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Abstract
As usual denote by 𝓁2

2
the real two-dimensional Hilbert space. We prove that if𝐾

and 𝑆 are locally compact Hausdorff spaces and 𝑇 is a linear isomorphism from
𝐶0(𝐾, 𝓁

2
2
) onto 𝐶0(𝑆, 𝓁

2
2
) satisfying

‖𝑇‖ ‖𝑇−1‖ ≤
√
2.054208,

then 𝐾 and 𝑆 are homeomorphic.
This theorem is the strongest of all the other vector-valued Banach–Stone the-
orems known so far in the sense that in none of them the distortion of the
isomorphism 𝑇, denoted by ‖𝑇‖ ‖𝑇−1‖, is as large as√2.054208.
Some remarks on the proofmethod developed here to prove our theorem suggest
the conjecture that it is in fact very close to the optimal Banach–Stone theorem
for 𝐶0(𝐾, 𝓁

2
2
) spaces, or in more precise words, the exact value of the Banach–

Stone constant of 𝓁2
2
is between

√
2.054208 and

√
2.054209.
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1 INTRODUCTION

Let 𝑋 be a Banach space and 𝐾 be a locally compact Hausdorff space. The space 𝐶0(𝐾, 𝑋)will stand for the Banach space
of all continuous𝑋-valued functions on𝐾 which vanish at infinity, equipped with the sup norm.We denote by𝐊 the field
of real numbers 𝐑 or complex numbers 𝐂.
Recall that the Banach space𝑋 has the isomorphic Banach–Stone property (in short, IBSP) [2] if there exists 𝜆 > 1 such

that for all locally compact Hausdorff spaces 𝐾 and 𝑆 and linear isomorphisms 𝑇 from 𝐶0(𝐾, 𝑋) onto 𝐶0(𝑆, 𝑋) satisfying‖𝑇‖ ‖𝑇−1‖ < 𝜆, we have that 𝐾 and 𝑆 are homeomorphic.
The Banach–Stone constant of a Banach space 𝑋 having IBSP (in short, BS(𝑋)) is the largest 𝜆 > 1 satisfying the above

statement [5, Definition 2.1].
Amir [1] andCambern [3] showed that BS(𝐊) ≥ 2. Later on, Cohen [6] proved that BS(𝐊) ≤ 2. Consequently, BS(𝐊) = 2.
It is well-known that the number 2 is an upper bound for the Banach–Stone constants, that is, BS(𝑋) ≤ 2 for every

Banach space 𝑋 having IBSP [5, p. 195]. However, the hard work lies in finding lower bounds for the Banach–Stone
constants BS(𝑋) when the dimension of 𝑋 is greater than or equal to 2. This happens even for the simplest space 𝐑2

when equipped with any norm that makes it complete. In particular, it is still an open problem to know the exact value
of BS(𝓁2

2
).
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In fact, we know very little about BS(𝓁2
2
). More specifically in 1976 [4, Main theorem] it was proved that BS(𝓁2

2
) ≥

√
2.

But it was only in 2019 [10, Theorem 1.2] that it was shown that

BS(𝓁2
2
) ≥

√
2 + 𝛿, (1)

where 𝛿 is approximately 0.02343.
Therefore, in search of an optimal Banach–Stone theorem for 𝐶0(𝐾, 𝓁

2
2
) spaces, it is natural to ask whether the number

𝛿 mentioned in Equation (1) can be increased. The main aim of this work is to give a positive answer to this question by
proving that

BS(𝓁2
2
) >

√
2.054208.

This lower bound for the Banach–Stone constant of 𝓁2
2
follows from Remark 9.2 on the proof of our main result, which is

the following theorem.

Theorem 1.1. Let 𝐾 and 𝑆 be locally compact Hausdorff spaces and 𝐿 a linear isomorphism from 𝐶0(𝐾, 𝓁
2
2
) onto 𝐶0(𝑆, 𝓁

2
2
)

satisfying

‖𝐿‖ ‖𝐿−1‖ ≤
√
2.054208,

then 𝐾 and 𝑆 are homeomorphic.

The above theorem establishes the Banach–Stone theorem for 𝐶0(𝐾, 𝑋) spaces, with dimension of 𝑋 greater than or
equal to 2, which is obtained through of linear isomorphisms 𝐿 with the highest distortion ‖𝐿‖ ‖𝐿−1‖ known so far, see
[5, 9, 10]. Moreover, our method of proving Theorem 1.1 does not work if we change the digit 8 to 9 in the statement of
Theorem 1.1, see Remark 9.1. On the other hand, as mentioned in Remark 9.2, it is possible to increase the number of
digits of the decimal part of 2.054208 in such a way that the statement of Theorem 1.1 still holds. This raises the following
conjecture about the exact value of BS(𝓁2

2
).

Conjecture 1.2.
√
2.054208 < 𝐵𝑆(𝓁2

2
) ≤

√
2.054209.

The proof of Theorem 1.1 is based on a deeper understanding of the properties of some special subsets of locally compact
spaces 𝐾 introduced in [7] in the study of the geometry of 𝐶0(𝐾, 𝑋) spaces, where 𝑋 = 𝐑. These special sets were studied
in more detail in [10] in the case where 𝑋 is a finite-dimensional Hilbert space.
In this paper, we will provide new properties of these special sets when 𝑋 = 𝓁2

2
. Interestingly, one of the properties

of 𝓁2
2
that will play an essential role in the proof of Theorem 1.1 is not valid for the real Hilbert spaces 𝓁𝑛

2
, 𝑛 ≥ 3, see

Proposition 3.2 and Remark 3.4. In particular, the problem of whether it is also possible to increase the lower bound of
𝐵𝑆(𝓁3

2
) obtained in [10], which is approximately

√
2.00672, still remains open.

To simplify the notation, from now on the space 𝓁2
2
will be denoted by𝐻 and 𝑆𝐻 will denote the unit sphere of it.

2 SPECIAL SETS ASSOCIATEDWITH LINEAR ISOMORPHISMS BETWEEN 𝑪𝟎(𝑲,𝑯)
SPACES

Fix 0 < 𝛿 < 1 and let 𝐾 and 𝑆 be locally compact Hausdorff spaces and 𝐿 be a linear isomorphism from 𝐶0(𝐾,𝐻) onto
𝐶0(𝑆,𝐻) satisfying

‖𝐿‖ ‖𝐿−1‖ ≤
√
2 + 𝛿, (2)

In a recent study of thesemaps [7], it was introduced some classes of subsets Γw(𝑘, v) and Γv(𝑠, w) of 𝑆 and𝐾, respectively,
where 𝑘 ∈ 𝐾, 𝑠 ∈ 𝑆 and v and w are suitable elements of 𝐑. As in [8] we are going to work with these sets for v,w ∈ 𝐻
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GALEGO 1947

instead of 𝐑. In order to prove Theorem 1.1, we will need to state some new properties of these sets. So, in this short
preliminary section we will remember some definitions and results already adapted to the context of Theorem 1.1.
Before anything note that if 𝐿 is a linear isomorphism satisfying the hypothesis of Equation (2) and putting 𝑇 = 𝐿‖𝐿−1‖

and𝑀𝛿 =
4
√
2 + 𝛿, then, for every 𝑓 ∈ 𝐶0(𝐾,𝐻),

‖𝑓‖
𝑀𝛿

≤ ‖𝑇(𝑓)‖ ≤ 𝑀𝛿 ‖𝑓‖, (3)

Thus, henceforward, 𝐾 and 𝑆 are locally compact spaces, 𝑀𝛿 =
4
√
2 + 𝛿, with 0 < 𝛿 < 1, 𝑇 is a linear isomorphism of

𝐶0(𝐾,𝐻) onto 𝐶0(𝑆,𝐻) satisfying Equation (3). Thus, our main task in this work is to show that when 𝛿 = 0.054208 the
inequalities (3) imply that 𝐾 and 𝑆 are homeomorphic and therefore Theorem 1.1 will be proved.
Let 𝑘 ∈ 𝐾, 𝑓 ∈ 𝐶0(𝐾,𝐻), and v ∈ 𝐻. Following [7, Definition 2.2] we set

𝜔(𝑘, 𝑓, v) = max{‖𝑓‖, ‖𝑓(𝑘) − v‖}.
Moreover, if v and w ∈ 𝐻 with v ≠ 0 satisfies ‖w‖ = ‖v‖∕𝑀𝛿, following [7, Definition 3.1], we also set

Γw(𝑘, v) = {𝑠 ∈ 𝑆 ∶ ‖𝑇𝑓(𝑠) − w‖ ≤ 𝑀𝛿 𝜔(𝑘, 𝑓, v), ∀𝑓 ∈ 𝐶0(𝐾,𝐻)}.

Analogously, for 𝑠 ∈ 𝑆, w and v ∈ 𝐻 with w ≠ 0 and ‖v‖ = ‖w‖∕𝑀𝛿, we set

Γv(𝑠, w) =
{
𝑘 ∈ 𝐾 ∶ ‖𝑇−1𝑔(𝑘) − v‖ ≤ 𝑀𝛿 𝜔(𝑠, 𝑔, w), ∀𝑔 ∈ 𝐶0(𝑆,𝐻)

}
.

Let us summarize the results concerning these sets which will be used in this paper. The proof of Proposition 2.1 is quite
similar to that of [8, Proposition 2.1].

Proposition 2.1. Let 𝑘 ∈ 𝐾.

(1) If v ∈ 𝐻 and v ≠ 0 then there is w ∈ 𝐻 with Γw(𝑘, v) ≠ ∅.
(2) Let v,w ∈ 𝐻. Then for all 𝑡 ≠ 0, we have Γw(𝑘, v) = Γ𝑡w(𝑘, 𝑡v).
(3) If 𝑠 ∈ Γw(𝑘, v) and Γz(𝑠, w) ≠ ∅ for some v,w, z ∈ 𝐻 then Γz(𝑠, w) = {𝑘}.
(4) If 𝑠 ∈ Γw(𝑘, v) for some v,w ∈ 𝐻 then there is z ∈ 𝐻 with Γz(𝑠, w) = {𝑘}.

Denote by (𝐾) and (𝑆) the power set of 𝐾 and 𝑆 respectively. Following [8, Section 4] we define two functions
Φ𝛿 ∶ 𝐾 → (𝑆) and Ψ𝛿 ∶ 𝑆 → (𝐾) given by

Φ𝛿(𝑘) = ∪{Γw(𝑘, v) ∶ v ≠ 0 and ‖w‖ = ‖v‖∕𝑀𝛿}, (4)

and

Ψ𝛿(𝑠) = ∪{Γv(𝑠, w) ∶ w ≠ 0 and ‖v‖ = ‖w‖∕𝑀𝛿}. (5)

Proposition 2.2. Suppose that Φ𝛿(𝑘) and Ψ𝛿(𝑠) are singleton sets for every 𝑘 ∈ 𝐾 and 𝑠 ∈ 𝑆. Then, 𝐾 and 𝑆

are homeomorphic.

Proof. Since Φ𝛿(𝑘) and Ψ𝛿(𝑠) are singleton sets, we can define two functions 𝜑 ∶ 𝐾 → 𝑆 and 𝜓 ∶ 𝑆 → 𝐾 by

Φ𝛿(𝑘) = {𝜑(𝑘)} and Ψ𝛿(𝑠) = {𝜓(𝑠)}.

Thus, it suffices to prove that 𝜑 and 𝜓 are continuous and 𝜓 = 𝜑−1. The proof of these facts is direct and follows step by
step that of [8, Proposition 6.1], see also [10, Section 8]. □
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1948 GALEGO

Lastly, note that Equation (3) implies that ‖𝑓‖∕𝑀𝛿 ≤ ‖𝑇−1(𝑓)‖ ≤ 𝑀𝛿‖𝑓‖, for any 𝑓 ∈ 𝐶0(𝑆,𝐻). So, for any result on
Γw(𝑘, v) or Φ𝛿(𝑘), a similar result holds for Γv(𝑠, w) or Ψ𝛿(𝑠), respectively. We will use the same result label to refer to
either case.

3 ON THE CARDINALITY OF THE SUBSETS 𝚽𝜹(𝒌)

The main aim of this section is to prove that Φ𝛿(𝑘) has at most two elements, for any 𝑘 ∈ 𝐾, see Proposition 3.3. Before
that we will establish two auxiliary results Propositions 3.1 and 3.2. For each v ∈ 𝐻, v ≠ 0, we will denote v̂ = v∕‖v‖.
Proposition 3.1. Suppose 𝑠 ∈ Γw(𝑘, v) ∩ Γw′(𝑘′, v′) for some v, v′, w,w′ ∈ 𝐻, with 𝑘 ≠ 𝑘′. Then√

2 − 𝛿 ≤ ‖ŵ ± ŵ′‖ ≤
√
2 + 𝛿.

Proof. Note that by Proposition 2.1.(2) we may assume that ‖v‖ = ‖v′‖. Put ‖v‖ = 𝑐. According to the Urysohn’s lemma,
we can fix 𝑓 ∈ 𝐶0(𝐾,𝐻) such that

‖𝑓‖ = 𝑐∕2, 𝑓(𝑘) = v∕2 and 𝑓(𝑘′) = v′∕2.

It is easy to see that 𝜔(𝑘, 𝑓, v) = 𝜔(𝑘′, 𝑓, v′) = 𝑐∕2, and since 𝑠 ∈ Γw(𝑘, v) ∩ Γw′(𝑘′, v′), we have

‖𝑇𝑓(𝑠) − w‖ ≤ 𝑐𝑀𝛿∕2 and ‖𝑇𝑓(𝑠) − w′‖ ≤ 𝑐𝑀𝛿∕2. (6)

By Equation (6), ‖w −w′‖ ≤ 𝑐𝑀𝛿 and since ‖w‖ = ‖w′‖ = 𝑐∕𝑀𝛿 and 𝑀2
𝛿
=
√
2 + 𝛿, we obtain ‖ŵ − ŵ′‖ ≤ 𝑀2

𝛿
=√

2 + 𝛿. Now, by the parallelogram law we know that

4 = ‖ŵ + ŵ′‖2 + ‖ŵ − ŵ′‖2 ≤ ‖ŵ + ŵ′‖2 + 2 + 𝛿,

consequently ‖ŵ + ŵ′‖ ≥
√
2 − 𝛿.

On the other hand, according to Proposition 2.1.(2) 𝑠 ∈ Γw(𝑘, v) ∩ Γ−w′(𝑘′, −v′).
Hence, by repeating the argument replacing v′ and w′ by −v′ and −w′, respectively, we deduce ‖ŵ + ŵ′‖ ≤

√
2 + 𝛿,

and again by the parallelogram law we conclude that ‖ŵ − ŵ′‖ ≥
√
2 − 𝛿. So, we are done. □

Proposition 3.2. Let w1, w2, and w′ in 𝑆𝐻 satisfying√
2 − 𝛿 ≤ ‖w𝑖 ± w′‖ ≤

√
2 + 𝛿, ∀𝑖 ∈ {1, 2},

then ‖w1 − w2‖ ≤ 𝛿 or ‖w1 + w2‖ ≤ 𝛿.

Proof. Initially fix four vectors u1, u2, u3, and u4 in 𝑆𝐻 as follows. Counterclockwise u1 and u2 are such that

‖w′ − 𝑢1‖ =
√
2 − 𝛿 and ‖w′ − u2‖ =

√
2 + 𝛿,

and clockwise u3 and u4 are such that

‖w′ − u3‖ =
√
2 − 𝛿 and ‖w′ − u4‖ =

√
2 + 𝛿.

Now, note that, by our hypotheses each of thew𝑖 , 𝑖 ∈ {1, 2}, is contained either in the arc or in the arc of the circumference
𝑆𝐻 .
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GALEGO 1949

Next, by a convenient rotation of 𝑆𝐻 , we can assume that w′ = 𝑒1 = (1, 0). Let 𝛼 and 𝛽 be such that u1 = (𝑐𝑜𝑠𝛼, 𝑠𝑒𝑛𝛼)

and u2 = (𝑐𝑜𝑠𝛽, 𝑠𝑒𝑛𝛽). Since

‖𝑒1 − u1‖ =
√
(1 − 𝑐𝑜𝑠𝛼)2 + 𝑠𝑒𝑛2𝛼 =

√
2 − 𝛿,

it follows that 2𝑐𝑜𝑠𝛼 = 𝛿. Moreover, since

‖𝑒1 − u2‖ =
√
(1 − 𝑐𝑜𝑠𝛽)2 + 𝑠𝑒𝑛2𝛽 =

√
2 + 𝛿,

we see that −2𝑐𝑜𝑠𝛽 = 𝛿. Consequently 𝑐𝑜𝑠𝛽 = −𝑐𝑜𝑠𝛼. Noting that u2 is in the second quadrant of 𝑆𝐻 , we deduce that
𝑠𝑒𝑛𝛽 = 𝑠𝑒𝑛𝛼. Therefore, u2 = (−𝑐𝑜𝑠𝛼, 𝑠𝑒𝑛𝛼). Then, ‖u1 − u2‖ = 2𝑐𝑜𝑠𝛼 = 𝛿.
Proceeding in the same way with u3 and u4 we conclude that ‖u3 − u4‖ = 𝛿.
To finish the proof of the proposition, observe that if and , then

‖w1 − w2‖ ≤ ‖u1 − u2‖ ≤ 𝛿.

Moreover, in the case where and , then and thus

‖w1 − (−w2)‖ ≤ ‖u1 − u2‖ ≤ 𝛿.

The other possible locations of w1 and w2 are considered analogously. □

Proposition 3.3. The cardinality of Φ𝛿(𝑘) is at most 2, for every 𝑘 ∈ 𝐾.

Proof. Suppose 𝑠1, 𝑠2, and 𝑠3 are three distinct elements ofΦ𝛿(𝑘). By the definition ofΦ𝛿(𝑘) in Equation (4), 𝑠𝑖 ∈ Γw𝑖
(𝑘, v𝑖)

for some v𝑖 and w𝑖 in𝐻. Next, according to Proposition 2.1.(4) take z1, z2, and z3 in 𝐻 such that

𝑘 ∈ Γz1(𝑠1, w1) ∩ Γz2(𝑠2, w2) ∩ Γz3(𝑠3, w3). (7)

Hence applying Proposition 3.1 twice in Equation (7) we have√
2 − 𝛿 ≤ ‖ẑ1 ± ẑ2‖ ≤

√
2 + 𝛿 and

√
2 − 𝛿 ≤ ‖ẑ2 ± ẑ3‖ ≤

√
2 + 𝛿,

and by Proposition 3.2 we deduce that there exists 𝜆 ∈ {−1, 1} satisfying

‖ẑ1 + 𝜆ẑ3‖ ≤ 𝛿. (8)

But, by Equation (7) we know that 𝑘 ∈ Γz1(𝑠1, w1) ∩ Γz3(𝑠2, w3). Then, by Proposition 3.1,√
2 − 𝛿 ≤ ‖ẑ1 + 𝜆ẑ3‖. (9)

So, by Equations (8) and (9) we see that 2 − 𝛿 ≤ 𝛿2, that is, 𝛿 ≤ −2 or 𝛿 ≥ 1, absurd. □

Remark 3.4. The statement of Proposition 3.2 is not true whenwe exchange𝐻 for 𝓁𝑛
2
with 𝑛 ≥ 3. Indeed take the following

vectors from the canonical basis of 𝓁𝑛
2
: w1 = 𝑒1, w2 = 𝑒2 and w′ = 𝑒3. Thus,

‖w𝑖 ± w′‖ =
√
2, ∀𝑖 ∈ {1, 2}, but ‖w1 − w2‖ = ‖w1 + w2‖ =

√
2.

4 ON THE SUBSETS 𝚽𝜹(𝒌)WHICH ARE NOT SINGLETON SETS

In this section, we show that if Φ𝛿(𝑘) is not a singleton set, then either there are three convenient special sets Γw(𝑘, v)
with nonempty intersection or there are three convenient special sets Γv(𝑠, w) with nonempty intersection. This result
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1950 GALEGO

will be fundamental in the next section in order to obtain a sufficient condition on 𝛿 for Φ𝛿(𝑘) to be a singleton set, for
any 𝑘 ∈ 𝐾. More specifically, here we will prove:

Proposition 4.1. Let 𝑘 ∈ 𝐾 and suppose that Φ𝛿(𝑘) is not a singleton set. Then, one of the following two possibilities holds:

Γw1
(𝑘, v1) ∩ Γw2

(𝑘, v2) ∩ Γw3
(𝑘′, v3) ≠ ∅,

for some 𝑘′ ∈ 𝐾, 𝑘 ≠ 𝑘′, v1, v2, v3, w1, w2, w3 in𝐻 with v1 orthogonal to v2, or

Γv4(𝑠, w4) ∩ Γv5(𝑠, w5) ∩ Γv6(𝑠
′, w6) ≠ ∅,

for some 𝑠, 𝑠′ ∈ 𝑆, 𝑠 ≠ 𝑠′, v4, v5, v6,w4, w5, w6 in𝐻 with w4 orthogonal tow5.

Proof. Since Φ𝛿(𝑘) is not a singleton set, by Proposition 3.3 there are 𝑠 and 𝑠′ in 𝑆 with 𝑠 ≠ 𝑠′ such that Φ𝛿(𝑘) = {𝑠, 𝑠′}. Put

𝑉 = {v ∈ 𝑆𝐻 ∶ 𝑠 ∈ Γw(𝑘, v) for some w},

and

𝑉′ = {v ∈ 𝑆𝐻 ∶ 𝑠′ ∈ Γw(𝑘, v
′) for some w}.

According to Proposition 2.1.(1) we see that 𝑆𝐻 = 𝑉 ∪ 𝑉′. Moreover, 𝑉 and 𝑉′ are closed sets. Indeed, by symmetry, it is
enough to prove that 𝑉 is a closed set. Let (v𝑗)𝑗∈𝐍 be a sequence in 𝑉 such that v𝑗 → v. For each 𝑗, ∈ 𝐍 fix w𝑗 ∈ 𝐻 such
that

𝑠1 ∈ Γw𝑗
(𝑘, v𝑗). (10)

Since the sequence (w𝑗)𝑗∈𝐍 is bounded, it admit a subsequence convergent. Thus, we may assume thatw𝑗 → w, for some
w ∈ 𝐻. Given 𝑓 ∈ 𝐶0(𝐾,𝐻), by Equation (10) we deduce that

‖𝑇𝑓(𝑠1) − w𝑗‖ ≤ 𝑀𝛿 𝜔(𝑘, 𝑓, v𝑗), ∀ 𝑗 ∈ 𝐍,

and therefore

‖𝑇𝑓(𝑠1) − w‖ ≤ 𝑀𝛿 𝜔(𝑘, 𝑓, v).

That is, 𝑠1 ∈ Γw(𝑘, v). Consequently, v ∈ 𝑉 and we are done.
Therefore, since 𝑆𝐻 is connected, there is v1 ∈ 𝑉 ∩ 𝑉′. Fix v2 in 𝑆𝐻 orthogonal to v1. Hence, v2 belongs to 𝑉 or 𝑉′.

Without loss of generality, we can assume that v2 ∈ 𝑉. Thus,

𝑠 ∈ Γw1
(𝑘, v1) ∩ Γw2

(𝑘, v2), (11)

for some w1, w2 ∈ 𝐻. Next, we distinguish two cases:
Case 1: Ψ𝛿(𝑠) is not a singleton set. Then, there exits 𝑘′ ∈ Ψ𝛿(𝑠) with 𝑘′ ≠ 𝑘. By the definition of Ψ𝛿(𝑠) in Equation (5),

𝑘′ ∈ Γv3(𝑠, w) for some v3 and w in 𝐻. Now, by Proposition 2.1.(4), take w3 in 𝐻 such that Γw3
(𝑘′, v3) = {𝑠}. Then, by

Equation (11),

𝑠 ∈ Γw1
(𝑘, v1) ∩ Γw2

(𝑘, v2) ∩ Γw3
(𝑘′, v3),

and we are done.
Case 2: Ψ𝛿(𝑠) is a singleton set. In this case, according to Equation (11) we know that 𝑠 ∈ Γw1

(𝑘, v1). Now, by Proposi-
tions 2.1.(4) take z ∈ 𝐻 such that Γz(𝑠, w1) = {𝑘}. Thus, 𝑘 ∈ Ψ𝛿(𝑠) and consequently Ψ𝛿(𝑠) = {𝑘}. Next, pick {w4, w5} an
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GALEGO 1951

orthogonal basis of𝐻, and by Propositions 2.1.(1), {v4, v5} in𝐻 such that

𝑘 ∈ Γv4(𝑠, w4) ∩ Γv5(𝑠, w5). (12)

On the other hand, since 𝑠′ ∈ Φ𝛿(𝑘), it follows from the definition of Φ𝛿(𝑘) in Equation (4), that 𝑠′ ∈ Γw6
(𝑘, v) for some v

and w6 in𝐻. Now, by Proposition 2.1.(4), let v6 in𝐻 such that Γv6(𝑠
′, w6) = {𝑘}. Thus, according to Equation (12)

𝑘 ∈ Γv4(𝑠, w4) ∩ Γv5(𝑠, w5) ∩ Γv6(𝑠
′, w6),

and we are also done. □

5 A SUFFICIENT CONDITION ON 𝜹 FOR 𝚽𝜹(𝒌) TO BE A SINGLETON SET

In this section, we are going to introduce a subset𝐀 of𝐑 that will allow us, through Proposition 5.2, to obtain a condition
on 𝛿 for Φ𝛿(𝑘) be a singleton set.

Definition 5.1. Let𝐀 be the set of all 0 < 𝛿 < 1 such that does not there exist u1, u2, u′ in𝐻 andw1,w2,w′ in 𝑆𝐻 satisfying
all the inequalities below.

(a) ‖u′ ± (u𝑖 − w𝑖)‖ ≤ 𝑀2
𝛿
∕2, ∀𝑖 ∈ {1, 2};

(b) ‖u𝑖 ± (u′ − w′)‖ ≤ 𝑀2
𝛿
∕2, ∀𝑖 ∈ {1, 2};

(c) ‖√2u′ + 𝜆u1 + 𝜃u2‖ ≤ 𝑀2
𝛿
∕
√
2, ∀𝜆, 𝜃 ∈ {−1, 1}.

Proposition 5.2. If 𝛿 ∈ 𝐀 then Φ𝛿(𝑘) is a singleton set for any 𝑘 ∈ 𝐾.

Proof. Assume, by contradiction, thatΦ𝛿(𝑘) is not a singleton set for some 𝑘 ∈ 𝐾. Then, Proposition 4.1 states that there are
two possibilities. We will consider the first of these. The proof of using the second possibility is analogous and is obtained
by working with 𝑇−1 instead of 𝑇. Thus, suppose that there exists 𝑠 ∈ 𝑆 such that

𝑠 ∈ Γw1
(𝑘, v1) ∩ Γw2

(𝑘, v2) ∩ Γw′(𝑘′, v′), (13)

for some 𝑘′ ∈ 𝐾, 𝑘 ≠ 𝑘′, v1, v2, v′, w1, w2, w′ in𝐻 with v1 orthogonal to v2.
By using the Proposition 2.1.(2), we may assume that ‖v𝑖‖ = ‖v′‖ = 𝑀𝛿, for every 𝑖 ∈ {1, 2}. Then ‖w𝑖‖ = ‖w′‖ = 1 for

every 𝑖 ∈ {1, 2}.
Now proceeding as in the proof of [8, Proposition 5.1], the desired contradiction is achieved. □

6 ON THE NUMBERS 𝜹 > 𝟎WHICH DO NOT BELONG TO 𝐀

The main objective of this section is to establish four inequalities involving numbers 𝛿 > 0 not belonging to 𝐀 and the
respective vectors ofH involved in Definition 5.1. These inequalities will play an important role in the next section where
we will show that the number 0.054208 belongs to 𝐀.

Proposition 6.1. Suppose that 𝛿 ∉ 𝐀 and let u1, u2, u′, w1, w2, w′ in 𝐻 satisfying the inequalities (a), (b) and (c) of
Definition 5.1. Put z𝑖 = u𝑖 − w𝑖∕2, for 𝑖 ∈ {1, 2} and z′ = u′ − w′∕2. We have

(1) There exists 𝜆 ∈ {−1, 1} such that ‖w1 + 𝜆w2‖ ≥
√
4 − 𝛿2.

(2) 2‖z′‖2 + 2‖z𝑖‖2 ≤ 𝛿∕2, for all 𝑖 ∈ {1, 2}.
(3) 8‖u′‖2 + 4‖u1 + 𝜆u2‖2 ≤ 4 + 2𝛿, for any 𝜆 ∈ {−1, 1}.
(4) ‖u′‖2 ≤ (

𝛿2 − 2𝛿 + 4
√
4𝛿 − 𝛿3

)
∕8.
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1952 GALEGO

Proof.

(1) Note that by the inequalities (a) and (b) of Definition 5.1 we have

‖w′ − w𝑖‖ ≤ ‖w′ − (u′ + u𝑖)‖ + ‖u′ + u𝑖 − w𝑖‖ ≤
√
2 + 𝛿, (14)

and

‖w′ + w𝑖‖ ≤ ‖w′ + u𝑖 − u′‖ + ‖ − (u𝑖 − u′) + w𝑖‖ ≤
√
2 + 𝛿. (15)

Since ‖w′‖ = w𝑖‖ = 1 by the parallelogram law we deduce from Equation (14) that
√
2 − 𝛿 ≤ ‖w′ + w𝑖‖ and from

Equation (15) that
√
2 − 𝛿 ≤ ‖w′ − w𝑖‖. Thus, again by the parallelogram law and by Proposition 3.2 we conclude

that

‖w1 + w2‖ ≥

√
4 − 𝛿2 or ‖w1 − w2‖ ≥

√
4 − 𝛿2.

(2) Fix 𝑖 ∈ {1, 2}. It follows from (a) and (b) of Definition 5.1 that

‖u′ + u𝑖 − w𝑖‖ ≤ 𝑀2
𝛿
∕2 and ‖u′ + u𝑖 − w′‖ ≤ 𝑀2

𝛿
∕2.

So, by the parallelogram law

‖2u′ + 2u𝑖 − (w′ + w𝑖)‖2 + ‖w′ − w𝑖‖2 = 2‖u′ + u𝑖 − w𝑖‖2 + 2‖u′ + u𝑖 − w′‖2 ≤ 𝑀4
𝛿
,

that is,

‖u′ + u𝑖 − (w′ + w𝑖)∕2‖ ≤

√
𝑀4

𝛿
− ‖w𝑖 − w′‖2∕2. (16)

Next, according to (a) and (b) of Definition 5.1, we also have

‖u′ − u𝑖 + w𝑖‖ ≤ 𝑀2
𝛿
∕2 and ‖u′ − u𝑖 − w′‖ ≤ 𝑀2

𝛿
∕2.

Then, again by the parallelogram law

‖2u′ − 2u𝑖 + (w𝑖 − w′)‖2 + ‖w′ + w𝑖‖2 = 2‖u′ − u𝑖 + w𝑖‖2 + 2‖u′ − u𝑖 − w′‖2 ≤ 𝑀4
𝛿
,

that is,

‖u′ − u𝑖 − (w′ − w𝑖)∕2‖ ≤

√
𝑀4

𝛿
− ‖w𝑖 + w′‖2∕2. (17)

Finally, once again by the parallelogram law together with (16) and (17) we have

2‖z′‖2 + 2‖z𝑖‖2 = ‖z′ + z𝑖‖2 + ‖z′ − z𝑖‖2
= ‖u′ + u𝑖 − (w′ + w𝑖)∕2‖2 + ‖u′ − u𝑖 − (w′ − w𝑖)∕2‖2
≤ (𝑀4

𝛿
− ‖w𝑖 − w′‖2)∕4 + (𝑀4

𝛿
− ‖w𝑖 + w′‖2)∕4

= 𝑀4
𝛿
∕2 − (‖w𝑖 − w′‖2 − ‖w𝑖 + w′‖2)∕4

= 𝑀4
𝛿
∕2 − (2‖w𝑖‖2 + 2‖w′‖2)∕4

= (2 + 𝛿)∕2 − 1 = 𝛿∕2.
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GALEGO 1953

(3) By the parallelogram law

‖2√2u′‖2 + ‖2(u1 + 𝜆u2)‖2 = 2‖√2u′ + (u1 + 𝜆u2)‖2 + 2‖√2u′ − (u1 + 𝜆u2)‖2.
So, according to (c) of Definition 5.1 we deduce

8‖u′‖2 + 4‖u1 + 𝜆u2‖2 ≤ 4

(√
(2 + 𝛿)

2

)2

= 4 + 2𝛿.

(4) According to Proposition 6.1.(1) fix 𝜆 ∈ {−1, 1} such that√
4 − 𝛿2

2
≤
‖‖‖‖w1 + 𝜆w2

2

‖‖‖‖. (18)

From the triangular inequality, it is easy to see that

‖‖‖‖w1 + 𝜆w2

2

‖‖‖‖ ≤
‖‖‖‖w1

2
− u1

‖‖‖‖ + ‖‖‖‖w2

2
− u2

‖‖‖‖ + ‖u1 + 𝜆u2‖. (19)

On the other hand, by Proposition 6.1.(2) we know that 2‖z𝑖‖2 ≤ 𝛿∕2, for all 𝑖 ∈ {1, 2}. Hence by Equations (18) and
(19) we infer √

4 − 𝛿2

2
≤
‖‖‖‖w1 + 𝜆w2

2

‖‖‖‖ ≤
2
√
𝛿

2
+ ‖u1 + 𝜆u2‖,

that is,

‖u1 + 𝜆u2‖ ≥

√
4 − 𝛿2

2
−
√
𝛿.

Therefore, by Proposition 6.1.(3)

8‖u′‖2 + 4

(√
4 − 𝛿2

2
−
√
𝛿

)2

≤ 4 + 2𝛿,

that is,

8‖u′‖2 ≤ 4 + 2𝛿 − 4

(
4 − 𝛿2

4
+ 𝛿 −

√
4𝛿 − 𝛿3

)
= 𝛿2 − 2𝛿 + 4

√
4𝛿 − 𝛿3,

and we are done. □

7 AN AUXILIAR CONTINUOUS FUNCTION 𝒈

Before finishing the proof of Theorem 1.1 in the next section, it is convenient to introduce the function gmentioned in the
following lemma.

Lemma 7.1. Consider the continuous function 𝑔 ∶ [1, 15] → 𝐑 given by

𝑔(𝑥) =
𝛿2

8
−

𝛿

4

(
𝑥 − 2

𝑥

)
+

1

2

√
(4𝛿 − 𝛿3)

(
𝑥 − 1

𝑥

)
.
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1954 GALEGO

Then,

(a) 𝑔(𝑥) > 0 for all 𝑥 ∈ [1, 15].
(b) 𝑔(𝑥) < 1∕4 for all 𝑥 ∈ [1, 15].

Proof.

(a) Computing the derivative of the function g on the half-open interval (1, 15] we get

𝑔′(𝑥) =
1

𝑥2

(
−
𝛿

2
+

1

4

√
(4𝛿 − 𝛿3)

√
𝑥

𝑥 − 1

)
.

So, 𝑔′(𝑥) > 0 if and only if

1

𝑥
> 1 −

(
4𝛿 − 𝛿3

4𝛿2

)
,

and this inequality is true because

4𝛿 − 𝛿3

4𝛿2
< 18.5.

Therefore, the continuous functions 𝑔 is strictly increasing on (1, 15] and satisfies 𝑔(𝑥) > 0 because

𝑔(1) =
𝛿2

8
+

𝛿

4
> 0.

(b) Put ℎ(𝑥) = 1∕4 − 𝑔(𝑥) and notice that the derivative of ℎ is equal to −𝑔′(𝑥) for all 𝑥 ∈ (1, 15]. Hence, ℎ is strictly
decreasing on [1, 15] and calculating the value of ℎ at 15 we see that ℎ(15) > 0.03. This implies that ℎ(𝑥) > 0 for all
𝑥 ∈ [1, 15], and thus we are done. □

8 COMPLETING THE PROOF OF THEMAIN THEOREM

The goal in this section is to complete the proof of Theorem 1.1. Thanks to Propositions 2.2 and 5.2, it suffices to show
that the number 0.054208 belongs to 𝐀. So, throughout this section 𝛿 = 0.054208. Arguing by contradiction, assume that
𝛿 ∉ 𝐀 and fix u1, u2, u′,w1,w2,w′ in𝐻 satisfying the inequalities (a), (b), and (c) of Definition 5.1. Put z𝑖 = u𝑖 − w𝑖∕2, for
𝑖 ∈ {1, 2} and z′ = u′ − w′∕2. We will establish some properties of the vector z′ and the desired contradiction will appear
in Proposition 8.5, see Remark 8.6.

Proposition 8.1. A following inequality is true

𝛿

15
< 4‖z′‖2.

Proof. Assume on the contrary that 4‖z′‖2 ≤ 𝛿∕15. Then

1

2
=
‖‖‖‖w′

2

‖‖‖‖ = ‖u′ − z′‖ ≤ ‖u′‖ + ‖z′‖ ≤ ‖u′‖ +√
𝛿

60
.

Consequently,

(
1

2
−

√
𝛿

60

)2

≤ ‖u′‖2. (20)
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GALEGO 1955

Thus, since 𝛿 = 0.054028, it follows from Equation (20) that 0.2208 < ‖u′‖2, which is a contradiction, because by
Proposition 6.1.(3)

‖u′‖2 ≤ 𝛿2 − 2𝛿 + 4
√
4𝛿 − 𝛿3

8
< 0.2196.

□

Next, we will introduce a convenient function 𝐺 and establish in Propositions 8.2 and 8.3 two properties of it that will
be fundamental in the proof of Proposition 8.4. Observe that Lemma 7.1 (a) allows us to define𝐺 ∶ [1, 15] → 𝐑 by putting:

𝐺(𝑥) = 4

⎛⎜⎜⎜⎝
1

2
−

√√√√𝛿2

8
−

𝛿

4

(
𝑥 − 2

𝑥

)
+

1

2

√
(4𝛿 − 𝛿3)

(
𝑥 − 1

𝑥

)⎞⎟⎟⎟⎠
2

. (21)

Proposition 8.2. Suppose that 𝛿∕𝑥 < 4‖z′‖2 for some 1 ≤ 𝑥 ≤ 15. Then

𝐺(𝑥) < 4‖z′‖2.
Proof. By Proposition 6.1.(1) we know that 2‖z′‖2 + ‖z𝑖‖2 ≤ 𝛿∕2, for all 1 ∈ {1, 2}. So, as a consequence of our hypothesis,
we have

𝛿

2𝑥
+ 2‖z𝑖‖2 ≤ 𝛿

2
,

that is,

‖z𝑖‖ <

√
𝛿

4

(
𝑥 − 1

𝑥

)
.

Fix 𝜆 as in Proposition 6.1.(1). So, having in mind the inequality (19), we have√
4 − 𝛿2

2
< 2

√
𝛿

4

(
𝑥 − 1

𝑥

)
+ ‖u1 + 𝜆u2‖,

that is,

‖u1 + 𝜆u2‖ >

√
4 − 𝛿2

2
−

√
𝛿

(
𝑥 − 1

𝑥

)
.

Then, by Proposition 6.1.(2)

8‖u′‖2 + 4
⎛⎜⎜⎝
√
4 − 𝛿2

2
−

√
𝛿

(
𝑥 − 1

𝑥

)⎞⎟⎟⎠
2

< 4 + 2𝛿,

Thus,

8‖u′‖2 < 4 + 2𝛿 − 4
⎛⎜⎜⎝
4 − 𝛿2

4
+ 𝛿

(
𝑥 − 1

𝑥

)
−

√
(4𝛿 − 𝛿3)

(
𝑥 − 1

𝑥

)⎞⎟⎟⎠,
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1956 GALEGO

that is,

8‖u′‖2 < 𝛿2 − 𝛿

(
2𝑥 − 4

𝑥

)
+ 4

√
(4𝛿 − 𝛿3)

(
𝑥 − 1

𝑥

)
.

Consequently,

‖u′‖ <

√√√√𝛿2

8
−

𝛿

4

(
𝑥 − 2

𝑥

)
+

1

2

√
(4𝛿 − 𝛿3)

(
𝑥 − 1

𝑥

)
,

and since

1

2
=
‖‖‖‖w′

2

‖‖‖‖ = ‖u′ − z′‖ ≤ ‖u′‖ + ‖z′‖,
we deduce

1

2
−

√√√√𝛿2

8
−

𝛿

4

(
𝑥 − 2

𝑥

)
+

1

2

√
(4𝛿 − 𝛿3)

(
𝑥 − 1

𝑥

)
< ‖z′‖. (22)

Now, note that according to Lemma 7.1 (b) the first member of the above inequality is positive for all 1 ≤ 𝑥 ≤ 15. So, by
the definition of 𝐺 in Equations (21) and (22) we have 𝐺(𝑥) < 4‖z′‖2. □

It is worth mentioning here that the hardest part of the proposition below was figuring out its statement involving the
number 0.0001. This was done using a computer program.

Proposition 8.3. For all 1 ≤ 𝑥 ≤ 15, we have

𝛿

𝑥 − 0.0001
< 𝐺(𝑥),

where the function 𝐺 is defined in Equation (21).

Proof. Consider the continuous function 𝐷 ∶ [1, 15] given by

𝐷(𝑥) = 𝐺(𝑥) −
𝛿

𝑥 − 0.0001
.

Once again by using to the classic GeoGebra application package, we deduce that 𝐷 has no real roots and since

𝐷(1) = 4

(
1

2
−

√
𝛿2

8
+

𝛿

4

)2

−
𝛿

0.9999
> 0,

we conclude that 𝐷(𝑥) > 0 for 1 ≤ 𝑥 ≤ 15. □

Proposition 8.4. For all 𝑛 ∈ 𝐍, 𝑛 ≤ 140, 001, we have

𝛿

15 − 0.0001 𝑛
< 4‖z′‖2.
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GALEGO 1957

Proof. The proof will be made by induction on 𝑛. By Proposition 8.1, the statement of this proposition holds when 𝑛 = 0.
Assume the statement of the proposition holds for 𝑛 ≤ 140, 000, that is:

𝛿

15 − 0.0001 𝑛
< 4‖z′‖2. (23)

Since 1 ≤ 15 − 0.0001 𝑛 ≤ 15, it follows from Equation (23) and Propositions 8.2 with 𝑥 = 15 − 0.0001 𝑛, that

𝐺(15 − 0.0001 𝑛) < 4‖z′‖2. (24)

Moreover, by Equation (23) and Proposition 8.3 with 𝑥 = (15 − 0.0001 𝑛), we see that

𝛿

(15 − 0.0001 𝑛) − 0.0001
< 𝐺(15 − 0.0001 𝑛). (25)

Now, joining this inequality with that of Equation (24) we obtain

𝛿

15 − 0.0001 (𝑛 + 1)
< 𝐺(15 − 0.0001 𝑛) < 4‖z′‖2,

and the proposition is proved. □

Proposition 8.5. The following inequality holds

𝛿 < 4‖z′‖2.
Proof. It suffices to observe that by Proposition 8.4 with 𝑛 = 140001 we have

𝛿

0.9999
≤ 4‖z′‖2.

□

Remark 8.6. Proposition 8.5 contradicts Proposition 6.1.(1), because it follows from it that 4‖z′‖2 ≤ 𝛿.

9 FINAL REMARKS ON THE SET 𝐀

Remark 9.1. We do not know if 0.054209 belongs to 𝐀. However, we point out that although the statements of Proposi-
tions 8.1 and 8.2 remain true whenwe replace 0.054208 by 0.054209, the statement of Proposition 8.4 for the correspondent
function 𝐺 associated with 0.054209 does not hold, even replacing 0.0001 by any positive number. To show this, it suffices
to observe that if

0.054209

𝑐
< 𝐺(4.1999), (26)

for some 𝑐 > 0, then 𝑐 > 4.1999. Indeed, in the case where 𝛿 = 0.054209, the calculation of 𝐺(4.1999) shows that
𝐺(4.1999) < 0.12907. Therefore, if 𝑐 > 0 satisfies the inequality (26), then

0.054209

𝑐
< 0.12907.

Consequently, 4.19996 < 𝑐.

Remark 9.2. By using the method developed in this work, the number of digits in 0.054208 can be increased in such a way
that the statements of the results obtained still remain true. For example, if we replace the number 0.0001 with 0.00001
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1958 GALEGO

in the statement of Proposition 8.3 and the number 140, 001 with 1400, 001 in the statement of Proposition 8.4, we can
replace the number 0.054208 with 0.0542085 throughout the rest of the paper. So, 0.0542085 also belongs to 𝐀.

Remark 9.3. There is a number close to 0.054208 that do not belong to 𝐀. Indeed, let 𝛿 = 34 − 24
√
2 the smallest root of

𝑝(𝑥) = 𝑥2 − 68𝑥 + 4. Then, 𝛿 is approximately 0.058874 and we will show that it does not belong to 𝐀. Put

𝑎 =
1

2
−

√
2 + 𝛿

8
−

1

4
,

and takew′ = (1, 0), u′ = (𝑎, 0),w1 = w2 = (0, 1) and u1 = u2 = (0, 𝑎). First of all notice that 𝑎2 − 𝑎 = (𝛿 − 2)∕8. Then,

(a) For each 𝑖 ∈ {1, 2}, we have

‖u′ ± (u1 − w𝑖)‖2 = 𝑎2 + (𝑎 − 1)2 = 2𝑎2 − 2𝑎 + 1 = (2 + 𝛿)∕4.

(b) For each 𝑖 ∈ {1, 2}, we have

‖u𝑖 ± (u′ − w′)‖2 = 𝑎2 + (𝑎 − 1)2 = (2 + 𝛿)∕4.

(c) For each 𝜆, 𝜃 ∈ {1, 2}, we have

‖𝜆u1 + 𝜃u2‖ ≤ ‖u1‖ + ‖u2‖ = 2𝑎.

Consequently, putting 𝐷 = ‖√2u′ + 𝜆u1 + 𝜃u2‖2, it follows that
𝐷 ≤ ‖√2u′‖2 + ‖𝜆u1 + 𝜃u2‖2 ≤ 6𝑎2 = 6

(
2 + 𝛿

8
−

√
2 + 𝛿

8
−

1

4

)

= 6

(
9

2
− 3

√
2 −

√
17

4
− 3

√
2

)
= 6

⎛⎜⎜⎝
9

2
− 3

√
2 −

√(
3

2
−
√
2

)2⎞⎟⎟⎠
= 6

(
9

2
− 3

√
2 −

(
3

2
−
√
2

))
= 6(3 − 2

√
2) =

2 + 𝛿

2
.

Therefore, in view of (a), (b), and (c), we see that 𝛿 ∉ 𝐀.
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