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All notation as well as definitions of the concepts 

mentioned in the title will be as in [MJ. In that paper can 

also be found bibliographical references sustaining the 

usefulness of filtered powers and of structures of stable 

continuous functions. The author acknowledges helpful 

conversations, on the methods used here, with A.M. Sette. We 

recall definitions briefly. 

If X is a topological space and M a set, the symbol 

C(X,M) will denote the set of all continuous functions from 

X to M, where Mis given the discrete topology.Whenever it 

appears this symbol will have this meaning an<l the structures 

mentioned in the title, in particular, will hav as domc::i.im 

subsets of sets of this form. 'l'hc symbol X indicates a 

topological ~pace in all that follows. 

:If Lis a first order language with cguality, M 

an L-~structure and I a set, let t -({F } {M } ) be a 
i i · I ' i icI 

pair of fam lies of subsets of X and M respectively, such 

that each F 1 is closed in Y and each M. is a substructure of 
l 

M. The sym~ o l. C (X ,M, i:) denotes the substructure of 

* PartiaJJy supported by CNPq grant 300.214/79. 
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C(X,M), consisting of all continuous f: X + M such that 

for all i c I f (F.) £ M. . C (X ,M; I) is called a 6 lftVl.ccl )JOWC'!l. 
l l 

of M by X. 

Let G be a group operating by homeomorphisms on x 

and by automorphisms on an L-structure M. That is, we have 

* 
group homomorphisms g ( G ➔· g* E Hm (X) and g c G + g c Au~ (M). 

The symbol SC(X,M;G) denotes the substructure of C(X,M) 

consisting of all continuous XL M such that for all g E G 

* andallxEX f(g*x) =g f(x). SC(X,M;G) is called the 

structure of ~table eontlnuou6 6unetion~ from X to M under 

the action of G. 

In the rest of this note it will be assumed that 

Xis boolean (compact, with a basis of clopens) and that G 

and I are 6lnlte. 

If Xis a boolean space, B(X) denotes the boolean 

algebra of clopens in x. To each filt red power C(X,M; E ) 

we can associate an expansion of M, <M . M
1

, ... M > = M ~ and 
> n 

by Stone duality, the auurrcnl d b:::x)loc:m algebra 

<B (X) ; I
1

, ••• , In> = 13::it= (X) 

where Ik is the ideal in B(X) determined by the closed set 

Fk ~ X (see [M] or [MRJ for more details). We denote by L 

the expansion of L appropriate to structures of type 

'M,· M # 
1 , ••• , M > • Thus L is obtained from L by adding n . n 

new unary relation symbols P1 , ... ,Pn. Similnrly, to each. 

structur~ of stable continuous functions SC(X,M;G) we can 

* * associate an expansion of M, M = ~M , {g }
9 

G > and an 

expansion n (X) = <B(X) fg*J G > of B(X). Here w · make g ( 
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no distinction between the homeomorphism g* of X and the 

* automorphism induced by g* in B(X). L denotes thcexp.::msion 

* of L, appropriate for structures of type M. 

In all that follows X will be an arbitrary but 

fixed boolean space, F 1 , .•. , F n a f ixcd (but again arbitrary) 

family 

* Ml 

of closed subsets of X and Ga finite group. If 

~ 
and M2 

are two expansions of L-structures M1 
and M

2 

as described above, then r.. = <{P1 , ... P } {Mi , ... Ml } > i = 
l n ) 1 n ) 

1,2. We wish to present proofs of the following: 

L 

* Theorem 2. Same as above, with M1 and SC(X,Mi;G) i = 1,2 in 

the 1 '#-pace of M. 
l 

and C(X,M. ,E.) respectively. 
l l 

For this purpose we will use the co.racterization, 

due to Fraisse ([Pr]) of elementary equivalence through the 

existence of certain families of partial isomorphisms ("back 

and forth" tecniques) . All results we need are in [FJ, 

whose notation will be followed closely. In particular if 

M1 and M2 are structures, P(M
1

, M
2

) will dcnot the set of 

partial isomorphisms from M
1 

to M
2

. 

We have the following 

yundamenta.l. Lemma : With notational conv ntions as above 

there is a natural injection C(X,P(M
1

,M
2
))~P(C(X,M

1
) 

C(X,M 2 )) = T such that 
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a. 
11 -

P (M~ , M2 ), define + T by 

6 'It== ( f ) = 6 ( f ) I d om 6 ( f ) n C ( X 'M 1 ; L 1 ) . Then Im :: P ( C ( X ' M 1 ; I 1 ) ' 

C (X, M
2

; L 
2

) ) = T=:t' 

* * * b. If S = P(M1 , M2 ), let G operate on it trivially 

* * * 
and define 6 :SC(X,S ;G) ·+ T by 6 (f) = 

* SC(X,M2 ;G)) = T. 

c. Define, for f,g E C(X,P(M
1

,M
2
)), f:: g if for all 

XE x, f(x):: g(x) (i.e., dom f(x):: dom g(x) and g(x)Jaan f(x)= 

f(x)). Then, if f cg, 6(f) = 6(g). 

has the back and forth property in 

P(M1 ,M2 ) (as in definition 1.4, p. 252 of [FJ), then 

( /J. (C (X, S ) ) ) has the same property in T. 
n n E w 

e. If (Sn) n E w has the back and forth property in 

* * * * * 
P(Ml I M2) , let S = s 

n I GI· 
Then ( 6 (SC(X,S ;G))) has 

n n n E w 

the same property * in T . 

Proof. Given f: X + P(Ml,M2) put dom 6(f) ={aE C( X,Ml): 

Vx E X a (x) c dom f (x)} . Then define for ct e: dom 6 (f ) 

/':, (f) (a) (x) = f (x) (a (x). 

For notational simplicity if x~ A is constant 

on a clopen u c X we will denote by h / u both the restriction 

of h to u and its value on u. 

Fact 1 : ( a ) ,i_,t, a c.on. tinu.ou.-6: hoosc, qjvcn n , dom 

art ' ' a pc . J t 1.on u 
1 

, . . . , us 

al are conatant. Then for u. 
j 

U{u. : f I·. (al ) = m ), 
J uj uj 

of X such that both fl 
U , 

J 
-1 

m t. M
2

, [ A (f) ( r.x ) I (m) = 

which is clopcn in X. 

L\ ( f) 
) 

and 
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It is straightforwurd to verify that. /\ is injective. 

Notice now that if f (x) E S 

then (f) (a) c C(X,M 2 ;E 2 ) if x Fk' then a(x)E. Mlk and so 

* 
6 (f) (a) (x) = f (x) (a (x)) E M2k. Similarly if f ( C (X, S ,G) and 

a c dan (f) n SC(X,M
1

;G) then~ (f) (a) c SC(X,M
2

;G) : 

g c G and x c X 

* 
f(g*x) (a(g*x)) = f(x) (a (g*x)) = g f (x) (a(x)). 

given 

Thus a and b will be verified, as well as the assertion as 

to the range of 6 in the statement of the Lemma, as soon as 

we ascertain that 6.(f) is a partial isomorphism. If R is 

a n-ary relation symbol in Land a 1 , ... an are in dom 6.(f) 

then C(X,M1
) F R(a 1

, ... ,an) <==;>Vxc X M1 R(a 1 (x),.,an(x)) 

< >VxEX M
2

/= R(f(x)(a(x)), ... ,f(x)(a(x )). Function and 

constant symbols may be handled analogously. The verifica-

tion of c. is straightforward Ford., suppose we are given 

and a I are constant. For each of X such that f/ 
U, I U, 

J 
1 s J. h s s, t ere is g. E s 

1 J n-

g., g.(6.) =a1 . 
J J J uj 

al E Im u. 
J 

J 
such that g. :::i fl 

J - U, 
J 

Define g: X + S 1 n-

and 

such that 

1 s j s s and B : g/u. = gj 
J 

by B / = 0 . • Then, since 
u. J 

J 
g 2 f, /:i(g) 2 tif) and we have a c Im 6, (g). The case 

which a C(X,M1 ;E1 ) is similarly disposed of. Thus~-

verified. Fore. we need 

Fact 2 : Ifc~cSC(X,M;G) we can find a partition u
1

, ... ,us 

of X into invariant clopens (i.e. g* uj = uj Vg G) su h 

that a(uj) s ~/ = order of G. 

in 

is 

Proof : On M w h e ave an equivalence relation where rnJ 

* 

- rn 
2 

iff m2 = g ml for some g E G. Let [rn
1 

J, ••• , I ms] be a 
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partition of Im a into disjoint equivalence classes, and 

put 

u. = {x c X : a(x) E [m. J} , ls;j~s. 
J J 

It is easy to verify that ul, ... ,us satisfy the conclusions 

* of Fact 2 • Now given f c SC (X, S 
n i G) and acSC(X,M

2
;G) we 

can find a partition v1,···,vt of into invariant clopens 

in such a way that fJ is constant and a(Vk)s; IGI. To 
vk 

obtain such a partition it is sufficient to consider the 

common refinement of the partition obtained in Fact 2 and 

that determined by requiring that f be constant on each of 

* its members. Note that since the action of G on S is trivia.l .J 

the set of points of X where f is constant is clopen invariant. 

* We can find for each l~k~t , hkc s n-1 
such that Im hk 

~ a (Vk) Define h . X + S (n-1)1 GI by hlv = hk. Since . . 
* 

k 
each vk is invariant, he SC(X,S 1 ; G) and h :.) f. 

n- -

Define a : X + M
1 

by the following rule : If x E Vk 

l_kst, a(x) = h~l (a(x). Observe that once it is shown that 

B is in SC(X,M1
;G) the proof is finished : it is obvious 

* * that a Eim 6 (h) , (\ (h) (B) = a . We have for m ( Ml 

/j-l(m) = LJ {x c X a(x) = hk (m) J- clearly clopen. Thus 
l !i k~t 

, 

B is continuous. On the ot.her hand given x t X, there is 

lskst , such that x c vk. = 

-1 * * -1 
hk (g a(x)) ""g hk (a(x) * g B(x). In the above computations 

we have used the fact that Vk is invariant. This completes 

the proof of the Lemma. A 

One c n lmmediately conclude. 

Theorem 1 b : 

ar.d 
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* * Theorem 2 b : If Ml -* M2 , then SC(X,M1 ;G) = SC(X,M
2

;G ). 
L L 

The proofs come from the fundamental Lemma plus Th e o r em 

1.13, p.257 of [FJ in the case that Li~ 06 6in~te. type. 

In case Lis not of finite type, observe that any sentence 

in Lis a sentence in a finite reduct of L. Thus if it is 

true in C(X,M1
;[ 1

) it will be true in C(X,M 2
; [ 2

: by the 

result above. A similar argument may, of course, be applied 

to obtain Theorem 2b in full generality. We. have, thVLe. 6011.e, 

The.011.e.m~ 1 b and 2 b 6otr. a.e.,e_ .e.anguag u L 06 ctny t ype.. 

In the case that M: <L# Mf (or M~ <L * M;) we 

have C(X,M1
;[ 1

) = El :: C(X,M 2 ;[ 2 ) = E2 J cannonically. To sho.v 

that one is an elementary substructure of the other, we 

will prove. 

Fact 3 : For any reduct of L of finite type, L', including 

the unary predicate symbols P1 , ... ,Pn' for any t c cu and 

Proof: Let {m1 , ... ,ms} 

#: 
<M1,m1,···,ms> -

= lJ Im a.J .• Since M1 <{ M;, we have 

j=l 

<M.:#: > Let <M1/ ~ 
2 

, m
1 

, •.. , m . , m > 
S • l 

L ' (~l' ••. '~s) 

denote <M1, m1
, ... ,m

5
>, i=l,2. Observe that in Fraisse's 

r.esul t we can assume that the const,mts belong to the domain 

of all partial isomorphisms involved in the back and forth 

#:~ 
arguments. Observe also that if f <- C(X,P( <M

1
, m> , 

~ 

ft~ 
M

2
, m > ) ) 

then 6 (f) (a.j) = aj l ~j ~t. By the fundamental Lemma, we 
~ 

may concluda (again using Theorem 1.13 in [F]) that <E1
, a > 

w'.nich proves Pact 3. 6 
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l"f 4F< II II 
From Fact 3 comes imediately, that M

1 
L M

2 

then E1 <L E2 . And Theorem 1 is proven in its entirety. Argu-

ments entirely analous to those described above will 

Theorem 2. 

prove 

Theorems 1 and 2 generalise the corresponding 

statements for bounded boolean powers in [BJ (Theorem 6.5(i) 

and (ii)), and even in the case of boolean powers provide a 

new proof of the aforementioned result. In closing we would 

like to point out some related questions : 

1) If <B(X), I1,···,rn>.=<B(Y), Ii,-·-I~> is it 

true that C(X,M;I)= C(Y,M;I') ? 

2) Same as above for structures of stable oontinuous 

functions, that is If B*(X) ~ B*(Y) is it true that 

SC(X,M;G)=sc(Y,M;G) ? 

3) Same as 1) and 2) above, for elem:?nta:ry embedding. 

4) If [M.}. I is an inductive system of L-structures 
l lE 

and M = lim 
--+ 

M. 
J. 

is its inductive limit, under what 

cirscunstances M
1
.~L Mi., implies lim M. = M < lim M'. ? 

-r l L - l 

When Mis finite, questions 1), 2) and 3) 

affirmative answers (see[M]). 

have 
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