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Abstract

We study a Schrodinger equation modeling the dynamics of an electron in a
crystal in the asymptotic regime of small wave-length comparable to the characteris-
tic scale of the crystal. Using Floquet Bloch decomposition, we obtain a description
of the limit of time averaged energy densities. We make a rather general assumption
assuming that the initial data are uniformly bounded in a high order Sobolev spaces
and that the crossings between Bloch modes are at worst conical. We show that
despite the singularity they create, conical crossing do not trap the energy and do
not prevent dispersion. We also investigate the interactions between modes that can
occurred when there are some degenerate crossings between Bloch bands.
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1. Introduction

1.1. Description of the problem

We consider the dynamics of an electron in a crystal in the regime of small
wave-length comparable to the characteristic scale of the crystal. After a suit-
able rescaling (see for instance [52]), such an analysis leads to an e-dependent
Schrodinger equation where ¢ is a small parameter ¢ < 1

? & 1 & 1 X & &
07 (1) + 5 A (1.2) = =5 Vier () Y7 (1) = Vw1 ) (1,2) =0,
1V€|t:0 = W(;

(1.1)

The potential Vjer is supposed to be smooth, real-valued and 74 -periodic; it models
the interactions due to the crystalline structure. The external potential Vex,, takes into
accounts the impurities; we assume that > Ve (%, -) is abounded map from R into
the set of smooth, real-valued functions on ]Rz with bounded derivatives. The times-
scales of the equation 1.1 are characteristic of the analysis of the obstructions to the
dispersion of the energy. It is the long time scaling studied in [1,2,7,9,37,52,54],
by contrast to the short time analysis that allows to analyze transport effects and
is performed for example in [8,13,38,51,55] (the Schrodinger equation therein is
obtained from (1.1) by changing ¢ into T = &t).

1.1.1. The Wave Function, Observables and Quadratic Quantities We are in-
terested in the asymptotic behavior of the time-averaged position densities | (¢, x)|?
as € goes to 0. The wave function itself cannot be directly measured, but these den-
sities that allow to compute the probability P(A) of finding the position of the
electron in a set A at time ¢ according to

P(A) =/ e (1, x) P,
A

We are interested in describing at leading order in & the value of this probability
for bounded sets A. In other words, we would like to characterize, in the set of
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time-dependent probability measures, the time-averaged limit as ¢ — 0% of the
position densities |°(z, x)|?dx, i.e. the limits as ¢ — 0T of the quantities

b
/ /d¢(x)|¢8(t,X)|2dx dt, ¢ € CRY), a <b, (1.2)
a JR

where Co(IRY) stands for the space of continuous compactly supported functions on
R4, Note that these objects do not capture the fraction of the mass of the measure
that goes to infinity in x as & goes to 0.

We will derive representations of these limits in terms of Effective mass equa-
tions. In its full generality, our result also describes the evolution of the action of
observables on the wave functions. Indeed, the wave function itself has no physical
meaning and it is the evolution of quadratic quantities such as those of Section 3.1
that carries information like the average momenta or the average energy. In (1.2),
the averaging in time takes into account the fact that a physical observation is not
instantaneous and, though small, its duration is not negligible. However, we will
discuss situations where local in time point-wise information can be derived about
the evolution of the energy densities (see Section 1.4.3).

1.1.2. Floquet-Bloch Theory It is classical in this context to use Floquet-Bloch
theory in order to diagonalize — % Ay + Vper. To this end, one introduces, for§ R4,
the operator

1
P@E) = JIE + DyI* + Vper (), vy € TY,

where T¢ = R?\Z is a flat torus. It is well known that this operator is essentially
self-adjoint on L?(T¢) with domain H2(T¢), and has a compact resolvent, hence
a non-decreasing sequence of eigenvalues counted with their multiplicities, which
are called Bloch energies or band functions

01(6) =02(6) =+ = 0n(§) —> +00,

and an orthonormal basis of eigenfunctions (¢, (-, £)),en+ called Bloch waves or
Bloch modes, satisfying for all £ € R? and n € N*:

PE)gn(-, &) = 0n(E)gn(-, §). (1.3)

Both Bloch waves and Bloch energies are continuous functions of the &-variable.
Besides, for all k € 2774, the operator P (¢ + k) is unitarily equivalent to P (&)
through multiplication by y > e/*'¥, which implies that for all n € N*, the
maps £ — 0,(&) are 27Z%-periodic and the map & — ¢,(-, £) belongs to
C (]Rd, Lz(Tf,)). The spectrum of —%Ax + Vper is then the union of the Bloch

bands B, := 0, ([0, 271%), which are closed intervals:

1
Sp <_§Ax+vper> = U By.

neN*



1342 Victor CHABU, CLOTILDE FERMANIAN KAMMERER & FABRICIO MACIA

The Bloch energies & — g, (§) are Lipschitz functions which are analytic outside
a set of zero Lebesgue measure (see [56]). In particular Bloch energies that are of
constant multiplicity as & varies are always analytic functions of &£. These energies
are then called isolated. The opposite situation, that is, when two, otherwise distinct,
Bloch energies coincide at some point & is referred to as a crossing. At those points,
the multiplicity is greater than one and the corresponding Bloch bands have non-
empty intersection. When the space dimension is one, two Bloch bands can touch
at one edge and their crossing set consists on isolated points (see “Appendix A”
and the references therein); in higher dimensions more complicated situations can
occur: most bands overlap (in fact as soon as d > 2 only a finite number of gaps
exist) and the crossing set may be a higher dimensional manifold (in fact, the union
of the graphs of the band functions form a real analytic variety). The survey article
[39] provides additional details on these issues.

1.1.3. Effective Mass Theory Sometimes also called effective Hamiltonian the-
ory, effective mass theory consists in showing that, under suitable assumptions on
the initial data 1, the energy density associated with the solutions of (1.1) can be
approximated for ¢ small by those of a simpler Schrodinger equation, the Effective
mass equation, which does not depend on ¢ and involves quantities related to the
Bloch energies.

Effective mass equations have then been derived in various contributions [1,2,
7,9,37,52,54] under the assumptions that the orthogonal projection of the initial
datum v on spectral subspaces corresponding to the non-simple Bloch energies
is negligible, and that critical points of this band functions are non-degenerate.

All these contributions emphasize the important role played by the set of crit-
ical points of the Bloch energies. Indeed, the group velocity of the n-th mode is
S_IVQn (e&), which becomes infinite in the limit ¢ — 0; this implies that the ob-
structions to the dispersive effects created by the n-th band, n € N*, have to be
found above the set A, of critical points of the function g,,:

Ani=1{& eR? : Vg, (§) = 0). (1.4)

Quantifying the loss of mass at infinity due to dispersion can be done for instance
as in in [2], where the authors introduce a e-dependent drift in order to take into
account the displacement to infinity of part of the mass.

A second feature that is assumed in the aforementioned references is the simplic-
ity of the band functions, which is an important technical ingredient in the proofs.
Simple band functions are smooth, and therefore group velocity is well defined ev-
erywhere. This property may fail in the presence of band crossings which produce
at worst a loss of regularity at the crossing points. In that case, the group velocity
el Ve, (€€) is no longer defined at the crossing points, even though it may have
directional limits, the archetype being the conical singularity o,(§) ~ &/|&| close
to & = 0. Our aim here is to deal with this difficulty: we will not take into account
the loss of mass at infinity and focus instead on the limit (1.2); note, however, that
our results take into account situations more general than the ones considered in
references quoted above, since we allow for band crossings and the singularities
they infer.
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This motivates the introduction of the crossing set of two distinct Bloch ener-
gies:

S =16 €RY : 0,(8) =00 (&)}, n,n eN* 0, #0y.  (L5)

The band functions g, n € N*, are piece-wise real analytic; their non-smoothness
points lie in the union of crossing sets | J 2. We will also consider the
sets

On 70,/

%y = Spail, n €N (1.6)

The crossing problematic has been addressed since long for equations that are scaled
differently in the small parameter, in particular by George Hagedorn in the 90s
[36]. Since then, different approaches have been devoted to understand propagation
through crossings, from the use of normal forms [16,17], the analysis in terms of
Wigner measures [23,26,27] and Wigner functions [29-31], up to, more recently,
the analysis in terms of wave packets [55] in the case of non-singular crossings.
Indeed, the growing interest in crossings, especially conical ones, is linked with the
technological interest of new materials that are topological insulators (see [19,20]
and references therein). However, this question has never been addressed in the
context of the particular scaling in ¢ of equation (1.1).

In [14,15], the range of validity of the Effective Mass Theory has been extended
to include degenerate critical points, through the introduction of a new class of
Effective mass equation which are of von Neumann type. However, the Bloch
modes involved in the description of the initial data are still assumed to be of
constant multiplicity. Our aim here is to consider situations where different Bloch
energies may have non-empty intersections inducing singularities and to treat rather
general initial data. Our result gives a a complete description of the weak limits
of the densities |/ (¢, x)|> as & goes to 0 when the crossings are conical, in a
sense that we shall make precise later. This is done through the analysis of the
weak limits of the Wigner function associated with ¢ (¢, x). Indeed, the Wigner
function introduced in Section 3 below, plays the role of a generalized energy-
density in the phase space T*R? = ]Rj‘f X Rg, the density | (z, x)|* being its
projection in the configuration space ]Rz . Our result covers all possible cases when
d = 1 and generic situations in higher dimensions. We also complete the description
of the picture by providing a characterisation of these limits when crossings are
degenerate, exhibiting the persistence of terms due to interactions between the
Bloch energies that cross. Our results rely on the use of a two-microlocal analysis
in the spirit of [3,4,6,42,45], using two-scale Wigner distributions [22,24,49,50].

1.2. General Assumption on the Initial Data

We denote by A(eD,), for ¢ > 0, the scaled Fourier multiplier associated with
the function A(§), i.e. the operator satisfying

VfeSMRY), A@EDy)f() = Ae&) f(&),
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where the following normalization has been used for the Fourier transform
Fer = [ e ranar.
R4

Along the paper, we will consider the functions spaces H; (R¥), defined for s > 0,
that are the Sobolev spaces equipped with the norms

Iy ey = 1 (€ Dx)* fllL2(mays
where (£) := (1 + |£]>)1/2.
Any function U € Lz(Rf X ’]Tf,) can be written in terms of Fourier series as
Ur,y) = Y U™ with U172 gappa, = 2 1Ukl72ga)-
kezd kezd

We denote by H; (Rd X ']Td), for s > 0, the Sobolev space consisting of those
functions U € L*(R¢ x T¢) such that there exists g9, C > 0 for which we have

Ve € (0.20). UG maseray = D /d“ + le&|* + k19| Uk () 2dé < C.
keZd R
(1.7)

These functions can be projected on the bands as follows. For every n € N* and
£ € R?, we denote by IT,(£) the projector from L2(T¢) onto the eigenspace
corresponding to g, (£). The corresponding Fourier multiplier I, (¢D,) acts on
L*(RY x T¢), since band functions are bounded. Finally, we define the operator

L? acting on functions F' € H} R4 x T9), s > d/2, by
X
(L°F)(x) := F (x, —) .
&
Then there exists C; > 0 such that, for every I € H? (R? x T),

IL®Fli 2y < CollFll gs e xy (1.8)

uniformly in ¢ > 0. See [15, Lemma 6.2].

We will make the following assumption on the family of initial data in (1.1).

HO There exists a bounded family (Ug) in HS (R? x T%) for some s > d/2
such that

v§ = L°US.

Note thatif (/)0 is bounded in H; (R%) withs > d/2, HO holds with Uiy, x) =
V5 (%) ® Lpa (y).
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1.3. The Case of the Dimension One

Let us first state our results in dimension d = 1. When d = 1, one can prove
that A, is contained in Z, and consists only on non-degenerate critical points. In
addition, when |n —n'| > 1, E, vy =fand £, N A, =0

(see Lemma A.1). In this specific case, we are able to give a complete description
of the limit of the energy density of families of solutions to (1.1) with initial data
of the form stated in HO.

Theorem 1.1. Assume (1//8) satisfies HO. Then there exists a subsequence (1//8‘7 )eeN
of the initial data, such that for every a < b and every ¢ € Co(R),

b b
im [* [ swwtantaa =3 3 [ [ owmeopaa,
a JR a JR

{— 00

neN* £eA,
where, for everyn € N* and & € A,, 1/f§n) solves the effective mass Schrodinger
equation

1
0" (1. 0) = S020n @)U (1.3) + Vet )y (1) (19)
with initial datum

lﬂg(") |i—0 is the weak limit in L* (R) of the sequence (e_ Wt e I, (¢ DX)U(';‘ > )

Note some of the accumulation points of e AR I, (¢ DX)U§‘ may just be 0.

For example if one has Vjer = 0, only the first Bloch energy o1 has critical points
and they are precisely A = 2w Z. The addition, the associated projector I (&)
coincides with the orthogonal projection onto Ce’*” whenever & € (k — 7, k 4 )
and k € 27 Z. Therefore, if one takes Uj(x, y) = ¥/§(x) ® 1,74, then

My 8 UL E. ) = 1) (6E) Y (E),

and e_izﬂkxl'll (SDX)(WSZ ® 1,eT) weakly converges to zero when k # 0.

Theorem 1.1 is derived as a consequence of a more general analysis that is valid
in any dimension under assumptions that are satisfied for all Bloch energies when
d =1, and that is presented in the next section.

1.4. The Generic case with d > 1-Conical Crossings

We now present results that, under a set of assumptions that always hold when
d = 1, give a description of effective mass equations in higher dimension under
the presence of generic crossings for data satisfying HO.
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1.4.1. Assumptions Our first assumption concern the multiplicity of Bloch bands.

H1 Forn € N*, the multiplicity of the Bloch energy o, is one, except at crossing
points, where it is two. This implies that a global labeling of the band functions
exists such that ¥, ,» # @ implies [n — n'| = 1.

Remark 1.2. Hypothesis H1 is thought to be generic, as follows from the varia-
tional characterization of eigenvalues of Schrodinger operators with Bloch periodic-
ity conditions. We make it in order to avoid having statements that are unnecessarily
involved. As we stated it, it prevents from having simultaneous crossings of more
than two Bloch energies, and higher multiplicities (both scenarios are non-generic).
The proofs we provide can be adapted in order to deal with these situations.

We also consider a generic assumption on the set of critical points A, defined
in (1.4).

H2 For n € N*, we assume that Hess g,, is of constant rank in a neighborhood
of each connected component of A,,.

Remark 1.3. Let X C A, be a connected component of A,. By the constant rank
level set theorem, this hypothesis implies that each connected component X C A,
is a closed submanifold of RY of dimension d — rk Hess Onlx-

Finally, our third set of hypothesis concerns the geometry of the crossing sets
%,. For stating this assumption, we introduce geometric objects associated with a
submanifold X of (R?)*: we consider its tangent spaces T¢ X and define the fibre
of the normal bundle N X of X above § € X as the vector space N¢ X consisting
of those n € (RY)** = R that annihilate T X

NX :={¢EneXxR!:n.c =0, ¥ e T:X}. (1.10)

With a Bloch mode g, presenting crossings on a manifold %,, we associate the
function g, defined on NX, by

1
& .n g n = 2 ©nt1E+n) —onE+1n), E€X,, neENeZ,.
(1.11)

Note that g,(&,n7) > 0 and g, (&, n) = 0 if and only if n = 0. Besides, for any
& € X,,n — gu(&,n) is differentiable in all n # 0 (see “Appendix B”). We
denote by V,g,(&,n) this differential, which can be identified with a vector of
NeZ, C Te(RY)*.

Definition 1.4. We say that the crossings of ¥, are conic if and only if there exists
a neighborhood U of £, such that o, and 0,4+ are of multiplicity 1 outside X, in
U and there exists ¢ > 0 such that

V&, n) e NI, [gn(€, )] = clnl.
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Note that the critical sets A, contain no conical crossing point. Besides, one can
prove (see “Appendix B”) that, generically, as soon as the crossing set X, is a closed
submanifold of R¢ , either g, has a conical singularity along %, either g,, is in C L1
We set, for n € N*,

1
Mn(§) = 3 @) + ont1(5)), & €RY, neN, (1.12)

and we introduce the following last assumption:

H3 Forn € N*, we assume that the crossing set %, is a smooth closed subman-
ifold of R?. Moreover, the crossing is of conic type in the sense of Definition 1.4
and forall§ € X, n € N¢ X, withn # 0,

Vern(§) £ Vygn (5, 1) # 0.

1.4.2. The Result: Dispersion Above Conical Crossings For stating the result,
we need to introduce other geometric objects associated with a submanifold X
of (R?)*. We define its cotangent bundle as the union of all cotangent spaces to X

T*X :={(£.x) e X xR? : x e T7 X}, (1.13)

each fibre TS*X is the dual space of the tangent space Tz X. We shall denote by
M4 (T*X) the set of non-negative Radon measures on 7*X. We observe that
every point x € R? can be uniquely written as

x =v 4z where veTg*X and z € NgX.

Then, given a function ¢ € L*®(R?) and a point (£, v) € T*X, we denote by
méf (&, v) the operator acting on LZ(Ng X) by multiplication by ¢ (v + -). We shall
denote by E(Lz(Ng X)) the set of bounded operators acting on Lz(Ng X) and by
EL(LZ(NS X)) the set of operators that are non-negative and trace-class. When
X = A, and assumption H2 holds, we will consider the operator Hess 0, (§) D, - D,
acting on Ng A, for any & € A,.

Theorem 1.5. Assume H1, H2 and H3 are satisfied for all n € N* and consider
(Y®)e=0 a family of solutions to equation (1.1) with an initial data (w§)€>o that
satisfies HO. Then, there exist a subsequence (IpSK )eeN Of the initial data, a sequence
of non negative measures (Vy)neN on T*A,, and a sequence of measurable non
negative trace-class operators (M) neN

My TEA, 3 (€, 0) > My(§,v) € LL(LP(NeAw), Trpaya,yMaE,v) =1,

both depending only on (Wé‘ Yeen, such that for every a < b and every ¢ € Co(R?)
one has

b
lim / / & ()| (e, x)|>dxdr
a R4

{—+o00

b
:Z// TrLz(NEAn)(mgﬂ(g,u)M;(g,v))u,,(dg,dv)dt,(1.14)
a JT*A,

neN
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where t > M,’1 (&,v) e C(R, LL (Lz(Ng Ap)) solves the von Neumann equation
i00M} (6, v) = [ $Hessou()D: - D+ miy 6v) MG D] o
MO = M,.

(recall that mg" (&, v) (resp. mi}e’;t (&, v)) denotes the operator acting on L2(N§ Ay)
by multiplication by ¢ (v + -) (resp. Vex(v + +))).

Above and throughout this article, when A and B are two operators acting on
the same Hilbert space, the notation [A, B] denotes the commutator AB — BA.
Several remarks are in order. First, note that the n-th term of the sum in (1.14)
measures how much the critical points of the n-th Bloch mode trap the energy and
prevent the dispersion effects. Theorem 1.5 also tells that conical crossings do not
trap energy. This Theorem 1.5 has exactly the same form than Theorem 2.2 in [15]
while the assumptions are quite different since crossings between Bloch energies
are authorized as long as they are conical. We shall see in the next subsection that
crossing points may trap energy when they also are critical points of the Bloch
energies (and thus they are no longer conical).

Secondly, we emphasize that Remark 4.2 (1) comments the determination of
(M) nen+ and (v)pen+ from the initial data. The special case where A, is a point
is discussed in the next subsection.

Thirdly, recall that when d = 1, the assumptions H1, H2 and H3 are automat-
ically satisfied (see “Appendix A”). Therefore, Theorem 1.1 is a consequence of
Theorem 1.5 in the case where critical points are isolated.

Finally, we emphasize that Theorem 1.5 extends to situations where the Fourier
transform of the initial data is localized on a set of the form {e& € Q + 27 Z?} for
some open subset 2 of a unit cell of 27 Z¢, provided the assumptions H2 and H3
are satisfied for all n € N* above points of € + 277Z¢. We esquiss this approach
in Section 7.4 and explain how the arguments of the proofs detailed below can be
adapted to this setting by localisation (see Lemma 7.3).

1.4.3. The Special Case of Isolated Critical Points When H1, H2 and H3 are
satisfied for all n € N* and, moreover, all the sets A, consist in a family of isolated
critical points then T*A, = A, x {0}, NA, = R? so that the operators M only
depend on the parameter £ € A, and the operator mg" (&, v) simply is the operator
of multiplication by ¢. One can prove a statement very similar to Theorem 1.1
(see also Corollary 1.3 in [15] and Remark 4.2 (2)): the measures v/, are linear
combinations of Dirac masses at the points &, € A, and M (&,) are orthogonal
projectors on Ci/ (1), the solution to

1
0y (1, x) = 5 Hesson(En) Dy Dy (t, x) + Vex ¥ (1, %) (1.16)

with initial data ¥ (0) that is a weak limit of (e’%x's” L&, (g Dx)US“) in
£¢>0

L(RY).
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In order to illustrate this type of result in the multidimensional setting, we
state it in the particular case of well-prepared data that satisfy Uj(y,x) =
@no (¥, €Dy )uy (x) for some ng € N* (and therefore I, (e Dy)Ug = 0 forn # no).
More specifically, the class of well-prepared initial data that we will consider is
those of the form

Vo0 (X) 1= (%C, 8Dx) us(x), uh(x)= eéx'g"vfl(x), neN* (1.17)

with &, € Ay, (V})e>0 bounded in HS(Rd), s >d/2ors > 1whend = 1, and
such that

Vi =, £ — 0%, in L>(RY).

These data are closely related with those considered in [1,2] for example (this
connection is explained in detail in Lemma E.1). Their main properties are studied
in “Appendix E”).

Proposition 1.6. Assume H1, H2 and H3 are satisfied for all n € N* and that, for
some ny € N, the set Ay, is discrete. Consider (V*)¢~0 a family of solutions to
equation (1.1) with initial data 1//3 satisfying (1.17) for some &,, € Ay, and v,‘zo,
Up, iR L2(RY). Then, there exists a subsequence (wge)geN of the initial data such
that for every a < b and every ¢ € Co(R?) one has

b b
lim / / ¢ ()Y (t, x)|Pdxdr = f / ¢ () |y (¢, x)|2dt,
L—+00 Jq Rd a R4

where 1//5”0 (1) solves (1.16) with initial data I/IE"O (0) = vy,

If v — vy, as & — 0T in L2(RY), then one has for all t € R, [|[y]l;2 —
|50 (1) 1.2, which implies that no energy is dispersed. As a consequence of Re-
mark 7.2, one obtains that the result of Proposition 1.6 holds locally in time: for
all T > 0, there exists a subsequence (1#5‘) of the initial data such that for every
¢ € Co(RY) one has for all 7 € [0, T

lim / ¢ () |WEe(r, x)|*dxdt = / ¢ (X)[WEm (1, %)
L—+00 Jrd R4

Proposition 1.6 is an improvement of Theorem 3.2 in [2] since it holds without
any simplicity assumption on the Bloch energy o,,. However, in the case where
&ny & Any asinTheorem4.5 of [2] where a drift is taken into account, the application
of Theorem 1.1 does not bring any improvement. In particular, if &,, € X,,,
Theorem 1.1 gives 0 at the limit and Theorem 4.5 of [2] does not apply (the drift
Von,(&y,) is not defined). Studying how the mass goes to infinity in that special
case would be an interesting follow-up of the results presented here.
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1.5. A Non-generic Case with Interactions of Bloch Bands Above Non-conical
Crossing Points

In that section, we consider degenerate crossing points that we define as follows:

Definition 1.7. We say that the crossing set X, is degenerate if some g > 2 exists
such that the function g, defined in (1.11), satisfies

HC > Oy V(év 7]) € Nzn’ |77| < 17 gn(é, 77) E C|’7|q~

If the above inequality fails for any g’ > ¢, we say the crossing set has degeneracy
of order ¢.

1.5.1. Assumptions We consider two Bloch energies that cross in a degenerate
manner, though isolated from the remainder of the spectrum.

HY’ 0,,(&) and 0,,+1(€) are two Bloch energies that cross on X, and are of
multiplicity 1 outside X,,.
H2’ Hess o, (resp. Hess 0,,11) is of constant rank in a neighborhood of each
connected component of A, (resp. Ay+1).
H3’ The crossing set &, is a smooth closed submanifold of R4 included in
A, N Ay, and is degenerated of order g. Besides, ¥,_1 = X,4+; = @ and
—if g > 2, for all £ € X%, the Hessian of X, is of rank d — RankX, in a
neighborhood of %,,,
— ifg =2, forall (§,n) € NX, with || =1,

Hess A, (§)n = Vy8,(8, 1) # 0.

Note that the latter assumption can be considered as a maximal rank assumption.
Indeed, if ¢ > 2, the Bloch energies are C? and Hess 0, (§) = Hess 0u11(8) =
Hess A, (£) above points £ € X,,. Moreover, if ¢ = 2 and (&, wi)keN 1S @ sequence
of points satisfying forall k € N, w; € Ng %, with |wy| = 1, we have the following
property: if (&, wi) €—+> (¢, w) € NX, then

— 100

Hessop(§)wx ~ —> = Hess (5o £+ Vygu(§, w).
Ek.op)— (§,0)
This property shows the link between Hess A,,(§)n 4= V), g,,(§, n) and Hess 0,,(§)7.
The assumption H3’ implies that VX, = 0 on X,,. We shall see in the proof
that if V,, does not vanish on %,, then these degenerate crossing points do not
contribute. The result then is comparable to the one of Theorem 1.5. Notice that
one always has

AN A1 =Z,NA =N Ay =, N{VA,(§) =0}

At the difference with the results of the preceding section that were obtained
under the assumption that H1, H2 and H3 were satisfied for all n € N*, we will
assume in this section that we have H1’, H2” and H3’ for some single n € N*
and we will choose well-prepared data concentrating on the bands o, and 0,41
involved in the assumptions.
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We assume that
X x
V() = g (S eD) uy(0) +ourr (ZoeD) iy 0. (L18)

where ¢, (resp. ¢,+1) is the Bloch wave associated with o, (resp. 0,+1), and
(uf)e=0 and (ui+])€>o are bounded families in H; (RY), s > d/2. These data are
somehow more general than those of (1.17) since no assumption is made on u, ans

&
Mn+1'

1.5.2. The Result: Concentration Above Degenerate Crossings We prove that
for data as in (1.18), the way their components interact above the crossing set plays
arole in the determination of the weak limits of the time-averaged energy density.

We associate with the function g, defined on N ¥, (see (1.11)) the operator Q;,:n” &)
acting on L2(Ng ¥,) as a Fourier multiplier.

Theorem 1.8. Let (Y°).~0 be a family of solutions to equation (1.1) with initial
data satisfying (1.18). Assume the Bloch energies 0, and 0,41 satisfies H1’, H2’
and H3’ with A,, = Ap+1 = Xy Then, there exists a subsequence (gﬁé‘f)geN of the
initial data, a non negative measure W e MH(Z,) and a matrix M of measurable
trace-class operators

M: TE%, 5 (5,0) > M(E,v) € L (L2 (Ng 3, CY)),

Trraon s, cyME v) =14 ae.,

both depending only on (1,05‘ Yeen, such that for every a < b and every ¢ € Co(R?)
one has

b
lim / f S () |WE(t, x)|*dxds
a R4

{——+00

b
= / / Trions,.0)
a *Tn

[my" (&, v)(mly +m, | +2Re(ml, . )(E )]V (dE, dv)dr,

where

M’(E,v):( m} (&, v) m;’n+1(,§,v)>

My py1 €, 0)* my (€, v)
is a non negative trace class operator on Lz(Ng %, C?). In addition, the map
> M'(5,v) € C(R, LY (L* (N 2, C?))
solves a von Neumann equation that depends on the value of q:
e If g > 2, it solves
i0,M'(E,v) = |:<%Hess)»,,($)DZ -D, + m‘i”xt(é, v)) Ide2 , M'(E, v)i| ,

M° =M. (1.19)
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o Ifqg =12, it solves

1
1M, v) = [<§Hessxn(s)0Z "D+ my" (&, v)) e — Q2 (6) J . M'(&, v)] ,
M'=m (1.20)

. 10
with J = <0_1>.

(recall that mf" (&, v) (resp. m ‘E/cnxt (&, v)) denotes the operator acting on L? (NeZp)

by multiplication by ¢ (v+-) (resp. Vext(v+-)), and Q;" (&) is the Fourier multiplier
on Lz(Ng X,) associated with the function g, (&, -)).

In the latter statement, we have assumed for simplicity that the critical sets of
the two Bloch energies g,, and g,,+1 coincide with the crossing set %,. We indeed
prove this result without this assumption; however, the resulting statement is more
involved (see Theorem 7.1).

1.5.3. The Special Case of Isolated Degenerate Crossing Points When %,
consists in a family of isolated degenerate crossing points, the preceding statement
admits a simpler, more transparent formulation. Indeed, as in Section 1.4.3, the
operator M" only depend on the parameter § € %, and the operator m;\" &,v)

simply is the operator of multiplication by ¢ and ngn” = gn(&, Dy). We now
assume that 1/ satisfies (1.18) with

i i
ut(x) = ge¥én vy (x) and u; (x) = g vy, 41 (X)

with &, € X, and for j € {n,n + 1}, (Uj:)8>0 bounded in H*(R?), s > d/2 or
s > 1 when d = 1, and such that:

v =, e— 0", in L*RY).

Proposition 1.9. Let (V). be a family of solutions to equation (1.1) with initial
data satisfying (1.18). Assume the Bloch energies 0, and 0,41 satisfy H1’, H2’
and H3’. Assume moreover N, = A,+1 = X, consists in a family of isolated
critical crossing points. Then, there exists a subsequence (wgf)geN of the initial
data such that for every a < b and every ¢ € Co(R?) one has

b b
i 3 2 _
Jim [ seomweanpaa = Y [0 [ o
g€z,
W (e, ) + i (1, )1 dxdt,
where

e ifqg>2 forje{nn+1} Wf. solves the effective mass Schrodinger equation

. 1
9y} = SHesshy(§n) Dy - Dutyy" + VeV (1.21)
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eifg=2forje{nn+1} lﬁf solves the effective mass Schrodinger equation

. 1
9y} = SHesshn(En) Dy - Datr' + 180 DIVT + Vet (122)

withn, =1 and ny41 = —1.
Besides, for j € {n,n + 1}, the initial data xpf." 0) =v;.

We stress the fact that, in contrast to what happened in the presence of a singular
crossing, the description of the limiting position density limit involves a term of
the form 2Re (/5" yrén+1) which takes into account the coupling between the modes
corresponding to the two Bloch bands.

1.6. Ideas of the Proofs and Organisation of the Paper

We follow the semi-classical approach developed in [14,15] which is based on
semi-classical analysis. In these references, the Bloch energies in consideration are
smooth, and we have exhibited the role of the critical points of the Bloch energies
as principal contributors to the weak limits of the time-averaged energy densities.
We have also explained how a second microlocalisation allows to compute quanti-
tatively this contribution. We follow here this scheme of thoughts with additional
difficulties that are two-fold.

Firstly, in order to consider general initial data as in Theorem 1.1 and 1.5, and
to decompose them on the Bloch energies, we shall need to treat infinite series.
The assumption that the data satisfy HO is the key point that we use technically for
treating this issue. We explain in Section 2 how we perform the decomposition and
which properties of the solution we use.

The second difficulty comes from the lack of regularity of the Bloch energies
close to the crossing sets, which requires to perform semi-classical calculus with
symbols of low regularity, what we do by using and developing ideas from [28].
We explain and construct in Sections 3 and 4 the semi-classical and two-microlocal
analysis of our problem.

This led us to the statement of two theorems that are interesting by themselves:
in Theorems 4.5 and 4.6, we describe the evolution of two-microlocal semi-classical
measures associated to the concentration of the solutions of (1.1) on one of the sets
of critical points A, n € N{j, and in the context given by hypothesis H1, H2 and H3
for the first one and H1’, H2’ and H3’ for the second one. These two theorems
are proved in Sections 5 and 6 respectively; they are the core of the proofs of
Theorems 1.5 and 1.8, which are performed themselves in Section 7, together with
the proof of Theorem 1.1, Propositions 1.6 and 1.9.

Finally, some appendices are devoted to technical elements that we use in the
proofs of this paper: special features of the Bloch decomposition in dimension 1
(“Appendix A”), properties of the Bloch energies at a crossing (“Appendix B”),
elements of matrix-valued pseudo-differential calculus, in particular with low reg-
ularity (“Appendix C”), two scale pseudodifferential calculus (“Appendix D’) and
various remarks above well-prepared data (“Appendix E”).
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2. Separation of Scales and Control of the Oscillations

Here we present the first steps of the strategy that will lead to the proof of
Theorems 1.1, 1.5 and 1.8. Our starting point is the following Ansatz that is widely
used in this context and consists in separating the slow and fast scales of oscillation.
We look for a solution to (1.1) of the form

Ve, x) = U° (rx%) (t,x) € R x R, 2.1

where U%(t, -, -) is a function on R? x T¢. In order to make sense of this, some
regularity on the solutions ¢ is required, and this partly justifies our assumption
HO. Uniqueness for solutions to the initial value problem for the Schrédinger equa-
tion (1.1) with initial data satisfying HO implies that (2.1) holds provided U? is a
solution to the system

{ISZBIUE(I’ X, }’) == P(SDX)US(t5x7 )’) + SZVCXI(t’x)US(t5~x7 )7), (2 2)

& — &
Uj=o = Uy

By Lemma 6.5 in [15], this equation is well-posed in H} (T? x R?): there exists
Cy > 0 such that for every r € R and U € H{ (R? x T9),

MUt ) s et enty < UG gty + el 2.3)

uniformly in & > 0.
We shall use a decomposition of the solution U in the basis of Bloch modes.
We set, for j € Ny,

Pf W(x,y) :=g¢; (y,6Dx) /d_(Pj(Z, eD)W(x,z)dz, YW e L3(T¢ x RY).
T
(2.4)

Lemma 2.1. If (Y§)e>0 satisfies HO, then for all t € R, the solution of (1.1) is
given by

Y ) = Y Yt 2.5)

neN*

where the convergence of the series takes place in L*(RY) and

X __
Vit x) == L°PE US(t, %) = g (g’ er) /w @n (v, eDOUS (L, x, y)dy.

(2.6)
Moreover, for every t € R,
limsup | Y iz, ) — 0. (2.7)
e—~>0% n>N LZ(Rd) N=o0
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The proof of this result requires two important technical facts that we gather in
the next two remarks.

Remark 2.2. Modulo the addition of a positive constant to equation (1.1), we may
assume that P(¢D,) is a positive operator (this will modify the solutions only by
a constant phase in time). In that case there exists constants &g, ¢ > 0 such that

NUN g axray < 11(ED2)° Ul 2w xray + 1P(€D2) Ul 2 g xemay

= C||U||Hg(1Rded)
for every U € HRY x T? and 0 < ¢ < &.

Remark 2.3. In view of (1.3), and the fact that P(£) depends analytically on &,
follows that & — ¢;(-, &), j € N*, are continuous functions from R? to L2(T9)
(see also [56]) and that, for every s > 0, the family P (§)® depends continuously
on & (with P (&) positive).

These remarks imply the boundedness of the operators Py, in H; (T x RY)
for all j € Ny. To see this, note that Remark 2.3 implies that formula 2.4 defines a
bounded operator on L2(T? x R?). Moreover, we have

[P(eDy)*/?, Py 1=[(eDs), Py 1 =0.
If follows from Remark 2.2 that there exists ¢; > O such that, forall W € H} (Rd X
T,

||P£jW||Hg(Rd><1rd) = Cl||W||Hg(Rd><’JI‘d),

and, more generally, thatevery W € H (R4 x T?) can be expressed in the topology
of Hg(Rd x T?) as

W= P:w.

neN*

Proof of Lemma 2.1. The boundedness in H; (T4 x R?) of the operator P, and

the boundedness of L® from Hf(T¢ x RY) to L>(RY) for s > d/2 imply that
that (2.5) holds in L2(R?).

It remains to prove (2.7). In view of (2.3), (1.8), it is enough to show that if
(V¥)e=0 is abounded family in HES(Rd x T4y, s > d/2,wehave,ford/2 <r < s,

IS

n>N

—> 0.
N—o00
H{(Rdx’ll‘d)

lim sup
e—>0tF

Remark 2.2 implies that we only have to prove

2

X P ve
n>N

lim sup
e—07t

L2(R4 xT9)
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2

Z (eDy) P; V*

n>N

+ lim sup

e—0F

— 0. (2.8)
L2(RA x T9) ”

We thus focus on proving (2.8).

Let us consider the series Y.,y P(eDy)"/ ZP;n V¢ (the proof for ), _y
(eDy)" Py V© is similar). In view of (2.4),

P(eD)PE VE(x, ) = gn(y, £D1)0n(eDy) /T B DOV (x, 2z,

This implies

2

=Y [peporieg ve

L2(R4 xTd) n>N

> PeDy)?PE VE
n>N

L2(RIxTd)

We decompose V* in Fourier series and write V&(x,y) = > jezd ng (x)e2imiy,
whence

P(eDy) PE VE(x, y)

= ¢u(y.eDy) Y 0u(eDy) ( /T e 8Dx)62i”j'zdz> VEQ),

jezd

and by functional calculus,

P(eD,)? P VE(x,y) = ¢u(y,€Dy) Y du(eDy, )V (x)
jezd

with
dy(€, j) = 0n(8)"? ( / oz, er)ezl‘”f'Zdz)
T
We use three observations.
(1) First, if § > 0 is fixed, there exists Jy such that

limsup » f (I+ & + 11 IVEE)Pdg < 6.

4+
e—0 11> Jo

To see this note that:
> / (L4 [e€ 2 + 1P IVEEPAE < (1+ 1ol ™ 1V 30 ey
171>Jo

due to the definition of the H;}-norm (1.7). Since (V#),~¢ is uniformly bounded
in H?(R?), the claim follows.
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(2) Second, given § > 0 and Jy € N, one can find R = R(8, Jyp) > 0 such that

lim sup Z /sl R(l+|s§|2+|j|2)r|\//f(€)|2d$ <.

+ .
e=>0" i<

This follows from the estimate
/.ew(l 1662+ Y VRS = (1 4+ R ™ V12 g -

and again from the fact that (V?).-¢ is uniformly bounded in H; (RY x T9).
(3) Third, given Jy, R > 0,

Dy(R, Jo) := sup sup Y |d(&, )I* —> O.
i< IEI<R ;TN N—>o0
To see why this holds, note that, for j € Zd,

B 56 Y ldue P = |P@ 2|

neN*

poniy € 000 29)

is a non-negative continuous function. The claim then follows from Dini’s
theorem, which ensures that for every R > 0, j € 74 one has

sup Y ldy(&, > —> 0.
|§|sR,§V N—00

‘We now use these observations to treat the series whose terms are

2 ~
ORI A D S A O
jezd

Fix § > 0, and consider Jy given by Point (1) and R = R(é, Jy) given by Point
(2). Decompose the sum of integrals in three terms

Sl=2f +x [ +% [,
jezd "R qjlsa TIESISR i<y JIEEIZR s R

We start by analyzing the third term. Note that

.2
>l )P = [P < e Il 1Y
neN*
Therefore,

limsup Y~ > /Rd \da (8, )IPIVE &) 2dE

e=>0" N 11> o

<limsup » /d 3 ldu(et, HPIVEE)PdE

e=>0t 5120 YRY e
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<ctimsup 3 [ 1 16 P o+ 1PV 1] ©FdE <,

+ .
e=>0% 1> g

using observation (1).
The second term is analyzed using observation (2):

limsup 3 Y dn(e8, PIPIVE§)17ds

e—>0T N Lil<Jo le&|>R

< c limsup ) fm (A +[e& 2+ 1iHIVEE)PdE < c8.
c&|>R

e=>0% i<
Observation (3) ensures that
S X [ ldales DRIV ©FE < DACR IV oy
n=N|jl<o 7 161k
As a consequence of this analysis,

lim sup lim sup Z Z / .
R

N—>+00 eg—071 n>NjEZd

2
/ 0n(e8) PGz, e8)e™ ™ dz | |VE(#)|7de
Td

< 2¢,6.

Since § is arbitrary, the result follows. 0O

Lemma 2.1 provides an important element of the proof of the Theorems 1.1
and 1.5 of this paper. It allows to reduce the problem to solutions consisting only of
finite superposition of Bloch modes, that we are going to study with a semi-classical
perspective, as explained in the next section.

3. Semi-classical Approach to the Energy Dynamics

The nature of the propagation of the asymptotic energy density for high-frequency
solutions to semi-classical dispersive-type equations is better understood if the
usual, physical-space, energy density is lifted to a phase-space energy density.
There is no canonical lifting procedure, roughly speaking these choices correspond
to different quantization procedures. Here we will work with the lifting procedure
that corresponds to the Weyl quantization, from which the Wigner functions are
obtained (see the definition in (3.1)).

It should be noted that although the asymptotic limit in equation (1.1) we are
interested might not appear to fit in the semi-classical regime one can indeed place it
in that context. One can check that any solution ¥¢ of (1.1) becomes, after rescaling
in time as u®(t, -) := ¥¢(et, -), a solution to a semi-classical Schrodinger equation
with highly oscillating potential:

&2 X
i (1, ) + 5 Ayt (1, X) = Vor <;> U (t, x) — 82V (&1, X)u’ (2, x) = 0.
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Hence, the asymptotic limit we are interested in can be viewed as performing
simultaneously the semi-classical and long-time limits. This approach was pursued
in [14, 15] to deal with the case where no crossings between Bloch bands are present,
and this point of view is also adopted in references [2,54]. Here the situation is
more complicated, as interactions between projections on different Bloch bands
may occur. This regime involving performing simultaneously the semi-classical
and long time limit has been useful in other contexts, we refer the reader to the
survey articles [5,43,44].

In Section 3.1 below, we recall elements of the theory of semi-classical measures
that we apply to (¥ ).~ in the next two sections. We first discuss in Section 3.2
the relations between the semi-classical measures of (y¢).~o and those of the
families (¥).~0 that have been introduced in (2.5) and (2.6). Then, we analyze
the localisation properties of these semi-classical measures in Section 3.3, which
motivates a two-microlocal approach.

3.1. Semi-classical Measures and Energy Densities

Let us recall briefly some basic facts of the theory of semi-classical measures
[34,35,40] that will be needed in the sequel. From now on, forevery s € R, N € N*,
H! (R4, CN) will denote the space HY(R?)™ equipped with the norm

N 1/2
Wl .oy = | Do 1Y@ |+ W= Wi W),
j=1

We associate to every ¥ € L>(RY, CV) := HEO (R4, CN) a microlocal version Wy,
of the (matrix-valued) energy density

)\ ®E = (‘I’i@j)]fi’ij [S CNXN.
The matrix-valued function W, € L2(R?@ CN*Ny is defined by

EV

Wy (x, £) =Ad /5w (x - _> ®@<x+ SU) dv

2

and its action on symbols a € Ci° (R24 CN*Ny i related with semi-classical
pseudodifferential calculus according to

/R  Trowen (@, )Wy (x, £)dx g = (0p, (W, W) 12 o,

where op, (a) denotes the matrix-valued semi-classical pseudodifferential operator
of symbol a. The Wigner function satisfies the following bounds for every a €
Ce(R¥, CN*Ny and & > 0:

|(OPe @)W, 9) 250 vy | = CallW I v lallgusaqgan cvevys (3:2)
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for C; > 0 depending only on d. If in addition a > 0 (meaning that a takes values
in the set of non-negative Hermitian matrices),

/R T @G ) Wi (. )dx df = —CoelIagu cvy (33)

for some C, > 0 that can be computed in terms of a and its derivatives. Estimate
(3.2) is a consequence of the Calderdén-Vaillancourt theorem (C.1), whereas (3.3)
is a reformulation of Garding’s inequality (C.3). A direct computation also shows
that W, is actually a lift of ¥ ® W:

A‘{d W (x, £)dé = U ®@ W (x). (3.4)

Suppose now that (W¢),- o is abounded sequence in L? (Rd, CN); then (3.2) ensures
that (Wy,.) is a bounded sequence of distributions. In addition, (3.3) implies that
all its accumulation points are non negative Radon matrix-valued measures, that
is, measures valued on the set of complex N x N Hermitian positive-semidefinite
matrices. Moreover, any measure 1 obtained from (W) along some subsequence
(eg) satisfies (see (C.4), (C.5))

2d L &0112

These measures are called semi-classical or Wigner measures of the family (W¢) 0.

Remark 3.1. If (W\ffgl) converges in S’ (R2?) to the semiclassical measure u then,
forevery a € CQ(R;I X Rg ) that is d + 2 times continuously differentiable in x the
following holds:

/ TrCNxN(a(x,S)Wlie%(x,é))dxdé—>/ Trensn (a(x, E)u(dx, d§)).
R2d t—o0 JR2d

This follows from Remark C.3 and assertion (1) of Lemma C.4.

Finally, the lift property (3.4) is transferred to an accumulation point ¢t generated
from a subsequence (W¢¢),i.e.,

Vo € Co(RY, CNV*N), elim /d Trewsn (¢ (x) (UF @ Wee)(x))dx
— 00 R

= / Tr(chN((ﬁ(x)/L(dxv d%‘))’
R4

provided that no mass of (W¥¢) is lost at infinity in Fourier space:
lim sup / |Wet (€)|2de —> 0. (3.5)
t—o00 Jler€E|>R R—00

This condition, referred sometimes to as g-oscillation, is fulfilled as soon as the
sequence (W¥)g~0 is bounded in H; RHN for some s > 0.
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Let us conclude this concise review of semi-classical measures by recalling
how the matrix-valued semi-classical measure u = (u; j)1<i,j,<n is related to the
semi-classical measures of the families of components (\I';?), forj =1,..., N.
Suppose that the subsequence (W¥¢) gives the semi-classical measure p. Then, for
every 1 <i,j, <N,

00 2d : & &y _ ..
Va € CP®M),  lim <op8(a)\l—’i R )LZ(RJ) —/Rma(x,é)u,,](dx,dé).
(3.6)

Moreover, since u takes values on the set of Hermitian positive-semidefinite ma-
trices, one also has that the p; ; are non-negative (scalar) Radon measures and that
Wi, j is absolutely continuous with respect to both w; ; and 1, ;. The latter condition
implies that 1; ; = 0 as soon as j; ; and u;, ; are mutually singular. In particular,

2d .
Hii Ly = Va e CP®M™),  lim (ops(a)\IJf‘,\Ilj‘)Lz(Rd) —0. 3.7)

In this article, we are mainly interested in time-dependent versions of these ob-
jects. The modifications required in order to adapt the theory to this context are rather
straightforward. Suppose now that (W¢),-¢ is bounded in L*°(Ry; Lz(Rf, CMy).
Define W, as

W&JS (t’ X, E) = W&\JE([,.)(xa S)
evy dv

_ /Rd LR (r,x — %) ®W(z,x + 7) o 09

Then (3.2) again implies that, forevery & € L!(R) andeverya € C°(R?, CN*N),

// 0(1) Trenxn (a(x, E)Wye (1, x, §))dx d& dr
R JR2d

=< Cd ”\I’["3 ”iOO(R,;Lz(R;/,CN)) ”9 ”L] R) ||£l ”C‘]Jrz(]Rz‘l,(CNXN)‘ (39)

This ensures that (Wy,.) is bounded in S"(R x R24). Moreover, any accumula-
tion point s of this family is a non negative Radon measure on R x R?“, because
of (3.3). It follows from (3.9) that the projection of i onto the ¢-variable is ab-
solutely continuous with respect to the Lebesgue measure on R. Therefore, we
conclude using the disintegration theorem the existence of a measurable map from
¢t € R to non negative, finite, matrix-valued Radon measures u’ on R24 guch that
w(dt,dx,d€) = u'(dx, d&)dt.

Summing up, for every sequence (&¢)¢en going to 0 as £ goes to +00 such
that (W(;‘g@) converges in the sense of distributions the following holds: for all
0 € L'(R) and a € C°(R*, CN*N),

// 0(t) Trewxn (a(x, E)Wils, (1, x, §))dx d& dr —>
R JR2d L— 00

// (1) Trewsn (a(x, £)u' (dx, dg))dt. (3.10)
R JR2d
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If the sequence (W¥¢(¢, -)) is in addition e-oscillating (3.5) for almost every ¢t € R,
the projections of the measures p’ on the &-variable are the limits of the energy
densities: for every @ € L1(R), ¢ € Co(RY, CN*N),

/ / 0(t) TI'(chN((f)(X)(‘I’gZ ® W) (t, x))dx —>
R JR4 {—00

// 0(t) Tronxn (¢ (x) ' (dx, d&)) dt. (3.11)
R JR4

Remark 3.2. Time-dependent analogues of (3.6), (3.7) also hold after replacing
Wi,j by /JV;’ j and averaging in the #-variable. So does the analogue of Remark 3.1.

3.2. The Semi-classical Measure of (Y°)e~o in Terms of Those of the Sequences
(Wﬁ)s>0, nelN

We now focus on the basic properties of semi-classical measures associated to
a sequence (¥ ®)~0 of solutions to (1.1), issued from initial data (v§).~0 that are
bounded in H} (R¥) for some s > d /2, and onto clarifying how they are related to
those of the families of projections (¥ )¢~¢ defined in (2.6).

First note that the highly oscillating character of the Schrédinger propagator
prevents in general to be able to extract a subsequence along which Wigm) will
converge for every t € R. Following [3,6,41] we consider time averages of the
Wigner functions we just described.

Identity (3.10) applied to this context states that whenever (W;‘i[) converges in
the sense of distributions for some sequence (&¢)¢cn going to 0 as £ goes to +00
the following holds: forall @ € L'(R) and a € Co° (R%),

// G(Z)a(x,E)Wf/g((t,x,é)dxdédt—>// 6(t)a(x, )" (dx, d§)dt,
R JR2d t—o00 Jr JR2d
(3.12)

where, for a.e. t € R, ¢! is a non negative Radon measure on R4,
In addition, ¢’ can be related to the weak limits of the energy densities since
the family (¥®).~0 is g-oscillating.

Remark 3.3. If (/)¢~0 is bounded in H; (RY) forsome s > d/2then (Y4 (z, -))e=0,
the corresponding family of solutions to (1.1), is e-oscillating for every ¢ € R. This
follows from [15, Lemma 6.2] applied to the family (U?),~ ¢ of solutions to (2.2)
once one notices that for r € (%, s),R>0andt e R,

/| o 1T (2, &, e oy dE < RT2CAYE s rey + Gl
E§|>

as follows from estimate (2.3).

As a consequence of this, (3.11) implies one has for the subsequence (e¢) of (3.12)
and for 0 € C°(R), ¢ € C°(RY),

// 9([)¢(x)|w€((t,x)|2dxdt — // O(t)p(x)c' (dx, dE)dt.
R JR4 =+ Jr JR2d
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(3.13)

Forn,n’ € N*, we use the notation er w0 1o refer to the Wigner function of the pair
1> V. In other words, for every a € C(‘)’O(RM ),

‘AA{Z‘] a(x’ E)Wrin’(tv X, ;;-‘)dx dg = (OPE(G)Wﬁ(L ')’ w,f’(ts .))LZ(R‘J) .

The same argument presented before shows that for n,n’ € N, there exists a
sequence (&¢)¢eN going to 0 as £ goes to +oo such that, for all 6 € LY(R),
a € CF(R>),
/ / G(t)a(x,S)W,fn,(t,x,é)dxdé dt — / / 0(t)a(x,f§)pﬁt1 w(dx,d§))de,
R JR2d ’ t—o00 Jr JR2d ’
(3.14)

where, fora.e.r € R, u; v 18 a (signed) Radon measure on R,

Proposition 3.4. There exist a subsequence (g¢)¢en going to 0 as £ goes to +00
such that (3.12) and (3.14) hold simultaneously for all n,n' € N*. In addition, for

aet €R,
r t
g - Z I'Ln’n/a

n,n’ eN*
the convergence of the series being understood in the weak-* topology of the space

of Radon measures on R*.

Proof. We proceed to a first extraction to have (3.12) and we keep denoting by ¢
the resulting subsequence. We put

e = (Yl .., Us) € CRy; L2 (RY, CVY).

We know that (Wj%), defined by (3.8), are uniformly bounded in C(R;; S’ (R2d,

CN*Ny) bothine > 0 and N € N*,

By (3.10), any accumulation point of (W&,}gv) obtained along some subsequence
(&¢)¢eN 1s a time-dependent family of non negative matrix-valued Radon measures
/‘5\/- By diagonal extraction, we can find a sequence (&¢)¢en such that (Wiieve )e=0

converge for every N € N*. We denote by (,u,iv) Nen+ their respective limits. By
(3.6) we know that, for every n,n’ < N < N’ one has

(Mﬁv)n,n’ = (Ms\//)n,n’ = /L;,n/’

where /LZ . 1s obtained through (3.14). This shows that we can find a sequence
(e¢)¢en as claimed.
Define now yV-¢ := ZQ’Z] Y. One has that for a € Cj° R*?)and 1 € R,

/RZda(x, S)W;ZN‘“ (t,x,&)dx dé = /H;Zda(x,é) Trenvxn <Q ij;{ (¢, x, 5)) dx d&,
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where Q is the N x N matrix whose all entries are equal to one. Therefore,
(W;/[Nvf . )eeN converges to the semi-classical measure given, for a.e. t € R, by

13 t
SN = Z N
1<n,n”’<N

Finally, (2.5) and Lemma 2.1 imply that for every # € L'(R),

li OO, ) — N, )%, df 0;
lmsupr O, = YV gt —

{—o00

which in turn guarantees that, for every 6 € L'(R), a € CSO(RM ),

// G(I)a(x,f)gfv(dx,dé)dtﬁf/ O()a(x, E)c' (dx, dE)dt.
R JR2d N—oo Jr JR2d

t

The rest of this article is devoted to computing the measures i, .

3.3. Localization of Semi-classical Measures

If the operator L® P is applied to problem (2.2), one deduces that ,; (which
is defined by (2.6)) satisfies the pseudo-differential equation

{iszaﬂ/fﬁ(l,x)) = 0n(eD)YE(t, x) + &2 f5(t, %), (t,x) e R x R4

¥ (0,x) = ¢, (%, EDX) ]’]I‘d On(y, eDYE(x)dy, (3.15)

with
& X —_— &
700 = (SeeDy) [ Do Vet 0V 1.5, .
& Td

This fact will be used to obtain all the information on the measures ,u; ,n’ defined
in (3.14) that is relevant to our purposes. In this section we gather some basic facts;
in following sections we will introduce a more precise machinery that will allow
us to obtain a complete picture.

Proposition 3.5. Let (/) be bounded in H; (RY) for some s > d/2. For any
n,n" e N* let (Y)e=0 and (V),) be defined by (2.6) and let [L; . be given by

(3.14). Let @ < R? be open and invariant by translations by 2w Z%. Then the
following hold:

(1) If Veon € Lip(Rd) on Q and Veoyla # 0, then
H’;,n (Rd x Q)=0, foraetelR.
(2) Let 6 > 0 and suppose that
QC {5 eR! : Jou(®) —ow(®)] = 5).
Then |u), IR x Q) =0, forae.t €R.
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Proof. Point 1is proved in an analogous manner than Proposition 3.4 in [15]. Using
the calculus of semi-classical pseudo-differential operators with low regularity of
Lemma C.4 it is possible to prove that for every 6 € C;°(R) anda € Cj° (R? x Q),

/R@(l)(OPE(Van V@) (), Yy (1, ) 2 ey dt —0

By (3.14), this implies that, for almost every ¢ € R,
[, Veeu®) - Viatx. 6l dx. de) =
R xQ

This implies that the measure u}, ,1ga g is invariant by the flow (x, &) = (x +
sVon(€),&). Since ui,,n is non negative and finite, necessarily it is identically O.
For proving Point 2, it is enough to obtain, for every # € Ci°(R) and a €
CPRY x Q):
Ae(t) (Opg(a)w;(i(tv ')a w,f/ (tv '))L2(Rd) dt 3 0.
We have

iazi(o @VEW, ), ¥, )
dr Pe n\" ) W 1)) 12 (Rd)

= ((ow (e Dx)0p, (@) — 0p, (@)@n(e D)) Wi (L. ). Wi, )) 2 ey + E2RE (D),
(3.16)

where |R° ()| < C| f5 (¢, -) ”iZ(Rd) is locally uniformly bounded in ¢ € R for every

e > 0.
By Lemma C.4 (2), the following holds with respect to the L(L*(R4)) norm:

on (e Dx)op,(a) — op,(a)on(eDy) = op, ((ow — en)a) + O(e).

This identity together with integration by parts transforms (3.16) into
/R 0(1) (0, (0w — 0n)a) V£ (1, ), YE (L, ) 12y

£2
= l—./R@’(t) (0Pe @)Wy (2, ), Yy (2.)) 2 gay A + O (e).
Taking limits ¢ — 0, which is possible by Remarks 3.1 and 3.2, we obtain
/ f 0(t) (0w (§) — 0n(E)alx, &)y, (dx, d)dr = 0.
R JR2d

By density, this relation holds for all @ € Co(RY x ), in particular for @ =
(0n — 0n)~'a. This shows that, as we wanted to prove

Vo e CSO(R), Va e CO(Rd x 2), / /Zd Q(t)a(x,é)u,’1 n/(dx,dé)dt =0.
R JR ’
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Proposition 3.5 shows that ,ufm can only charge the sets A, of critical points
of o, or the set where g, has a conical crossing with another Bloch energy (i.e.
where o, ceases to be C L1 (Rd )). It also shows that ¥, ;v is the only region where
the measures /L; v can be non-zero. Since, assuming H1, the crossing sets reduce
to UpeN, Zn, the analysis of the measures ,u; v Will be performed in the following
sections by means of a second microlocalisation above the sets A, and X,, under
the assumption H1, H2 and H3.

4. Two Microlocal Analysis

The analysis of the concentration of a family on a submanifold of the phase
space turned out to be an important element of the analysis of its behavior. Two-
microlocal semi-classical measures gives a quantitative overview on these concen-
tration phenomena. They were first introduced simultaneously and independently
in [50] and by one of the author in her thesis (see the articles [21,22,24]), and
they have found applications in different fields, as for example [26,42] and articles
connected to these ones. We recall in Section 4.1 the definition of two-microlocal
semi-classical measures that is useful in our context and apply the theory to families
(¥®)e=0 of solution to (1.1) in Section 4.1 in the frameworks of Theorem 1.5 and
of Theorem 1.8. This leads to the statement of two results (Theorems 4.5 and 4.6)
that will be proved in the next Sections 5 and 6.

4.1. Two-Scale Semi-classical Measures

We study here the concentration of a bounded family (¥¢),.q of L*(R, L2
(R4, CVY)) onaset R? x X where X is assumed to be a connected, closed embedded
submanifold of (R?)* of codimension p. Following [15], we achieve a second
microlocalization above R? x X and we crucially use that the geometric properties
of X imply that there exists a tubular neighbourhood U of {(0,0) : 0 € X} S NX
such that the tubular coordinate map

U>s(0,v) — o +v e (RH*

is a diffeomorphism onto its image V. In that case, there exists a smooth map
ox : V —> X such that, forevery £ € V,

§=0+v, (o,v) =(0x(§),§ —ox(§)) eU. (4.1)

We extend the phase space T*RY .= Rﬁ X (Rd)g with a new variable n € @,

where R9 is the compactification of (R?)* obtained by adding a sphere S?~! at
infinity. The space A® of test functions associated with this extended phase space
is formed by those functions

a e C®(T*RY, x RY, CV*N)

which satisfy the two following properties:
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(1) there exists acompact K C T*R4 such that, for all ne R4, the map (x, &) —>
a(x, &, n) is a smooth matrix-valued function compactly supported in K;

(2) there exists a smooth matrix-valued function a, defined on T*R? x 8§91 and
Ry > 0 such that, if [n] > Ro, then a(x, &, n) = aso(x, &, n/In).

For a € A® supported in R x V x RY, we write

& — UX(S))

&

ag(x, &) :=a (x,é,
We associate to W () a two-microlocal Wigner distribution
WXe(t) e D'(RY x V x Rd), W\I)fgs(t) = (Wfl;g)lfj,ka§
its action on test functions a € A® supported in R? x V x R? is defined by
<W§;*’(t), a> = (0P (@) W¥ (1), WE (D)) 2 o, - 4.2)

Since the family of operators (op, (a¢))¢~0 is uniformly bounded in L? (Rd, CN*N)y
(as a consequence of the Calderén-Vaillancourt theorem, see “Appendix C”), it fol-
lows that (Wéf;g (1)) is abounded sequence of distributions. In addition, any smooth,
compactly supported test function a € C§° (R4 x V, CN*Ny can be naturally iden-
tified to an element of .A® which does not depend on the last variable. For such a,
one clearly has

(Wait (). a) = (Wg. (0, a);

hence Wéfgs(t) is a lift of Wj/g (t) to the extended phase-space. We thus focus on
the asymptotic description of the quantities

/ 0() (Wi (1), a)dt, 0 € L'(R), ae A®. (4.3)
R

In order to describe the limits of these quantities, we must introduce some
notations. We consider an open subset W of V where there exists ¢ : W — RP? a
smooth function such that the £ € W for which ¢ (&) = 0 are precisely those which
are in W N X. We also assume that dp (o) forc € WN X is of maximal rank. These
coordinates functions give parametrization of the manifolds under consideration
and for every o € W N X, we can write

NoX ={'do(0)z : 7z € RP}.

This parametrization allows to define a measure on N, X and the space L? (Ns X, (CZ).
Different ¢ will give equivalent norms. The function ¢ also induces a smooth map
B from the neighbourhood W of ¢ into the set of d x p matrices such that

§—ox()=BE)p@), §eW. (4.4)
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Therefore, given a function a € CP(R? x W x RY, CN*N)) and a point (o, v) €
T} X, we can use ¢ to define an operator acting on f € L*(NyX,CN) by

Z+Yy
2

in(a—y) 414y
(2m)P

0%, v)f(2) = f

R

a (v + 'dg(0) .0, B(o)n) fe
P xRP
In other words, QY (o, v) is obtained from a by applying the non-semi-classical

Weyl quantization to the symbol a (v + 'do(o) -, 0, B(o) ) € C°(RP x RP,
CNXN),

0%(o,v) =a" (v+ 'dg(0)z, 0, B(o)D;). (4.5)

Using invariance properties with respect to changes of coordinate systems that are
precisely described in [15], Section 4, one can conclude that a induces an opera-
tor QX on L>(N, X, CM). Clearly, QX (o, v) is smooth and compactly supported
in (o, v); Moreover, Q,f (o, v) is a compact operator on L2(NyX,CN) for every
(o,v) e T*X.

Proposition 4.1. (Proposition 4.2 and 4.4 of [15]) There exist a sequence (g¢), a
measurable map t — y' valued in the set of non negative (matrix-valued) measures
on T*R? x S4=1 a measurable family of (scalar) non negative measures v' on T*X
and a measurable map t — M, where

M':T*X > (o,v) —> M'(o,v) € L' (L*(N, X, CVY)
and  Trpay, x.cvy M (o, v) =1, Vi-ae (0,v) e T*X

such that, for every 6 € Ci°(R) and a A supported inR¢ x V x RY, one has:

/RG(I)<WX’”(t), a>dt —

g¢—0

/ G(t)/ TrLz(N”X,(CN)(Qi((G, VM (o, V)WV (do, dv)dt

R T*X

+/ o(t) Trevxn (doo(x, 0, @)y’ (dx, do, dw)) dt.  (4.6)
R T*Rd xSd—1

The family of operators M (o, v) describes the part of the concentration that
comes from finite distance while the measure y’(dx, do, dw) is often called the
part at infinity of the two-scale semi-classical measure. In particular

& —ox(&) )

"(x, £, w)l = u'(x, ) —E - e
V(. E o)lggx = 1 (x,6) @ <“’ & —ox ()]

where ! is a semi-classical measure of (W¢(#))g~0.

Remark 4.2. (1) In a stationary setting, similar objects can be associated with (non
time dependent) bounded families in L%(RY). More precisely, if (f%)¢~0 is a
bounded family in L2(R4, CN), one can associate with ( f%)e=0 a pair Modvg
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defined by the existence of a subsequence (g¢) such that for all a € Cgo (R34,
(CN X N)’

(opgz (ag,) f5, fae) “_;0 - TrLz(Nox,(CN)(Q;((O', v)My(o, v))vo(do, dv).
The initial data in the the von Neumann Equation (1.15) (Theorem 1.5) and in
the von Neumann Equations (1.19) and (1.20) (Theorems 1.8) are constructed
in that manner, with N = 1, X = A, and f® = ¢/ (0) for Equation (1.15) and
with N =2, X = £, and /¢ = (Y2 (0), v, 1(0) € C? for Equations (1.19)
and (1.20).

(2) When X = {&o}, then ox(§) = & — & and one has for a € CJ°(R>?)

(0ps (@) £*, f*) = (0py (@(x, §o + o, )0 f* e=ix 0 p7)

and the operator op; (a(x, &y, §) is compact As a consequence, the part at finite
distance of any two-microlocal measure associated with the concentration of
(f%) on X is a projector | £50)( £ | where f% is a weak limit in L? of the family
(e fe),

(3) Note that for determining the part of the concentration that comes from finite
distance, it is enough to consider symbols a that are compactly supported in all
the variables.

4.2. Two Microlocal Semi-classical Measures for the Families (W5 (t))nen

These objects allow to determine the semi-classical measure ¢’. Indeed, in
[15], we have proved that they allow to describe ¢ above critical points of g,
for which the hessian of g, is of maximal rank on the set of critical points A,
(see assumption H2 and H2’). We will use them to prove that ¢/ = 0 above all
crossing sets satisfying H3 and to show that ¢’ can be non zero because of modes
interactions above degenerate crossing points satisfying H3’.

4.2.1. Critical Points We recall here results from [14,15], mainly Theorem 2.2
in [15] which gives a precise description of the measures ,u;’n above the set A, of
critical points of g, (see (1.4)). Let Q be an open set of R4 such that A, N Qis a
submanifold.

Theorem 4.3. [15] Ler (MLdv!, y}) be a pair of two-microlocal semi-classical
measures associated with the concentration of (V;, (t)) above A, N Q. Then, there
exists M,dvy,, a two-microlocal measure associated to the concentration at finite
distance of (Y£(0)) on Ay N Q such that v, = v) = v, t = M! (£, v) belongs to
the space C(R; E}F (Lz(Ng Ap)) and solves the von Neumann equation (1.15) with
initial data M,? = M,,. Moreover, if the Hessian of 0, is of maximal rank on A, N2,

then y! = 0.
Remark 4.4. (1) The maximal rank assumption consists in saying that
Rank Hess g,,(0) = codim A,,, o € Ay,

or equivalently: Ker Hess 0,,(0) = To A, 0 € Ay
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(2) It is important to notice that the families (M) are completely determined by
the initial data: up to a subsequence for which one has

(0pe, (@)Y (0). ¥ (0) — /T . Traee s [Qan & M E )] i@, dv).
4.2.2. Conical Crossing Points When H1, H2 and H3 foralln € N*, the crossing
sets X, are manifolds. Besides, because of the periodicity of the Bloch energies, %,
thus is the union of connected, closed embedded submanifold of (R¢)* and we can
focus on each of these connected components by considering the two-microlocal
setting of Section 4.1 with N = 1 and the family (/%)¢~0 for this submanifold.

Theorem 4.5. Assume H1, H2 and H3 holds for some n € N*. Let X be a connected
component of E,. Then any pair (M!dv!,, dy}) of two-microlocal semi-classical
measures associated with the concentration of (Y5 (t)) on X satisfy v, = 0 and
¥s = 0. Therefore u, , 15 = 0.

The proof of this result is performed in Section 5.

4.2.3. Degenerate Crossing Points We now suppose that 7 is fixed and we con-
sider the concentration of v/ (r) and Iprf 11 (t) when the crossing set ¥, involving
the two Bloch energies g, and 0,4+ satisfies H3’. We consider a connected com-
ponent Y of ¥, which is assumed to be included into A, and A,41, the sets of
critical points of g, and g, respectively. We consider the two-microlocal setting
of Section 4.1 for N = 2, the submanifold Y and the family

W) = (Wi ), ¥y (1) € C.
In view of Lemma B.1, the equation satisfied by W? is
1820, WF = @(eD)WF + &2 Ve (1, x)WF + & F¥ (1, x) 4.7)
with (F*(¢)) uniformly bounded in L*(R%) and
O (&) = Diag(0n(§), 0n+1(6)) = An(§)Id — g, (§,§ — oy () J,

10
J = (o _1) , 4.8)

where g, € C* (UEEQ ({S} X Nog, (g)E,,)) (see also (1.11) where the restriction
of g, to points of X, is introduced), and the function A,, is defined in (1.12). Note
that by assumption H3’, there exists ¢ > 0 such that we have g, (o, n) < c|n|? for
allo € ¥,andn € No X, and g,(§,n) = |n|29n(§) by (2) of Lemma B.1.

Theorem 4.6. We suppose that H1’, H2’ and H3’ hold. Consider a connected
component Y of I, that is included in A, N Ap11. Let (M'dV', dy") be a pair
associated with the concentration of the family (W*(t))¢=o on Y. Then, y' = 0 and
there exists Mdv° associated with the concentration at finite distance of (V¥ (0)) >0
on Y such that v = v° and the following holds:

(1) If g = 2, M'" satisfies (1.20) with initial data M.
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(2) If ¢ > 2, M" satisfies (1.19) with initial data M.

Remark 4.7. Note that, even in Case (2), it can happen that the modes interact
above the crossing, if they were doing so at time ¢ = 0. Corollary E.3 provides
examples of such initial data.

The proof of Theorem 4.6 is the subject of Section 6.

5. Proof of Theorem 4.5

We prove Theorem 4.5 in two steps: first we focus on the part of the two-scale
semi-classical measure that comes from infinity in Section 5.1, then we concen-
trate on the part at finite distance in Section 5.2. We use the characterization of
Lemma B.1 and write

0n(§) = An(§) — gn(§.§ —0x(8)), Qnt1(8) = An(§) + gn(§,§ —0x(§))
(5.1)

with 4, smooth and g, € C* (Uzeq ({6} X Noy, ¢)n)) and n — g, (€, 1) homo-
geneous of order 1 in n (see (1) in Lemma B.1). Note that the function introduced
in the introduction in (1.11) is the restriction of g, to NX, (and thus have been
denoted similarly).

5.1. The Two-Scale Semiclassical Measures at Infinity

Leta € A® supported in R? x W x R? where W is an open subset of RY
where we have tubular coordinates for X. Let x € C;° (R9) such that x = 1 on
B(0,1)and x = 0on B(0,2)° with0 < x < 1. We set, for R, 5 > 0

a™(x, €, = alx, & (1 = x(/R)X((E — 05(£))/5).
Then, in view of equation (3.15),
d
ie— (0P (@)Y (1), Y (1) =& (1op, @), ea(e D)W (1), ¥ (1)) + O (@),
(5.2)

Using (5.1), the homogeneity of g,, and the notation introduced in (D.1), we write

0n(eD) = Ay (D) — £gn(eD, D — & o5 (eD)) = hy(eD) — £(gn)e (e D).
Therefore, we have
e [0p. (@), 04(e D) = 0p, (Voal? - Vi) = [op, @F), (g D) | + O (o).
We can now apply Lemma D.1 with k& = 0, and we obtain

e [0p.(@2). 02 (eD)| = op, (be) + O(e) + OR™) + 0®)



1372 Victor CHABU, CLOTILDE FERMANIAN KAMMERER & FABRICIO MACIA

withb = V,a®3.Va, -V, akd -V, &n. Passing to the limits ¢ — 0, then R — +o00
after time integration against 6 € Cg" (R), we obtain by (5.2),

/ﬂ;@(t) (0pe (b)Y (1), Y (1)) dt = O (e) + OR™") + 0@).
We deduce that
/ Ot) (VA (o) — Vygn(o, w)) - Viaso(x, o, w)dy)(x, 0, w) = 0.
RxRIx ¥ x8d-1

This implies that the measure y,ﬁ (x, 0, w) is invariant by the flow
(x,0,0) = (x + (VA (0) — Vygu(o,w),0,w), s €R.
As a consequence, ¥, is supported on {V4,(0) — V,g,(0, w) = 0}, and by H3,
v, =0.
5.2. The Two-Scaled Semiclassical Measures Coming from Finite Distance

In view of Remark 4.2 (3), we now choose a € (,’80 (Rd x W x Rd) where W
is as above. Let # € L' (R). Arguing as in (5.2), we observe

| 00 (fon. (@), ue DO, ) = 060

Using that a is compactly supported in the variable n and the homogeneity of g,
we obtain in £(L2(R?)),

1
g[Ops(as), on(eDy)] = iopg(V)\n &) - Vyag) — [Opg(ae)’ (gn)e(eD)] 4+ O(e).

Passing to the limit ¢ — O thanks to Lemma D.2, we obtain
/ 0T 20y, 5035, v,a — [Q2 (0. 0), QF (6)IM) (5, v)vh (0, v)dt = 0.
R
(5.3)

This relation has important consequences on the structure of M, , and vj,. For
stating them, we write

Vi (o) = Vi, (0) + Vi, (o), Vir(0) € NyT and VP, (0) € T, 2.
Lemma 5.1. Equation (5.3) implies
supp(v’) C {(0,v) € TE, V*i,(0) =0}
and
[Q%(0), M (0,v)] =0 dv! a.e. (o,v) € N,

where F (0, 1) = V"4,(0) - 0+ ga(0, ).
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Proof of Lemma 5.1. We use a system of equations ¢ (&) = 0 of ¥ and the matrix
B defined in (4.4). For o € X and ¢ € T,R?, we have
(Id —dosz(0))¢ = B(o)dy(o)¢,
which allows to decompose ¢ as
¢ =dox(0)t 4+ B(o)de(o)t, dox(0). € T, X and B(o)dp(o), € Ny X.

In particular, B(c)d¢ (o) = Id on N, X. In view of this observation, we write for
(o,v) e TE,and (z,¢) € (N X)*

V(o) - Via(w+'do(o)z, o, B(o)¢)
= Vﬁkn(o) -Vea(+'de(o)z, o, B(o)¢) + VJ‘)»,,(U) - (B(o)V;)
(av + 'dg(0)z, 0, B(0)7))
We obtain

0%, rv.a(0: V) = Vi, (0) - Vy 0 (0. v) — i[Q%(0). Q% (0. V)],

with Q(f;(o’) = F(o, B(0)D;). Therefore, equation (5.3) can be written as

fR O(OTr 2y, 5) (VA (0) - Vo Q2 (0, v)
+HQF (0, v), QF ()M, (0, V), (0, v)dr =0,
We deduce that
iV, (o) - Vy(MLdV) +[Q% (o), MLdv.] = 0.
Taking the trace gives
Vi (o) - Vyu! =0,
whence the invariance of v/ by the flow defined on 7X by
(0,v) > (0, v +5V2,(0)), s €R,

which implies the results. O

We conclude the analysis of the two-scaled Wigner measures at finite distance
M" by using Lemma 5.2 below. For this, we need to check that its assumptions are
satisfied. Hypothesis H3 implies that if Vi, (o) =0, then forall n € N, % \ {0},

V(@) = Vygn(o.m) # 0.
Considering V¢ (F (o, B(0)¢)), we have
Ve(F (@, B@)O) = 'B@) (V-34(0) = dy8a(0. 1) #0,

because B(o) is invertible on N, X, and the assumptions of the next lemma are
satisfied.
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Lemma 5.2. Let p € N and M be a non negative trace-class operator on L>(RP),
and F € C®RP \ {0}) such that V:F({) # 0 for all ¢ € RP \ {0}. Assume
[F(D;), M ] =0.Then M = 0.

Proof. Let¢ € L2(R”) be an eigenvector of M for an eigenvalue £ # 0. Then, for
all j e N,

¢j = (F(D,)) ¢

is also an eigenvector for £. Since ¢ is of finite multiplicity because M is trace-
class, we deduce that the set {¢;, j € N} is of finite dimension. Let k € N* the
first index such that the family (¢;)o<j<x is not a family of independent
vectors. Then, there exist «g,---ox € R non all equal to 0, and such that

k k
Zochbj = 0. In Fourier variables, we obtain Z aj F({)-/ a(g“) = 0. The set
j=0 j=0
k
C=1¢eR?, ZajF(g“)j = 0 ¢ is the union of a finite number of sets Cg,
j=0
Cp={F() =B}

for B a real-valued root of the polynomial } Jo_; , o; X J. Since V; F(¢) # 0 for
all ¢ # 0, these sets Cg are hypersurfaces of R” and thus of Lebesgues measure 0.
So it is for C and we deduce that¢p = 0. O

6. Proof of Theorem 4.6

Theorem 4.6 contains two statements. First, it states that the two-scale semi-
classical measures at infinity is 0, what we prove in Section 6.1 below, by showing
invariance properties of its diagonal elements. Secondly, it gives transport equations
that allow to compute the two-scale semi-classical measures coming from finite
distance from the knowledge of the initial data. We focus on this latter point in
Section 6.2.

6.1. Analysis at Infinity

We perform the proof for g = 2, the proof forg > 2 is similar. Let W¢ be a family
of solutions to equation (4.7). Let a € A® supported in RY x W x R¢ where W
is an open subset of R where we have tubular coordinates for the manifold Y. Let
X € Cgo(]Rd) such that x = 1 on B(0,1) and x =0 on B(0,2)° with0 < x < 1.
We set for R, 5 > 0

a®P(x & m) = alx, &, M1 — x(n/R)x (€ — oy (£))/5)

and we consider the symbol

atox,g,m) = 1& — oy @) a0 (x, £, ).
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By Lemma C.4 (1) (see also “Appendix D”), there exists a constant C > 0 such
that

lops @)l £(z2ray) < CeR) ™.

In view of (4.8) and of (2) in Lemma B.1, we write with the notations introduced
in (D.1)

O(eD) = An(eD)Id — £%(gy)e (e D).

C2><2

Therefore, if E is a constant diagonal matrix of , we obtain

|op.GEE) . ©@D)| = [op. @) . hu(eD)| E
—e [0p, @) . (8)e(eD)] EV,

where we have used that EJ = J E. We observe that setting

b(x,&,m) = Inl""a®(x, &, 1),

we have
g op,(aX?) = op, (be)

and we can apply Lemma D.1 because b € A(_2; and g, € Hy. We deduce that

e [0p. @) . (gn)e(eD)] = [op, (o) . (g0)e(D)] = 0p, (Vi - Vy)c)
with V,b(x, &, ) = |n|~ ' Vea® ¥ (x, &, n). Therefore, we are left with

é[opg(df*sE) L 0ED)]| = 0p(Vadf - Vera €)E — op, (Vb - Vi) EJ
+0(e) + O(R™) + 0 ().
We use Vi, (§) = Hess A (0y (§))(§ — 0y (§)) + O((§ — oy (£))*) and we set

c(x. &, 1) 1= Vea®®(x, £, 1) - Hess An(oy@»%E
n

1
—Vea®P(x, g, 1) mvr)gn &.mEJ.

Note that ¢ € A® and
1 [ ~R.S _ -1
- op.(a,°E) , @(ED)] =o0p,(ce) +0()+ O(R )+ 0().

Therefore, passing to the limit ¢ to 0, then R to +oc and finally § to O, we obtain
forall 0 € C°(R),

/ o(t) Trezxz (Veaoo(x, 0, ®) - (Hess Ay (0)w E — Vygu(o, @) EJ))
R Rd x Y xSd-1

y'(dx, do, dw)dt = 0.
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Let us denote by y, , and y, |, ., the diagonal coefficients of the matrix-valued
measure y’. Choosing the 2 x 2 diagonal matrix E such that EJ = E, we deduce
that the measure y,, , is invariant by the flow

(x,0,w) = (x +s(Hess A, (0)w — Vy8,(0, w)), 0, w), s €R.

Then, choosing E such that EJ = —E, we obtain that the measure y,i sl is
invariant by the flow

(x,0,®) — (x + s(Hess 1, (0)w + Vg, (0, ), 0, 0) , s €R.

From assumption H3’, we deduce y, , = 0 and vy 41241 = 0, and the positivity
of ! implies that y* = 0. One argues similarly when ¢ > 2, and proves that the
term in g, does not contribute to the limit.

6.2. The Two-Scale Semiclassical Measures Coming from Finite Distance

Here again, we write the proof for ¢ = 2. We choose # € L'(R?), a €
(G (R x W x R4, C?*2) where W is a tubular neighbrohood of ¥ where the
function oy is defined. Using the homogeneity of the function g(&, 1), we have

.d
i (0pe (ae)We (1), We (1)) = If (1) + 15 (1) (6.1)
with

17 1) = (10P (@), &2 (E Dy + Vexc (1, )1W° (1), 7 (1))

I3 (t) = — ((ope (@e) J (gn)e (e D) — (gn)e (e D) J0op, (ac)) W (1), W(1)) .
Note that if ¢ > 2, the homogeneity implies 128 () = 0(972). Section 5.1 in [15]
gives the uniform boundedness of the family of time dependent functions ¢ — I} (¢)
and Lemma D.2 yields the uniform boundedness of the family of time dependent
functions ¢ > I (¢). Therefore, the left-hand side of (6.1) is uniformly bounded

with respect to &. Therefore, the maps ¢t — M’ (o, v)dv! (o, v) defined on TY will
be continuous in time.

Remark 6.1. At that level of the proof, one sees that by Ascoli theorem, one can
find for each T > 0 a sequence ¢, for which the limit of (opw (ag,)Wee(t), wee (t))
exists for all # € R. One then deduces the convergence ¢ by ¢ of these quantities.

We now integrate equation (6.1) against a function 6 and pass to the limite — 0.
By Section 5.1 in [15], we have for 6 € C{°(R), up to the subsequence defining
M'dv?
/9(t)1f(t)dz—>
e—0
1
/ G(t)/ TrLZ(NJY.CZ)([QZ(U’ v), EHesskn(a) D; - D; +my,,)(x, v)] M (o, v))
R TY

Vi (o, v)dt.



Effective Mass Theorems 1377

By Lemma D.2 for studying the term 5,
/Q(I)If(t)dt:)
/Re(z) /TY Tri2v, v.c2) (Q();(a, vJQ} (6) — QF (0)J Q) (o, v)) M (o, u)>u’(o, v)dr.
= A{ o(1) /T Ty e ([eX@.v). 10k @] M@ ) V(@ v)dr
Reporting the result in (6.1), we obtain
—i /Re’(t) /TY TrLz(NUY,Cz)(Qg(a, VM (o, v)dV! (o, v)dr
= fRe(r) /TY TrLz(NUY’Cz)<|:Qg(a, v), <%Hesskn(a) Dz - Dz +my, . (. v))Id
+J0) (a)}M’ (o, v)) V! (0, v)dr.
We deduce that
o (M'dv') = [(%Hess)\n(a) D; - D; +my,q,)(x, v)) Id + Q;n(a)J , M’dvt] dv'.

Taking the trace of this expression gives ;1" = 0, whence v’ = 10 (because of the
continuity of # — v’), and the equation satisfied by M.

7. Proof of the Main Theorems

7.1. Proofs of Theorem 1.5 and Proposition 1.6

‘We prove here the results obtained under H1, H2 and H3, which corresponds to
a general setting without too much assumptions on the initial data and with generic
hypothesis on the Bloch energies.

Proof of Theorem 1.5. Let (g¢) be a sequence given by Proposition 3.4 and ¢’ and
'“51, . the corresponding semi-classical measures along that sequence. Because of
the assumption H1 and Part (2) of Proposition 3.5, ,u,; = 0forae.t € Rassoon
as |n — n’| > 1. Besides, by H2, we can use Theorem 4.3 to determine ,u;’nlAn.
Finally, by H3 and Theorem 4.5, u; N = uﬁl »1a, and the result follows. We obtain
that for a subsequence &, fora, b € R and ¢ € C§° (RY),

b
/ [ ()Y (1, x)|Pdxdt —>
a R4 g¢—0

b
Z// Tr 12, a, (" (@) My (0, 0) vy (do, dv)dt,
a JT*X

nENo

once if; observed that, for a(x, &) := ¢ (x), the operator Q, (o, v) coincides with
mg” (o). O
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Proof of Proposition 1.6. For the data considered in that statement, one has Uj =
Gno (Y, an)ufw. Therefore, M,, = 0 for n # ng and M,’, too. We then focus on
calculating M,, above any & € A,,. By Corollary E.3 (1), since & is an isolated
point of A, the measure v, is given by

Ung (A€) = [Vng 72 D lengEng + DIP6GE — &ng — ),
jeanzd

and, for j € 27 74, the operator M, (&,, + j) is the projector on Cv,,. As a conse-
quence, the solution M’ (&no + ) of (1.15) is the orthogonal projection on (Cl/fg"o (1)
where 1//5”0 satisfies (1.16). We obtain that for any ¢ € C;° (RY),

/ Trpo gy sy ™ (Ml (8)) g (d) = ( /R Py (z,x>|2dx) > leny Eny + NI

no jEZd

:/ G ()Y (1, x)Pdx,
R4

A)l . . . .
where we have used that NA,, = R, m ® 9 is the operator of multiplication by ¢,

and the conservation of L norms for the equation (1.16) (| Unollz2 = ||1//§”0 )72
forallr e R). O

7.2. Proof of Theorem 1.8 and Proposition 1.9

We focus here on degenerate crossings involving two energies isolated from
the remainder of the spectrum and well-prepared data that concentrate on these
modes. We will indeed prove a more general result than Theorem 1.8, assuming
that X, is included in A, U A, but not necessarily equal to A, and A, 4 (the
latter being non necessarily equal). Thus, one has to take into account the additional
contributions to the energy densities generated by the points of (A, U A,41) \ Xy
and Theorem 1.8 is a straightforward corollary of the next result.

Theorem 7.1. Then, there exists a subsequence &g , —+> 0, three non negative mea-
—> 100

sures v, € MT(T*A,), Va1 € MY(T*A,q1) and v0 € M*(E,) depending on

(wg‘f), three measurable trace-class operators M,,, My, +1 and M

My : TEAy 3 (€, 0) > My, v) € LY (L*(Ne Ap)),
TrLZ(NgA,,)Mn(S’ v) =1dv, a.e.

Mug1: TEAps1 3 (.0) > Myy1(§,0) € LL(LP(NeAy),
TrLZ(NgA,H_])MnJrl(Sv v) =1dv,41 ae.

M: TF%, 5 (E.v) > M, v) € LL(L*(Ne 25, CY),

Trr2v, s, cyM(E,v) =1 dv’ a.e.

such that for every a < b and every ¢ € Co(R?) one has

b
lim / / & ()W (2, x)|*dxdr
{—>+o00 J, JRd
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b
=y // T2 a Iy (6, V)M (E, v)1v; (d&, dv)dr
a JT*(Aj\Zy)

j=n,n+1
b )Y

+// Tr 2y, 5,0 [mg" (€, v)(my, +my
a JT*E,

+2Re(ml, . N(E, VO (E, dv)dt,

where

m (€, v)  ml (G v))

m;,n+l(€’ v)* miH_](";:v v)

M’(E,v):(

is a non negative trace class operators on LZ(NE %, C?).

Besides, the map t — M/ (x,§) € C(R, EL(Lz(Ng Ap)) solves the von Neu-
mann equation (1.15) andsimilarlyforM,’lJrl and gp11, andthemapt — M'(&,v) €
C(R, L1 (L2(NgZy, C?)) solves (1.19) if ¢ > 2 and (1.20) if ¢ = 2. All the initial
data depend on (1&8‘) as in Remark 4.2.

Proof. We have

Us (x, ¥) = @n(y, eDx)uty (x) 4+ @ni1(y, eDx)uy, 1 (x)

and we are going to take advantage of the fact that Uj € RanTI(§), the spectral
projector on

Ker(P(§) — 0 (§)) ® Ker(P(§) — 0n+1(8)).

By assumption H1’, the band of the spectrum of P (&) consisting of the pair
{0n (&), on+1(&)} is separated from the remainder of the spectrum by a gap, which
implies that £ — TI(£) is analytic. We claim that a consequence of this is that if
(e¢) is a sequence given by Proposition 3.4, then

§" =ty F st T Bt F Bt (1.1

By Proposition 3.5, ¢’ has only support above A,, (because of “’iz, ) Ant1 (because
of /L;’n 41) and X, (because of the crossed terms). Then, the result of Theorem 1.8
comes from two observations:

(1) assumption H2’ allows to use Theorem 4.3 to determine uﬁln above A, \ X,
and “iz+l,n+1 above A1\ Zptl,

(2) assumption H3” allows to use Theorem 4.6 to compute 4, ,,, Ly, 1y 15 My g1
and !, +1., above X, in terms of the coefficients of the matrix-valued measure
M'dv°. In view of (7.1), we obtain that for all ¢ € C5°(R?),

/ $ ()" (dx, dE) = / Te [m3" € 0 EM' €, v) | v (g, dv),
Rix¥%,

T*%,

11
E— (1 1) (72)
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It remains to discuss Equation (7.1), which comes from (1.8) and the estimate
[ (1= T EDDU O gy ey < & G+ 1]
for s > d/2. We observe that the family
We(t, x) = (1 — )(eD)U*(t, x).
satisfies the system
ie2,We = P(eD)W® + &2 Ve WE + 2G5, WE(0) =0

with G¢(1) = —e ! [TT(eDy), Vex¢(t)] U% (¢) uniformly bounded in L>(R? x T%).
Therefore, when s = 0, the estimate comes from an energy argument. We then
proceed as in Lemma 6.7 in [15] by induction in s € N and interpolation between
s and s + 1, observing that, in view of Remark 2.2, it is enough to prove that
P(eDy)*/?W¢ and (D, )*W® goto 0in L>(R? x T?). 0

As a by-product of the proofs, we have the following remark:

Remark 7.2. In view of Remark 6.1, for all T > 0, there exists a sequence &, for
which one has for any ¢ € C®(R9),

/R (SN 0)Pdx = [T g, T2 (m5" @ vl +m)
+2Re mf¢,n+1)(‘7v v)) vo(dé, dv). (7.3)

Let us assume

/T*): Triz2vs,) (mg + 1+ 2Re mg,n+l) v = 9§l 2-

Then /T*z Trp2 v, (M +miy g+ 2Rem), ) dv = [° (&, x)]dx, and the

inequality (n7.3) becomes an equality. One has obtained a ¢ by ¢ description of the
limit of the energy density. The same observation holds in the frame of Theorem 4.3.

It remains to prove Proposition 1.9.

Proof of Proposition 1.9. According to the assumptions, we have A, = A,41 =
¥,.. Therefore, we only have to compute Mdv° and solve the von Neumann equa-
tions defining M" in both studied cases. For the data considered in that statement,
one has g = g, + ¥,y (Where the latter families are defined in (1.16)) with

£, = &,,1. Therefore, by Corollary E.3, v° is given by

v0(d€) = (lvallFs +varill}s) Y lenln + HIPSE — & — ))

jenzd

and, for j € 2774, the operator MO(“g‘n + j) is the projector on C’(v,, vy11).
The solution of the Heisenberg equations (1.19) and (1.20) then are orthogonal
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projectors on C’ (", ij'_'H) as defined in the statement of Proposition 1.9. In
view of (7.2) and of mf” = ¢ (x), we conclude for ¢ € C° (RY),

/2 Trp a2y (m3y" EM' (§))°(dE)

= ([, oo a. 0+ v 0P ) 3 o e + P

jezd

- / SOIE (1 x) + Y8 (1, ) dx
R4

7.3. The 1-d Case: Proof of Theorem 1.1 and Discussion of Proposition 1.6

We now focus on the results devoted to the 1-dimensional case. By Lemma
A.1, the Bloch energies g, have only non-degenerate critical points and A, C wZ.
Besides, they are smooth outside the set of crossing points X, = wZ\ A,, that are
all conical. Therefore, the assumptions of Theorem 1.5 are satisfied and

gl = Z/’L;,n'

nely

with ,uiw determined by the pairs M!)v!. It remains to characterize the pairs
(M,’,, v,) that are associated with the discrete sets A,. For this reason, T*A, =
A, x {0} and NA, = Rd, the measure v,’, is a sum of Dirac masses and the op-
erator M, is constant and an orthogonal projector on a function ws(") that has to
satisfy (1.9) since M,’, satisfies (1.15) (see also Corollary 1.4 in [15]).

It can be illuminating to see how Proposition 1.6 can be deduced from Theo-

rem 1.1 when d = 1. The assumptions of Proposition 1.6 correspond to the choice
of

X i
Vo0 = gy (S 8Dy ) e *60ug ()

with &,, € A,, and (vi0)5>0 bounded in H¥(R) with s > 1. This in turn, corre-
sponds to setting

U, (X, Y) = @ng (v, eDy) 55008 (x).
As a consequence, we have I1,(e Dy)Uj = 0 for n # ng and I, (e D) U5 = U,
whence

0 for n # ng,

e e
LM (eDx)Up = {w{’; for n = ny.

We deduce that the weak limits wg(") (n € N*and & € A,) that we have to consider
in Theorem 1.1 satisfy

0 for n # ng,
,(// (n) (O) — . _ LX& e
§ w — lime™ "5 for n = nyg.

e—0
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Lemma E.2 yields

) v R 0 it& ¢ &, +2nZ,
0)=w—lime™ ¢ = . . ..
Ve O =w-—l Vo {cno(é,m ) ng i & = Eny + j, j € 27
We recall that the sequence (¢, (§ + j))jez are the Fourier coefficients of y
on (v, ). As a consequence, for ¢ € R, we have

0 if € ¢ £, + 277,

(n0) 0y _
Ve )= {cno(sno + DY @) if € = Eny + j. j € 27L

where ws"o (t) solves (1.9) with n = ng and initial data 1/,5,.0 = Vp,. Applying
Theorem 1.1, we obtain

b b
hn})f fR¢<x>|w8(z,x)|2dxdr= ) / /R¢<x)|cno(sm+j>|2|1/ﬁ"o(z,x>|2dxdt

E—>
JjenZ
b
= / / @O [Y5 (1, x)[*dxdr,
a R
where we have used that

D lenyEng + NP =19, gl 20py = 1.

JjeANZ

7.4. Extension of the Setting to More General Situations

Our results could be formulated differently by assuming that the initial data is
localised in Fourier variables on a set €2 in which the assumptions H1, H2 and H3
of Theorem 1.5 are satisfied. More precisely, we assume that Q is a Z?-periodic
open subset of R such that there exists a unit cell B of Z¢ for which QN B s strictly
included in B. We prove here that the analysis of the semi-classical measure ¢’ of
(Wes0oin R x R? x € can be performed by localizing the initial data wg, which
allows to extend the results of Theorem 1.5 to data with less strict assumptions on
the Bloch energies.

Lemma 7.3. Let Q as above and y € C*°(R?) be 2 Z%-periodic, supported in the
interior of B+2mwZ% and equal to 1 on 2. Let U; (t) be the solution of equation (2.2)
with initial data x (8D)U(§. Then, for every s > 0 there exists a constant Cy > 0
such that, forallt € R,

& &€
|z = xepou (f)HHg(sz> < e Co(l+t)).

Moreover, if Y15 = LU, then there exist C > 0 such that

<eC(l+t]).

LU0 = xepw 0]
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Proof of Lemma 7.3. Note that we have U ; ) = g (er)Ug. We observe that
Ue = x (e Dy)U¥® satisfies the system

i620,U° = P(eDy)U® + &2Ver U + 3 F°,

with F(1) = e [x (e Dy), Vex(t)] U%(¢) is uniformly bounded in L2(R¢ x T9).
A standard energy estimate then gives the result for s = 0. Then, in view of
Remark 2.2, it is enough to prove that P (e D, )*/2(U* — Uy) and (e Dy)* (U — Uuy)
go to 0 in LZ(R¢ x T¢). We proceed by induction in s € N and interpolation
between s and s + 1, following the arguments of the proof of Lemma 6.7 in [15].
This proves the first estimate of the lemma.

To prove the second estimate, note that whenever yx is 2774 -periodic, we have

x(eD) (eék'x~) = eék‘x)((sD + k) = eék"‘x(sD)

for k € 2w Z%. Thus [x (¢ D), L?] = 0 where L¢ is the operator defined in (1.8).
We deduce that

x(ED)W (1) = x(eD)L*U*(t) = L* x (e D)U*(1).

Therefore, combining (1.8) and the previous estimate, finishes the proof of the
lemma. O
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Appendix A. One Dimensional Bloch Modes

We review the main aspects of the theory that are needed here; the reader can refer to the
books [48,53] or the articles [32,39,47] among others for additional details.

First of all, note that ¢ € L2(T) solves P(&)p = A¢ for some &, 1 € R if and only if
F(y, ) :=eYp(y) is a solution to:

1
— SFG D+ Vo) f (. 2) = Af (7. 1),y €R, (A1)
satistying the periodicity condition
FU ) =5 10,0, (A2)

Given A € R, the solutions of (A.1) are linear combinations of two solutions fi(y, A) and
f2(y, A) satisfying

f10,2) =9y f2(0,2) =1, f2(0,2) =3y f1(0, ) =0.
Define:

—( A ) .
M (y) == <3yf1 (. A) 3y fo(y, A)) ’

then the existence of a solution to (A.1) satisfying (A.2) is equivalent to the fact that el ig
an eigenvalue of M, (1). One can check that det M, (y) = 1 for every y, A € R; therefore,

letting A(X) := Tr M, (1), we find that et ¢ Sp M) (1) if and only if:
A(A) = 2cos&. (A.3)

It can be shown that solutions to (A.1) depend analytically on A, and that moreover, A extends
to an entire function of order 1/2. The real solutions to equations A(A) = %2 form infinite
increasing sequences (al.i) that tend to infinity.

The following facts (the reader may find helpful to consult [47, Figure 1, p. 145] or [53,
Section XIII.16]) are illustrated in Fig. 1:

e The sequences (al.i) are intertwined. More precisely, one has:
+_ et ot
a <ay <a, <a; <a3 <ay -, (A4)

e Letbe Ihj_1 = (a;;_l, ay;_y) and Iy; = (ay;, aZ). Then I; has non-empty interior
and A| ;. is strictly decreasing for i odd and strictly increasing for i even.

o Ifaf =af , forsomei €N, o € {+, —} then A(af) = 0.

These properties have important implications on the behavior of Bloch energies. For every

n € N the following hold.

Fact 1 The n'! Bloch energy is the solution to A‘ 1 (on(§)) =2cosé.

Fact 2 g, is 2w Z-periodic (we knew this already), and moreover

on(§) = 002w —§), V&R

Fact 3 Qn|[0 ] is strictly increasing if n is odd (resp. strictly decreasing if n is even)
and analytic in the interior of the interval. If it is differentiable at £ = 0, 7 then
necessarily o}, (§) = 0 and g, is analytic around that point.
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AN
A(N)

A(N)

Fig. 1. Hill’s discriminant for Vper(y) = 5cos(2y) numerically calculated. All graphics
show the same set of data plotted with different ranges. In the first two it is possible to observe
both divergence of A(%) in the region A ~ infy Vper(y) and non-decaying oscillations of
period ~ /A for A —> o0. The third one illustrates how the intervals 1I;, wherein solutions
to (A.1) are stable, are never empty, and why their borders aii must satisfy (A.4). Roots
ai+ admit m-periodic solutions, and al._ 2w -periodic solutions; in each case, there are two

linearly independent such solutions if and only if al.i coincides with al.i_H or al.i_l. If this is
not the case, as for roots ali, azjE and a;' seen in the last image, then the equation also admits
a unstable solution. A complete study of A(}) in one dimension is found in [46]

Fact4 A crossing can happen only at two consecutive Bloch energies. Let n € N be such
that

Tpi={6 €R: 0n(§) = 0n+16)} # 0
then ¥, = nZ \ 2nZ if n is odd, ¥, = 27 Z if n is even. Moreover
A'(on(§)) =0, V€€ Ty (A.S5)

In addition, critical points of Bloch energies in the one dimensional case are never degenerate
nor can occur at a crossing point.

Lemma A.1. The set of critical points of any Bloch energy oy, is contained in w7 and all
the critical points are non-degenerate. Moreover, the crossing set ¥, associated with two
consecutive Bloch energies 0, and 0,41 does not contain any critical points of the Bloch
energies op and 0y 4 1.

Proof. The first assertion on the critical points is property (3) above, whereas the second

follows from differentiating twice equation (A.3) and evaluating at a critical point & = ki,
k € Z to get:

A (on(km))o)) (k) = (D12,
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This relation also shows that A’(X) cannot vanish at A = g, (k7). Together with (A.5) this
shows that a critical point cannot be a crossing point. O

Remark A.1. In the free case (Vper = 0) there is only a Bloch band of infinite multiplicity.
More generally, it has been proved in [10] that the absence of spectral gap is equivalent to
the periodic potential Vper being constant.

Appendix B. The Properties of the Bloch Energies at Crossing Points

Here we present a normal form for the expression of two Bloch energies 0, (§) and g;,41(§)
close to the crossing set X, (defined as ¥, = %, ;41 in (1.5)).

Lemma B.1. Let o be a point in the crossing set ¥, of two consecutive Bloch energies oy
and 0,1 having neighborhood U with the following properties:

(i) X, NU is a smooth manifold.
(i1) The multiplicities of on(§), 0n+1(§) are constant on each connected component of U \
Zn.
(iii) There exists 8o > O such that for all £ € U,

d({on (). on+1©}. SpPE) \ {0 (&), ;&) = 0n(§) or 0j(€) = 0ns1(5)}) = do.

Then, there exist @ C U, a neighborhood of o that is 27 Z4 -invariant, two functions
An € C®(RQ), gn € C*® (UEEQ ({E} X Nog, (E)En»’ and a function m € L% (U) which

is constant on each connected component of U such that

VE € Q\ Zn, on(§) =21n(8) —gn(§.§ — 0%, (5)),
on+1) =2 (§) + m()gn (€, & — o3, (8)).

Moreover,

(1) If the crossing set %y is conical in U, then for all § € U, the map Ny@)% > n —
gn (&, n) is homogeneous of degree 1 and g (o, n) # 0 when (o, n) € NX,, withn # 0,

(2) If none of the points of ¥, are conical crossings in U, then there exists 0, € Coo(Rd)
such that g, (€, 1) = |n|29n (&), which implies that o, 0n+1 € Cl’l(Rd),

(3) If the multiplicities of on, 0p+1 are equal on U \ X, then m = 1.

Remark B.2. Note that in case (2), the function 6,, can be zero on %,

Proof. We denote by j_(£), j+ (&) the functions valued in N and constant on connected
component of U \ X, such thatforall§ € U\ Zy 0y j1+1(§) = 0n(§) for 1 < j < j_(§)
and 0,4 j(§) = op+1(§) for 1 < j < j4(§). We denote by I1(§) the projector on

Fg = Ker(P(§) — on(8)) ® Ker(P(§) — on11(8)).

By the assumptions on U, the pair {0, (§), 0,+1(&)} is isolated from the remainder of the
spectrum of P(§) when & € U, this implies that the map U 3 & +— T1(§) € L:(Lz(Td)) is
analytic and the function dim F% is constant for § € U. We denote by £y this constant and
we have £y = j_(§)+ jr (&) forall & € U \ ;. Moreover, 0, (£) and 9,41 (§) are the two
only eigenvalues of the operator I1(§) P (§)T1(§) which maps F¢ onto Fg for any § € R4,
Let us first show that it is possible to find Q € U, with oy € Q2 and construct, for every
§ € , an orthonormal basis (¢ (§, -))1<j<¢, of Fg such that the maps § > ¢; (&, -) are
analytic forall j € {1, - - - £y}. To see this, consider (¢; (00, -))1<j<¢,» @ basis of Fg,. Chose
a neighborhood 2 of o) small enough to ensure that the vectors

@E)ejloo. ). je{l.....lo}
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form a rank £ family. Then apply the standard Schmidt orthonormalization process to this
family.

Let A(§), & € 2, be the matrix of the operator I1(§)P(£)IT1(§) in the basis we just con-
structed. This is a £g x £( analytic matrix that we can write

A) = An(§)Id + Ap(§)

with A, (§) = %Tr(czo A(§) and Ag(€) analytic and trace-free. Moreover, A(£) is diago-
nalizable and has only two eigenvalues 0, (§) and 0,1 () that we write

on() =n(§) — &), ont1(8) =rn(§) +m(§)g(é),

with g(§) > 0 and where, for & € Q\ X,,, m(§) is the ratio between the multiplicities of
on(§) and 0541 (8),

L ®
O =T

and m is constant in the connected componnent of U \ Z;,.

The functions —g (&) and m(£)g(&) are the two eigenvalues of Ag(&). Therefore, they are

homogeneous function of degree 1 of the coefficients of Ag(§) = (a;,;(8))1<i,j<ey: We
-1

write g(§) = G(Ag(§)) where G is a homogeneous function on ]ROT. Here, we have

considered that a £ x £ trace-free Hermitian matrix is a function of £¢ — 1 real-valued

diagonal coefficients and of w complex-valued coefficients (those under the diagonal
being the conjugate of those above the diagonal), and we have observed that ({p — 1) +
botog—1) _ =1

2 2
By the definition of the crossing set, Ag(§) = 0 if and only if £ € X,. Since the map
& — Agp(&) is analytic, it vanishes on ¥, at finite order ¢ € N and the crossing set is conical
if and only if ¢ = 1 for all points of ¥,. Therefore, in case (1), there exists a smooth tensor
T%-1(&) such that

Ao®) = T @) - o5, )],
with
Vo € TpNQ, Ve Na Sy \ {0}, T (o) # Opeontq-
We deduce that

8(6) = g (6. & — o5, (§)), with gu(,n) =G (T ©) [n1?)

where g, is homogeneous of degree 1 in the variable 7. Besides, if none of the crossing points
are conical, we write Ag(§) = T€0*2(§ ) —ox, (& )]2 with 7%0:2 (&) a smooth tensor, which
allows to prove Point (2) with

On(€) = 1§ — o, (€)| 2G(T2()[ — o, (6)1P).

That concludes the proof since Point (3) is obvious. O
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Appendix C. Semi-classical Pseudo-differential Calculus

‘We recall here results about matrix-valued semi-classical pseudo-differential operators. We
denote by Sy the set of functions a = (a; ;) € C® (R, CN*Ny which are bounded
together with their derivatives in matrix-norm. Then, for a € Sy« y, one defines the Weyl
semi-classical pseudo-differential operator of symbol a as

R VfeS®RY, M.

op (@) £ (x) = / eré )y (@s) F()dy
R2d 2

Properties of these matrix-valued pseudo-differential operators follow from the well-understood
scalar theory, once the definition of the product of matrices and its non-commutativity is taken
into account. Unless stated otherwise, the reader may found proofs of the scalar versions of
the results presented here in [18,25,57], for instance.

The Calderon-Vaillancourt theorem [11,12] extends to the matrix-valued case and ensures
the existence of a constant C; > 0 such that for every a € Sy y one has

||Op8(a)||L(L2(R”’,CN)) <Cy4 Nj(a), (C.1
where
Nj(a) := Z el?l/2 gup |8§t’sa|(cN><N.
aeN2 | <d+2 RY xR

This estimate shows that semi-classical pseudo-differential operators are uniformly bounded
in Lz(Rd, CN) for & € (0, 1]. Moreover, for everya € SyxnN»

op,(@)* = op,(a™). (C.2)

In particular, semi-classical pseudo-differential operators whose symbols take values in the
space of Hermitian matrices are self-adjoint on LZRY, CN).

In addition, the symbolic calculus for matrix-valued pseudodifferential operators goes as
follows:

Proposition C.1. Let a, b € Sy« N, then
£ 25D
0P (a)op; (b) = ope(ab) + S-op.({a, b)) + &"Re .,
with {a, b} = 9_, 9,a dx;b — dx;a ¢ b and

[0p, (@), 0p, (b)] = op, ([a, b]) + %(opg({a, b}) — op, ({b, a})) + e2 RS,

IR r2a ovy <€ sup 2N§(agafa)1v§(afagb), jefl,2),
ol +1Bl= '

for some constant C > 0 independent of a, b and ¢.

Remark C.2. The term of order 2 above has a particularly simple expression when b €
SN x N does not depend on x. The following hold in L(L2(RE, CNY):

d
op, (b)op,(a) = op,(ba) + 2% Z op, (3§jb axja)
j=1
82
+3 Z OPs¢ (352[5])b agéxpa) + 0(83)’
1=t,p=d
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d
&
0p; (@)0p, (b) = op (ab) — > op, (dx;a dg;b)
j=1
&2 2 2 3
+3 Y 0pe(05,y,a 0z b) + O(E).
1<¢,p<d

There are also analogues of Garding’s inequality for elliptic differential operators [33] in
this context. If a € Sy« y takes values in the set of non-negative Hermitian matrices then
there exist C, > 0, which depends on a finite number of derivatives of a such that

op.(a) + Cyeld > 0. (C.3)

x> +112
This follows by considering a * pg, with pe (x, §) 1= (7 8)_d€_ ¢ . A direct computa-

tion shows that op, (a * p¢) is a non-negative operator (see for instance [35]). One concludes
by noticing that, due to (C.1),

opg(a) —opg(a * pg) = O(e), (C4

in ﬁ(Lz(Rd, CNM)). The operator op,(a * pg) is called the anti-Wick quantization of the
symbol a € Sy« n, besides the fact that non-negative symbols correspond to non-negative
operators, the operator norm satisfies a simpler bound than that satisfied by their Weyl
counterparts, namely:

llope (@ * pe)ll £(r2wa ey < lall oo (r2a oy xny- (C.5)

Through the article, it is necessary to understand the boundedness and symbolic calculus
properties of operators with symbols of limited regularity. Denote by A the completion of
e (R2d CNXNYy with respect to the norm:

lall 4 := sup  sup / [0%a(x, &)|pnxndx. (C.0)
geRd lo|<d+2 JR?

Remark C.3. By a mollification argument, one can show that A contains all the functions
aeCy (Rﬁ X Rg , CN*N)y that are d + 2 times continuously differentiable with respect to
the first variable.

This regularity assumption is sufficient for our purposes (see [34, Lemma 3.7] and [28,
Section 3] for related results).

Lemma C.4. The space A enjoys the following properties:
(1) There exists a universal constant Cq > 0 only depending on d such that, for every

ac A
“oPs(a)”,C(LZ(Rd,(CN)) < Cqllall 4-
(2) Suppose ¢ € Lip(Rg, CN*Nyand a € A. The following hold in E(Lz(Rd, CcNyy:

opg(a 0) = opg(@)o(eDyx) + O(e),
opg(0a) = o(eDy)op,(a) + O(e).
(3) Suppose o € C“(Rd, R) (that is Vo € Lip(Rd, ]Rd)) and a € A. The following hold
in L(L*(RY, CN)):

é[opg(ax 0(eD)Id] = op, (Vya - Vo(&)) + O(e).
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Proof. Suppose that A € ﬁ(Lz(Rd, CN)) is of the form

1
Af(x) = ;fdeC;y = )f(y)dy, VieS®I cNy: (€T

then one deduces, after change of variables and using Holder’s inequality, that

[(A f, g)Lz(Rd,(CN)l = ”f”LZ(Rdch)||g||L2(Rd‘(CN) / sup |k(x, U)|(CN><NdU.
R yeRd

V£ g e SR, CM). (C.8)
In order to prove item (1), notice that the following identity holds,
opg (@) = (F)*op. (@ F*,  a(x,§) 1= a(—£,x), (C.9)

where F¢ stands for the semi-classical Fourier transform:

dx

e = [ oS,

The operator op, (a) is of the form (C.7) with k = (2n)_da, where @ denotes the Fourier
transform of a with respect to the first variable. Using (C.8), (C.9) and Plancherel’s formula
we conclude

[(opg (@) f, g)LZ(Rdy(CNﬂ

dv
< IIfIILz(Rd,CN)IIgIILz(]Rd,CN)/R SUP la(v, S)Icwa(2 ¥
£cRd

Vf.geS®I CM).
The constant Cy > 0 is then chosen such that:
dv
/R ;euﬂgd @, E)lenxn —— amd = =< Cyllall a-

This concludes the proof of the first assertion.
In order to prove the second assertion, we show that

* 1= (F*)*(opg(a ) — opg(a)o(e Dx) F*,

satisfies || R¢ || L(L2RE,CNY) = O (¢&); the proof of the other identity is analogous. From (C.9),
we deduce that

Refw = [ (";y = )f() t7 v esalch,

where r¢(x, v) :=a(v, x)(o(x) — o(x — ¢v)). By (C.8) we can estimate:

d
R ||£(L2(Rd chy) = / sup |rf(x, U)|(CN><N7vd.
’ R e @)

By hypothesis, we can find L, > 0 such that
lo(x) — o(x — ev)|pnxn < Loglv], VY(v,x) € suppa.
Therefore, using

l[aw, )l < (1+ )@, v)| = [@c, v + (= Aa)x, v,
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we deduce
IRE | £2md oy < € CaLo(llall o + 1 Aall 4)-

For the third assertion, we show that
~ 1
R := (}-8)*(5[01)3(51), 0(eD)] — opg(Vy - Vo) F*,
satisfies || R¢ I £L2rd cNy) = O(e). Indeed, the kernel of RE is of the form (C.7) with

(2 0) = a0, (o) — ox — £v) ~ Vraw, ©) - Vo(x)
=ia(v, x)v-Vo(x) — Vea(v, x) - Vo(x) + 0(x, v)a(x, v)

and there exists Ly, > 0 such that
10(x, v)| < Lyglvl*.
Using iva(v, x) = Vea(x,v) and |v|2[@(x, v)| = |(:Za)(x, v)|, we deduce

”1§6||[,(L2(Rd’(cN)) < ECdLVg ||Aa||A

Appendix D. Two-Scale Pseudodifferential Operators

We prove here technical lemma concerning the pseudodifferential operators considered in
Section 4.1, the formalism of which we follow. Due to the properties of Bloch energies,
we are going to consider more general classes of symbols than those of A@ (as defined in
Section 4.1). For k € Z, we introduce the class A,(Cz) of smooths functions on R3¢ that are
compactly supported in the variables (x, £) uniformly with respect to 1 and coincide with
an homogeneous function of degree k in 1 as soon as || > R for some Ry > 0. With these
notations, A® = A(()z).

Of particular interest for us are functions g (&, n), independent of the variable x, that are
smooth in &, and satisfy a symbol estimate of order k in . We denote by H, the set of these
functions. For X a connected, closed embedded submanifold of (Rd )* and g € Hy, the
operator

ge(eD) = g(eD, D — ¢ oy (eD)) (D.1)
is then well defined as an operator mapping H* (R?) into HS~*(RY) uniformly in ¢ when s €

R. We are interested in the pseudodifferential calculus involving two-scale pseudodifferential

operator of the form op, (a) for a in .A,(cz) for some k € 7Z and Fourier multipliers g¢ (¢ D)
with g € H), for some p € Z.

The first type of pseudodifferential calculus results that we shall use concerns the large values
of n. We consider x € Cgo(Rd) such that x = 1 on B(0, 1) and x = 0 on B(0, 2)¢ with
0<yx <1.WesetforR,5 >0

afox, &,m) = a(x, &, (1 — x (/RN x (5 — 05(£))/9).

On the support of aRd ¢R < & —ox(§)] < 28. Note that if k > O and a € A(f,z, the
estimate (C.6) yields that in L(L2RTY),

ops (@) = 0((eR)7F).
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LemmaD.1. Letk € N,a € A%, g = g(&. n) inHyy1 and 8, R > 0. Then, in L(L?(RY)),

I:ops(af"s), gg(sD)] = iop, ((anR’a : Vng)e> 1 0(@) + 0©) + O(1/R).

Proof. We want to take advantage from the fact that we have |§ — oy (§)| > Re on the
support of agR 3 to avoid the singularity of the function g. Indeed, asR s supported outside the
singularity of the function g. Letk € COO(Rd) supported outside 0 and such that (1 — x)x =
(1 — x) and denote by «R the function defined by KR(T]) = k(n/R) so that

Regy — o (£ 0x©)
Kg(é)—/c( Re )

Standard symbolic calculus gives that for all N € N, we have

op (@) = op, (@) R(eD) + RN op,(r}N (x, £))
=« ReD)op,(a® %) + RN op, (rZN (x, §))

where the symbols rgj N have symbol norms that are uniformly bounded and are supported in
theset{cpeR < E—ox(§) < CpeR}forsome0 < cg < Cy.In particular, by Proposition C.1

and because g € Hy1,a € A(_zlz,
ope (rg"M)ge (e D) = op, (r} N ge) + O(R*1K) = op, (r}N ge) + O(R).
whence
op; (ri"V)ge(eD) = O(R).
Similarly, we have
ge(eD)op, (r7") = O(R).
‘We deduce that

[ope(@f), geeD)| = [ope (@f?), (F)eeD)] + ORTNH,

The function & — «® g is now smooth, which allows to use standard results of symbolic
calculus, what we shall do in local coordinates.

We consider a system of local coordinates ¢ (§) = 0 of X and the d x p smooth matrix B(§)
such that

§ —ox(§) = B&)ep®)
where ¢ (&) € CP *1'is a column. We associate with ¢ the diffeomorphism
P:('p6). 8N 8

and, according to Lemma 4.3 in [15], there exists an isometry U of Lz(Rd) such that for
allb € A® and f € L2(RY)

S/

(ope (be) f f) = (Op,s (b (’dCD(S)_lx, (), B(CD(S));))Uaf, Usf) + O0(e).

Note that if €, £, x € RY,

ddE) e = ([dep(@@), ¢, 1deE) "k = Tdp@@)x’ + (0,x"),
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where dg (&) is the p x d matrix with lines the gradient of each of the component of ¢.
Therefore, focusing on the commutator

Lf = {Opg (a” (’d®(§)_1x, (&), B@(é))%)) L (1R g) (B(eD), B(CD(SD))DX’)] .

we obtain, in £(L2(R?)), that

g/

L® = op, (dw(@(&))vxa“ (’dcb(srlx, D (&), B(@(&));) TB@E)V, (kR g)

(@(é), B(¢<§))%)> +O0R™H+0().

We observe thatif o € X, B(o)dg(0) =1d —dox (o) anddox(0)Vyg(o, n) = 0 because
Vyg(o,n) € No X and dox(0)¢ = 0if { € Ny X. We deduce

[op (af*%), g (eD)] = iop; (be) + O(e) + O(R™) + 0(3),
with
bx,&.m) = KR Via® (. 6,m) - Vg (&, ) € AT,
Using k(1 — x) = 1 — x, we obtain
bx, &, m) = Vxa®(x.§.1) - Vyg (€. 1)
[m]
We shall also need properties of two-scale symbolic calculus at finite distance, i.e. for symbols

that are compactly supported in all the variables, including the variable n. Here again, the
use of local coordinates and Lemma 4.3 in [15] are a crucial argument.

Lemma D.2. Let a € CgO(R3d) and g € Hy, for k € N. Let (f¢).~0 a bounded family

in L2(Rd) and Mdv the two-scale Wigner measure at finite distance associated with its
concentration on X. Then, there exists a constant C > 0 such that for all ¢ > 0,

(ope(@)ge(eD) f¥, £¥) = Clf Il 2Ra)-

In addition, up to the subsequence defining Mdv,
(ops (@ge(eD)f*, f%) — /T , Trp 2y, x) Q4 (v, 0) Q4 ()M (0, v)dv(0, V).

‘We recall that the notations of this section have been introduced in Section 4.1. Of course,
this lemma has standard generalizations to vector-valued families and to time dependent
families which are bounded in L*° (R, Lz(Rd, cM)y.

Proof. Here again, we work in local coordinates ¢(§) = 0 of X and we consider the d x p
smooth matrix B(&¢) such that

§—ox () =BE)e®)
where @(£) € CP*! is a column. We associate with ¢ the diffeomorphism

("9, 8§
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and, we consider the isometry U of Lz(Rd) given by Lemma 4.3 in [15] such that for all
be AP and f € L2(RY)

é-/

(ope(be) f f) = <0ps (b (tdcb(é)_lx, o (8), B(¢(€));>)Usf, Usf) + O(e).

We then concentrate on the operator

Op; (ﬂ (tdcp(é)_lx, (&), B(Cb(é))s )) op; (g (CD(%), B(<I>($))S )) :

B "
Since a is compactly supported in all variables, we obtain, in ﬁ(Lz(Rd)), that

op; (a (’dcb(srlx, D), B®E)° ))

B
= op, (a (’d@(o, 1y, @0, &), B(®(0, s’/))%)) + 0(e)
= op, <aW (’dcb(o, £y, ®(0,£"), B(®0, S”))Dx/» +0().

One can then interpret this operator as an operator acting on L2(Rf/,, Lz(Ri,)) where, as
explained in Section 4.1 of [15], for any (o, v) = ((0,&"), (0, x”)) € T X*, the map

@0 > a('d®©.6)7 @ x"), 0,67, B@©,6))
defines a function on 7* (N X), which implies that the operator
av (’dcb(o, £)"Lx, ©(0, "), B(®(O, S”))Dx/>

acts on L2(Ng X). It is the expression of the operator Q, (o, v) in the local coordinates
induced by the choice of equations ¢(£) = 0 of X.

The difficulty with g¢ (¢ D) is that the map (o, ) — g(o, n) is not bounded in . Therefore,
we decompose g(o, 1) into two parts thanks to a function x € C’(‘)’O (R%) such that x =1on

B(0, 1) and x = 0 on B(0, 2)¢ with 0 < x < 1. Writing like before XR(n) = x(n/R) for
R > 0, we set

g=gx®+g—x®

and we first focus on op, (ag)(g(1 — XR))g(eD). Since now g(1 — xg) is smooth, we can
use standard symbolic calculus, and we have

op,(ag)(g(1 — x®))e(eD) = opg((ag(1 — xB)e) + OR™Y)

because Vg ((g(1 — XR))g) = O(R_l). Moreover, as soon as R is large enough, we have
ag(l — XR) = 0. We conclude

ge(eD) = (gx®)eeD) + O(R™Y
and
op, (g <<1>(s>, B<¢(s))%>) = op, ((ng)(cb(o, £"), B(®(0, g”))Dx,)>

+0g(e)+ OR™
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in E(Lz(Rd)). Note that in the following we will let first ¢ go to 0, and then R to 400,
so that Og(¢) is negligible. Besides, when R goes to +00, we are left with the operator
g(®(0,&"), B(®(0, £”)D,) (with strong convergence), which is the expression in local
coordinates of the operator Qg (o).

At this stage of the proof, we are left with the quantity

(ope (" ("d@(0,6") ™", ®(0,€"), B@(,€")Dyr) ) 0p, (8(@(0, 8,
B(® (O, §")Dy)Us f.Ue f ).

It turns out that the pair M dv has been defined in [15] (see Proposition 4.2) as a semi-classical

measure of the family (U ), which is a bounded family in L2(RY, 7, L2(RP)). Therefore,
in coordinates

(op (@ ("a@©.6")7"x, ®(0, "), B@(©.6")D,) )
0pp(g(®(0, "), B(®(0, ") Dy )Ue f, Us f)

— Tr,»
a—>0,/];{2<dfp) LE®P)

(ope (a" ("a® (06" x, @(0, "), B@(©.8")Dy)) ME",x")) due”, ")

- /TX* Trp 2, x)(Qa (v.0) O (0)M (0. v)dv (0, v).

Appendix E. Well-Prepared Data

‘We prove here properties of well-prepared initial (1.17). We shall use the Fourier coefficients
of the Bloch waves ¢, (y, &) for n € N*. Recall that they satisfy the Bloch periodicity
condition:

on (v E+ ) = V0,3, 6), Vje2nZd. (E.1)
Integrating (E.1) with respect to y on T4 gives an expression for the Fourier coefficients of
on(, &) forall y € T¢ and £ € RY
(. E) =Y calt+ eV, @) = / on(y, £)dy. (E2)
Td
jenzd
For s > 0, there exists Cj; s > 0 such that
S D FlenE + DI < CuslE)® (E.3)
jenzd
It turns out that these class of data are closely related to those studied in [1,2].
Lemma E.1. Let (1//5’n)€>0 as in (1.17) with ué, = erbnx vE (x), v uniformly bounded in

H* (Rd), s >d/2(ors > 1 whend = 1). Assume that & — ¢y (-, §) is Lipschitz. Then, we
have, in LZ(Rd),

iy, X
Ve, =¥ g, (2, g,,) vE+ 0(e).

Besides, if v — vy in L2, then ||1//gn||L2 = |lvnllp2 +o(1) as & goes to 0.
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Proof. We set Zg 0= ee¥En on (%‘, gn) v5. We write for x € RY
VG, (X) = Z es/ ¥ ey (j + eDy)ul (x).
jenzd

Let 6 € L*(RY), we write (0, ¥ ,) 12(rd) = 2 jeanzd @ With

a; = (H,eéj‘xcn(j +5Dx)u2> , = (Q’Gé(j‘i‘gn)-xcn(j + &, +5Dx)vz) -
L L
By (E.3), there exists C > 0 such that
Iafl < C(U) " IeDx) upll 22161 22

Therefore, the sum enters into the frame of Lebesgue dominated convergence. The same
holds for the series

(e,igﬁn)Lz(Rd)z > at, a§=(9,ez<f+¥n>'xc,,(j+g,,)v,§)
jen7d

L2’

Besides

o = &5 = (0. U T (e + & +Dw) = cali + &S ) -
The conclusion then comes from the observation that & +— ¢, (§) is uniformly Lipschitz and
thus, one has

af —ai| < 10l 2llen(j +&n +eDx) —cn(G +EDv,ll2 < Cellfll 21 Dxvyll 2

which gives the result by the boundedness of the family (v5),~ in H* (R?) with s > 1.
Let us now compute the norm of 1//5”. One has ||1//5’n ||i2 = Zj,j’ebzzd /3]8.’]./ with
85 ;o= (550 en(j + &+ eDIv (), en (G + &0 + DV (W))
Additionally, by (E.3), there exists C > 0 such that
185 i1 = CUY GV I4e D) v 17

Therefore, the sum enters into the frame of Lebesgue dominated convergence. If | j — j/| > 1
with jg — j; # 0,0 < £ < d, an integration by parts give

ﬂij/ — le(](f _,][/)_1 ‘Al\%d eg-x(j_j)

Buc (en G + & + DU (W)en (7 + & + EDUER) ) i,
whence ,B; [ 0 as ¢ — 0 since (v])¢~0 is uniformly bounded in H 1 (Rd). Moreover
Y By= X en [l b+ eoPR ) P
jenzd jeanzd
Using 3 ez len )P = lon (. §)17 5 pay = 1. we deduce

Y B= (2n)_d/d lup (€)2dE = o172 — llunl®

jenzd R

and the conclusion follows. 0O
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Let us now examine weak limits of such families.

Lemma E.2. Let (i, )e>0 as in (1.17) with uj = elgé"'xvn(x), (v5)e>0 bounded in
H"(Rd) withs > d/2 (ors > 1 when d = 1). Assume one has as € goes to 0

vE — vy in L.

Then, the weak limits of (e_éx'g wg n) 0 are non zero if and only if € € &, + 27729,
’ £>

Besides, for any j € 2774, one has as & goes to 0
e ety ey (En + jovn in L2
Proof. One writes
N D s
jeanzd

= Y e U@+ j + eD,
jenzd

and the result follows. O

As a corollary, we obtain a description of the concentration of these families on subsets of
interest.

Corollary E.3. Let X be a 2 74 periodic subset X of R4 consisting of isolated points and
containing &.

(1) Let MX dvX be the two-microlocal measures at finite distance associated with the con-
centration of (5 ,)e>0 on X. Then,

v = unlls Y lena + DIPSE — & — )
jenzd

and, for j € 2774, the operator MX (&q + j) is the projector osz(Rd) on Cuy,.
(2) Consider the family of LR, C?), W = ! (wg Ve n,) withn # n' and &, =

&,. Let MXdvX be the two-microlocal measures at finite distance associated with the
concentration of \I/fl o on X. Then

v = (s + lons1l32) Y2 lentn + DIPSE = & = J)
jeanzd

and, for j € 2174, the operator MX (&, + j) is the projector of LZ(R4,C2) on
C'(vn, Un41)-

Proof. Since &, is an isolated point of X, by Remark 4.2, MX is the orthogonal projector
on a weak limit in L2 of

X = e_é“‘f(pn ({, sDx) ué.
e
By Lemma E.2, any of this weak limit is 0 if § ¢ &, + 2774 and if & = &, + j with

j € 2n7Z%, then the limit is ¢no(&ng + J)vn, whence we get the Part 1 of the result. The
proof of Part 2 follows the same lines. O
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