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then K and S are homeomorphic.

This theorem is the strongest of all the other vector-valued Banach-Stone the-
orems known so far in the sense that in none of them the distortion of the
isomorphism T, denoted by ||T|| ||T~!|l, is as large as 1/2.054208.

Some remarks on the proof method developed here to prove our theorem suggest
the conjecture that it is in fact very close to the optimal Banach-Stone theorem
for Cy(K, 53) spaces, or in more precise words, the exact value of the Banach-
Stone constant of ¢ % is between \/ 2.054208 and \/ 2.054209.
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1 | INTRODUCTION

Let X be a Banach space and K be a locally compact Hausdorff space. The space Cy(K, X) will stand for the Banach space
of all continuous X-valued functions on K which vanish at infinity, equipped with the sup norm. We denote by K the field
of real numbers R or complex numbers C.

Recall that the Banach space X has the isomorphic Banach-Stone property (in short, IBSP) [2] if there exists A > 1 such
that for all locally compact Hausdorff spaces K and S and linear isomorphisms T from Cy(K, X) onto C(S, X) satistying
ITIl IT~Y < A, we have that K and S are homeomorphic.

The Banach-Stone constant of a Banach space X having IBSP (in short, BS(X)) is the largest 1 > 1 satisfying the above
statement [5, Definition 2.1].

Amir [1] and Cambern [3] showed that BS(K) > 2. Later on, Cohen [6] proved that BS(K) < 2. Consequently, BS(K) = 2.

It is well-known that the number 2 is an upper bound for the Banach-Stone constants, that is, BS(X) < 2 for every
Banach space X having IBSP [5, p. 195]. However, the hard work lies in finding lower bounds for the Banach-Stone
constants BS(X) when the dimension of X is greater than or equal to 2. This happens even for the simplest space R?
when equipped with any norm that makes it complete. In particular, it is still an open problem to know the exact value
of BS(¢ %).
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In fact, we know very little about BS(¢ %). More specifically in 1976 [4, Main theorem] it was proved that BS(¢ %) > \/E
But it was only in 2019 [10, Theorem 1.2] that it was shown that

BS(£3) > V2 +36, @

where & is approximately 0.02343.

Therefore, in search of an optimal Banach-Stone theorem for Cy(K, € 2) spaces, it is natural to ask whether the number
d mentioned in Equation (1) can be increased. The main aim of this work is to give a positive answer to this question by
proving that

BS(£2) > 1/2.054208.

This lower bound for the Banach-Stone constant of ¢ % follows from Remark 9.2 on the proof of our main result, which is
the following theorem.

Theorem 1.1. Let K and S be locally compact Hausdorff spaces and L a linear isomorphism from Cy(K, ¢ %) onto Cy(S, ¢ %
satisfying

ILIIL~H < v/2.054208,

then K and S are homeomorphic.

The above theorem establishes the Banach—Stone theorem for Cy(K, X) spaces, with dimension of X greater than or
equal to 2, which is obtained through of linear isomorphisms L with the highest distortion ||L|| ||L~!|| known so far, see
[5, 9, 10]. Moreover, our method of proving Theorem 1.1 does not work if we change the digit 8 to 9 in the statement of
Theorem 1.1, see Remark 9.1. On the other hand, as mentioned in Remark 9.2, it is possible to increase the number of
digits of the decimal part of 2.054208 in such a way that the statement of Theorem 1.1 still holds. This raises the following
conjecture about the exact value of BS(¢ %).

Conjecture 1.2. 1/2.054208 < BS(£3) < 1/2.054209.

The proof of Theorem 1.1 is based on a deeper understanding of the properties of some special subsets of locally compact
spaces K introduced in [7] in the study of the geometry of Cy(K, X) spaces, where X = R. These special sets were studied
in more detail in [10] in the case where X is a finite-dimensional Hilbert space.

In this paper, we will provide new properties of these special sets when X = ¢ % Interestingly, one of the properties
of ¢ % that will play an essential role in the proof of Theorem 1.1 is not valid for the real Hilbert spaces ¢, n > 3, see
Proposition 3.2 and Remark 3.4. In particular, the problem of whether it is also possible to increase the lower bound of
BS(¢ g) obtained in [10], which is approximately 1/2.00672, still remains open.

To simplify the notation, from now on the space ¢ % will be denoted by H and Sy will denote the unit sphere of it.

2 | SPECIAL SETS ASSOCIATED WITH LINEAR ISOMORPHISMS BETWEEN C,(K,H)

SPACES

Fix 0 < § <1 and let K and S be locally compact Hausdorff spaces and L be a linear isomorphism from Cy(K, H) onto
Cy(S, H) satisfying

ILIILTH < V2 +6, 2

In a recent study of these maps [7], it was introduced some classes of subsets I'y,(k, v) and T, (s, w) of S and K, respectively,
where k € K, s € S and v and w are suitable elements of R. As in [8] we are going to work with these sets for v,w € H
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instead of R. In order to prove Theorem 1.1, we will need to state some new properties of these sets. So, in this short
preliminary section we will remember some definitions and results already adapted to the context of Theorem 1.1.
Before anything note that if L is a linear isomorphism satisfying the hypothesis of Equation (2) and putting T = L||L~! |

and Mg = V/2 + 8, then, for every f € Co(K, H),

A1

M S ITON < Ms (I f1I, 3

Thus, henceforward, K and S are locally compact spaces, Mg = \/2 + 8, with 0 < § < 1, T is a linear isomorphism of
Co(K, H) onto Cy(S, H) satisfying Equation (3). Thus, our main task in this work is to show that when § = 0.054208 the
inequalities (3) imply that K and S are homeomorphic and therefore Theorem 1.1 will be proved.

Letk € K, f € Co(K,H), and v € H. Following [7, Definition 2.2] we set

w(k, f,v) = max{|| fII, Il f(k) — v}
Moreover, if vand w € H with v # 0 satisfies ||w|| = ||v||/Ms, following [7, Definition 3.1], we also set
Iyk,v)={s€S : |ITf(s)—wl| <M;w(k,f,v),Vf € Co(K,H)}
Analogously, for s € S,w and v € H withw # 0 and ||v|| = ||w]||/Ms, we set
Iy(s,w)={k €K : ||T'gk)—v| < Ms w(s,g w),Vg € Co(S,H)}.

Let us summarize the results concerning these sets which will be used in this paper. The proof of Proposition 2.1 is quite
similar to that of [8, Proposition 2.1].

Proposition 2.1. Letk € K.

(D Ifv € H and v # 0 then thereisw € H with Ty, (k,v) # @.

(2) Letv,w € H. Then forallt # 0, we have T'y,(k,v) = T} (k, tv).

3) Ifs € Ty, (k,v) and T',(s,w) # @ for some v,w,z € H then T',(s,w) = {k}.
(4) Ifs € Ty (k,v) for somev,w € H then thereisz € H with T,(s,w) = {k}.

Denote by P(K) and P(S) the power set of K and S respectively. Following [8, Section 4] we define two functions
®s5 : K - P(S)and ¥s : S - P(K) given by

®5(k) = U{l,(k,v) : v # 0and ||w] = |Iv]|/Ms}, 4)
and
Ws(s) = U{Iy(s,w) : w # 0and ||[v]| = [lw]|/M;s}. (5)

Proposition 2.2. Suppose that ®s(k) and ¥s(s) are singleton sets for every k € K and s € S. Then, K and S
are homeomorphic.

Proof. Since ®s5(k) and Ws(s) are singleton sets, we can define two functions¢ : K - Sand : S —» K by
Ds(k) = {p(k)} and Ws(s) = {(s)}.

Thus, it suffices to prove that ¢ and ¢ are continuous and i = ¢~1. The proof of these facts is direct and follows step by
step that of [8, Proposition 6.1], see also [10, Section 8]. O
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Lastly, note that Equation (3) implies that || f||/Ms < [T~X(f)I| < M;s||f]l, for any f € Cy(S, H). So, for any result on
[y (k,v) or ®s(k), a similar result holds for T', (s, w) or Ws(s), respectively. We will use the same result label to refer to
either case.

3 | ON THE CARDINALITY OF THE SUBSETS ®;(k)

The main aim of this section is to prove that ®5(k) has at most two elements, for any k € K, see Proposition 3.3. Before
that we will establish two auxiliary results Propositions 3.1 and 3.2. For each v € H, v # 0, we will denote ¥ = v/||v]|.

Proposition 3.1. Suppose s € Ty, (k,v) N Ty (k',v") for somev,v',w,w’ € H, with k # k'. Then
V2-8<|W+wW| <V2+56.

Proof. Note that by Proposition 2.1.(2) we may assume that ||v|| = ||v’||. Put ||v|| = ¢. According to the Urysohn’s lemma,
we can fix f € Cy(K, H) such that

Ifll =¢/2, f(k)y=v/2and f(k') =V'/2.
It is easy to see that w(k, f,v) = w(k’, f,v') = ¢/2, and since s € Ty (k,v) N Ty (k',v"), we have
ITf(s)—wll <cMs/2and [|ITf(s) —w'|| < cMs/2. (6)

By Equation (6), ||w —w'|| < cMj and since ||[w]| = ||[wW'|| = ¢/M; and M§ = /2468, we obtain ||[¥ —W'| < M§ =
V2 + 6. Now, by the parallelogram law we know that

—~ 2 —~ 2 2
4=|W+w| +|W-w]| <|[W+W]| +2+3,
consequently [|[% +w’|| > V2 — 6.
On the other hand, according to Proposition 2.1.(2) s € Ty, (k,v) N T_y/(k’, —v").

Hence, by repeating the argument replacing v/ and w’ by —v’ and —w’, respectively, we deduce |% + W/|| < V2 + 5,
and again by the parallelogram law we conclude that ||®% — w/ || > v/2— 6. So, we are done. O

Proposition 3.2. Let w;, Wy, and W' in Sy satisfying
V2-58<lwi+wW| <V2+6, Viel,2
then ||w; — w,|| < 6 or||lw; + wy]| < 6.
Proof. Initially fix four vectors uy, u,, us, and u, in Sy as follows. Counterclockwise u; and u, are such that
W' =yl = V2=6 and [ - uyll = V2+3,
and clockwise u; and u4 are such that
Iw —usll = V26 and W' —uyll = V2 +38.

Now, note that, by our hypotheses each of the w;, i € {1, 2}, is contained either in the arc or in the arc of the circumference
SH-
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Next, by a convenient rotation of Sy, we can assume that w’ = e; = (1,0). Let & and f be such that u; = (cosa, sena)
and u, = (cosp, senf). Since

lley — uy]l = V(1 — cosa)? + sen?a = V2-34,

it follows that 2cosa = 8. Moreover, since

lle; — vyl = \/(1 —cosf)? + sen?f3 = \/2 +6,

we see that —2cosf = §. Consequently cosf3 = —cosa. Noting that u, is in the second quadrant of Sy, we deduce that
senf3 = sena. Therefore, u, = (—cosa, sena). Then, ||u; — u,|| = 2cosa = 6.

Proceeding in the same way with u; and u, we conclude that |ju; — uy|| = 6.

To finish the proof of the proposition, observe that if and , then

W1 = wa|l < flug —u,|l < 6.

Moreover, in the case where and , then and thus

Wy — (=w)ll < [lug —u,fl < 6.
The other possible locations of w; and w, are considered analogously. O
Proposition 3.3. The cardinality of ®s(k) is at most 2, for every k € K.

Proof. Suppose sy, s,, and s; are three distinct elements of ®5(k). By the definition of ®5(k) in Equation (4), s; € Iy, (k, v;)
for some v; and w; in H. Next, according to Proposition 2.1.(4) take z, z,, and z; in H such that

k €T, (s1,w1) N T, (52, W) N Ty (83, W3). @)
Hence applying Proposition 3.1 twice in Equation (7) we have
V2-s <l £l < V2+dand V2-8 < |7 + 3]l < V2 +3,
and by Proposition 3.2 we deduce that there exists 1 € {—1, 1} satisfying
21 + A7Z3]| < 8. (8)
But, by Equation (7) we know that k € T, (s;,w;) N I';, (s, w3). Then, by Proposition 3.1,
V2-6 < |17 +Az3). ©)
So, by Equations (8) and (9) we see that 2 — § < &, thatis, § < —2 or § > 1, absurd. O

Remark 3.4. The statement of Proposition 3.2 is not true when we exchange H for ¢) with n > 3. Indeed take the following
vectors from the canonical basis of £7: w; = e;, w, = e, and w’ = e;. Thus,

w; £ W'l = V2, Vi € {1,2}, but [[w; —w,|| = [[w; +w,l = V2.

4 | ON THE SUBSETS ®;(k) WHICH ARE NOT SINGLETON SETS

In this section, we show that if ®s(k) is not a singleton set, then either there are three convenient special sets I'y, (k, V)
with nonempty intersection or there are three convenient special sets I’y (s, w) with nonempty intersection. This result
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will be fundamental in the next section in order to obtain a sufficient condition on &§ for ®4(k) to be a singleton set, for
any k € K. More specifically, here we will prove:

Proposition 4.1. Let k € K and suppose that ®5(k) is not a singleton set. Then, one of the following two possibilities holds:
Ty, (k,v1) N Ty, (k,v2) N Ty, (K, v3) # 6,
forsome k! € K, k # k', vy, vy, V3, Wy, Wy, W3 in H with v, orthogonal to v, or
Ly, (s,wy) N Ty (s, Ws) N Ty (s, We) # 0,
forsomes,s' €S, s #5',Vy, Vs, Vg, Wy, Ws, Wy in H with w, orthogonal to ws.
Proof. Since @5(k) is not a singleton set, by Proposition 3.3 there are s and s’ in S with s # s’ such that ®s5(k) = {s, s'}. Put
V ={v e Sy : s €Ty(k,v)for some w},
and
V' ={veSy:s ek, for some w}.
According to Proposition 2.1.(1) we see that S;; = V U V', Moreover, V and V' are closed sets. Indeed, by symmetry, it is
enough to prove that V' is a closed set. Let (v;) jen be a sequence in V such that v; — v. For each j, € N fixw; € H such
that
5 € ij(k,vj). (10)

Since the sequence (W) jen is bounded, it admit a subsequence convergent. Thus, we may assume that w; — w, for some
w € H. Given f € Cy(K, H), by Equation (10) we deduce that

ITf(s1) —wjll < Ms w(k, f,v)), VjEN,
and therefore
ITf(s1) —wll < Ms w(k, f,v).

That s, s; € I'y (k,Vv). Consequently, v € V and we are done.
Therefore, since Sy; is connected, there is v; € V nV’. Fix v, in Sy orthogonal to v;. Hence, v, belongs to V or V'.
Without loss of generality, we can assume that v, € V. Thus,

s € Ty, (k,v1) N Ty, (k, V), a1)

for some w;, w, € H. Next, we distinguish two cases:

Case 1: W5(s) is not a singleton set. Then, there exits k’ € Ws(s) with k’ # k. By the definition of ¥5(s) in Equation (5),
k' € Ty,(s,w) for some v3 and w in H. Now, by Proposition 2.1.(4), take w3 in H such that T, (k’,v3) = {s}. Then, by
Equation (11),

s € Ty, (k,v1) N Ty, (k,v2) N Ty, (K, v3),
and we are done.

Case 2: W5(s) is a singleton set. In this case, according to Equation (11) we know that s € Iy, (k, v;). Now, by Proposi-
tions 2.1.(4) take z € H such that T,(s,w;) = {k}. Thus, k € ¥s(s) and consequently ¥s(s) = {k}. Next, pick {w,, ws} an
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orthogonal basis of H, and by Propositions 2.1.(1), {v4, v5} in H such that
k €Ty, (s,wq) Ny (s, Ws). 12)

On the other hand, since s’ € ®5(k), it follows from the definition of ®5(k) in Equation (4), that s’ € Iy, (k,v) for some v
and wg in H. Now, by Proposition 2.1.(4), let vs in H such that I'y_(s’, ws) = {k}. Thus, according to Equation (12)

k € Iy, (s,wy) N Ty (s,ws) N Fvs(S,,WG),

and we are also done. O

5 | A SUFFICIENT CONDITION ON ¢ FOR ®;(k) TO BE A SINGLETON SET

In this section, we are going to introduce a subset A of R that will allow us, through Proposition 5.2, to obtain a condition
on 6 for ®5(k) be a singleton set.

Definition 5.1. Let A be the set of all 0 < § < 1 such that does not there exist u;, u,, v’ in H and w;, w,, w’ in Sy; satisfying
all the inequalities below.

(@) lu' = (w —wy)ll < M;/2, Vi€ {1,2};
(b) Ilu; £ (0 =Wl < M;/2, Vi€ {1,2}

(© IIV20' +Au; +6u, || < M2/V/2, V2,6 € {-1,1}

Proposition 5.2. If§ € A then ®s5(k) is a singleton set for any k € K.

Proof. Assume, by contradiction, that ®5(k) is not a singleton set for some k € K. Then, Proposition 4.1 states that there are
two possibilities. We will consider the first of these. The proof of using the second possibility is analogous and is obtained
by working with T~! instead of T. Thus, suppose that there exists s € S such that

s € Ty, (k,v1) N Ty, (k,v2) N Ty (K, V"), (13)

for some k' € K, k # k/, vy, v,, v/, Wy, Wy, w' in H with v; orthogonal to v,.

By using the Proposition 2.1.(2), we may assume that ||v;|| = ||v’|| = Mg, for every i € {1,2}. Then ||w;|| = ||w'|| = 1 for
every i € {1,2}.
Now proceeding as in the proof of [8, Proposition 5.1], the desired contradiction is achieved. O

6 | ON THE NUMBERS ¢§ > 0 WHICH DO NOT BELONG TO A

The main objective of this section is to establish four inequalities involving numbers § > 0 not belonging to A and the
respective vectors of H involved in Definition 5.1. These inequalities will play an important role in the next section where
we will show that the number 0.054208 belongs to A.

Proposition 6.1. Suppose that § € A and let u;, u,, W', wy, w,, W' in H satisfying the inequalities (a), (b) and (¢) of
Definition 5.1. Put z; = u; — w; /2, fori € {1,2}and 2’ = v’ — w’ /2. We have

(1) There exists A € {—1,1} such that |w; + Aw,|| > V4 — §2.
2) 20121 + 2||z;||> £ 8/2, foralli € {1,2}.
(3) 8||u||? + 4|lu; + Au,||?> < 4+ 28, forany A € {—1,1}.

@ WP < (82— 26 +4Va5 - 57) /3.
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(1) Note that by the inequalities (a) and (b) of Definition 5.1 we have
W' —=will < W = @ +u)ll + [lu" +u; —w;[| < V2436, (14)
and
W' +will < IW +uw —ull + || = (w —u) +w|| < V2 +6. (15)

@)

Since ||w'|| = w;|| = 1 by the parallelogram law we deduce from Equation (14) that v/2 — & < ||w’ + w;|| and from
Equation (15) that v/2 — § < ||w’ — w;||. Thus, again by the parallelogram law and by Proposition 3.2 we conclude

that
Wy +w,|| > V4 =62 or ||lw; —w,| > V4 — 82
Fix i € {1, 2}. It follows from (a) and (b) of Definition 5.1 that

lu' +u; —w;ll <M3/2 and [[u’ +u; —w'|| < M}/2.
So, by the parallelogram law
120" + 2u; — (W + w)I? + W = will> = 20’ + u; — wil|2 + 2]|0 +u; —w'||2 < M2,

that is,

I+ — (W' 4 w)/2]l < /M~ Iw, = w|2/2.
Next, according to (a) and (b) of Definition 5.1, we also have
lu" —u; +w;[l <M32/2 and [u' —u; —w'|| < M3/2.
Then, again by the parallelogram law
20 = 2u; + (W; = WHII? + W+ w;ll> = 2[[u" — u; + w;]|> + 2[[u’ —u; — w'||> < M3,

that is,

o’ = = (W' = w)/2ll < /M~ lw; +w!|2/2.
Finally, once again by the parallelogram law together with (16) and (17) we have
201Z'117 + 201z 1* = 112" + zilI* + 112" = ziI?
= v +u; = W +w) /2017 + v —u; = (W —wy)/2]1?
< (M2 — ;=W 12)/4 + (M2 = [[w; + W' 7)/4
= M3/2 = (Ilw; = W'|I> = [[w; + W'||*) /4
= M2/2 - QlIwiII2 + 21w'|[2)/4

=(2+8)/2-1=6/2.

(16)

a7)
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(3) By the parallelogram law
12V20 |2 + [12(u; + Aup)l2 = 2[[V20" + (uy + 2w + 211V20 — (ug + Awy)|%.

So, according to (c) of Definition 5.1 we deduce

2
2+6
8||u’||2+4||u1+/1u2||2§4( ( er )> =4+ 26.

(4) According to Proposition 6.1.(1) fix A € {—1, 1} such that

4 — 52 Wy + AWZ
< . 18
From the triangular inequality, it is easy to see that
Wi + Aw, w w.
‘% S‘Tl—ul +H72—U2 +||u1 +/11.12” (19)

On the other hand, by Proposition 6.1.(2) we know that 2||z;||> < §/2, for all i € {1,2}. Hence by Equations (18) and
(19) we infer

<2\/5

-2

+ [lug + 2wl

Va-¢8 _ le + AW,
= 2

2

that is,

4-62
lluy + 2wy > ~—— - Ve.

Therefore, by Proposition 6.1.(3)

2
— 52
8|[w |12 + 4(—”425 - \/5) <4+ 26,

that is,

_s2
8IIu’||254+25—4<4 45 +5—\/45—53>=52—25+4\/45—53,

and we are done. O

7 | AN AUXILIAR CONTINUOUS FUNCTION g

Before finishing the proof of Theorem 1.1 in the next section, it is convenient to introduce the function g mentioned in the
following lemma.

Lemma 7.1. Consider the continuous function g : [1,15] — R given by

2 _ —
g(x) = %-%("x 2) +%\/(45—53)<"x 1).
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Then,

(a) g(x)>0forallx € [1,15].
(b) g(x)<1/4forall x € [1,15].

Proof.

(a) Computing the derivative of the function g on the half-open interval (1, 15] we get

ey L9 .1 — 3 X
g =S5 +7VE-/1=3 |
L 45 - 83
x 452 )

53
% < 18.5.

So, g’(x) > 0if and only if
and this inequality is true because

Therefore, the continuous functions g is strictly increasing on (1, 15] and satisfies g(x) > 0 because

2

) )
g(l)—§+z>0

(b) Put h(x) = 1/4 — g(x) and notice that the derivative of h is equal to —g’(x) for all x € (1,15]. Hence, h is strictly
decreasing on [1,15] and calculating the value of & at 15 we see that h(15) > 0.03. This implies that h(x) > 0 for all
x € [1,15], and thus we are done. O

8 | COMPLETING THE PROOF OF THE MAIN THEOREM

The goal in this section is to complete the proof of Theorem 1.1. Thanks to Propositions 2.2 and 5.2, it suffices to show
that the number 0.054208 belongs to A. So, throughout this section § = 0.054208. Arguing by contradiction, assume that
§ € Aand fix uy, u,, u’, wy, w,, w' in H satisfying the inequalities (a), (b), and (c) of Definition 5.1. Put z; = u; — w; /2, for
i €{1,2}and z’ = u’ —w’ /2. We will establish some properties of the vector z’ and the desired contradiction will appear
in Proposition 8.5, see Remark 8.6.

Proposition 8.1. A following inequality is true

é
— 4 / 2_
s < llz"|l

Proof. Assume on the contrary that 4||z’||> < §/15. Then

)
= [lu =2l < I+ 121 < 'l + 4/ -

1 ||w
27| 2 60

Consequently,

2
1_./8 e
(2 60) <l (20)
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Thus, since § = 0.054028, it follows from Equation (20) that 0.2208 < [|u’ |I?, which is a contradiction, because by
Proposition 6.1.(3)

< 0.2196.

6% — 26 + 41/45 — 53
8

'] <

O

Next, we will introduce a convenient function G and establish in Propositions 8.2 and 8.3 two properties of it that will
be fundamental in the proof of Proposition 8.4. Observe that Lemma 7.1 (a) allows us to define G : [1,15] — R by putting:

2

1 62 &(x-2 1 x—1
oco=43-\53(*3 >+5\/(45_53)< )| (ZD

Proposition 8.2. Suppose that §/x < 4||z'||? for some 1 < x < 15. Then

G(x) < 4||Z'|).

Proof. By Proposition 6.1.(1) we know that 2||Z’||? + ||z;||* < §/2, forall 1 € {1, 2}. So, as a consequence of our hypothesis,
we have

(%)

é
— 42|z < =,
— + 2|z <

llz:l < \/ﬁ-

Fix 4 as in Proposition 6.1.(1). So, having in mind the inequality (19), we have

V4 — 52 [6(x—1
— <2 Z<T> + |lu; + Au,||,

e e

X

\)

that is,

that is,

llu; + Auy|l >

Then, by Proposition 6.1.(2)
2

8lIu'|12 + 4 ) <4128,

V4-¢62 5<x—1
2 b

Thus,

4 —
8|V |2 <4+25 -4

52 x—1 x—1
Zs(152) - Ju-o ()|
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that is,

8w’ ||? < &2 —5<2xx_4> +4\/(45—53)<x;1>.

Consequently,
602 6(x-2 1 x—1
’ o2 2 _ 583
o'l < 4| 5 4< . >+2\/(45 6)( . )

and since

Lo < =2 < i+ i)

2 2 - ’
we deduce

1 52 S(x—-2 1 x—1 ’
-\ G- (5 )+5\/(45_53)< =)< .

Now, note that according to Lemma 7.1 (b) the first member of the above inequality is positive for all 1 < x < 15. So, by
the definition of G in Equations (21) and (22) we have G(x) < 4|z’ ||%. O

It is worth mentioning here that the hardest part of the proposition below was figuring out its statement involving the
number 0.0001. This was done using a computer program.

Proposition 8.3. Forall1 < x < 15, we have

ﬁ < G(x),
where the function G is defined in Equation (21).
Proof. Consider the continuous function D : [1,15] given by
D(x) = G(x) — L
x — 0.0001

Once again by using to the classic GeoGebra application package, we deduce that D has no real roots and since

2
1 62 6 o)
D“)—“(z‘ §+z> ~ 09999 >

we conclude that D(x) > 0 for1 < x < 15. O

Proposition 8.4. Foralln € N, n < 140,001, we have

2
15 —o0o0001n <A1
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Proof. The proof will be made by induction on n. By Proposition 8.1, the statement of this proposition holds when n = 0.
Assume the statement of the proposition holds for n < 140, 000, that is:

d

2
500001 n <A1 (23)

Since 1 < 15 — 0.0001 n < 15, it follows from Equation (23) and Propositions 8.2 with x = 15 — 0.0001 n, that
G(15 —0.0001 n) < 4||Z'||%. (24)

Moreover, by Equation (23) and Proposition 8.3 with x = (15 — 0.0001 n), we see that

o

< G(15 — 0.0001 n). 25
(15 — 0.0001 1) — 0.0001 ( ) 25)

Now, joining this inequality with that of Equation (24) we obtain

s
15— 0.0001 (n + 1)

< G(15-0.0001 n) < 4||Z’|1%,

and the proposition is proved. O
Proposition 8.5. The following inequality holds
5 < 4||Z'|2.

Proof. 1t suffices to observe that by Proposition 8.4 with n = 140001 we have

5
— < 4||7Z'|.
0.9999 = 417l

Remark 8.6. Proposition 8.5 contradicts Proposition 6.1.(1), because it follows from it that 4||z’||* < &.

9 | FINAL REMARKS ON THE SET A

Remark 9.1. We do not know if 0.054209 belongs to A. However, we point out that although the statements of Proposi-
tions 8.1 and 8.2 remain true when we replace 0.054208 by 0.054209, the statement of Proposition 8.4 for the correspondent
function G associated with 0.054209 does not hold, even replacing 0.0001 by any positive number. To show this, it suffices
to observe that if

.0542
M < G(4.1999), (26)

for some ¢ > 0, then ¢ > 4.1999. Indeed, in the case where § = 0.054209, the calculation of G(4.1999) shows that
G(4.1999) < 0.12907. Therefore, if ¢ > 0 satisfies the inequality (26), then

M < 0.12907.

Consequently, 4.19996 < c.

Remark 9.2. By using the method developed in this work, the number of digits in 0.054208 can be increased in such a way
that the statements of the results obtained still remain true. For example, if we replace the number 0.0001 with 0.00001
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in the statement of Proposition 8.3 and the number 140,001 with 1400, 001 in the statement of Proposition 8.4, we can
replace the number 0.054208 with 0.0542085 throughout the rest of the paper. So, 0.0542085 also belongs to A.

Remark 9.3. There is a number close to 0.054208 that do not belong to A. Indeed, let § = 34 — 244/2 the smallest root of
p(x) = x*> — 68x + 4. Then, & is approximately 0.058874 and we will show that it does not belong to A. Put

2496

5

| =
)
FN

and take w’ = (1,0),u’ = (a,0),w; = w, = (0,1)and u; = u, = (0, a). First of all notice that a> — a = (§ — 2)/8. Then,
(a) Foreachi € {1,2}, we have

W+ -w)lI’=a’+(a—-1%=2a*>-2a+1=(2+6)/4

(b) Foreachi € {1,2}, we have

Iy £ —wHI?=a’?+(a—-17>=Q2+98)/4

(c) Foreach 4,6 € {1, 2}, we have
lAu; + Ous|l < [lug|l + [|uzll = 2a.

Consequently, putting D = || \/Eu’ + Au; + 6u,||?, it follows that

2+8  [2+56
8 8

ENT

D < [IV2u'|I? + [|Au; + 6u,|? < 602 = 6(

)

=6<%—3\/_— %—3\5):6%—3\5— < —\/§>2

N W

=6<2—3\/_— (é—\/i>> —6(3—2v2) = 2X9
2 2 2
Therefore, in view of (a), (b), and (c), we see that § € A.

ORCID
Elo6i Medina Galego (» https://orcid.org/0000-0002-1117-3869

REFERENCES

[1] D. Amir, On isomorphisms of continuous function spaces, Israel J. Math. 3 (1965), 205-210.

[2] E.Behrends, Isomorphic Banach—-Stone theorems and isomorphisms which are close to isometries, Pacific J. Math. 133 (1988), no. 2, 229-250.

[3] M. Cambern, On isomorphisms with small bound, Proc. Amer. Math. Soc. 18 (1967), 1062-1066.

[4] M. Cambern, Isomorphisms of spaces of continuous vector-valued functions, Illinois J. Math. 20 (1976), 1-11.

[5] F.C.Cidral, E. M. Galego, and M. A. Rincon-Villamizar, Optimal extensions of the Banach—-Stone theorem, J. Math. Anal. Appl. 430 (2015),
no. 1, 193-204.

[6] H. B. Cohen, A bound-two isomorphism between C(X) Banach spaces, Proc. Amer. Math. Soc. 50 (1975), 215-217.

[7] E. M. Galego and A. L. P. da Silva, A nonlinear optimal extension of the Banach -Stone theorem, J. Funct. Anal. 271 (2016), 2166-2176.

[8] E.M. Galego and A. L. P. da Silva, Vector-valued Banach—-Stone theorem with distortion \/5, Pacific J. Math. 290 (2017), 321-332.

[9] E.M. Galego and A. L. P. da Silva, Isomorphisms of Cy(K, X) spaces with large distortion, Math. Nachr. 292 (2019), no. 5, 996-1007.

85U8017 SUOWWOD 8AIe.D 3(gedldde ayy Aq pausenob ale se[ole YO ‘8sn JO s3I 10) AIq1T 8UIUO 8|1 UO (SUO N IPUOD-PUe-SWLBIW0D" A8 1M Ae.q U JUO//:Sdny) SUONIPUOD pue swe | 8y 88S *[7202/60/TT] Uo ARiqiTauliuo A8|Im ‘|1zelg - Ojned Ces Jo AluN Aq TZE00£Z0Z BUeW/Z00T 0T/I0P/LI00"A8 | IM A elq 1[puljuo//Sdny Woiy pepeojumod ‘G ‘v202 ‘919222ST


https://orcid.org/0000-0002-1117-3869
https://orcid.org/0000-0002-1117-3869

GALEGO MATHEMATISCHE 1959

NACHRICHTEN J—

[10] E.M. Galego and A. L. P. da Silva, A solution to the Cambern problem for finite-dimensional Hilbert spaces, Israel J. Math. 231 (2019), no. 1,
419-436.

How to cite this article: E. M. Galego, The strongest Banach—-Stone theorem for Cy(K, € %) spaces, Math. Nachr.
297 (2024), 1945-1959. https://doi.org/10.1002/mana.202300321

25UBD117 SUOLLLLOD @AITERID 2 (o1 e 2} AQ PaUIRAOB 812 S3DILR YO 88N JO S9N 10} AIRIGIT8UIIUO ABIM UO (SUDIIPLOD-PUE-SUWLBYALIOD' A3 1 ARRAc] U1 UO//'Sc) SUOIPUOD) PUB SULR L 3 885 *[r202/60/TT] U0 A1 8UIIUO AB[IM ‘|1Z218 - Oied 0eS Jo AluN AQ TZE00EZ02 BURLL/Z00T OT/10P/LI0D" B |1 ARG 1PUIUO//SAY LI POpeOIUMOQ 'S *¥Z02 '9T9ZZZST


https://doi.org/10.1002/mana.202300321

	The strongest Banach-Stone theorem for spaces
	Abstract
	1 | INTRODUCTION
	2 | SPECIAL SETS ASSOCIATED WITH LINEAR ISOMORPHISMS BETWEEN SPACES
	3 | ON THE CARDINALITY OF THE SUBSETS 
	4 | ON THE SUBSETS WHICH ARE NOT SINGLETON SETS
	5 | A SUFFICIENT CONDITION ON FOR TO BE A SINGLETON SET
	6 | ON THE NUMBERS WHICH DO NOT BELONG TO 
	7 | AN AUXILIAR CONTINUOUS FUNCTION 
	8 | COMPLETING THE PROOF OF THE MAIN THEOREM
	9 | FINAL REMARKS ON THE SET 
	ORCID
	REFERENCES


