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We investigate the electric response of a kerosene cell containing magnetic nanoparticles. The cell is sub-
mitted to an external potential difference and its impedance is measured for increasing values of the
potential amplitude. The analysis of the experimental data by means of the Kramers-Kronig relations in-
dicates an unexpected deviation from the linear behaviour situated close to the frequency identifying the
minimum of the cell’s reactance modulus. We show that this departure from linearity could be related to
the imaginary part of the ions’ bulk density when its variation cannot be considered as a small quantity.
The analysis is performed in the one-type mobile ions approximation of the Poisson-Nernst-Planck model
assuming Ohmic boundary conditions on the electrodes. Fitting the data using linear models gives poor
results any time the Kramers-Kronig analysis shows deviations from linearity.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

The analysis of the electric response of an electrolytic cell to an
external excitation in the low frequency region is strongly depen-
dent on the presence of the ions dissolved in the electrolytic solu-
tion. The impedance spectroscopy technique allows to investigate
the response of the cell by changing the frequency of the applied
voltage. It allows the experimental measurement of the impedance
of the cell from which the real, R, and imaginary, X, parts, in the
series representation, are derived. The quantity R is related to the
dissipative, while X to the reactive, phenomena taking place into
the cell. Of course, the concept of impedance is meaningful only
if the system is linear, and hence for an excitation at circular fre-
quency o, the current in the circuit has a component only at w.

An analysis of the impedance of the cell, in the linear limit,
based on the equations of continuity for the ions and on the equa-
tion of Poisson relating the actual potential to the bulk densities of
ions, has been proposed long ago by Macdonald [1,2], and is known
as the Poisson-Nernst-Planck (PNP) model which has been recently
reconsidered and generalized by several authors [3-12]. In this
case, the Kramers-Kronig relations (KKR) valid for linear systems,
are obviously verified. For a stable and causal system, a deviation
from KKR is an indication that the system does not behave in a
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linear manner[13]. The analysis of an electrolytic cell indicates that
the conditions of linearity are always verified in the high frequency
region [14]. In this context, high frequency means frequency larger
than the Debye circular frequency defined as the ratio between the
diffusion coefficient of the ions in the liquid and the squared De-
bye length. Debye length represents the thickness of the surface
layer in which the ions are confined in the dc case [15]. In the low
frequency region, in particular in the dc limit, the response of the
cell depends on the properties of the electrodes[16], and the valid-
ity of the linear approximation critically depends on the amplitude
of the applied voltage [14]. On the contrary, in the high frequency
region the response of the cell is independent of the electrodes,
and the system behaves as a linear dielectric medium with losses.
If the system exhibits non-linearity then any conclusion from the
analysis of the experimental data may be misleading. Therefore a
great effort has been performed towards the validation of the sys-
tem’s linearity using the KKR [17-19].

In recent measurements performed on cells of kerosene con-
taining magnetic particle, we have observed unexpected deviations
from the linear behaviour localized on a frequency range close to
the frequency identifying the minimum of the modulus of the re-
actance of the cell [20]. In the present paper, our goal is to show
that these deviations are related to the partial violation of the lin-
earity condition, and to determine the frequency range in which
these deviations may appear.
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The paper is organized as follows. In Section 2, we briefly recall
the linear PNP model for only one type of mobile ions. In partic-
ular, we introduce the linearity condition and give the solution of
the model for an electrolytic cell with ohmic boundary conditions.
In Section 3, we discuss the validity of the linear approximation
and show that deviations from linearity are expected in a specific
frequency range that can be predicted. Section 4 describes briefly
the experimental set-up and materials. In Section 5, we test the
linearity of the data sets by fitting them. In Section 6, we demon-
strate the non-linearity of the data sets using the Kramers-Kronig
transformations. Finally, Section 7 is devoted to conclusions.

2. Linear approximation

We limit our analysis to a cell of the type considered in [20],
relevant to kerosene with magnetic particles. In this case, a good
description of the response of the cell, in the shape of a slab of
thickness d and surface area S, can be achieved in the one-type
mobile ions approximation. In the system under consideration the
presence of ions in the solution is attributed to a residual concen-
tration of sodium oleate from the synthesis procedure. The solu-
tion is globally neutral, but in the presence of an external electric
field it becomes locally charged, since mobile ions move under the
effect of the electric field. In this framework, the magnetic grains
are assumed immobile, and just the ions of one sign dissolved in
the kerosene contribute to the response of the cell. This assump-
tion repose on the experimental evidence that the diffusion coeffi-
cient, for Stokes’ formula [15], depends on the geometrical dimen-
sions, and the free ions are very small with respect to magnetic
grains. Note that when more than one group of ions are present,
then the superposition principle is not valid in general [21]. We
indicate by ¢ the dielectric constant of the pure kerosene, ng the
bulk density of ions, in thermodynamical equilibrium, n, the bulk
density of ions when the cell is submitted to an external voltage,
by q the electric charge of the ions, and by D, their diffusion coef-
ficient in kerosene. The problem is one dimensional. The cartesian
reference frame used in the analysis has the z-axis perpendicular
to the electrodes, placed at z = +d/2. The equation of continuity
for the mobile ions and the equation of Poisson are [20]

on, 0 (dn, qn, dV

m—Wu<w+mwz* ()
RRA%

S =~ amp—no). )

The first term in the r.h.s. of Equation (1) describes the diffusion of
particles. The second one represents the drift current in presence
of an electric field. This equation is valid in the Einstein approx-
imation, where the mobility of the ions, wp, and their diffusion
coefficient, Dp, are related by the equation wp/Dp = kgT/q, and the
generation-recombination phenomenon can be neglected. This as-
sumption, in our case of small ionic density, is reasonable [22]. The
other fundamental equation of the model, (2), relates the actual
electric potential in the cell with the ionic charge density. We de-
fine the dimensionless quantities
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where A = ,/eVy,/(npq) is the Debye length, and Vi, = kgT/q the
thermal voltage, of the order of 25 mV at room temperature.

In the linear approximation approach, in (4) it is assumed that
T+u,~1, ie up<«l. (6)

In this framework, indicating by ug and u9 the linear approxima-

tion of up and uy, the partial differential equations by means of
which the system under consideration is described are

ou? 9 [ou  uo

_p _ I e ) v

ot _D”82<82+ 82) (7)
0%u? 1

Bzzv - _Fug’ (8)

For an harmonic external excitation, ug and u9 can be written
as
ud(z.t) = ¢p(2) exp(iowt), ud(z.t) = ¢y(2) exp(iot). 9)

where w = 27 f is the circular frequency and f the frequency of
the applied signal. Substituting (9) into (7,8) we get

i $p(2) = B (2) + 9 (@), (10)
p

v (2) = —%%(Z). (11)

We assume that the electrode are not blocking, and the charge ex-
change on them is well described by the Ohmic model [16]. There-
fore the ordinary differential equations (10,11) have to be solved
with the following boundary conditions

¢, +Bp, =0, ¢, =+up/2, for z=+d/2. (12)

where the Ohmic properties of the electrodes are contained in the
parameter B defined by means of an intrinsic surface conductivity
kc = ngD/Vy,, and of a characteristic conductivity of the electrode
K, such that B=1 — k/k.. The case of blocking electrodes is recov-
ered putting Kk =0 [21]. ug is the reduced amplitude of the po-
tential difference applied between the electrodes. From (10,11) we
obtain

0 (2) — B2p(2) =0, (13)

where
,3:%\/1—1'52, (14)

with Q = w/wp and wp = Dp/A? is the Debye’s frequency [21]. As
discussed elsewhere [20], the spatial components ¢;(z) and ¢y (z)
are

¢p(2) = Cp sinh(Bz), (15)

dv(2) = —# Cp sinh(Bz) + Gy z, (16)

where the integration constants C, and C, are determined by (12).
They are found to be

C. — ,BZAZB Up
P= " 2B+ Bd(-B+ B2A2?) coth(Bd/2) sinh(Bd/2)’
c B+ ,32A2

- ﬂﬁd(_m BZAZ) + 2Btanh(Bd/2) ="

In this way the linear problem is solved. Of course, the linear so-
lution is meaningful only if condition (6) is verified in the entire
frequency range. Note that the solution (15) is a complex quantity.
Therefore at the electrodes, where the potential amplitude is a real
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Fig. 1. Profiles of the real, (a), and imaginary, (b), parts of the bulk density of ions across the cell. They show a strong position dependence close to the electrodes, in a

surface layer of thickness of a few Debye lengths. f =1 kHz, up = 1.

quantity, the ionic density is not in phase with the applied poten-
tial.

In the linear limit, substituting the expression of C, into (15) we
get ¢p(z) o sinh(Bz)/sinh(Bd/2), where, as it follows from (14),
for @ <1, B~ 1/A. As it will be discussed later, d > A, and hence
|¢p| tends to zero in the bulk over a distance of a few A. In other
words, the ionic charge is localized in two surface layers whose
thickness is of the order of a few A.

3. Validity of the linear approximation

As stressed at the end of the preceding section, the linear ap-
proximation implies the validity of the inequality (6) in the fre-
quency range in which the derived formulae are applied. Using the
expression of u9, one can investigate the validity of the conditions
(6).

As it follows from (15) and (16), ¢p(2) is a complex function. Its
real, Ry(z) = Re[¢p(z)], and imaginary, I, = Im[¢,(z)], components

are shown in Fig. 1 on the range —1/2 <z/d < 1/2. For the nu-
merical calculation we assume q=1.6 x 10719As, ¢ =2 x &g, ng =
1.48 x 10> m=3, Dp = 1.23 x 101! m?/s, and the ohmic parame-
ter Kk = 9.8 x 108 m~1s~1V-1 as determined in [20,23]. Using these
values one calculates the Debye length A = 4.73 x 108 m. The ge-
ometrical parameters of the cell are d =24 um>> A and S =104
m2. Fig. 2 is a zoom of Fig. 1 in the range (d/2) +5A <z <d/2,
for f=1 kHz and up = 1. As it is evident from these figures, |Rp|
and |Ip| are odd functions, and reach their maximum value on the
electrodes. This is valid for all frequencies of the applied signal.

For this reason, since we are interested in the limit of validity
of the linear approximation, in the following we limit our consid-
erations to

B2A2B
T 2B+ Bd(—B + B2A2) coth(Bd;2)

¢p(d/2) = (17)
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Fig. 2. Profiles of the real, (a), and imaginary, (b), parts of the bulk density of ions, in a surface layer of thickness 5A. The functions |R,| and |I,| reach their maximum

values on the electrodes.

The validity of the linear analysis based on the validity of condition
(6) implies

Ry« 1, and I, very small (18)

In the cases of interest, |8d/2| > 1, and hence coth(8d/2) ~ 1.
Taking into account the definition of 8, (17) can be rewritten as

B2A2B y
T 2B+ Bd(—B+ B2AZ)

In Fig. 3 we show the frequency dependence of the real, (a), and
imaginary, (b), parts of the bulk density of ions on the electrodes
(at z=d/2) for three values of the reduced applied voltage.

From (17) it follows

(19)

¢p(d/2) =

. _ U . _

}1_r}r(1)RP =-5 & }11)1(1)11, =0, (20)
limR, = limI, = 0. 21
f-oo P f—oo p ( )

Consequently, in the dc limit the main limitation is related to Rp,
whereas, in the high frequency region the linear approximation is

always valid [14]. In the dc limit the ionic density variation is in
phase with the external electric field. On the contrary, in the high
frequency region, the ionic contribution to the response of the cell,
to the external electric field, is negligible. Consequently the system
behaves as an insulating medium. For frequency lower, but of the
order of the Debye frequency, I, is large, and could limit the va-
lidity of the linear approximation. In fact, according to conditions
(18), Rp has to be compared with 1, whereas I, has to be small.
Hence we have not a concrete upper limit to which compare Ij.
Therefore only a numerical analysis allows to investigate the valid-
ity of the linear approximation.

We have analyzed, numerically, the maximum of I, versus A.
According to our results the frequency at which I, becomes maxi-
mum is
Up

& L(w) = (22)

A
* 27
(9] wp, 2

d
The calculated value ug/4 is an upper limit since ¢, goes rapidly
to zero in the bulk (see Fig. 1). In Fig. 4 is shown the reduced fre-
quency w*/wp versus A/d and the approximation (22). From the
analysis reported above, it follows that possible deviations from
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Fig. 3. Frequency, f dependencies of the real, (a), and imaginary, (b), part of the bulk density of ions on the electrodes. The real part is a monotonic decreasing function
of the frequency, whereas, the imaginary part presents a well defined maximum at a frequency lower that the frequency of Debye. The curves are drawn for ug = 1, red,
ug = 2.5, green, and ug = 5, blue. In the dc limit R, tends to —ug/2, and I, to zero. In the high frequency region both R, and I, tend to zero, and the linear approximation is
always valid. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Reduced frequency w*/wp of the I, maximum versus A/d. Points are numerically determined. Line is calculated from the model, expression w* = 2(A/d)wp.

the linear behavior could appear when I is not a small quantity.
This condition could be violated near to the frequency w*.

4. Experimental set up and material

The experimental data refer to a cell of ferrofluid of thickness
d = 24 um, described in [23], submitted to an external sinusoidal
voltage of amplitude V, ranging from 25 mV to 3V. The used fer-
rofluid consisted of about 1022 m~3 (1%vol) spherical nanoparticles
of typical mean size ~ 18nm suspended in kerosene. The sample
was inserted between two disk-like electrodes made of brass of
area S = 10.2 cm?. The impedance was then measured by means of
a Solartron 1260A Impedance/Gain-Phase analyzer with a 12962A
sample holder from 10mHz to 1.6MHz. As discussed in [23], the
electrodes in brass are well described by the Ohmic model. We
note that measurements similar to those discussed in the present
paper relevant to electrodes in brass, have been performed also
with electrodes in gold, titanium and surgical steel [20]. The re-

ported spectra were only weakly dependent on the nature of the
electrodes.

5. Limit of validity of the linear model: Fitting

The fundamental equations of the linear PNP-model are, obvi-
ously, linear partial equations [2,24-26]. Hence, they describe the
response of an ideal linear medium. Therefore the best fitting is
expected to describe poorly any non-linear data set.

Hereupon, our analysis is described in terms of resistance and
reactance, since we measure experimentally the impedance of the
cell. If one relates the surface charge density with the electric
field close to the electrodes using Coulomb theorem then the cur-
rent is deduced and subsequently the impedance may be calcu-
lated [7]. In the case of blocking electrodes, according to PNP-
model, R presents a large plateau that ends at the Debye frequency
wp. For @ > wp, R « 1/w?. In the same framework, |X| diverges
in the dc limit as 1/w. Increasing w, it presents a minimum at
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Fig. 5. Resistence, R, and reactance, X, vs frequency f. Thickness of the cell d =24 um. Harmonic signal amplitude Vy = 25 mV. Experimental data, points; PNP-model
fitting, green line. The red line at high frequencies gives the resistance/reactance of the cell as calculated by (28). (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)

wm =+/2A/d wp, and a maximum at @ = wp. For o > wp, |X| x
1/w, [27]. In the dc limit, the divergence of |X| is due, according
to PNP model, to the formation of a surface capacitance, related
to the confinement of the ions in a surface layer of thickness of
the order of A, G = &S/A. On the contrary, in the opposite limit
of high frequency, |X| o« 1/w indicates that in this region of the
spectrum, the ions do not participate any longer to the electric
conduction, and the system behave as a perfect insulator, whose
capacitance is simply C, = €S/d.

In the low frequency region, the predictions of the PNP-model
reported above, are valid only if the electrodes can be considered
as blocking, i.e., only if there is not any conduction current in the
dc limit. If this condition is not satisfied, in the dc limit R presents
a new plateau, whose value depends on the electrode properties,
i.e., on the ohmic parameter « introduced above. In the same limit,
|X| tends to zero with w, indicating that the predominant charac-
ter of the cell is related to the surface conductivity of the elec-
trodes, allowing a charge exchange between the bulk and the ex-
ternal circuit [27]. The fit quality of the experimental data obtained
by the PNP-model with Ohmic boundary condition [28], is rather
good in the limit of small values of the applied potential differ-
ence amplitude V. As discussed in [20], in the one-mobile ion
limit with Ohmic boundary conditions, the impedance Z = R +iX
of the sample is given by

_ Bd(—B + B2)\?) + 2Btanh(Bd/2)

Z 23

B3eSD(—b+ B2A2) ’ (23)
that in our case, where d > A, is well approximated by

_ 22
Z:ﬂd( B+,3A)+ZB. (24)
B3eSD(—b + B2A2)
From (24), in the limit w — 0, the impedance tends to
. A%d A3B

The first addendum is independent of the electrode properties.
Hence it can be identified with the bulk resistance, R, in the dc
limit, of a cell limited by blocking electrodes. From the definition
of the Debye frequency, wp, this contribution can be recast in the

form

1 d
= one S
As to the second addendum in (25), it is related to the Ohmic
properties of the electrodes. Taking into account the definition of

B, and that according to our experimental data ¥ < k¢, this contri-
bution is

Ry (26)

A

2Re_2KqS. (27)
The expression of R, indicates that in the dc limit the contribution
of the electrodes is localized in a surface layer of thickness of the
order of A, and it is due to the surface electric conductivity o, =
gk. In the dc limit, the electric impedance of the cell reduces to
a resistance of the electrodes, in series with the resistance of the
bulk:

lim 2, = Ry + 2 Re.
w—0

In the high frequency region (w > wp), from (2) we get

. .1 d wp 2

Jim Z(@) = ~i— S+Rb<w> . (28)
It follows that, in the high frequency region, the cell behaves
as a real condenser of capacitance C,=¢S/d, and resistance
(wp/w)*Ry. In Figs. 5, 6, 7, 8, we show the real and imaginary
parts of the cell impedance for a few values of the external excita-
tion amplitude Vj. The best fits have been obtained for Ny = 8.3 x
102! m=3, e = 1.3 x gy, D=0.35 x 10~ m?/s, and k = 0.75 x 107
1/(m s V), which are of the same order of magnitude with the val-
ues obtained for a similar ferrofluid investigated in [20]. As it is
evident from the reported figures, the quality of the fit decreases
with increasing Vg, although in the high frequency region, it re-
mains good enough for all considered Vj values.

On the R = R(w) spectra the upper horizontal line indicates
the dc resistance of the cell, Ry = 2R. + R}, whereas the lower
horizontal line corresponds to the bulk resistance of the cell Ry,
related to a cell limited by blocking electrodes. The straight line
(in red) corresponds to the resistance of the cell in the high fre-
quency region, given by (28). The vertical lines, from left to right,
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Fig. 6. Real, R, and imaginary part, X, of the electric impedance vs frequency f. The cell, of thickness d = 24 pm, is submitted to a harmonic signal of amplitude V, = 115
mV. Symbols as in Fig. 5. Note that the deviations between the experimental X-data and the theoretical prediction first appear at f*.
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Fig. 7. Spectra of the real, R, and imaginary, X, part of the electric impedance vs frequency f. Thickness of the cell d = 24 um. The cell is submitted to a harmonic signal
of amplitude V, = 200 mV. Symbols as in Fig. 5. Note that the deviation between the experimental data relevant to the reactance and the theoretical prediction takes place

at the frequency f*.

identify the frequency w* at which the imaginary part of the bulk
density of ions presents a maximum, and the circular frequencies,
wm = +/2A/d wp, and wp for which |X| has a minimum and a
maximum, respectively. The continuous curve is the best fit of the
experimental data, shown by solid points, obtained by means of
the PNP linear model, in the one-type mobile ions approximation.

On the X = X(w) spectra, the straight line, in the high fre-
quency region is the reactance of the cell, related to the capaci-
tance C, = €S/d, and the vertical lines correspond to w*, wmn and
wp respectively from the left. The green continuous lines are the
best fit of the experimental data (blue points). As it is shown in
Figs. 6, 7, 8, for Vy = 115 mV, V, = 200 mV and V, = 345 mV, the
deviations of the fitting from the experimental data with decreas-
ing frequency first appear in the neighborhood of w*, in agreement
with the discussion reported above.

6. Limit of validity of the linear model: Kramers-Kronig
transformations

In the previous section we demonstrated that the best fit pro-
cedure, using the linear PNP model, is unable to fit correctly some
data set. Of course one could object that either our fitting proce-
dure simply doesn’t succeed to find the correct parameter set, or
the PNP model simply fails to describe the data for reasons that
do not imply a non-linearity issue. In order to prove that our data
cannot be described from any linear model, hereupon we use the
Kramers-Kronig transformation to test the non-linearity issue.

For systems that satisfy the conditions of linearity, stability and
causality one expects that the resistance (real, R, part), and the re-
actance (imaginary, X, part) of the impedance verify the Kramers-
Kronig relations (KKR) [29-33]. For the system under considera-
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Fig. 8. Real, R, and imaginary, X, part of the electric impedance vs frequency f. Cell of thickness d = 24 pm. Harmonic signal of amplitude Vy = 345 mV. Symbols as in
Fig. 5. The experimental data of reactance deviate from the theoretical prediction at the frequency f*.
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article.)

tion, the KKR are
2 * W' X(w)

__ = /

R@) == 2P| Crsdo (29)
2w * R(w) ,

*w) == [ oo (30

where P means the Cauchy principal part of the integral, on the
real axis. Equations (29) and (30) coincide with equations (22.58),
and (22.57) reported in Chapter 22 of [29], respectively.

Our point is that the KKR can be used to test the linearity
condition for a response function in a causal and stable system.
Therefore, we use KKR to produce the real from the imaginary
part of the sample’s impedance and vice versa [34]. The results
are compared with the measured ones. Any systematic discrep-

ancy between the measured function and the calculated one could
signal deviation from linearity. In Figs. 9, 10, 11,12, we compare
the experimental spectra, blue crosses, of R and X vs the cir-
cular frequency w for various values of applied potential, Vj, at
the sample’s electrodes with the corresponding ones derived by
the KKR, red points. Fig. 9 shows the experimental and the KK-
calculated points for the thermal voltage (Vy = 25mV). The agree-
ment is questionable in the low frequency range. Nevertheless the
observed deviations at low frequency result from the thermal noise
because the applied voltage is apparently too low. This can be in-
ferred from the experimental data which are scattered at the low
frequencies. Fig. 10 shows the results for Vy = 115mV. The agree-
ment is reasonable good in the entire w-range. Increasing more
the applied voltage to Vy = 345mV, Fig. 11, one observes some de-
viations of the KK-calculated points in respect to the experimen-



G. Barbero, F. Batalioto, A.M.E. Neto et al.

o,
107 0‘
1]
[ 2
6 [
10 [
[
S 10° M
S ¢
10 .
+
*
1000 *
*
100 T

01 1 10 100 1000 10* 10°

Log[w/rad s ]

Electrochimica Acta 397 (2021) 139277

107| _o®®,
2" Ve,
®
6 ’Q
10 ®
(Y
(Y
- +
g 10° .
o % o,
2 L ®
| 104 *“. "
[ 3
L |
1000
100
01 1 10 100 1000 10* 10°

Log[w/rad s7" ]

Fig. 10. Resistence R, and reactance X vs frequency w. Applied potential amplitude Vo = 115mV. Symbols as in Fig. 9. The overall agreement between experimental and

calculated data points is satisfactory.
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Fig. 11. Resistence R, and reactance X vs frequency . Applied potential amplitude Vp = 345mV. Symbols as in Fig. 9. Deviations between experimental and KK-calculated
data points are observed in the intermediate frequency range for the imaginary part. The red-dashed line indicates the position of the Debye frequency. The thin gray line
indicates the minimum of |X|. The thick gray line indicates the present model’s prediction for w* around which deviations from linearity are expected. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

tal data especially for the imaginary part. These deviations are lo-
cated in the middle frequency range while the accordance at lower
and higher frequencies is fair. Deviations appear roughly about the
minimum of |X(w)| and spread up towards lower frequencies. In
Figs. 11-12, are shown the Debye frequency by a red-dashed line,
the frequency, wn, where the minimum of |X(w)| occurs, thin-
blue line, and the frequency w* around which deviations from lin-
earity should appear in accordance to our model. Finally at 3V,
Fig. 12, the deviations become much stronger and are clearly ob-
served in both R(w), and X (w). For the calculation of the ratio
Ay/d that is requested in order to obtain w* from (22), we use
the relation wp,;, = +/A/d wp valid for ohmic electrodes [27] while
Wmin and wp are evaluated from the experimental data minimum
and high frequency maximum of |X (w)|. Finally, w* is given from
the relation w* = wanm/wD. As one can deduce by simple inspec-
tion of Figs. 11 & 12, w* is located in the w-range where departure
from linearity is observed.

7. Conclusions

We used the Kramers-Kronig relations as a test to investigate
the linearity of a physical system. For this aim, we measured the
complex impedance function of a sample for increasing values of
the applied voltage at its electrodes. We show that for high enough
amplitude of the applied voltage a deviation from linear behavior
appears in the imaginary part of the system’s impedance. The de-
viation starts at frequencies around the minimum of the absolute
value of the reactance and propagates towards lower frequencies.
Our results are described by considering the limit of validity of the
linear version of PNP-model requiring that the relative variation of
the bulk density of ions has to be small with respect to 1. In the
case of harmonic excitation this relative variation is represented by
a complex quantity, and the condition of small relative variation
implies a condition on its real and imaginary parts. From the anal-
ysis on the condition relevant to the real part we show that it has
to be small with respect to 1. On the contrary, for what concerns
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Fig. 12. Resistence R, and reactance X' vs frequency w. Applied potential amplitude V, = 3V. Symbols as in Fig. 9. Large deviations between experimental and KK-calculated
data points are observed for both real and imaginary parts. Vertical lines as in Fig. 11.

the imaginary part, it has to be small in absolute, and hence possi-
ble deviations from the validity of the linear version are connected
with this not very well defined inequality. The presented analy-
sis has been performed analyzing the analytical solution, deduced
assuming the validity of the linear version of PNP-model, and in-
vestigating the frequency range where the assumption of validity
are verified. From the analysis of the frequency dependence of the
imaginary part of the relative density variation, we have derived
the frequency around which deviations in what concerns the va-
lidity of the model are expected. The theoretical predictions, about
deviations from linearity with increasing applied potential, are in
reasonable agreement with the observed deviations when analyz-
ing the experimental data both by using the best fit approach, and
by means of Kramers-Kronig relations.
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