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Energy additivity as a requirement
for universal quantum
thermodynamical frameworks

Luis Rodrigo Neves'™ & Frederico Brito?**

The quest to develop a general framework for thermodynamics, suitable for the regime of strong
coupling and correlations between subsystems of an autonomous quantum “universe,” has entailed
diverging definitions for basic quantities, including internal energy. While most approaches focus solely
on the system of interest, we propose that a universal notion of internal energy should also account
for the environment in order to keep consistency with the closed-system energy of the universe. We
introduce an abstract framework to describe all effective Hamiltonian-based approaches and address
arigorous definition of energy additivity in this context, in both a weak and a strong form, discussing
the underlying subtleties. As an illustration, we study a particular two-qubit universe model, obtaining
the exact master equations for both parties and calculating their effective Hamiltonians and internal
energies as given by the recently devised minimal dissipation approach. In this case, we show that
internal energies are neither additive nor conservative, which leads to unphysical features.
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Within the contemporary field of quantum thermodynamics! =5, the past few years have witnessed an increasing
concern on physical setups that largely deviate from the once paradigmatic picture of a small system of interest
(8) under external driving and weakly coupled to a heat bath (E)®, shifting the focus towards strong system-
environment coupling and correlations, far-from-equilibrium environments, non-Markovian dynamics, and
exact master equations, to name just a few examples’ 3.

Notably, several approaches dismiss the classical external agent (work source), in such a way that every
thermodynamic phenomenon (e. g. the exchange of work and heat) amounts to the interaction between
two parts of a closed, autonomous, blpartlte quantum system, ruled by a constant Hamlltonlan operator
H=H*+ HP + H''424 Here, H' is the assigned Hamiltonian of interaction and H is the individual
one for subsystem j. The labels j = A, B are chosen to emphasize that the “system” and its “environment”
are symmetrically conceived, so that the matter of which partition to describe explicitly becomes arbitrary, in
principle. We refer to this more general, full-quantum approach as the autonomous universe paradigm.

In contrast to the common procedure of relying on specific physical models or assuming severe restrictions
on the type of interaction'®'®, the autonomous universe paradigm encompasses many schemes of wider
applicability!’-2. Indeed, any theoretical framework of intended universal or general reach should hold also in
the autonomous paradigm!®-22, arguably the border of quantum thermodynamics.

Although the attainability of some form of the First and Second Laws of thermodynamics is frequently
highlighted as a validation criterion for new theoretical frameworks, the very definition of the basic quantities
involved is still a subject of controversy. In particular, the First Law is often addressed as a matter of how to
decompose a change in internal energy into exchanged work and heat, but a physically meaningful definition for
the internal energy of an open system should be the point of departure

Many of the existing proposals define the internal energy UY) as the mean value of some effective
Hamiltonian H ) (¢)'*2, embodying part of the interaction energy. Surprisingly enough, just a few of them
address the same deﬁnitions consistently for the coupled system (“environment”)'”!8, However, in any allegedly
universal framework, suitable for the autonomous-universe scenario, the logical counterpart of redefining the
energy observable of the system (A) is to redefine that of its environment (B) by the same rule (“what’s sauce for
the goose is sauce for the gander”).

As the “universe” A @ B isa closed and 1solated system its total energy is given by a well-known observable,
namely the total Hamiltonian H = H* + H” + H', with a constant mean value. In this article, it is put
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forward that any general, effective-Hamiltonian-based quantum thermodynamical framework, when applied
to the autonomous paradigm, should embody these two basic features: (a) the conservation of total internal
energy, U + UP = constant; and (b) the additivity of internal energies, U** + U® = (H). To highlight their
intimate connection, these properties are here named weak and strong additivity, respectively. By keeping them
distinguished, we hope to emphasize both the essential character of weak additivity — a mere statement of energy
conservation within an isolated system - and some subtleties inherent to the strong form (see Section Energy
additivity).

The general feature concerning the additivity of internal energies emerges when the theoretical picture of a
bipartite system is adopted. In this case, either of two classes of physical setups is being modeled: (i) mediated
interactions, such as two atoms coupled via an electromagnetic field, and (ii) direct interactions, such as an
atom interacting with a quantized electromagnetic mode. In case (i), a complete physical model would explicitly
include the mediating field. Instead, the bipartite approximation assumes that the field’s influence is entirely
captured by the unitary effect of an interaction Hamiltonian H' acting between the two subs gstems. In this
framework, any deviation from additivity - quantified by the mismatch A := (H) — could only
be justified by attributing A to the field, effectively treating it as an external energy reservoir. This, however,
violates the assumption of the autonomous universe. Therefore, to maintain consistency, one must either:
(a) model the field explicitly, treating the system as tripartite; or (b) refrain from applying thermodynamic
reasoning to the reduced blpartlte model. A consistent alternative is to introduce a rule that assigns a share of
the interaction energy (H?) to each subsystem - effectively the thermodynamic counterpart of maintaining the
bipartite universe picture. Under such a rule, internal energies must be defined additively (in the strong sense),
or not at all. In case (ii), by contrast, there is no third system to accommodate any energy mismatch. Thus,
internal energy additivity becomes a necessary condition for thermodynamic consistency. Notably, many usual
models in quantum thermodynamics - often inherited from the quantum dynamics literature - fall under class
(ii) 1418192123 although class (i) setups also remain relevant”*11:25:26,

Furthermore, the additivity of energies has a key role in the limiting case of classical thermodynamics. As
is well known, weak additivity ensures the equivalence between maximized entropy and uniform temperature
within an isolated compound system”, §2.4, while strong additivity entails a factorizable canonical partition
function, greatly simplifying the marginal statistics?’, §16.2.

Here, a unified formalism is introduced to describe the space of possible effective Hamiltonians, upon
which the rigorous notions of additivity are devised. To illustrate the consequences of adopting non-additive
prescriptions, we take the minimal dissipation approach!®. Among several available effective-Hamiltonian-
based theoretical frameworks that do not address additivity (and thus should not be expected to satisfy it), we
have chosen this one for the following reasons. First, it is model-independent and thus of very wide applicability
in principle. Second, it is the thermodynamical unfolding of the very recent, well-succeeded endeavor of
addressing a unique, physically-founded realization of the celebrated Lindblad-form quantum master equations
in the generalized realm of non-Markovian (and model-independent) dynamics?®. We should note that, under
less rigorous or more specific settings, the idea of defining internal energy from the “renormalized” unitary
part of the open-system dynamics has long been employed as the basis of approaches to autonomous-system
quantum thermodynamics'*2. There is also an independent, recent work in which an equivalent definition is
adopted for a wide class of environment models'>. In summary, the approach is appealing and well suited to
existing trends in the literature.

The task of probing additivity for given definitions of quantum internal energy is typically toughened under
the paradigm of an infinite-dimensional environment. To avoid the technical difficulties, we take both “system”
A and “environment” B as two-level systems. Several settings of this nature have been studied in quantum
thermodynamics, both theoretically and in experimental setups”!}*>22, In the more typical case of B as a
harmonic mode, this could be regarded as an effective model for the low-lying energy states dynamics. Under
this assumption, and with a particularly simple interaction Hamiltonian, we are able to obtain fully analytic
expressions for the internal energy as given by the canonical Hamiltonian of ref.?%. Then, as this article’s main
result, it is shown that the minimal-dissipation internal energy does not satisfy any form of additivity, that is, it
predicts a time-dependent effective total energy for a closed, autonomous, bipartite universe.

The paper is outlined as follows. In Scope and definitions, definitions of weak and strong additivity of
internal energies are introduced, in an abstract setting which should encompass all effective-Hamiltonian-
based approaches; connection with previous works is explicitly addressed in Connection with the literature. In
Example of non-additive internal energies in a simple model we review the approach of ref.!® under our abstract
framework. Besides deriving a no-go result from elementary features of this approach, we apply it to a particular
two-qubit model, obtain the exact master equations, and discuss its unusual predictions. The conclusions are
summarized in Conclusions.

Scope and definitions

Framework

Let the Hllbert space H = H* @ H® describe a closed, bipartite quantum system (henceforth “universe”),
where 77 are the subsystems’ Hilbert spaces. As our focus here is on an autonomous universe, we let its
Hamiltonian H be constant. We denote by B (.A) the space of all Hermitian operators on an arbitrary Hilbert
space A, and by S (A) C B(A) the subset of all allowed quantum states (i. e., non-negative, unit-trace,
Hermitian operators). Within the autonomous universe paradigm, any definition of effective Hamiltonians for
A, B should unambiguously assign a pair of local observables given the initial preparation of the universe, the
(constant) total Hamiltonian, and a point in time, suggesting the following formalization.

Definition 1 An effective Hamiltonian rule (EHR) E is a correspondence of the type
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E(po, H,t) = (H*(t), H"(t)) , (1)

i. e, it is a mapping E: D(E) —» B (HA) x B (HB), where the domain D(E) is a subset of
S (H) x B(H) x [0, o) satisfying the requirement below.

Remark 1.1 If (po, H,t) € D (E), then (po, H,0) € D (E).

We allow subsets in order to encompass common restrictions, as some approaches allow only product'>!® or
pure!'®!7 states, only certain classes of interaction models'*!5, or perhaps an evolution limited in time. The remark
1.1 ensures that ¢ = 0 is an available reference point in time. Then the several effective Hamiltonian definitions
found in'4-2 all fit within this abstract structure (up to privileged local bases in* or an ad hoc constant in!®18),
insofar as only time-independent Hamiltonians are considered. Here it should be noted that any H € B (H)
admits the usual decomposition H = H* + H® 4+ H’, which is essentially unique (see Appendix A).
Whereas several properties are usually expected to be satisfied by the rule g, here we focus on additivity.

Energy additivity
Definition 2 (Conservation law) An effective Hamiltonian rule E is weakly additive if, for any (po, H,t) in
D (E), the following holds:

(HA (D) + (H” (1) = (H(0)) + (H"(0)). )

Here, <O(t2r> is the usual quantum-mechanical average tr (p(t)O) evaluated at the instantaneous state
p(t) = et poet In this work we take 1 = 1.

In order to define strong additivity, we would like to replace the right hand side of (2) with the universe
internal energy:

(HA () + (H(t)) = (H). 3

Nevertheless, (H) is not a physical quantity if we consider all Hamiltonian operators in the family
{Ho = Hp + ol, a € R} as equivalent, which would be indisputable insofar as only the dynamical effects of
H were concerned. In other words, the energy observable is often defined only up to additive constant and, to
this extent, the average internal energy of the universe per se is not a well-defined physical quantity. Then, two
alternative approaches could be employed to make sense of strong additivity:

a. Strong additivity could be defined as an invariant property, i. e., a strongly additive rule E should be “sensi-
tive” to any transformation of the type H — H + ol within its domain, preserving (3);

b. A convention could be introduced to fix the identity term in H, so that every family H, = Ho + ol would
admit a single “physically correct” choice for a.
Each perspective leads to a corresponding notion of strong additivity:

Definition 3 An effective Hamiltonian rule E is strongly additive by invariance if both are true:

i its domain D (E) is closed under uniform shift of the Hamiltonian, i. e.,

(po, H,t) € D (E) =

4
(po, H + al,t) € D(E),Va € R; “)
i forany (po, H,t) € D (E), equation (3) holds.
Definition 4 An effective Hamiltonian rule E is strongly additive by selectivity if both are true:
i its domain D (E) does not admit any uniform shift of the Hamiltonian, i. e.,
(po,H,t) € D(E) =
®)

(p07H+a]I,t) ¢ D (E) Vo 7é 0;
ii forany (po, H,t) € D (E), equation (3) holds.

The drawback of Definition 3 is that such effective Hamiltonians would have to depend explicitly on the global
Hamiltonian H, to an extent that even a uniform shift of the latter would have an influence on the former. In
particular, approaches deriving an effective Hamiltonian directly from the reduced-state dynamical equation!>!°
or its trajectory'*?° cannot satisfy this form of additivity. The former case is formalized below (Definition 5), and
the corresponding no-go result is derived (Proposition 1).

In turn, Definition 4 carries the notion that only one member of each family {H, = Ho + oI, « € R}
is allowed. The implicit idea is precisely the existence of a certain rule eliminating the arbitrary term of the
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Hamiltonian, as speculated above in (2.b). Although we do not often see explicit accounts of that matter in the
literature, two existing practices can be identified and might be systematized into rules:

i ImposetrH = 0.Thisisequivalenttoanimposition onthereduced-system Hamiltonians: trH* = trH” =0
(see Appendix A), and is adopted explicitly, for instance, in%, on which the approach of!® is based. However,
this procedure is well-defined only for finite-dimensional quantum systems, since otherwise H could be un-
bounded, trH = oo. Special treatment would then have to be addressed for some important cases, such as
spin-mode models.

i Seteach H) to have zero ground-state energy. That fixes H as a whole, since the identity ambiguity lies only
on the “local” part (see Appendix A). That is the practice observed in many references, in particular whenever
the local Hamiltonian is taken to be proportional to the excitation number observable, without an offset (see
for instance ref.!).

It is then straightforward to rigorously define a weak form of internal-energy additivity in the autonomous
quantum universe realm. When it comes to the strong form, care must be taken due to the usually accepted
indefiniteness of the Hamiltonian, but still additivity could be defined as an invariant property, or an external
rule to fix the ground-state energy could be adopted.

Connection with the literature

Although effective Hamiltonians underlying internal energy are widespread in the autonomous quantum
thermodynamics literature!~2’, the “bare” Hamiltonians alone are sometimes preferred?!~2*. Here, the effective
Hamiltonian paradigm is endorsed due to the following: (i) it is empirically well-known that the coupling with
an environment redefines the energy levels of a quantum system3'-3%; (ii) it is a common practice to identify a
unitary component in the dynamical equation of an open system!>3*-%7; (iii) it has been shown that a system
strongly coupled to a heat bath may reach a steady state that follows the Boltzmann-Gibbs distribution only
with respect to a renormalized Hamiltonian!®. Regarding (ii), it should be noted that the decomposition of an
open-system dynamical equation into unitary and dissipative parts is not unique in general, which was actually
the central topic of ref.?s,

Regardless of the particular definition, an effective Hamiltonian is meant to incorporate effects from the
system-environment (or A— B) interaction, being thus time-dependent in general, even if the bare Hamiltonian
is not. In classical stochastic thermodynamics, important discussions took place regarding whether or not
the interaction energy should be computed within the internal energy of a system (inclusive vs. exclusive
approaches)®-40, It turns out that the asymmetric role of an external agent allows for an appropriate treatment
of this share of energy, as long as definitions are kept consistent*!. Clearly, in autonomous-universe quantum
thermodynamics, the inbuilt symmetry between interacting parts makes the matter of how to deal with the
(strong) energy of interaction far more subtle. Still, we may identify a correspondence between effective-
Hamiltonian-based definitions of quantum internal energy and the inclusive point of view for the classical case,
with the difference that, in the former, not all of the interaction energy is “included” in the system’s account.
Accordingly, some authors describe the effective-Hamiltonian approach to internal energy as a “splitting” or
“partitioning” of the interaction energy among the two parts'>!184243, Strong additivity may be seen as a logical
unfolding of such a standpoint.

Among all existing effective-Hamiltonian approaches to autonomous universe quantum thermodynamics,
we are aware of two explicitly addressing both interacting parties and featuring some form of energy additivity
by construction.

The model-independent approach of ref.!® introduces the idea of a correlation energy term, whose average
value, when added to the effective internal energies of both individual systems, equals the average universe
Hamiltonian. Such a notion of additivity does not fit the definitions proposed here, as it relies on a third share of
energy, not assigned to either party. Beyond the intricate implications of dealing with a third entity in the energy
balance, this theoretical framework depends on a free parameter for whose determination no general protocol
seems to exist. In turn, the Schmidt-decomposition approach of ref.?, also suitable for any interaction model
and strength, entails what was here named invariant strong additivity (Definition 3). As we discussed, such an
invariance necessarily comes at the expense of some global information built in the definitions of local shares
of energy - in this case, via the choice of a correct phase gauge. As its sole important restriction, this approach
assumes the initial state of the universe to be pure.

Reference!* introduces an effective Hamiltonian for a specific system-environment model, addressing explicit
calculations only for the system variables. It can be verified, as shown for a qubit-qubit analog in ref.*, that such
definition indeed meets additivity under the specific interaction model and initial conditions assumed in ref.}4,
whereas such property breaks down under more general settings. According to the concepts addressed here, the
corresponding EHR could be considered strongly additive only within a very limited domain.

Finally, ref.!® addresses effective Hamiltonians for a universe initially prepared in a product state. The
following Section is devoted to this particular EHR and the question of whether it satisfies some form of
additivity, as justified in the Introduction.

Example of non-additive internal energies in a simple model

The “minimal dissipation” effective Hamiltonian rule

The goal of this section is to apply the approach presented in refs.!*?® to the two interacting parts of an
autonomous universe, in order to further illustrate the concepts of Section Scope and definitions, especially
additivity and its breakdown. We start from a short review of the approach.
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We keep the context defined in Section Framework and further assume a factorized initial state,
p(0) = 0*(0) ® 0P (0), whence the state at t > 0 1s p(t) = e HtpA(0) ® 0P (0)e't. The reduced state of
subsystem A is then o™ (t) = trp [e~*"*p™(0) ® 0" (0)e'”"], and we can write

o’ (t) = o [¢*(0)], ©

= trp [efth . ®QB(0)eth] ,
where the map ®;* is linear by construction. A master equation should assign the reduced state’s time derivative,
0™ (t), as a function of the state itself. By differentiation one gets ¢*(t) = ®;* [QA (O)] and, if the map is

invertible, then o (0) = (@;4) - [QA(t)] and we can write
o) =i [o* ()] )

. -1
where £ = &7 o (@f‘) . The assumption of an invertible &7 is described as “very weak” in'®. Indeed, if

H is finite-dimensional, the map is an analytic function of time, whence we can be sure that the inverse exists
except for 1solated points in time; in particular, it exists for some interval ¢ € [0, t1 )28 Equation (6) shows that
the map @7 depends only on the universe Hamiltonian H, the initial “environment” state o (0), and time; the
same holds for £;*.

As discussed in ref.23, the superoperator £;* can always be written in the usual form

L =—i[H* ), ] + D, ®)
where H*(t) is Hermitian and the dissipative term can be cast in Lindblad form,

i =3 (L 1) - 2L }). ©)
k

In (9), the coefficients 75 € R and the jump operators Lj, are generally time-dependent. It was shown in ref.?
that, given the superoperator L7 (which is hermiticity-preserving and trace-annihilating, HPTA), there always
ex1sts a single dissipator D;" satisfying equations (8, 9) with trLy = 0 for every k. It was also shown that, if
H* is finite-dimensional, the traceless choice corresponds to minimizing the dissipative term with respect to a
certain norm, whence to name this convention a “minimal dissipation prlnc1ple Such procedure then fixes the
decomposition (8), automatically specifying the effective Hamlltonlan HA(t) up to an identity term. The latter
ambiguity is eliminated in ref.28 by assuming a traceless H“ (t) (a well-defined procedure since dim H* < o).
This so-called canonical Hamiltonian is the heart of the quantum thermodynamical framework addressed in
ref.!%, by means of the internal energy scalar

Ut (t) = (H () = te[o" () H (1)]. (10)

If the subsystem B, usually named an “environment’, is also finite-dimensional, then every single ¢ cons1derat10n
previously made for A also holds for B. In particular, it can be assigned a canonical Hamiltonian HE(t) and an
internal energy UZ (t) = (H®(t)) following the same definitions.

Given an initial state po within the subset of product states in S(H) and a total Hamiltonian H € B(H), the
construction above unambiguously asmg) s an effective Hamiltonian to each subsystem at each ¢ > 0 [Provided
dim H < oo and that the inverse of <I> exists for both j. The latter could be formalized as an extra restriction
on the domain D(E), e. g. excluding some times ¢ for certain initial states po, as per the discussion in Appendix
C2]. We are then dealing with an EHR (Definition 1), which moreover belongs to a special class that we now
characterize.

Definition 5 An EHR E is dynamics-reducible if both are true:
i its domain D(E) only admits factorized initial states, po = o8 @ oF;
ii the assignment rule E can be reduced to functions of the dynamical maps <I>( ), 1. e., there exists a proper
function F such that
E(po, H,t) = (F [®]] , F [®]) (11)

for any (po, H,t) € D (E). Note that, in the right side of (11), each <I>§j) is a function of (po, H, t), as per eq.
(6) (and its counterpart for j = B).

Proposition 1 An EHR cannot be, simultaneously, strongly additive by invariance (Definition 3) and dynam-
ics-reducible (Definition 5).
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Proof Letthe EHR E be strongly additive by invariance, and assume D (E) to satisfy the requirement 5 of Defini-
tion 5. Letx1 = (po, H,t) € D (E) andtakeareal @ # 0.By Def. 3wealso havexs = (po, H + al, t) € D (E).
For simplicity, we represent the corresponding outputs as E (x) = (H AHD ) for k = 1, 2. Then, Def. 3 also

implies that
(A7) + (H) = (H), (12)

() + (AF) = (H + o) )
=(H)+ a.
However, as the only difference between the x, is an identity shift in H, eq. (6) (and the corresponding for

j = B) shows that they induce exactly the same dynamical maps @EJ ). Therefore, by further supposing E to
satisfy Def. 5, one is forced to conclude that

H(]) H(J) (14)

for both j. The latter implies (H{') + (H) = (H3") + (H¥), in contradiction with (12) and (13). Hence,
Definitions 3 and 5 are incompatible. (]
A subtle corollary of the result above is that, if an EHR is dynamics-reducible, then its only possibility of being
additive in the strong sense is by means of Definition 4, implying that it should come along with a convention to
fix the trace of H, as discussed in Section Scope and definitions.

In particular, the minimal dissipation EHR', outlined above, cannot be strongly additive by invariance. As
the original reference?® assumes traceless effective Hamiltonians, we here take the convention trH = 0 and turn
to inquiry whether this EHR is strongly additive by selectivity, on the basis of a particular model.

Model: two qubits under a commuting interaction
To allow a fully symmetric and analytic account of the definitions above in a concrete example, as justified in the
Introduction, we consider the minimalist choice_in which both A and B are twq—level systems.

Each subsystem j has bare Hamiltonian H) with eigenstates (\O(] N, v ))) (resp. ground and excited),
composing a basis to be adopted in this order. As indicated previously, we take trH/) = 0. The bare energy
gaps are w') and therefore HY) = (w(”/Q) (—|0<])><0(J>| + |1(]>)<1(J)|) = (w<7)/2) o). Note that, in
correspondence with the chosen basis ordering, we represent the Pauli matrices as in equation (B2).

The universe Hamiltonian is then

H=H*@IP +1" @ H? + H!

(15)
— HL 4 H,
where HY := H* @ I® + 1* ® H” denotes the joint local part. We take a commuting interaction term,
H =Kot ®o7, (16)

with arbitrary coupling strength K € R. This is analogous to the celebrated (pure) dephasing model of qubit-
field coupling (see*>*6 and®®, §4.2), as well as the diagonal Ising interaction for two spin-1/2 particles*’, §10.6.
We emphasize that the parameters w), K are all time-independent as we focus on the autonomous paradigm.
For the universe Hilbert space, we adopt the induced basis with usual binary labels, {|n)}, _ 0.....3> such that
[0) := |00) := |04)]0B), [1) := |01) etc.%8, §4.6. At ¢t = 0, the universe state is a tensor product ancf the reduced
states must be fully general in order to address the dynamical maps for both parties (see sec. The “minimal

dissipation” effective Hamiltonian rule ). We denote them

(4) (4)
1 0
Q(J) 0) = <po 901(]() )> (17)
* Py

where the implicit term () is fulfilled by hermiticity, and of course p’ 4 p'?) = 1.Note that p(J )= ,(jk) (0) € R,

for clarity of notation, in benefit from the diagonal terms being constants under the Hamiltonian (16). Indeed,
in Appendix B we solve the Liouville-von Neumann equation for the universe dynamics and, by partial-tracing
the global state p(t), we show that the evolved reduced states are

. 4) iw(@ ¢ (7) t (7) 0
g(ﬂ)(t) = (Po € 9 (j())@m( )) , (18)
* Dy
where
gA(t) — pOBe—QiKt +pB@21Kt7 .
gB(t) — pée—QiKt +p1A621Kt.
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As expected, gl(jk) (t) = Q&) (0) =: pgcj ) The natural-frequency rotation of the coherence géjl) (t) on the C-plane
is modulated by g¥) (), which oscillates with frequency 2K and contains the influence of the “environment”

initial state (recall equation 19). Moreover, as the interaction H 1 (16) is such that [H JHU )] = [H JHY ] =0,

each piece in the universe Hamiltonian (15) has constant average value [In particular, this model satisfies strict
energy conservation: (H*) + (H”) = constant, and some authors would address thermodynamics based on
these quantities. Nevertheless, here we take advantage of this simple model to probe the far more general scheme
of refs.'>28 which, as we will soon show, entails non-trivial corrections for the local energies even in this case].

From HY) = (w(j)/2) o) we find

) €)] ) .
<H(J)> _ “’2 <p(lj) —pé])) ) (20)
It is particularly simple to calculate (HT) at t=0:

tr(HIp((J)) = tr(Ka;4 ® o204 (0)® QB(O)) = K(o2)(c?), whence
(H") = K (pi' —p) (p7 —p0) - @1)
One may double-check this result with p(t) (B4).
Exact master equations
Having obtained the exact form of the reduced states along time, we can unambiguously determine the open-

system dynamical generator £;”’ (equation 7) and cast it in the unique form described above (sec. The “minimal
dissipation” effective Hamiltonian rule). On Appendix C we derive the equations

g'(j)(t) — »ng) {g(j)(t)}

o . N (22)
— [H(])(t),g(])(t)] +D§J) [Q(J)(t)] 7
where
A9 = —@(Z(t) o9, (23)
2 (4)
S () — ) 4 o 91
ST = +J(gu)(t))’ -
and
DD [] = 4 (1) (ag) oW % {06, }) 7 (25)
Wiy — Ly 490
A9 (1) = _5%(9(j>(t) . (26)

Here, it and & denote real and imaginary parts, respectively. Equation (22) displays the map C,Ej ) in the standard
form (8), with a single-term dissipative part (25) already in Lindblad form (9) with traceless jump operator
LY = o) The unitary-dissipati iti i i i

N =03, y-dissipative decomposition addressed must be the unique one with these properties, as

shown in ref.?® (recall sec. The “minimal dissipation’effective Hamiltonian rule.). We conclude that the traceless
Hermitian operator (23) with effective frequency (24) is the canonical Hamiltonian of the minimal dissipation
approach for the model described here (4.2).

We have then explicitly determined the exact master equations for the two parties within a closed, bipartite
quantum system. A crucial requirement is to allow an arbitrary initial state of the “environment” (here, system B),
so that the map ®F is completely specified and the procedure described in sec. The “minimal dissipation’effective
Hamiltonian rule is well-defined for B as well as for A. The choice of a finite-dimensional system B (indeed,
dimH? = dim H* = 2) and the simple coupling model (16) make the derivation of the Lindblad-form master
equation (22) feasible — besides, with analytic expressions for the coefficients. Indeed, recalling the definitions
(19), one may reduce (24) to

21 (o2 i)

1— 4pl™p{™7) sin? (2K t)

27)

(I;(j)(t) =) 4

where ~j denotes the complementary part of j (~A = B, ~B = A).

Thermodynamics on the minimal disséBation a}gp‘goach D e 570G
We can now evaluate the internal energies v () =(HY (1)) = tr(g P)HY (t))
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(4) — @ (4 €]
Equations (18) and (23) yield U(t) = &(t) ( 1 ~Po ) /2, analogous to (20). Now by substituting
equation (27) we can write

| K (p(lj) —péj)) (p(fj) -5’ )) "
Uty = (HY) + A (28)
1 —4py 7 p;™7’ sin? (2Kt)

which, by (21), may be simplified to
(#")

U9 () = (HYD) + o :
1—4p\p{™7) sin? (2K t)

(29)

for each subsystem j.

Some observations are now possible. The dynam1cally defined open-system internal energy U, derived
from the “canonical” effective Hamiltonian (Section The “minimal dissipation” effective Hamiltonian rule) for
this particular model, turns out to be precisely the averaged “bare” Hamiltonian H?) plus a coupling-strength-
proportional term, in which we could even identify a factor (H'). Now, as the equations all hold for both j, we
can study whether a change in U (t) corresponds to an opposite change in U Z (t) - namely, whether some form
of energy additivity holds in the minimal dissipation approach. It turns out, as we can read from (29), that both
U4 (t) and UP (t) oscillate “in phase”, while only the multiplying factor of the sinusoid sin® (2K t) depends on
the chosen system. See figure 1(a). Indeed, the sum of internal energies is

1 1

UA(t)+ UP(t) = (H") + (H' 30
)+ (8) = (H7) +(H) 1 — 4pgips sin? (2Kt) + 1 — 4pEpPsin? (2Kt) )’ (30)
which besides being different from (H) is clearly time-dependent. In other words, neither of Definitions 2 and
4 is satisfied by the minimal-dissipation EHR. Curiously, even at t = 0 the correction over (H*) is twice (H").
Both systems gain or lose internal energy at the same time intervals, although their joint energy is a well-known

constant.

Our focus here is internal energy, the fundamental quantity for energy exchange. However, in this example
it is straightforward to extend the analysis to work and heat as defined in ref."”. Equations (18) and (23) imply
QU (t) :==tr [Q(J YA (t)} = 0 - namely, no heat as the populations are constants; then for each subsystem

AW (t) = U (t) — UY)(0), and we are forced to conclude that at each half-period A and B either perform
work on each other simultaneously, or receive work from each other simultaneously.

We may also study the values of the peaks in U ") (¢) (dismissing the sign). They happen when sin? (2Kt) =
so from (28) we obtain

U9 () — (HO) ‘p?) — g’ ‘pﬁw” —py .
max - (~3) (~3) Gy
t K 1 — 4py™?pl
Recalling that p(J ) =1- ng ), the expression above may be recast as
UD ) — (g9 D _1/2
| L2010 || o 2172 | )
k pi 7 —1/2

1nsofar as p< D41 /2. The peaks are thus unbounded: if p(NJ> is taken close enough to 1/2, the peak value
in U (t) becomes arbitrarily large. We stress that the initial states of A and B are independent and thus this
procedure may be done for a fixed pgj ) 'This singular behavior may be imputed to the dynamical map <I>§J ) failing
to be invertible at the peak times if (and only if) pgw D=1 /2, as per Appendix C2. However, we stress that, for
anye = p\~?) —1/2 # 0, no matter how small, the map ®'”’ is invertible for all times and therefore the master
equation (22) exists and the approach of refs.!*? should apply Thus, for instance, if p — 1/2 is close to (but
different from) 0, the effective internal energy U (t), though always well-defined, becomes arbitrarily large at

B .
peak times, which is not observed for U (t) provided that pf! is does not follow the behavior of p’ (namely, if

’ pf — 1/2| is moderately large). See Fig. 1(b) as an illustration.

In this Section, we have formally characterized the minimal-dissipation quantum thermodynamical approach
of ref.’?, and then analyzed its predictions for the particular case of a two-qubit closed quantum universe, in
which the parts are coupled through a population-preserving (commuting) Hamiltonian (16). We have seen that
none of the notions of additivity introduced in Sec. Scope and definitions is satisfied by this EHR- not even the
weak form, which is just a statement of energy conservation. In particular, the minimal-dissipation approach
predicts that each subsystem simultaneously acts as a work source (or sink) for the other, although no third party
exists in the model. Moreover, the mismatch between the sum of effective internal energies U (t) + UZ (t)
and the known universe energy (H) becomes arbitrarily large if either of the initial populations gets close to
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Fig. 1. Time-dependent internal energy corrections for the two parts of the closed universe described in
Model: two qubits under a commutinginteraction, according to the minimal dissipation approach!®2, for two
particular choices of the initial populations it pP. See equation (29). One can see that, in this model, both
internal energies oscillate “in phase”, rather than counter-balancing each other. Moreover, their amplitudes are
generally distinct (equation 32) and, in particular, (b) illustrates how the peaks in U () become arbitrarily
large if p{’ is taken sufficiently close to 1/2.

the singular point p,(j ) =1 /2. Hopefully, these results illustrate the consequences of addressing definitions of

internal energy that are not additive either by definition or by construction.

Conclusions

Autonomous-universe quantum thermodynamics deals with energy exchange between genuine open quantum
systems, with no room for a classical external agent. Along with strong coupling and correlations, this paradigm
may be considered to draw the currently active border in the scope of quantum thermodynamics, moving ever
further away from the traditional semi-classical paradigm of a quantum system surrounded by a large heat bath
and subject to a classical source of work®.

In this realm, several definitions of work and heat have been proposed'-?!, which may overshadow
an underlying disagreement on how to generally calculate the internal energy of an open system. Such
fundamental quantity is most commonly defined as the quantum mechanical average of either the system’s bare
Hamiltonian?!-2* or an assigned effective Hamiltonian!4-2°. The latter approach may be mapped into the concept
that an open system embodies part of the interaction energy between itself and its surroundings!>!842%3, in
agreement with the usual interpretation of the Lamb shift*®. However, with rare exceptions!”!8, most specific
frameworks in this trend address effective Hamiltonians explicitly only for the system of interest, without an
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account of the corresponding energy corrections for the environment. It cannot be overemphasized that, within
the autonomous universe paradigm, both “system” and “environment” (or subsystems A and B) comprise a
closed system (universe), whose internal energy is given by the average value of a well-defined observable,
namely the total Hamiltonian.

In this article, we have sustained that, in order to allow physically reasonable definitions of “renormalized”
open-system energies, one must apply the same definitions for the two parts of the closed universe and check
for additivity. We started by addressing an abstract framework that essentially fits any approach to defining
effective Hamiltonians for the two parts of a closed autonomous universe (Section Scope and definitions), the
key notion being that of an effective Hamiltonian rule (EHR), Def. 1. With this tool, we rigorously defined
additivity, in both a weak and a strong version, the latter containing some subtleties regarding the ground-state
energy of the universe Hamiltonian, which was discussed. Connections with preceding works were presented,
and the Schmidt-decomposition approach of reference!’, suitable for pure universe states, was identified as
strongly additive by invariance. As an application, in Section Example of non-additive internal energies in a
simple model, we studied the minimal-dissipation EHR of references!®*®. After noting that its very structure
is incompatible with strong additivity in the invariant form (Proposition 1), we further investigated it by
means of a simple model of two qubits coupled via a commuting interaction. Having obtained the exact master
equations for both open systems, we found that this particular EHR is not additive even in the weak sense (a
mere conservation of the total energy), and obtained some expressions to illustrate the consequences of that.
Specifically, in the studied case, both A and B deliver energy to (or receive energy from) each other at the same
time, and further, all of the energy exchange in this case is labeled as work. Moreover, the mismatch between the
total effective internal energy and the well-known closed-system energy of the universe can become arbitrarily
large, depending on the initial conditions.

Various quantum thermodynamical frameworks have been proposed in the autonomous universe paradigm.
Although many of them agree in adopting some effective Hamiltonian, the several methods for defining this
operator certainly entail conflicting quantifications of internal energy, and only very recently authors started to
systematically compare these definitions***. Our goal here was not to address one more competing definition,
nor to endorse any of the available; rather, we intend to raise the attention to an important physical property
that has been neglected in almost all of them. We propose additivity as a basic consistency check, since in the
autonomous paradigm the energy of the compound system (“universe”) is essentially well-known. The endeavor
of devising a completely general, scale-independent theoretical framework comprising thermodynamics and
quantum physics in full glory should either succeed or find a clear border in its range of validity. If the former is
to be the case, fundamental physical principles such as energy conservation should lie at the heart of the theory.

Data availability
The datasets used and analysed during the current study are available from the corresponding author on rea-
sonable request.

Appendix A: Decomposition of a bipartite-universe Hamiltonian

In the same framework introduced in 2, let the Hilbert spaces H*, H” have respective dimensions
d* and dP (possibly infinite). Then dim (H) = d*d”. Also, B(H) is a real vector space of dimension
(dAdB)Q. As usual (see’”*>0, and3?, §2.2.1, for example), we adopt a basis {Ak; k=0,..., (dA)2 — 1}

for B (’HA), such that Ag = I* and tr (A¢Ak) x bek (orthogonality). It follows that trA, = 0,Vk # 0. We
adopt a basis { By} for B (HB ) with the same properties. The two local bases induce one for B (#), namely
{A¢® Bi; £=0,...(d*)° - 1;k=0,..,(d"%)* —1}.

We then expand any Hamiltonian H € B () as

(dA)271 (dB>271

H = Z Z hoAe @ By (A1)

£=0 k=0
which we can recast as
(@42 —1 (dBy2_1
H=hol+ Y hod®1”+ Y hol” @By
=1 k=1

A2
(d*)2—1(dB)?-1 (A2)

+ Z Z hexA¢ @ By
=1 k=1

Note that, although the adopted bases { A}, { Bi} are arbitrary up to the postulated properties, the resulting
decomposition of H in four parts as above is not, as it relies merely on the fixed points Ag = I, By = I”. In
fact, due to the trace properties imposed for the local bases, we can write, in the finite-dimensional case,

hoo = H, (A3)

1
—dAdBtr
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(d*)2-1
Z heoAp = trBH hooH (A4)
(dP)2-1
Z hok Bi = = trAH hool®, (A5)

and for each equation above the right-hand side is explicitly basis-independent. We can then define the local
and interaction parts,

(d*2-1 (dB)2-1
H" =hool+ Y hoAc®1°+ Y hod" @ By, (A6)
=1 k=1

(dA>271 (dB)271

HI = Z Z heAe @ By, (A7)

=1 k=1

and the decomposition H = HY + H' is clearly general and unique.

In turn, the matter of deﬁnm§ the bare Hamiltonian of each part, i. e. finding the decomposition

H* = H* @ 1? + T* ® H”, is alittle more subtle in the general case, hoo # 0, as an additional criterion
must be introduced to split the identity term hooll = hool* ® I in two. On the other hand, if such an identity
term was fixed by either of the approaches (2.2, 2.2) described in 2, then the ambiguity disappears: in the trace-
less convention, one has hgg = 0; otherwise, i 1n the zero-ground-energy convention, a particular identity term
is needed to set the ground energy of each H7) to zero.

Appendix B: Solving the dynamical equations (Section Example of non-additive
internal energies in a simple model)

In matrix form on the basis introduced in sec. Model: two qubits under a commuting interaction, the total
Hamiltonian is

H=diag(K —w,—-K+6§,-K -0, K +w), (B1)

where for clarity we introduce the notation w := (wA +w? ) /2,6 := (wB — wA) /2. We emphasize that in

our representation

0 1 0 1 -1 0
Uw:(l O)’Uy:<—i 0)7@:(0 1)7 (B2)
so that the ground state (k = 0) comes first and has lowest eigenvalue in H 0 09 ) For a generic universe
density matrix p = Efn,n:() Pmn|m)(n|, the Liouville-von Neumann equation p = —i [H, p| then takes the
form
B A

poo por Poz  pos 0 B (2K - )pm (2K - )poz 72wp02

po pu P2 ps| _ —2K +w )PIO 0 20p12 - (2K +w )PlS (B3)

RZU /_321 /_722 /0.23 —2K + UJA) £20 725[)21 0 — (2K + WB) P23

P30 P31 P32 P33 2wp30 (2K+w’4) p31 (2K+w3) P32 0

with straightforward solution

poo(0)  por (0)e~ (2K=7)t P02(0)6_i(2K__WA)t pos(0)e +2Mt4

oy =| * p11(0) pra(0)e™  pra(0)e PR | (B4)
* * pa2(0) p23(0)ez(2K+w t
* * * p33(0)

in terms of a still arbitrary initial state. By taking the partlal traces, we obtain for the reduced density matrices:

QO(c)l( ) = poo(0) + p11(0); 071 () = p22(0) + p3s(0); 066 (t) = poo(0) + p22(0); ofi (t) = p11(0) + pss(0);

iw? —2; i
001 (t) = € (po2(0)e ™" 4 p13(0)e* )

B iwBt —2iKt 2iKt (B5)
o01(t) = e " (por(0)e + p23(0)e* ™) .

As per sec. The “minimal dlss?atlon effective Hamiltonian rule, we are interested in the particular case of a
product initial state, p(0) = 0*(0) ® 0”(0). Then each p;;(0) is written in terms of reduced density matrix
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elements, which is achieved by assigning to each index ¢ = 0, ..., 3 the correspondent binary representation, and
then applying the tensor product relation p;;,k:(0) = o (0)051(0). Crucially, we have

p02(0) = poo;10(0) = 081 (0) 260 (0)
_ oA B
p13(0) = po1;11(0) = Q?: (0)9131(0) (B6)
po1(0) = poo;01(0) = 060(0)001(0)
p23(0) = p10;11(0) = 011 (0) 201 (0)

and equation (B5) becomes

iwA —2i i
01 (t) = e (0b0(0)e > + 011 (0)e ) 051(0),

B iwBt 1 A —2iKt A +2iKt\ B (B7)
on(t)=e (.Qoo(o)e + 011(0)e ) 001(0).

With the additional notations for the constant diagonal terms, pgf )= Qgg 0) = ggjg(t), and the functions
g““) (t) defined in (19), we finally obtain the forms (18) for the local states.

Appendix C: Obtaining the exact master equations (Section Example of non-additive
internal energies in a simple model)

Deriving the equations

In order to obtain the exact master equations underlying the local states (18), the standard approach involves
explicit differentiation and inversion of the local dynamical maps ®;”’ (see e.g.”!). Here we take an alternative
course, though equivalent. As equation (18) contains the action of the dynamical map on the general initial state
(17), it completely specifies the map - as represented on the specific basis {|n)}, _, 5 of H. Indeed we can

.....

write
) ) ) p(j) f(j)(t)g(j)(())
Y {QU)(O)} — Q(J)(t) — [(Po (j)m (C1)
* Dy

where, for compactness, f9) = eiw(j)tg(j) (t). Taking the time derivative,

YORRC : [0) (1))
(I)i]) {Q(J)(O)} — Q'(])(t) _ (S fu (t)Og01 (0)) (C2)
Next step is to replace o) (0) with _g(j )(t), which corresponds to inverting @ij ). Here, due to the simplicity of
(C1) we can just write géjf (t) = f@ (t)gojl) (0), whence

B 1 B
667 (0) = 5790 (©)- (C3)

At this point we just suppose f)(t) # 0, a hypothesis discussed on Section C2. Substituting the above in
equation (C2), we have

) o (q)gﬁ)’l [09(6)} = 69 (1)

_ 0o 50(]')(75)@(()].1) (t) (C4)
(p(j)*(t)ggjo)(t) 0
where
o) = 100 o g ) (C5)

o Y T yoa)

For the second equality above we just applied the definition of f\9). We now wish to explicitly separate the
. L L\ 1 .

superoperator L,E] ) = <I>§] ) o (@ﬁf )> from the operator o) (t) on the right side of equation (C4), and then

put it in Lindblad form with traceless jump operators. By inspection, we consider the action of the commutator

[0, ] on a generic 2 X 2 matrix M = El M |m) (n]. Simple algebra leads to

m,n=0

0 —2M01) (C6)

[UZ’M] = (+2M10 0
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& (i "0) =3 lo= M. ©)

Additionally, we take the elementary Lindblad-form dissipator generated by the jump operator L = o alone,
1
— i T
D, [M]:= 0. Mol — 3 {olo., M}, (C8)
obtaining
0 Mo\ _ 1
(a0 "0%) =-5D: 1M1, (C9)

We now employ the real-imaginary decomposition ) (t) = npg)( t) + up(J )( t) in (C4), which yields

[:,Ej) {g(j>(t)} — Q'(j)(t)

) 0 o)

”R()<@§Q<t> 0 > (C10)
) 0 oy (t)

e ”(gi@(t) 0 )

We can finally apply the identities (C7) and (C9) in (C10), obtaining
G) [, e () 50 o)
£ {oP(0)} =i | L 0

WDy
_ %2(’5) DY [o ()] .

(C11)

We have thus obtained the desired form (22) with proper identifications (23,24,25,26). Note that in writing
(24) we used @9 (t) := go(])(t) [(p(j)(t)] =04+ g [ @ () /gD (¢ )] where (C5) is employed, and
similarly for 'y(J)( t) in (26). As a consistency check, one may notice that in the decoupling limit X — 0 the

functions g% (t) become constants: ¢\)(£) — 1, from the definitions (19). Then (26) gives (t) — 0 — the
dynamics is purely unitary — and (24) yields ©) (t) — w9 - the bare frequencies are recovered.

Existence of the inverse map

Recalling that the diagonal terms in (18) are constants, equation (C3) shows explicitly that we can wrlte 09(0)
as a function of oU >(t - i. e, invert the map <I>(J ) _if and only if 9 () # 0, or, equivalently, g () # 0
[Indeed, by writing <I> in matrix form on a sultable basis, similar to the approach of’!, we can verify that

det <I>(] ) = ’ g(] ) | ]. To study this condition we recall the definitions (19) and write them in compact nota-

tion, gV (t) = p( ) g2k p(IN“ 21Kt as introduced in equation (27). We work out this expression,

g(j>(t) _ p(()Nj)efQiKt er(NJ) 2iKt

(1—p§ ])) 21Kt+p§~j)e2iKt

. (C12)
= cos (2Kt) — isin (2Kt) + 2ip{™? sin (2Kt)
= cos (2Kt) +i (Qp(le) - 1) sin (2Kt)
In particular, one can see that
|g<j)(t) |2 =1- 4p(()Nj)p5Nj) sin® (2Kt) . (C13)

Therefore, the minimum value of |g(j) (®) ? attained for sin? (2Kt) = 1,is

) . ) N 2 ) .
1 — 4p{Dpld — (pg D 4 pf J)) — 4§D
. N\ 2
— (0 -5 (1)

~j 1\2
=1 - 3)
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We

conclude that g (¢) # 0 - i. e, @7’ has an inverse map - for any if p{~?’ # 1/2.1In turn, if p!~?) = 1/2,

equation (C13) shows that ¢') (£) vanishes at the times t* such that sin? (2Kt*) = 1, and thus for these times,

for

this particular choice of initial state of the system ~ 7, the dynamical map of the system j is not invertible.
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