x, — x. Then, by the previous
considerations, taking limits in L (hdu),

A(x) =lim A(x,) = limgx, = gx.
n n

So A(x) = gx for every x € Yp.
Write g = g1 +ig2, with g1, g2 being real functions. Formula (5) shows that the
centralizer Wy is real. So, for every x € Yy real, we have

[Wo (x) — g1xlly, < [Wo(x) —gxlly, < Cllxlly,

for some constant independent of x.
For x € Yy, write x = x| +ixp, with x1, x, being real. Then, for some constant C’
independent of x,

[Wo(x) —g1xlly, < Wo(x) —Wo(x1) —Wolix2)lly,
+1Wo (x1) — gix1lly, + [[Wo (x2) — g1x2lly,
< C'(lxtlly, + lx21lv,)
< 2C"||xlly,

where we have used the quasilinearity of W and the lattice properties of Yy. We take
f=g

Step 2. The spaces Yo, Y| are weighted versions of each other.
Pick wo = €%/ and w; = =D/, By the previous proposition,

(Yo (wo), Yo(w1))g = Yo(wy Pw]) = Yo

with associated centralizer Q(x) = log(wg/wi)x = fx = Y (x). Thus ¥y — Q is bounded
and, by part (3) of Theorem 3.4, we get Yo = Xy (wp) and ¥} = Xg(w), up to a renorming.
O

Theorem 4.4 implies that the map €y, when trivial, is a bounded perturbation of a
multiplication map. This is a consequence of the symmetry properties of the Kéthe space.
Now we can complete Corollary 4.3 with the following result stating that twisted Hilbert
spaces induced by interpolation of Kéthe spaces are trivial only in the obvious cases.

Proposition 4.5. A twisted Hilbert space induced by interpolation at 6 = 1/2 between a
superreflexive Kdthe space X and its dual is trivial if and only if for some weight w we
have X = Ly(w) with equivalence of norms.

Proof. If the twisted space is trivial then since X1/, = L (see, e.g., [9]), and since spaces
on the whole scale are weighted versions of each other, X and X™* are equal to Ly(w) and
Ly(w™!) with equivalence of norms, respectively, for some weight. O

4.2. Complex interpolation for families

Here we describe the interpolation method given in [12] with a few modifications
introduced in [13], which we will need in the remainder of this section.

We consider an interpolation family (X,)eer such that each X, is continuously
embedded in a Banach space X, the containing space, and there exists a subspace A
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of NpeTXw, the intersection space, such that for every x € A the function w — || x|y is
measurable and satisfies fﬂ- log* ||x|l» dt < 0o. We also suppose that there is a measurable
function k : T — [0, 00) satisfying [ log™ k(w)dt < 0o and ||x||s < k(w)||x||, for every
x € A and every w € T.

We denote by Gy the space of all analytic functions on D of the form g = 27:1 vixj,
with ¥; in the Smirnov class Nt (see [18, §2.5]) and x; € A, such that |g|| =
esssup,cr 18(@)|lw < 00. Moreover G is the completion of Gy.

For each zp € D, we define two spaces. The first one is Xy, the completion of A
with respect to the norm [x||(;, = inf{ligll : g € Go, g(z0) = x}, and the second one is
Xiz01 = {f(z0) : f € G} endowed with the natural quotient norm.

By [13, Proposition 1.5], X{z,} = X[z,] isometrically for every zo € D when G = G(D, X)
is a Kalton space.

Given z € D, the Poisson kernel P;(w) on T (see [12, § 1]) provides the harmonic measure
du;(w) = P;(w)dw on T, and each function o on T, which is integrable with respect to
dpu, can be extended to an harmonic function on D by the formula

a(z)=/a(a))PZ(a))dw. (6)
T

The harmonic conjugate @ of o with @ (0) = 0 is given by &(z) = fT a(w) 13Z (w) dw, where
P.(w) is the conjugate Poisson kernel. Next we state the reiteration theorem for later use.

Theorem 4.6 [12, Theorem 5.1]. Let (Xo, X1) be an interpolation pair of Banach spaces,
let @ : T — [0, 1] be a measurable function, and let X, = (X0, X1)a() for @ € T. Then
{XwloeT 15 an interpolation family and X;; = (Xo, X1)a() for each z € D, a(z) given by
(6), with equality of norms. Moreover, if both inf,eT () and sup, g (w) are attained,
then X(;) = X[

Complez interpolation for admissible families of Kdthe spaces. In [22], Kalton considers a
variation of the complex interpolation method in [12] for families of K6the function spaces
of pu-measurable functions, where u is a o-finite Borel measure on a Polish space. For U =
D, he defines the notion of admissible family of Kothe function spaces { X, }epeT, for which
there exist two strictly positive i, k € Lo(u) such that given x € Lo(u), we have |[xh|; <
Ixlw < llxk|loo for every w € T. The family is strongly admissible if, additionally, there
exists a countable dimensional subspace V of Lo(u) such that V N By, is Lo(u)-dense in
By, for a.e. w € T. These conditions hold in most reasonable situations; for example, if
the family is finite and the spaces are separable then the family is strongly admissible.
We refer to [22] for the details.

Given an admissible family {X,}oer of Kothe spaces, the role of Kalton space
(Definition 3.1) is played by the space N (D) of functions f : D — Lo(u) such that

e for p-almost every s, the function Fy : D — C defined by F;(z) = f(z)(s) belongs to
the Smirnov class N for every z € I;

o | fll =esssup,et I f(w)]lo < 00, where f(w) is the radial limit of f(z) in the
Lo(w)-topology (which exists by Fubini’s theorem).

Downloaded from https://www.cambridge.org/core. Auckland University of Technology, on 29 Oct 2020 at 12:55:20, subject to the Cambridge Core terms of use,
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/51474748020000080


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1474748020000080
https://www.cambridge.org/core

Stability of the differential process 17

The definition of NT(D) in [22] does not include the condition |f| =
esssupyet | f (@)]lw < 00, but we will need it. This amendment is harmless since [22,
Proposition 2.4] asserts the existence of extremals in our space, which means that the
new space N'T(D) yields the same spaces X,.

Remark 1. By [22, Lemma 2.2], each f € NT(D) belongs to the Hardy space
H'(Li(hdp)). Hence Nt (D) consists of analytic functions f : D — Li(hdp), the norms
of the evaluation maps are at most 1, and the operation of multiplying by a conformal
map is isometric on N (D). Moreover, the arguments in [12] allow us to show that
Nt(D) is closed in H'(L1(hdw)). Thus N (D) satisfies the conditions in Definition 3.1
with X = Li(hdp).

We also need to recall the following notions from [22].

Definition 4.7. A semi-ideal is a cone Z C Lf' such that g €Z and 0 < f < g imply
f €Z. A strict semi-ideal is a semi-ideal that contains a strictly positive element.

Given a Kothe function space X, we consider the semi-ideal Zx of all f € LT such that
sup,ep, / flog" x| diu < 0o and there is x € By such that [ f [log|x|| du < oco.
The indicator of X is the map ®x : Ty — R given by ®x(f) = sup fs flog|x| du.

X€By
We will need the following result.

Theorem 4.8 [22, Theorem 4.7]. Given a strongly admissible family {X,}weT, there is
a strict semi-ideal Z such that for each zo € D and f € Z, we have T C IXZO, the map
1+ @y, (f) is bounded and measurable, and

1 2 .
Oxy (N =5m [ ex PPy ar

The core of Kalton’s method is that centralizers on a separable Kéthe space X actually
live on Lj(u). Precisely, given a centralizer 2 on X, then L; = XX* by Lozanovskii’s
factorization [29]. Note that both X and X* are spaces of functions. Thus for each f € Ly,
there exist x € X and x* € X™* such that f = xx* and ||x]|/[|x*|| < 2|/ f]l, so one can set

QI f) = Q)x*.
This is a centralizer on L| and there is a constant C > 0 so that, whenever f = yy* with
ye X, y"e X*
1M —my*li, < Clylly*.

See [21, Theorem 5.1] for details. When X =L, (1 <p <oo), QU(f)=ulf|'/4
Q| f1'/7), where u| f| is the polar decomposition of f and p~'+¢~ ! =1.

Given a centralizer Q2 on a Kothe space X, Kalton considers the strict ideal Zg C L
of those elements f € L; for which QI'(f) € L1, and defines on Zg the functional

o2 f) = / QU (f) dp.

The crucial properties of this functional are established in the next result.
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18 J. M. F. Castillo et al.

Theorem 4.9 [22, Proposition 7.4]. (1) Let (Xo, X1) be an interpolation couple of Kothe
spaces and let Q¢ be the derivation map associated with Xg. Then on a suitable
semi-ideal, one has ®$% = by, — Px,.

(2) Let {Xy}oeT be a strongly admissible family. If Q is the centralizer associated with
X, for z =0, then on a suitable strict semi-ideal T C Igq, one has that for every
fel

Qo L (T
0% =5 [ o, (.

-7

4.3. Stability for families of three K&the spaces

Here we prove the global stability of both splitting and bounded splitting for
interpolation families consisting of three spaces distributed on arcs of T. The starting
point is the generalization of the formula Xy = Xé_eX? for families presented in [22,
Theorem 3.3] that Kalton credits to Herndndez [20]. Note that the statement in
[22, Theorem 3.3] supposes that the family is strongly admissible, but the proof is valid
for admissible families.

Definition 4.10. Given Ko6the spaces X (1), ..., X(n) and positive numbers ay, ..., a,, we
define

[Txh9 =3reLo:IFAIST]IAHY. fi e XU
Jj=1 j=1

endowed with the norm || fl7 = inf{l_[?zl I fi ||(;1(j(j)}, where the infimum is taken over all
choices of f; € X(j) so that |f| <[]}, ||

The following result provides the associated derivation map. For the sake of clarity, we
have included a streamlined proof of the factorization theorem.

Proposition 4.11. Let {Ay, ..., A} be a partition of T into arcs, and let {Xy,}weT be the
admissible family given by X, = X(j) forw e Aj, j=1,...,n. If u,, is the harmonic

n
measure on T with respect to zo, then X, = I X(j)“ZO(AJ'),
j=1
In particular, if X is an admissible Kithe function space, w; are weights, and we take

X(j) = X(w)), then the family {Xw}weT as above is admissible and X, = X ([ w?ZO(Aj))

for zo € D, with associated derivation Q,(x) = —(Zlﬂ}(z()) log wj)x, where ¥ is an
J
analytic function on D such that Reyr; = xa; on T and Rey(z0) = pz,(Aj).

Proof. Pick f € X,,. In order to apply [22, Lemma 3.2 and Theorem 3.3}, recall that if £
denotes the Ké6the function space on D x T with norm ||¢|lg = esssup [|¢ (-, w)||x,,, then
there is ¢ € £ so that ||¢|le = ||f||XZ0 and

[f(s)] =exp (/T Py (w)log ¢ (s, w) dw) .
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Stability of the differential process 19

By Jensen’s inequality,

Hzo(Aj)
|f(S)|\1_[< 7y )/ (s, w) P, (w)dw) .
Mz

Set fi(s) = m [, $(s. @) Py (@) do s0 that

1filxe = / (- )Py (2) dow

zo(A )

X(j)
< ——— | 16C )lx(j)Pey(@) do < [Ble.
uZo(Ap /Aj S

. (A A
Then f; € X(j) and |f] <TT|f["0“7, and thus £l < TTIA1Y < 19l So
£l < Iflx,,- Assume now that | f| <] |fj|”z°(Aj)7 and let ¢ be given by ¢ (s, ) =

I |fj (s)|(p’( “) , Where ¢; is a harmonic function that coincides with x4, on T, j =1,..., n.
Then ¢;(z0) = s (Aj), and

£ < T = exp (log [T £ )
eXp (Z log | £;()|*/ (ZO)) = exp (Z fT log | £;5)[7” Py () dw)

= exp (Z/;‘ log |fj(s)|<ﬂj(w) Puy(@) da))
- (Z/A log [ 1) Py (@) d”)
Y k
exp (/T logH ’fj(s)‘%'(w) P (o) dw) = exp (/T log ¢ (s, ®) Py (w) da)) )

s

I1fillx i)

. (A
still have that [ £(5) < [T|£)|**™” and 1 fllx,, <TI0 - Since the functions
f; are arbitrary, we get || fllx,, < Ifllf-

For the second part, let h; and k; be functions that show that X is admissible. We
set h = hyminw; and k = ky maxw;. Then & and k are such that [[xA[l; < [Ix|l; < lxk]leo
for every x € X and z € T. Also |lxwjh1ll < [[xllxw; < lxw;killec- Since it is clear that
Bx ) is closed in Lo, each space X (w;) is admissible.

Since X, = I—[X(j)uzo(Aj)7 for every x € Xy, one has
H Mz (Aj) (A
Iellzy = inf { Tt < el < T g0}
Heg(Aj) (A
= inf | T sl ™ < et < T oy 0]

inf {1l T w0 @2 el < TT

Therefore, ||f||XZ_0 < @Il = max || fjllx(jy. If we multiply each f; by , then we

WV

I‘LZ()(AJ>]
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. ey (Aj) 20(A))
> inf [T} e : bl < T g0
= |lx|l nzg(A)) s

X([Tw} 0

1—
| 0

where the first inequality follows from |lx?y'=?| < |x||?|y] and an induction

argument, and the second one from |x| g]‘[|x,|“Z0(Af). Moreover, taking f; =

20 (A
Ik w;:‘o( k)w;lx, we get the reverse inequality. Now let

2 (A X
F(Z) — wl/:mo( 9]

Yi(z) "
k [ w;

Then F € N*T(H), F(zo) = x, and for @ € Aj one has

= llxlix,.

Hzy(Ak) X
IF(@)x; = wal_[wk o —
Wil x

Therefore F is a l-extremal function for x. Moreover

(A _
Q. (x) = F '(z0) = _Hw;‘o P Twe WZO)Z ¥i(zo) logw; = —<Z¢}(Zo) log wj>X,
k J J

and the proof is done. O

We now pass to the study of the (bounded) stability. We first observe that the extension
to D of a conformal transformation on I taking zg to 0 takes an arc of T onto an arc of
T. So we can assume without loss of generality that zo = 0, and so we will do throughout
this section.

Lemma 4.12. Let Ag = [0p, 61), A1 = [01,02), and Ay = [0, 00) be a partition of [0, 27).
For j=0,1,2, set aj = %fAj Py(e’)dt and B; = %IAJ- e~ dt. Then the vectors a =
(a0, a1, @2), b = (Re(Bo), Re(B1), Re(B2)), and ¢ = (Im(Bo), Im(B1), Im(B2)) are linearly
independent in R3. Consequently, we can find aj € C such that) ajouj =0and) a;p; =
—1.

Proof. We begin by noting that ) a; =1 and ) B; =0. So a cannot be written as a
linear combination of b and c. Also, the only way for {a, b, ¢} to be linearly dependent is
if b is a multiple of c. We have

—i .0 =6 . O +6 .. 6h—0 0o + 01
—Bp = —sin sin + i sin cos and
2 2 2 2 2
—i =01 . h+6 .. 0—6 0+
—B1 = —sin sin + i sin cos .
2 2 2 2 2

So, if we consider the matrix with lines b and ¢, up to a factor of 5* the determinant of
the first two columns is

01—6p . 014+6p . 61 —62 01+ 6>
sin Sin COS

— sin
2 2 2 2
. Bo—0 Bo+01 . =01 . 646
4+ sin cos sin sin
2 2 2 2
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Stability of the differential process 21
. B—0 . 6h—0 B+6 . h+6 . O+ 01 +6
= sin sin cos sin —sin cos
2 2 2 2 2 2
. Op—01 . =01 . 6—0p
= sin sin sin ,
2 2 2
which is zero if and only if two of the 0]’-s are equal, which is not the case. O

The expressions for «; and 8; are provided by Theorems 4.8 and 4.9.

It follows from Kalton’s Theorem 3.4 that given two interpolation couples (Xo, X{) and
(Yo, Y1) such that (Xo, X1)g = (Yo, ¥Y1)e (up to renorming) and €9 = Yy (up to a bounded
map) for some 0 < 6 < 1, then Xo = ¥Yp and X; = Y¥; (up to renorming). Next we give
the version for three spaces on arcs of that result. The proof is essentially an adaptation
of the proof of the uniqueness part of Theorem 7.6 of [22].

Theorem 4.13. Let {X,, : w € T} and {Y,, : @ € T} be two strongly admissible families with
Xo=X({j) and Y, =Y(j) forwe Aj, j =0,1,2, where {Ag, A1, A2} is a partition of T
into arcs. Let Qo and Wy be the corresponding derivations at zo = 0. If Xo = Yy (up to
renorming) and Qo — Vo is bounded, then X (j) = Y (j) (up to renorming) for j =0, 1, 2.
Moreover, Q; — WV, is bounded for every z € D.

Proof. Since Q¢ and Wy are equivalent, so are Q([)I] and \Il([)l] by definition, and then

d(@%, d%) = sup |ON(f) -V (f)] < 0.

IfI<1.feT
We can use now Theorems 4.8, 4.9 and Lemma 4.12 to get equations that determine
®x(j) in terms of Py, Re(@QO), and Im(CI>QO); and the same for ®y(;) in terms of

dy, = Py,, Re(®Y0), and Im(dY0). More specifically, on a suitable strict semi-ideal one
has

apg®x) +a1Px) +axPx) = Px,
Re(B0)Px(0) + Re(B1)Px (1) + Re(B)Px2) = Re(d?)
Im(Bo)®x (o) + Im(B)Px 1y + Im(B)Px2) = Im(d™)
ap®y) +a1 Py +ar Py = Py,
Re(Bo) Py (o) + Re(B)Py(1) + Re(B)Py2) = Re(d™)
Im(Bo)®y() + Im(B)Py) + Im(B)Py) = Im(P™).

Lemma 4.12 establishes that there is a unique solution for the numerical system

oaox +ajy+opz = a
Re(Bo)x + Re(B1)y + Re(B)z = b
Im(Bo)x +Im(B1)y +1Im(B1)z = ¢

and two uniformly bounded sets of data (a(x), b(x), c(x)) and (a’(x), b'(x), ¢’ (x)) with
bounded difference will produce two solutions ®x ;) and ®y ;) with bounded difference.
So we can use [22, Proposition 4.5] to conclude that X(j) = Y(j) (up to renorming) for
j=0,1,2. O
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Now, after a preparatory lemma, we consider the stability results for three Kothe
spaces.

Lemma 4.14. Let X be a Kothe function space, let {Ag, A1, Az} be a partition of T into
arcs, and let f € Lo(i). Then there are weights w; such that taking Y, = X(w;) for
weAjand j =0,1,2, the admissible family {Y, : @ € T} yields Yo = X with derivation
map Qox) = f-x, a (linear) multiplication map.

Proof. Write f = f1+if,. By Lemma 4.12, there are real numbers ag, aj,ar such
that ) aja; =0 and ) a;B; = —1, and there are real numbers bg, by, by such that
Y bjaj=0and Y b;Bj = —i. Set wj = e4/17i/2 Then Yy = X (wy"w{'w5?) = X and
Qo=-) Bjlajfi+bjf)=f. O

Theorem 4.15. Let {X,, : w € T} be the strongly admissible family with X, = X (j) for
weAjand j =0,1,2, where {Ag, Ay, A2} is a partition of T into arcs. If the derivation
map o is trivial, then there are weights w; such that X(j) = Xo(w;) with equivalence
of norms. In particular, 2, is trivial for every z € D.

Proof. If Qq is trivial, then arguing as in Theorem 4.4 (up to passing to weighted versions
of the spaces), we get f € Lo(u) so that A(x) = f-x is a linear map, and Qp— A takes
X into X¢ and it is bounded on Xy. We take X = X in Lemma 4.14 so that we obtain a
new family {Y,, : w € T} which is strongly admissible, since X, is so, and whose induced
centralizer at 0 is A. By Theorem 4.13, we obtain that X (j) = Xo(w;) with equivalence
of norms for some suitable weights.

To see that Q, is trivial for every z € D, observe that the Kalton spaces N7 ({X,})
and N *({Y,)) associated with the families {X,} and {Y,} coincide, with equivalence of
norms. In particular, X, = Y, for all z € D, with equivalence of norms.

Let A, be the trivial centralizer induced by {Y,} at z. Given x € V, we fix (1+
€)-extremals Fy € NT({X,}) and Gy e NT({Y,}) so that Q.(x) =68.F, and A (x) =
8.Gy. Thus there are some constants C, C’ such that, for all x € V, one has

12:(x) = A () llx. = I8,(Fx — Gu)llx.

18, : kerd; — X |||l Fx — Gxlla+
CUIFxIav+xop T I1Gx IN+drL))
Cd+e)lxlx, +lxly,)
C'lxlx..

INCINCIN N

Since A; is trivial and V is dense in X, the derivation 2, is trivial. O

Observe that our reasoning does not work for general families of three spaces not
distributed in arcs. This should be compared with the results of [31], previously obtained
in [15].

4.4. (Bounded) stability fails for families of four K6the spaces

Here we show that the statement of Theorem 3.4 is no longer true for arbitrary families
of Kothe spaces.
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Stability of the differential process 23

Let coo denote the space of finitely nonzero sequences of scalars. A sequence of functions
(¢n) that are continuous on D and analytic on ID induces a family of diagonal linear maps
D(z) : cop — coo (z € ﬁ) given by D(z2)(x;) = (¢, (2)x,). We define a family of Banach
spaces {X : s € T} by taking as X; the completion of cgg with respect to the norm |x||; =
le"P®x|l5. Moreover, for x € cqo, we define ||x||x = inf{|x; Iz, +- -+ llxxll;,}, where the
infimum is taken over all n € N, z; € T, and x; € cgp such that x = x; +-- -+ xy,.

We claim that ||.|x is a morm on cgop. Indeed, the only difficulty is to show that
Ixlls =0 implies x =0. Let x = (a/) € cop with a* #0. Note that ¢ P@ is the
multiplication operator associated with the sequence (e=@). If |gr(z)| < M, then
‘e“pk(z)| = ¢ Re@r(@) > ¢=M  Therefore

—D(z; M
Dl = D e P > e |ab

and we conclude that ||x|| s > 0.

Let X be the completion of cog with respect to ||.||x. Then for each w € T, we have
X, C X with inclusion having norm at most 1. Note also that the projection P, onto the
first n coordinates is a norm-one operator on X, for each w € T, and also on X.

3

Proposition 4.16. The above defined family (Xo)wer 4 an interpolation family with
containing space X and intersection space A = coo. Moreover, for every zo in D, one
has the following:

(1) X(zo} = X[zo]- Thus we can denote X,y = X(z5) = X[z0]-
(2) The space Xz, is the completion of cop with respect to the norm || x|z, = le PG |,.
(3) Qzyx = D'(z0)x for x € coo.

Proof. (1) Let x € coo. Clearly [Ix[l[zo] < lxllizo)- Let f € F (see §3) be such that f(zo) =
x. Take n such that P,(x) = x and define g(z) = P,(f(z)). Then g(z) = Z?:l vi(z)ej,
where (e;) is the canonical basis of £. Since ¥j(z)e; = (P; — Pj—1) f(z) and f is analytic
when viewed as a X-valued function, we get that v; is analytic. If z € D, then

i@ |llejlls = 1P = Pi-D f@Is <20f @15 <20f1lF.

Hence ¥; € H * the space of bounded analytic functions on D, which is contained in
the Smirnov class NT. Also, for almost every z € T, we have lg@lx, = 1P (f)lx, <
If@lx. <NIfllF. Thus g € G and |igllg < I fllg- Since g(z0) = Pu(f(z0)) = x, we get
%Nl izoy = Nl llzo1-

To prove (2), let x € coo and let g(z) = eP@=D@)x ¢ G. Then g(zo) = x, and for z € T
we have ||g(2)|lx, = e~ P& x||5. Thus llx]lz, < e PG x|,. Take f € G such that f(zo) =
x. Given a nonzero y € coo, define h(z) = (e 2@ f(z), y).

It follows that h € H®. Indeed, f may be written as a finite sum ) fix;, with
fie Nt and x; € coo. Since e P@ is bounded, we have that e P@ fi(z) € NT. This
implies that h € N*, and since it is bounded on T, h € H*® [18, Theorem 2.11].
Moreover, [|hlg= < | fllgllyll2. Hence |h(zo)| = [(e=P%x, y)| < I fliglyll2. Since || flig
can be taken arbitrarily close to |lx]l;, and y is arbitrary, le= P x|, < llx1l 2o
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(3) We have shown that the following function g is an extremal function for x = (a’)

at zo:
g(z) = P DDy — (21— 010) g1 02 (D=0220) 2y
Then g'(z) = (¢}, (z)eD~n@0)g"): hence Qyx = g'(z0) = (¢}, (z0)a") = D'(z0)x. 0
By Proposition 4.16, there is no local bounded stability for arbitrary families of Kothe
spaces.

Proposition 4.17. Let D(x,) = (wyx,) be an unbounded diagonal operator on coo.

(1) The choice D(z) = zD yields an analytic family for which Q; = D for every z € D.
(2) The choice D(z) =z>D vyields an analytic family such that Q, =2zD for every
z € D. Therefore Qy = 0 while Q, is unbounded for z # 0.

We pass now to show that there is no local stability for families of K&the spaces.

Proposition 4.18. Let p : T — [1,00) be a measurable function and let o : D — C be an
analytic function on D satisfying Re (a(z)_l) = p(2)~' on T, and such that inf Re(w)
and sup Re(w) are attained on T. We consider the interpolation family (£p(w))weT. Given
z0 € D with a(zo) € R, the interpolation space at zq is £y, with derivation

Qg ((xn)) = -2 z0) (xn log ﬂ) .

a(20) Ixlepeg,

Proof. The containing space for the family is £+, and the intersection space may be
taken as cgg. We first check that

ko) x,
f@) = (Ixnl @) )

x|

is a 1-extremal for x = (x,) € cop with ||x]|py) = 1. The function f is analytic, f(z0) = x,
and f € G because for every z € D

a(zg)
Re(——)p
”f(z)”ppgg = E |Xn| e "‘(Z)) @ = E |Xn|a(20) = E |xn|p(Z°) =1.

Therefore, |lx|l;, < X1l p)- Hence |lx|l;o = llxllpzy) by Theorem 4.6. Moreover, for
nonzero x = (x;) € £,(y), one has

X

Q. (x) = lIxlle,. (—
PED O\ x|

Lpizg)

a(zg)
Xo [ lxal VT a(zo) |
= ||x||@p(20) - Za (Z()) log _
wal \Ixlleye ) a(zo) Ille e
_ d(z0) 2 log |2
- - n T k]
a(20) Ixlle )
and the proof is complete. O
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Stability of the differential process 25

An exact sequence is singular when the quotient map ¢ is strictly singular; i.e., no
restriction of g to an infinite-dimensional subspace is an isomorphism. A derivation is
said to be singular if the induced exact sequence is singular [6]. Obviously, singular
derivations are not trivial.

Proposition 4.19. The family (€,(;))zeT with p(2)~ ! = Re ((z2 + 2)_1) yields Qo =0 and
Q, singular for 0 # z € D.

Proof. Since p(z)~! € [1/3, 1], it turns out that p(z) € [1, 3]. We thus set a(z) = z2+2
on D. In that case, we get a(z) € R if and only if z =1t or z=ir, t € R. By the
previous lemma, Q¢ =0, and for z =¢ and z =1if, t 20, Q. is a nonzero multiple
of the Kalton-Peck map on £,(,,), and therefore it is singular. Moreover, the choice
oy (2) = z2+2—ilm(a(z())) yields that €, is a nonzero multiple of the Kalton—Peck
map for any zg € D, zg9 # 0. O

The moral of all this. We can present two explanations for the fact that families of two
or three Kothe spaces have global (bounded) stability and are even rigid in different
senses while families of four spaces do not. The first one emerges from the proof of
Theorem 4.13: any point in the interior of the convex hull of three points admits a
unique representation as a convex combination of them, but this is false for four points.
The second one arises from the reiteration theorem for families [12]. Using that result to
set the initial configuration, one gets the following theorem.

Theorem 4.20. Let o and (Xo, X1)a(w) for € T be as in Theorem 4.6, let Qs denote the
derivation corresponding to (Xo, X1)s for 0 <s < 1, and let zo € D. Then the derivation
corresponding to the family (Xo, X1)a(z) at zo is Pz = w'(20)Qu(z), where w =a +i&
and & is the harmonic conjugate of a with a(zg) = 0.

Proof. Fix z € D and x € XoN X1, and take a c-extremal f for x at «(z) in the Calderéon
space C(Xo, X1). By [4, Lemma 4.2.3], we may assume that f is a linear combination
of functions with values in XoN X;. Included in the proof of [12, Theorem 5.1] is the
fact that g = f ow is an extremal for x at z with respect to the family (Xo, X1)q(;), and
llgll < IIfIl. Therefore @, (x) = (f ow)’(z) = w'(2)Quy () (x). Finally Q,,;) may be chosen
as Qq(;) by vertical symmetry. O

Theorem 4.20 can be seen as the 1-level version of Theorem 4.6. It shows that the
derivation maps of ((Xo, X 1)04(“)))0) o are always multiples of the derivation maps of the
initial pair.

Corollary 4.21. Let (Xo, X1) be an interpolation pair, let Qg be the derivation at
0 € (0,1), let By = {e'? : 0 € [0, %]U[n, 3—”]}, and let o = xp, : T — [0, 1]. Consider the
interpolation family {(Xo, X1)aw) : w € T}. Then for z =1t or z =it, t € (=1, 1), we get
X, = (Xo, Xl)% with derivations ®9 = 0 and ©, equal to a multiple of Qy with 6 = «(z)
for 0 #zeD.

A case similar to that in Proposition 4.19 can be obtained with two spaces distributed
on four arcs on T as above: just consider Xg = £+, and X| = £, which produces X, = ¢»
for every z =1t, z=it, t € (—1,1), and &y =0 while ®, is a nonzero multiple of the
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Kalton—Peck map on X, for values of z € D arbitrarily close to 0. Thus, the differential
process lacks local stability.

The next result explains, to some extent, the exceptional character of the previous
examples. It is a direct consequence of Theorem 4.20.

Theorem 4.22. Let (Xg, X1) be an interpolation pair of Kdéthe function spaces, and let us
consider the notation of Theorem 4.20.

(1) If the derivation ®g, is bounded for some zo € D such that 0 < a(zg) <1 and
w'(z0) # 0, then Xo = X with equivalence of norms and ®, is bounded for each
zeD.

(2) If the derivation @y, is trivial for some zg € D such that 0 < a(zo) < 1 and w’'(zo) #
0, then Xo is a weighted version of X1 and ®; is trivial for each z € D.

5. Stability of splitting for pairs of Banach spaces

For general Banach spaces, the problem of existence of local or global stability remains
open. Here we give some positive results for pairs of sequence spaces with a common basis
and pairs of Kothe function spaces. In the latter case, they provide more information than
the results given before, which have an isomorphic nature, while Theorem 5.11, under
the additional hypotheses it imposes, yields isometric uniqueness and stability.

In this section, we will use an alternative description of the complex interpolation
method for pairs, which is given in [16]. Let X = (X0, X1) be an interpolation pair of
Banach spaces and, for z € S, let PZS be the Poisson kernel on S at z.

For0 <6 < land1 < p < oo, we consider the spaces ffg (X) and F°(X) of all functions
F :S — X, which are analytic on S, such that F(j +it) € Xjfor j=0,1andt eR, the
maps fj:t € R— F(j+it)e X; (j =0,1) are Bochner measurable, F has a Poisson
representation F(z) = faS F(w)PQS(w) dw for z € S, and

||F||’;g®=fR||fo<t>||’;oP§<r)dt+/R||f1<r)||§1P§<1+ir>dz<oo

for 1 < p < oo, or I F o0 7y = maxj=0,1 | fj | Loo (R, X ;) < 00 for p = oo.

It is not difficult to check that F°(X) endowed with the norm || - ||5oo(7) is a Kalton
space of analytic functions on S. Moreover, the associated spaces Xy coincide (with
equality of norms) with the spaces obtained in § 3 using the Calderén space € [16].

Given 0 < 0 < 1 and ¢ € R, the invariance under vertical translations of S implies that
given f in the Calderén space C such that f(0) = x, the function g(z) = f(z —it) is
in € and satisfies | flle = llglle and g(@ +it) = x; the same is true for F°°(X). Thus
Xo = Xp+i; isometrically, and it is enough to study the scale (Xg)g<g<1-

Recall that an interpolation pair (Xg, X1) is regular if A is dense in both X and X;.
We need the following properties of the map 6 — | - |-

Lemma 5.1. Let (Xg, X1) be a reqular interpolation pair and let 0 < 8y < 01 < 1. For every
x € Xg,N Xg,, the map 6 — ||x|lg € R is log-convex on (6y, 61); it is therefore continuous
with right and left derivatives on any point of (6, 01).

Downloaded from https://www.cambridge.org/core. Auckland University of Technology, on 29 Oct 2020 at 12:55:20, subject to the Cambridge Core terms of use,
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/51474748020000080


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1474748020000080
https://www.cambridge.org/core

Stability of the differential process 27

Proof. For each 6 € [0y, 61], one has ||x|g < ||)c||;(;t||)c||(’91 when 6 = (1 —1)6y +16;: the
case 6y = 0, 8; = 1 is well known, and the general case is a consequence of the reiteration
theorem for complex interpolation [4, Theorem 4.6.1]. From this, it follows that the map
0 — log ||x|ls is convex on [Bp, 0], and therefore continuous with right and left derivatives
at every point of (6y, 01). O

5.1. Local bounded stability for coherent pairs

We begin by introducing the special interpolation pairs we study in this section.

Definition 5.2. We say that an interpolation pair (Xg, X1) is coherent if there exists
an increasing sequence (E,) of finite-dimensional subspaces of A = XN X such that
Ao = U,enE, is dense in A, and for every x € E, we can select a 1-extremal fy g so that
the corresponding derivation map 2y takes E, into E,.

Note that the restriction of a derivation map to a finite-dimensional subspace is always
bounded. The following result provides examples of coherent pairs.

Proposition 5.3. Let (Xo, X1) be a regular interpolation pair of reflexive spaces. Suppose
that
(1) Xo and X1 have a common monotone basis (e,), or

(2) Xo and X are rearrangement invariant spaces on [0, 1].
Then (Xo, X1) is coherent.

Proof. Given 0 <6 < 1 and x € Xy, there exists a l-extremal gy g by [16, Proposition 3].

(1) Take E, = [ey, ..., e,] and denote by P, the natural norm-one projection from X
onto E,. For x € E,, if gy ¢ is a 1-extremal then fy ¢(z) = P, (gx,e(z)) defines a 1-extremal
that satisfies the remaining conditions because all norms are equivalent on E, and for
y€E,

Q0() = £5©0) = (Pagy0) ©) = P (8,,40)).

(2) The proof is similar: For each n € N, we take as E, the subspace generated by the
characteristic functions of the intervals ((k —1/2", k/2”), k=1,...,2" The arguments
in the proof of [28, Theorem 2.a.4] show that

2" 1
Pnf=22n (/0 an,kdt) Xn,k
k=1

define a norm-one projection from X onto E,. O
The proof of the following result is a part of the proof of the main Theorem of [16].

‘We include some details for the convenience of the reader.

Lemma 5.4. Given (Xo, X1) a regular interpolation pair with Xo reflerive, x € A, 6 €
0,1), and a l-extremal fro one has || fx.o(@)|l; = llx|lo for every z € S.
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Proof. It is enough to prove the result when |x|ly = ||fx’9||3~oo(Y) = 1. We select x* €
(Xg)* = (X™)p such that [|[x*| = (x, x*) = 1. As in Daher’s proof, we select f* € Srg(ﬁ)
with f*(0) = x* and ||f*||§5(p) =1.

Using [4, Lemma 4.2.3], we can show that g(z) = (fy.0(2), f*(2)) defines an analytic
function. Since |g(z)] <1 for every z €S and g(f) =1, the maximum principle for
analytic functions implies that g(z) =1 for every z € S. In particular, || fro(@)ll; > 1;

i

hence || fx,6(2)ll; = 1. -

Lemma 5.5. Let (Xg, X1) be a regular interpolation pair with Xo reflexive, let x € A, and
let 0 <0y <0 <01 <1. Suppose that there is a 1-extremal fy g, which is derivable at
z =0 as a function with values in both spaces Xg; (i =0, 1), and consider the derivation
Qo(x) = f;ﬂ(@). Then the right and left derivatives of t — ||x|l; at 6 are bounded in
modulus by || (x)]lg-

Proof. By Lemma 5.4, |x|lg = || fx.0(6 + ¢€)|lo+e. Hence

o1 . 1
lim —|llxllote — lxllo| < limsup = (Il fr.0(0 + &) — xllg+¢)
e—=0t & em0t €

1
< limsup (IIQe @llote + 112 (fro 0 +) —x) — Qg (x) ||9+€)

e—>0t

e—07F

. 1
< limsup (Ilﬂa @ llo-+e + max || =(fe0(0 +&) —x) = Qe(X)Ilei) .

Note that Qg(x) belongs to Xg, N Xp, by hypothesis. So, by Lemma 5.1, we have that
120 (x)|lg+¢ tends to ||2(x)|lg. Since %(fx,g(O +¢)—x) tends to Qp(x) in X4, i =0,1,
we get

dixly)
dr "0

< €20 ()l - (7)

O
Next we give some conditions on an interpolation pair (X, X1) implying Xo = X1 up

to an equivalent renorming.

Theorem 5.6 (Local bounded stability). Let (Xo, X1) be a coherent interpolation pair
of reflezive spaces and let 0 < 6y < 61 < 1. Suppose that supg g, €2 + Xy — X;|| < 00.
Then Xo = X1, up to an equivalent renorming.

Proof. Fix x € Ag = UpenE,. For 8y < s < 61, one has

SR )lls < Mllx]ls.

t=st

dll x|
dt

If we set g(s) = eM*|x|y, then

d dllx
(_8> — oMs (M||x||s+( I ||t> >
dt t=st dt t=st
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Since g is continuous, it is nondecreasing on (8, 01). Therefore, whenever [0 —¢,0 +¢] C
(6o, 1) one has g(0 +¢) > g(6 —¢), which implies

xllgs+e > e MEFIMO=Dxllg_y = M |x]lg_.
Working with e ™ ||x||; instead we obtain [|x|lg4e < e*M#|xlg_s.

By density, we get Xg1s = Xp—e. Thus Xy = Xy with equivalence of norms for |6 —s| <
e, and a result of Stafney [35, Theorem 1.7] implies that Xo = X; with equivalence of
norms. U

5.2. Isometric rigidity of linear derivations for optimal interpolation pairs

As we remarked in the Introduction, [14, Theorem 5.2] proves the estimate

d
Ellxlle,l ~ llxllg,1 + 1126 (x) llo,1

for the real (8, 1)-method of interpolation. From this fact, an analogue of Theorem 5.6
is derived [14, Theorem 5.16]: If the maps Qg are uniformly bounded for all |6 — 6| < &,
then X¢ = X;. Moreover, [14, Theorem 5.17] shows that the (8, ¢)-method has a stronger
stability property: if Q¢ is bounded for some 0 < 6 < 1 then Xy = X;. A similar result
for the complex interpolation method is still unknown in general, but we will give here
some partial positive results.

From now on, we sometimes denote By (x)(z) = fx.9(2) (z € S) for convenience.

Definition 5.7. An interpolation pair (Xo, X) will be called optimal if, for every 0 < 6 < 1
and each x € Xp, there exists a unique 1-extremal fy g.

Daher [16, Proposition 3] showed that a regular interpolation pair of reflexive spaces
is optimal when one of the spaces is strictly convex. He also essentially observed the
following result.

Lemma 5.8. Let (Xo, X1) be an optimal interpolation pair with X reflexive. For allx € A
and t,z € S, we have

(1) 1B: )@z = llxlle,
(2) Bi(x) = B (B;(x)(2)),
(3) Bi(x)'(2) = Q; (B/(x)(2)).
Proof. (1) was proved in Lemma 5.4, (2) follows from the uniqueness of the extremals,

since both functions have the same norm and take the value B;(x)(z) at z, and (3) follows
from (2) and B;(x)'(z) = Q;(x). O

Lemma 5.9. Let (Xg, X1) be an optimal interpolation pair. For all0 <0 <1 and t € R,
one has QLo+i;r = Qg

Proof. Observe that By(x)(z —it) = Bp+i;(x)(z) since both are extremals for x at z =
0 +it. Hence Qg1 (x) = Byrir(x) (0 +it) = By(x) (z) = Qp(x). O
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We are ready to obtain some stability results when €y is linear and bounded. We
start with the simplest case Q¢ = 0. Note that the following result is new even for Kothe
function spaces.

Proposition 5.10. Let (X, X1) be an optimal interpolation pair with X reflexive. Then
Qg =0 for some 0 <6 < 1 if and only if Xog = X isometrically.
Proof. The if part is well known, and it easily follows from Bg(x)(z) = x for x € A. As
for the converse, consider the function F : R — X defined by F(t) = By(x)(0 +it).

This function is constant since F’(t) = Qg+ir (Bg(x)(0 +it)) = 0. Thus the analytic
function Bg(x) is constant on the vertical line through 6, hence constant on S. In
particular, |lx]lg = [|Bg(x)()llo = [IBo(x)(2)ll; = llx|; for each z. O

Recall that an operator T acting on a Banach space X is said to be Hermitian when
¢''T is an isometry on X for all € R (see [23]).

Theorem 5.11. Let (Xg, X|) be a coherent and optimal interpolation pair of Banach
spaces. Suppose that Qg : X9 — X is linear for some 0 <6 < 1. Then, we have the
following:

(1) Q;(x) =Qg(x) for allz €S and all x € Ay.

(2) For every0 < s < 1, the map x € Ag e x induces an isometry between X and

X, which gives ||x||s = le % x]lo.

(3)  is a Hermitian operator on X, for all z € S.
Proof. (1) Since By(x)' (0 +it) = Qp4ir (Bo(x)(@ +it)) = Qg (Byp(x)(0 +it)) for all t € R,
the function + — By (x)(6 +it) satisfies the differential equation

() =iQa(f (1)) (8)

Equivalently, By (x) satisfies the equation f'(z) = Qq(f(z)) for z € Sy = {z € S: Re(z) =
0}. Since Bg(x) : S — X is the unique 1-extremal and x € Ay, it is analytic as a map into
A. When €y is linear, Qg o Byp(x) : S — X is analytic and takes values in A for x € Ay,
and the derivative Bg(x) : S — X is of course analytic. Since both functions coincide on
Sy, they coincide on S; thus By (x) solves the equation f/(z) = Q¢(f(z)) on S and we get

Qo (x) = Q9 (B:(x)(2)) = 29 (Bg(B(x)(0))(2))
= By (B:(x)(0)) (2) = B:(x)(2) = Q. (x).

To prove (2), we need to make sense of the function G(r) = e~ 1% By(x)(0 +it) for
x € Ay.

Pick n € N such that x € E,. Since Q¢ (E,) C E,, the iterations QI(; are operators on
E,, so that G is well defined. Now, since ¢ : X9 — X is linear and bounded,

G'(t) = e "¥iBy(x) (0 +it) —e "¥iQpy (By(x)(0 +it))
= i1 (ng (Bg(x)(6 +i1)) — i R (By (x) (60 + it))) —0.

So the function G(r) is constant and equal to G(0) = x; thus By(x)(0 +it) = &% x.
This means that for any z in the vertical line through 8, Bg(x)(z) = ¢#~?%% x. Since both
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functions are analytic on S, it turns out that By(x)(z) = e@~%% x forall z € Sand x € Ay.
Since the functions are equal on S, they have the same radial limits a.e. on the border.

So By(x)(z) = @Dy for ae. z on the border of S. Thus 1= |Bgx)(it)|lo =
le@=%% x|y for a.e. t € R. By continuity, [le®~?%x|o = ||lx|ls for every t € R. Clearly
the same reasoning works for 14 iz instead of iz.

Thus |x]lo = [|Bo(x)(s)|ls = [le®~P%x||s for each s € [0, 1] and x € Ag. Taking y =
P x we get ||x|lo = ||e**Qgx||s for every s € [0, 1] and every x € Ao, which is dense in
both X¢ and X;. Hence the map x — 3% x extends to an isometry between X; and X,
and ||x[ly = [le™*x|lo.

(3) Since |lx|l; = [B:(x)(z+iD)l|z1ir = [B:(x)(z+iD)|l; = [l x|; and the norm
IBg(x)(2)|l; is constant and equal to ||x||g for z in the vertical line through 6, we get
that {¢/'%},cr is a group of linear isometries on X.. O

We can compare this result to Theorem 4.4, in which the Q¢ trivial implies that X is
a weighted version Xg and € is the operator acting as multiplication by —log w.
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