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ABSTRACT

In this paper we consider the mixed Hs/H-control
problem for the class of discrete-time linear systems with
parameters subject to Markovian jumps (MJLS). It is
assumed that both the state variable and the jump variable
are available to the controller. The transition probability
matrix may not be exactly known, but belongs to an
appropriated convex set. For this controlled discrete-time
Markovian jump linear system, the problem of interest can
be stated in the following way. Find a robust (with respect
to the uncertainty on the transition Markov probability
matrix) mean square stabilizing state and jump feedback
controller that minimizes an upper bound for the Ha-norm,
under the restriction that the H-norm is less than a pre-
specified value 6. The problem of the determination of the
smallest H-norm is also addressed. We present an
approximated version of these problems via LMI
optimization.

1. INTRODUCTION

A great deal of attention has been given nowadays to a
class of stochastic linear systems subject to abrupt
variations, namely, Markovian jump linear systems
(MIJLS). This family of system is modeled by a set of linear
systems, with the transitions between the models
determined by a Markov chain taking values in a finite set.
Due to a large number of applications in control
engineering, several results on this field can be found in the
current literature, regarding applications, stability
conditions and optimal control problems (see, for instance,
[1]-[11],[13}-[18],(21D).

The mixed H2/H and Hy, control problems for time-
invariant discrete-time linear systems has been studied in
the current literature usually using a state space approach,
leading to non-standard algebraic Riccati equations and
Lyapunov-like equations (see, for instance, [12], [19],

* This work was supported in part by CNPq (Brazilian
National Research Council) and FAPESP (Research
Council of the State of Sdo Paulo).

[20]). The H; and Hy control problems for MJLS have
recently been analyzed in [5], [6], and [11]. For the H;
control problem a convex programming approach was
applied in [5], and numerical algorithms developed. In this
paper we study the mixed Hs/ Hqo-control and Hy, control
problems of a discrete-time MJLS. We will assume that the
transition probability matrix for the Markov chain is not
exactly known, but belongs to an appropriated convex set.
In this case a robust mean square (state and jump feedback)
stabilizing controller is defined as a state-feedback
controller, which also depends on the jump Markov
variable, that stabilizes in the mean square sense the MJLS
for every appropriated Markov transition probability
matrix. This kind of concept was first introduced by Rami
and El Ghaoui in [21] for continuous-time MJLS. Under
these conditions, the mixed Hy/H control problem of a
MILS can be formulated as follows: we are interested in
finding a robust mean square stabilizing controller that
minimizes an upper bound for the Hs-norm, under the
restriction that the Hy.-norm is less than a pre-specified
value 6. The problem of minimizing the H-norm is also
addressed. We trace a parallel with the discrete-time linear
system theory of Hy/H and Hy control to derive our
results. When restricted to the case with no jumps, the
equations presented here can be seen as dual to the ones
derived in [12]. As in [12], we present an approximated
version of the mixed H2/H and Hs, control problems of
MILS based on linear matrix inequalities (LMI)
optimization.

The paper is organized in the following way. Section 2
presents the notation that will be used throughout the work.
Section 3 deals with previous results derived for stability,
H; and Hy-control of MILS, as well as some other
auxiliary results. Section 4 presents a sufficient condition
for the existence of a mean square stabilizing controller
that makes the Hy-norm of the MJLS less than a pre-
specified value 6. The condition is written in terms of the
existence of a solutionP = (Py,....Pn) and
K =(Ki,...,Kn) for a set of coupled Lyapunov-like
equations. This solution P leads to an upper bound for the
Hy-norm of the MJLS, so that an approximation for the
mixed Ho/Hy-control problem for the MJLS can be




determined by minimizing this functional over the set of
solutions P and K. The H.o-control problem can also be
addressed through this Lyapunov-like equation. In section
5 we consider the case in which the transition probability
matrix belongs to an appropriated convex set and, using the
results of section 4, derive a LMI optimization problem
that leads to an approximation for the mixed Ha/H and
H-control problems. Some numerical examples are
presented in section 6 and the paper is concluded in section
7 with some final comments.

2. NOTATION

We shall write C" and R" to denote the n-dimensional
complex and real spaces respectively, and M(C",C™) the
normed linear space of all m by n compiex matrices. For
simplicity we set M(C",C™ = M(C"). We write " to
indicate the adjoint operator and, for real matrices, ’ will
indicate transpose. L. > 0 and L>0 will be used if a self-
adjoint matrix is positive semi-definite or positive definite
respectively and we write M(C"* = {Le M(C"); L =
L" > 0}. We denote by || .|| either the induced norm in
M(C™) or the standard norm in C".

Let H™" be the linear space made up of all N-sequence of
matrices V = (V1,...,VN), V; € M(C™,C"). For V € H™"
we define the following norm || . || a:

V1= (Eu(viv) "

where tr(.) denotes the trace operator.

[t is easy to verify that H™" equipped with the norm || . || 2
is a complex Hilbert space with inner product given by:

<VH> = zthr((v;Hi)).
i=1

We set H™ = H" and H™ = {V = (V1,...,Vn) € HY;
Vi € M(C"*, i = 1,...,.N}. For H = (Hy,...,.Hny) and V =
(V1,...,Vn) in H™ the notation H < L (H < L) indicates
that H; < L; (H; < L;) foreachi=1,....N.

For an increasing filtration {Fx} defined on a
probability space (Q,F,P), we set €5(Fy) as the Hilbert
space formed by the sequence of second order random
variables z = (z(0),z(1),...) with z(k) € R" and Fy-adapted
for each k=0,1,.., and such that

lzll3:= Yz} < o0
k=0

where

Izt I3 = ECll 2zt 1) .

For any complex Banach space Z we denote by B(Z)
the Banach space of all bounded linear operators of Z into
Z with the uniform induced norm represented by || . || and
for L € B(Z) we denote by r,(L) the spectral radius of L.

Finally, the following well known result will be useful.

Q S

Remark 1: If R > 0 then W = [S' R

Q > SR'S’

] > 0 if and only if

3. AUXILIARY RESULTS

3.1. STABILITY RESULTS
Consider the following stochastic system on an
appropriated probability space (§2,{ F«},F.P),

x(k+1) = Aggox(k) (lL.a)
x(0)=x0 , 8(0)=16q (1.b)

where {6(k); k=0,1,...} is a discrete-time Markov chain
with finite state space {l,..,N} and defined on the
probability space (Q,{Fi},F,P), with transition probability
matrix P = [ p;; ]. We consider A =(Al,...AN) € H" real,
and xp a second order random variable in R".

We set Q(k) = (Q1(k),...,Qn(k)), where

Qj(k) := E( x(k) x(k)' 1{ggy=j)) € MER"™* (2)

and 1, stands for the Dirac measure.
For S = (S1,...5n) € H* we define the operator
T € B(H™ as: T(S) =(71(S),...,In(S)) where
N

T(S) = Y_piAi SiA;. (3)
i=1
It is easy to verify that £ := 7" is given by:
N
L) =& Xms ) A
j=1

In particular, r,(£) = r-(T). The following result, shown in
Proposition 3 of [7], provides a connection between (2)
and (3):

Proposition 1: For every k =0,1,2,...
Qck+1) = T(Q(K)).

We make the following definitions:

Definition 1: Model (1) is mean square stable (MSS) if
|Qk) |3 — 0ask — oo for any initial condition xo
and initial distribution for 8.

The next result is in Theorems 1 and 2 of {7]:

Proposition 2: The following assertions are equivalent:

a) Model (1) is MSS
b (7)< 1.
o) ry (L) < 1.
d) There exists & € (0,1) and a € R, a > 0, such that
foreachk =0,1,2,...
E(fx(®) [%) < aak.
e) (coupled Lyapunov equations) given any S =
(S1,...,S8) > 0 in H™ there exists P = (Py,....Pn) > 0 in
o0
H™ satisfying P - 7(P) = S with P = S_7TX(S).
k=0
f) (adjoint coupled Lyapunov equations) given any S =
(S1,....Sn) > 0 in H™ there exists P = (Py,...,PN) > 0 in
H™ satisfying P - £(P) = S with P = 3_LX(S).
k=0
Moreover if re{7) < | then for any S € H" there exists
aunique P H? such that P - T(P) =S. If S>T >0



( > 0 respectively) and P - 7(P) = S, L - 7(L) = T then
P > L > 0 (> 0). These results also hold replacing 7 by L.

We present now the definition of mean square
stabilizability and detectability. Consider A = (Aj,...,AN)
€ H*, B = (By,....Bn) € H™ and C = (Cy,....Cn) € H™P
real.

Definition 2: We say that (A,B) is mean square stabilizable
if there exists K = (Ki,...,Kn) € H™™ such that model (1) is
MSS with A; = A; - B;jK;. In this case we say that K
stabilizes (A,B) in the mean square sense and set K = {
K € H™™; K stabilizes (A,B) in the mean square sense}.
Similarly, we say that (C,A) is mean square detectable if
there exists H = (Hy,...,HN) € HP" such that model (1) is
MSS with A; = A; - H;C;, and we say that H stabilizes
(C,A).

The next proposition follows from Proposition 6 in [9].
Consider D = (Dy,...,.Dn) € H™P such

N
that DID; > 0 and set &(L) = Y pyLy,i=1,...N, forL =
=1
(Li,--..Ln).

Proposition 3: Suppose (C,A) is mean square detectable
and P = (Py,....Pn) > 0, K= (Ky,..., Kn) € H™™ satisfy
- Pi + (A-BiKi) &i(P)(Ai-BiKi) + @
+(Ci-DiKy)(Ci-DiKy) < 0.

Then K = (K;,...Kn) € K.

3.2. THE H,-NORM
Consider again on (§2,{ Fi },F,P), the following system

x(k+1) = Rgaox(k) + Tw(k) (5.2)
G=4( x(0)=0,60) =6 (5.b)
z(k) = Cogoyx(k) (5.¢)

where A = (Ay,....AN) € H®, C = (Cy,....Cn) € H™ and J
€ M(C",C™), with A, C, Jreal and IV’ > 0.

Suppose that 1,(7) < 1 (that is, modet (1) is MSS) and
w = (w(0),...) is an impulse input.
From Proposition 2.d) we have that z =
(z(0),z(1),...) € £5(Fx). The next definition is a
generalization of the Hj-norm from discrete-time
deterministic systems to the stochastic Markovian jump
case:

Definition 3: We define the H;-norm of system G as
n N
I|G|I§=Z‘1 Z‘T 2 |l 3
= j=

where z,j represents the output sequence (z(0),z(1)....)
given by (5.c) when

a) the input sequence is given by w = (w(0),w(1),...),
w(0) = e, w(k) = 0, k>0, e; € R the unitary vector
formed by 1 at the s™ position and zero elsewhere, and

b) 6(0) = 6(1) =}.

For the deterministic case (N=1 and pi,=1) the above
definition reduces to the usual H»-norm. As in the

deterministic case, we have that the H,-norm as defined
above can be calculated as the solution of the discrete-time
coupled gramian of observability and controllability. For
this, define C = (CJlCl,...,C"NCN) eH™, J =
Jgr,..JheHr™, and L = Li..LyyeH™, P =
(P1,....Pn) € H™ the unique solution of the equations
(recall that ry(7 )=1,(L) < | and see Proposition 2)

L = £(L) + C (observability gramian) (6)

P =7(P) + J (controllability gramian). @))

The next result was proved in [5] and represents a
characterization of the H3-norm in terms of the
solution of the observability and controllability gramians.

N N
Proposition 4: || || 3 = Y (L)) = > u(GP;C).
j=1 j=1

3.3. THE H,,-NORM

Consider again system G as in (5) above with w =
(W(0),...) € £4(Fv). The following result was proved in
Proposition 2 of [6].

Proposition 5: (7)< ! if and only if x =

(0,x(1),...) € £3(Fx) for every w = (w(0),w(1),...) € £5(Fy).
Suppose that r,(7) < 1. From the above Proposition, x

= (0,x(1),...) € €5(Fx) and thus z =

(0,2(1),...) € £5(F). The Hy-norm of system G is defined

as :

lizll2

twli2 -

Definition4: || G| 2 :=sup  sup
6 w S fg(]:k)

Again, for the deterministic case (N = 1 and p;; = 1),
definition 4 reduces to the usual H,-norm.

4. MIXED H,/H,,-CONTROL PROBLEM

Consider now a controlled version of system G

x(k+1) = Agaox(k) + Boyu(k) + Jw(k) (8.a)
G =< x(0)=0, 6(0)=68q (8.b)
z(k) = Copoyx(k) + Dgagu(k) (8.c)

where A = (Ay,...,An) € H", B = (By,...Bn) e H™, C =
C,...CneH"Y, D = (Di,...Dy)e  H™P  and
J € M(C",C") are real and: a) D{D; > O for each i = 1,...,N,
b) C{D; =0 foreachi=1,....N.

For K = (Kj,....KN) set Gk as system (8) with u(k) =
— Kpwyx(k). We have the following result.

Theorem 1: Suppose (C,A) is mean square detectable and
6>0 fixed a real number. If there exists P =
(P1,....PN) > 0 and K = (K;y,...,.KN) € H™™ such that for



eachi=1,...,N,
-P+ (Ai'BiKi)lgl(P)(Ax'BiK) +

/ (9)
+(C-DK)'(C, DK)+ PP, < 0

then K = (Kj,...Ky) € K and
Gk | <& (1-v)<é&?

where v € (0,6, Ztr(J’PiJ)). Moreover,

i=1

N
| Gk || 2 < Sue('PI).
i=1

Proof: Comparing (4) and (9) it is immediate from
Proposition (3) that K € K. Set A; = A; - BiK; and G; = C; -
DiK;. Recalling from Proposition 5 that, for any w =
(w(0),...) € £5(Fk) we have x = (0,x(1),...) € £5(Fy), and
that x(k), 8(k) and w(k) are Fy-measurable, we get from (9)
that

E(x(k+1) Pgs1yx(k+1)) =
= E(x(k+1)E(Poges1y | Fi)x(k+1))

o 1

< B(x(K (Pacw - ChaoCaco - 5 Paaod Py ) x(K) +
+ W(K)'T Eg(P)Aggioyx(K) + x(K) AgeryEpciy(P)Twi(k) +
+ w(k)'J’&;(k)Jw(k)>

so that,
| Pé(ﬁmx(km 13- P;éﬁ,xao I3+flz (% <
< || YPoox(K) || 3 + 5

|| VPogernyx(k+1) || 5 +

; 5_2 Il 7 Pogeeryx(k+1) || 2 E(w(k) J’So(k)(P)Jx(k))+
+2 B(w(k)' T Egy(PY(Aggox (k) + Jw(k)))
Thus,
I Pgeryx (et 1) || 3 - || Piggyx(k) 1| 3 +
- g5 1 Payser ) 1 + 55 | PP [ 2 +
+ |l z(k) | 3
< 5—12 | FPosryx(k+1) || 3 + 2E(W(K) I Poies1yx(k+1)) +
-6 || wik) || 5 + E(wW(K) (6°1-Y Eggo(PI)W(K))
< E(W(kY (81 - T Egao(PYDw(K)).

Taking the sum for k = 0 to oo, and recalling that x(0) = 0,
| x(k) || 2 — O as k — o0, we get that

lzi} < 6ZZE(w(k) (I- = I PaganJ)W(K))

k=0

<8 | wll 3

where v € (0, 5 Ztr(J’P ). Thus,

=1

| Gl % = sup sup 2] < 8(1-v)2 < 6.

o we &(F) Wl

Finally notice from Proposition 4,
I Gk Il 3 Ztr(J’S n,

where S, = A £(S)A, + C.C,
From (9) and some V, > 0,i=1,..5N,
P.=AEMPA +CC + — 5 PJJ’P + V'V,

so that, from Proposition 2, P; > §; for all i = 1,...,N. This
implies that

Ztr(J’S < Etr(J’P )}
completing the proof of the Theorem. a

This suggests the following approximation for the
mixed H,/H-control problem: for § > 0 fixed, find P =
(P1,....Py) 2 0and K = (Kj,...,Kn) such that

N
min tr(3_JP.])
i=1
subject to (9). For the case N=1, p;;= 1, equation (9) can be
seen as dual to the one obtained in {12], Lemma 3.1.

5. CONVEX APPROACH

We will assume now that the transition probability
matrix P is not exactly known, but belongs to a convex set
={P;, P = Za]P’ o > 0, Za, = 1}, where P, t =
t=1
l,....q, are known transition probablllty matrices. We make
the following definition.

Definition 5: We say that K = (K;,...,Ky) € H™™ robustly
stabilizes (A,B) in the mean square sense if system (1) with
A = A, - BK; is MSS for every P € D, and we set K, := {
K € H™™; K robustly stabilizes (A,B) in the mean square
sense}.

We want to solve the following mixed Ha/Ho, control
problem: given § > 0, find K € K, which minimizes ¢
subject to || Gk || 2 € ¢, | 9k || 0 < 6, for every P c D,
Let us show now that an approximation for this problem
can be obtained via a LMI optimization problem. Set [} =
[VPh .. /P11 € M(CY™CM fori=1,..N, t=1,.g,

and define the following problem:

Problem I : Set u = 6 Find P = (P;,..,.P\) >0, Q =
(Q1,....Qn) > 0, L = (Ly1,....La) > 0, Y = (Yy,...,Yx) such
that

£ = min tr(iJ’P,J)



subject to
Q  QA+YB QC YD I
AiQi+BiYi Li O O O
CGQ 0 I 0 0 >0,
DY, 0 0 I 0
i 0 0 0 ul
i1=1,.,N (10)
L, LI ]
[F!'L diag(Q }] >0,i=1,..,Nt=1,...q (11)
[I;i CII] >0,i=1,.,N (12)

where diag{Q.} is the matrix in M(C™) formed by
Q1,...,Qy in the diagonal, and zero elsewhere.

Theorem 2 : Suppose Problem I has a solution P, Q, L and
Y. Set K = (Ky,...Kn) as Ki=-YQ',i=1,...Nand £ =

N
SStr(PPJ). Then K € K, and || Gk || <&, || Gk || 0 £ 6,

for every P € D.

Proof: First of all notice that (10), (11) and (12) are
equivalent to (see Remark 1)

Q= Qi(Ai'BiKi)/L;l(Ai'BiKi)Qi +
+ Qi(ci'DiKi)l(Ci'DiKi)Qi +

+ 'QEQYITQHQ (13)

L > LOCpQ L t= 1ng, (14)
i=1

P>Q, (15)

N
Since we are minimizing tr(}_JPJ) and JJ >0 by
i=1

hypothesis, we must have from (15) that P; = Q;'. Consider
q

any P € . Then by definition we have that p; = Za,pi‘j for
t=1

9
some o, > 0, Y o =1. Thus from (14) we get that

t=1
L'> (ZPUQ}') = &(P),
and from (13),

P, = Q.l > (Ai'BiKi)lLi-l(Ai-BiKi) +
+(C-DiK)'(Ci-DiKy) + ' PJT'P;

> (A-BK) E(PYA-BK) + (16)
+(C-DK)'(C-DiK;) + 'PJT'P,.
The result follows from (16) and Theorem 1. O

Remark 2 : If we desire to minimize the H-norm, then

N
we just have to replace the value function tr(}>"J'P,J) by u.

Inequalities (12) can be eliminated.

6. NUMERICAL EXAMPLES

This example is adapted from [12] for the case in which
we have two modes of operation, with transition
probability matrix between the models given by P. The
matrices are:

0.9974 0.0539 -0.0013
IS [-0.1078 1.1591} B1 = [-0.0539] !

10.0013 1 1o
B = {-0.1078]’J_[1}’C1—C2_ [o oJ’
v 7]

We considered the following cases:

a.1) H,/Hx-control problem with § = 80, and transition
probability matrix exactly known, given by:

P= [0.7 0.3}
02 08"

For this case the solution obtained was K; = [1.3655
4.4281], Ko = [1.5999 4.6390], and the optimal value
function was £ = 726.4880.

a.2) the same as above but with P belonging to D,
where D is defined through the transition probability
matrices P! and P? defined below

pi [065 035] o, [075 025
025 075|° 0.15 085]"

For this case the solution obtained was K; = [2.1348
4.9492], K» = [2.4056 6.0059], and the optimal value
function was £ = 980.7510.

b.1) He-control problem with the same data as in a.1)
above. The minimal value obtained for u (= &%) was
4366.8, with the controllers given by K; = [5.4713
7.0138], K, = [4.8935 5.9692].

b.2) the same as above but with P € D, where D is
defined as in a.2). The minimal value obtained for 1 was
5039.2, with the controllers given by K; = [5.8694
6.9641], Ko = {5.9746 7.3220].

7. CONCLUSIONS

In this paper we have considered the problem of mixed
H,/H-control of discrete-time Markovian jump linear
systems (MJLS). It was assumed that both the state variable
and the jump variable are available to the controller. The
transition probability matrix may belong to an
appropriated convex set. We are interested in finding a
state and jump feedback controller that robustly stabilizes a
MILS in the mean square sense and minimizes an upper
bound for the H> norm, under the restriction that the H,o-
norm is less than a pre-specified value 6. This kind of
problem has been studied in the current literature for
discrete-time deterministic linear systems, usually using a
state space approach, leading to non-standards algebraic



Riccati and Lyapunov-like equations. We trace a parallel
with the discrete-time linear system theory of Hy/Hy, and
H, control to derive our results. An approximation for the
problem was proposed by minimizing a linear functional
over the positive semi-definite solutions of a set of coupled
Lyapunov-like equations. Furthermore it was shown that
this problem can be written in a convex programming
formulation, leading to numerical algorithms. The Hoo-
control problem was also addressed.
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