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Summary 

A new way of approaching the study of the foundations of geometry is attempted here 

by locating the subject in its historical perspective. A critical and comparative diacusaion 

of the Greek and the Western concepts of geometry tries to emphasize their differences • 

• §I. 

Introduction 

'.Zranscendental Dialogue: 

--Euclid: "'Eqµeiov eunv, oiJ p.l.poa ov8lv." 

Hilbert: "Nein! Die Ebene ist ein System von Dingen, welche Punkte bei{Jen." 

1. In this work we intend to develop a critical study on the foundations of geometry 

under a broader philosophical perspective than that mostly often considered by the authors 

dealing with this subject. Usually geometry is understood as a science which started "!ith 

the Greeks and had afterwards a "natural evolution" through many centuries under the 

~utelage of several other people like the Arabs, the Indus, etc. and finally reached ita 

"higher pedection" in the hands of the Western mathematician& We have always rejected 

this approach to the subject and instead we shall build a completely diff'erent picture oC 

the situation, which will be the aim of this work. As the historical perspective will be 

of fundamental importance for WI we start by recalling some basic facts of philosophy of 

history and also ideas developed in our previous works ll-a) and [1-c). 

Any theory of history develops a certain scheme through which £acta are collected and 
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.t ·~·leaclinftc./me·•&,nc1usion explaining ~ t happened ~d what.will h~ppen". 

' i tli~ ~;is -~ta t~an ~other if it wt~t~ 'iii~ i~ta with a minimum or gen~ 
. !~ ti~;''it.1~r~ ~infozi' that tli~: lin; 'o'/ tfiou~t~ '~eveloped in ' pbil090pby of hisk>ry 

d~tti~~g ~th 'lj.'ti.)if.~ in1 
t~~1xviri ceni~

1~d ~u]~in~ti~gwith the m~numentai worke 
• ' t f · t· ~ ' I ~ • r 1 I 1 ' 

of A:·'il~~'f2] '.~ci'<t s~gl~1
[3] i; ~rcliilg i~'tii~ ~~~~ ~hove: the most gen~al 

'mid p~Cduticf tli~ ~of'biatory. it all~ US tcf'l&ate and ~laiii:fact1i better than &DJ 

other th~t;~ .bave-nt>ti<:ed and therd'ore that lathe philosophy we shalf 'Ule'ln this'°work. 

··ne ~)i \V1iy''th~1ih«idtie!i' h~;e• l>een '~jkted' bf thi ril:ajonty o( pbil~hcd 'and 
lklmti~t't-ti b.1n,i~t~ecl by"priy'chology: tb~ 'tibake tlie;Vety "foundatim:s bf btlie!a'*c 

~id~ ~'~liillt ~tabliahed anJ·1n particii!ar hiirtthe prid~ 61 ouiwes·t~ Civ1trz'ati<>11 
t;Jl'l~fit"~~·Cic,&' iu pec1Ji~ of the fin~t i cruevementa 'of~kind 'to ~ -eq~al 
. . i f 1 -1 r I ' ' ' . , • . • • ~.~ ,J/~'ith~l -~y'cl!il~' ~ B~periori°ty; with the 'oth~ civili~ tici'i{s anci bie~rical 'culi'u'.¥e. 

t ~ f r; • " r . ; r\ • 1 · • , f .... ·r- • f ·,-, r ' • •• • . , \ ' 'whldi"prtteeded us h1 time: 'But it is" about time we 'put aside·«:ut1i,ri:!e and arri>gaii'C4 
• ·t •. "{ \ ' ; • ' • • • ' . · and try to'analyse the facts in a real objective and unbiased penpectlve:" ' ~-- ....... . .. , '"l 

· , · . . 2. AoJI iu'Worical .culture ia an organiam which exists and de-velopa itae1£ ln :time and 

• paieeJ ..'I!he word organism-i• made .. preciae, in·,the followmg 'fr~: ti~ la an objec\ ol out 

,. ' ,, . '') •'a!~1{~·whidi 'C:3Ul beide£-eciJd fi)'"'Us' tl\rifagti l;b1iierm1henhl·medja like figures 
hf ~;1~ ,'iouiidef written \WtttlB 'Oi- aa1gti$ Vof!~1kitid~-- 'ithtch 'we shall d~ote ·by j~ 

:~rp"n&ttam, ~ rmec! and conducted' by·ii-.et of nll~ ~bed'ita syntax; . ' 

·. .. · '-~) t ~ai~ ~b~;i o'r tu'ndam:mt~ ieiii~u gi~ the-~g~~ its own identity and 

:,:~in~ lifng1il'}ro~' <ithei- oi-gani~~ which we call i~''•tr~ctu~~; 
•• ;. I • • 

c) a certain genetic code responsible for its evolution in time according to certain rules 

."\: ~., ... f,~ "t'N · !>~ •J ; ;: .. , : ?·: ., r·~ , .&...1 i l '".- !,:· !' l .. t,; :1! U,,} ~-'J J .. · , a. 

Let ua illustrate this concept with a few examplel and for more details we rder the 
,•~ \ ~ • ]•t! : ... l .} ,• ~ • , [1,- :-: ., ;;-. •1.,, ... f '. 4° 'q r" 

reader to (1-a]. 
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. .Take a flower: its appearance js given by its particular shape coloW'81 etc. which ia ita 
!.••·.::.:,..• n ..... , ; ,,1' .. l''"' .,,4.._ , _.,.. ·.~ , : 11 .. J !: # •~J ~ ~-,., '!.,3,L,•; •;~~ . ...... _ ·~•,1: 

_ ~~ganogram and nat~ ae~~ ~ : J-1 ~~-~ ~ -~~f ~ f~ ~~~ 
and genus which is its syntax. Its,bitemal orga.I)ization, D&mely, ita physjplogy character-

' ' ~ •• '~ :1 ) ~.j- • !_; · • • ,, . ~ Hl.- r,.;. -·~ ,. , · • ,. ;-· ·!. 1 ... .... v .. ·· ~1 ,., ,!. 1, .;_;!ar: u •..!~3 

. ~by~~ pro~ f~~~j~~!~~,_~,~~~-(~f,~~~ ~~~}~.~!~cw_~~~ ~ ~ ,~ta 

-~~etic ~e ~hicli con.~~~~1!:8, ita. ~ev~?,~~~ ~~~-~i~_t~;~~~~~~~,.!~sf~!r?.~~e~~ .1., 
.;, • 1 A, ~ ■econd .~ Pl~ ~ea~¥.~ cult.ure. ~ o~~~~o~F,i■. &i.v~ by

1 
all}ta 

.:'ff-9~ ~ ~ ~~Y-~. ~~~t~! ~ aculpt~,.~hapa ~-~~C,l!f.-~ ~ • mathe­

' ~ti~ .Th~ ~e.o~~!i~4: ~~~ "rf~~-~ ,th1j ~ ~ ~ }Jte~tc>pcal fUlture 

, ~. ~ ,~~. ~w.ie. J~~ ~~t~ ~-p~~ by, ~h~_ ~~ 
0
of;•u~ 1.•tfJ l\~1 ~ in 

:,.~ ti:n~ time, .. On~ ~ th~ . rules is ~hat the bepnning ~ ~ b.iat;9ri~ -~ .t~ ia a · 
l ,,_ •.•,1o ,· •• • t • I I J . L~ ,•, : J , ,l , _,. . :.. , , • • · • • -t. • . : .) •~.t .1 ,- ,:(; i", 2,; ,i \ '• · 

r.. mrh,~lo~c~ ":g~ a,i~ ,th~ ~1,~ t~ lo~cal ~g~. J '~e stf~~ti'f,,,of_, ,Ji.il\~~,~t'!ll'e 

,; _~i~~}Y}!s p,rirmH~e ~~ ~~lating its feeling of the cosm~-l~J~~"1~,,}'-1 -~~e 

• ~~ ~~~ ,.,~ ~n~ -~!i~ •~~1!_, !'e find a 11tr0Qg ~~fD~/?f, t,:~ ¥ ;.~ t~r'.l~ -~~-~d 

plaatic space the te~r_c:,f the infinite and time what explain. why aa.ilpt~ ia ita moat 
t•,..... ,...,--<. t • .. ' . ., I"~ •·• t _ .... .__. .... • 

characteristic expressi...e Corm rather than, say, music and geometry aa the atudy of figures 

~-in space:is,tbeir·~ hem&tica together wiLh the int.egeni aa a collection ofilinit.ies. There 

· ,i• here D? room Ion tq_e. abstraction of ~ theory .,aud real,num~;, Thia. conaic:leratioQ of 

mathematics, in particular geometry, aa a form .pr: exjn~esliicn• ·•\~ ,to a blak,rical 

..... 1~ will be f t., .. ..1 t.,J · ...,.., • ti.; • ...,._1, li'" .. n ·•• • · b 
11:."i~ Lure •'?,; l'l"tYlf~~r. ~ tr.-,.,~ i'ffl'":'"'~·lP.~3:11"'!19,lfS~~ ~ 9.ven Y 

ita law oI ev4?luti~, ~·~Li~-bj~ YB":~ ma,tµtjty .PA~ .oJ~~fg«;,, ~ -qf ,~e¥,~e■ 

emphasizes one or ~~e-~~i~ftf.~.PrP-li\y~~-.. In g~~-~ ,19.~~~ .~ it 

emerges as an exp~Y:? !~~ ~ _h~p~ ~ ~~~1~ransi.~i??. -~ .~ 'filtl :o~ ,'?}d age, 

while on the contrary, arc:!ut~'-~ ii usually t~~, ~~ ~~~ ,~ ~ ~ i!o~ ,~:!~,~ 
culture appearing in ita youth. 

r ,, ·. h .. ·; ~.,, .,. s t>•, ·; .;J .. "t~t~ IH~J1.~ , ; \.; 

Finally, the leit-motiv of tbia work will be the consideration o£ r:eometrY ,.. ell expr~ 
.11 __.~1~ 1r,~·i•J ~Jl '(O P , 1<•:n • 

sive form or better an organism attached to a historical culture. In our cue we shall be 
,." ·. i;"> "l,1:,,. 1!,h ~: ,H1•·1 et,H !}.t.1n J?.t1Jii ~rt r 

dealing with geometry in the Greek culture and in the Western culture. ~ere b,' Weatern 
·tr, lJ . . . , 
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• • Jif • ! ' ~ 1 • , • I ( 

~ .. ~iure ·;,.;: wicl~taiid th; historical culture born ~-ihe{10 called nordic mythology ~ 
. • ": • ._., rt , ~" •t · • • • ' -. ·. ~ • ' ~ r •, • - t fl I, , ,i.... • • ;t t. , 

,l dominating today all Offl' the' world and perbapi Offl' a large part of the universe du 

.. -,~ lta 1J~'p~ion °fot the infiniie, .the abst~~t ~~· ana' time. Space is reduced to al 
j;~·-' l ~\:'"• •-t'fitl,.tl 1,-. ·u- , .. _ ! , .. . .1:.. • :ii. -- I :, · -.... · • ·t h r ~: · · t ., , .... ' · ·~ .. ,.t abstract concept. ~ts strong opposition to the picture of the world created by the Gree! 
.:..: . , .~;_tc (.-1 :lt, .1 

"; :>. , '"" L , ;. L:~ • .. , ,... ~ -.,.:.. r 7
-' ._ , . - .- t 

cMlization will be responsible for its opposite approach to geometry . 

• ..J ~ 3. The 1tudy of the A)'tltax of- the organo~ o£ a certain ·organism is an importan 

1tage of the study o{ that organism and the discipline dealing with that we shall denomin"11 

Inorganit :Logie:, It corresponds in. the case whete the organogram is.given by a langwp.s 

.•·to what ls ~tionally called Logie and more recently, Mathematical Logic. Ho~er 

there is,tinather 'discipline: con~ed w.ith the ,stud1 of the structure and .the organogei 

• .,of a, pertaip ot-g,:mism which we shall denominate Organic Logic, , I As far as .e bov 

tlm discipline did not have the same attention as the Inorganic Logic ieventbougb- i 

is already preeent in all our mental activities. One of its fundamental principles is wha 

we have called the Principle of Analogy, which allows, for instance, a naturalist tc 
'I 

classify plants and animals and which is the base for all experimental sciences. By its OWl 

nature, contrary to what hap}Mlris to -ln~rg~c-Logic, it is'iiot formalizable: it exists onlJ 

in intuitive and inductive reasonings and never in deductive ones related to the very act o 

~di~. Jn tlu~ ,~.i$ ~ to .~JVe ~ ~ r .not~~ .I:?'. Goethe through hl1 ,· . , .. , ,J . >.h .,u;- HoW-n.::1<] ~· --• .,,, •. ~, ~· .- .. h-,l i::•-.. ii 1 ~ : .. ~ - .• ,J.-. · l .. ~---1, [., ...... ,, l • .. 

. ~ ~~ p~fo,µii~ i~~'1iti'°" feeJln~ of NJt.tµre as in (4): Mo~ d~ails can be aeen at [1-a) . ., 1o.• ,i; Jl • h .. ,..J.11 ••. i: • .l, ~.._:_, ,.,. ,:.. . .,i.) • ... t., •~\I :t.. . . .,. _ .. · .• 1 ·.~ • .s.•~ •. • 

, ,. W~,~ •m,,maa:ize the situation in the diagram bel<>'.fV:_ , , ,. . • ~·· , . -w _, , ....... h , :. ..... .l _ .:. >.,1.., .i l .. _ • ., ... . , ,. _ ....... ... ' +.,._.,.,. ~ •.. ·-·· . , 4 .. • -!11•.1..:.11- t. 

organogram } 
. ..• . Inorganic Logic 

. syntax ~ . 
ORGANISM 

( .. ,t ,,. , \'1hu10,,_1 t<> • • .:.,:. •_.,i d · .. ,1 :1, 'struct~ } •, 

: .· ~",-.; .• ,,;.!J ;J4·,:) -.. i' ! _::' u-.m .. ·, ,, -~. ,• 0~1~ogen . ~rganic Logic 

' • ..... • •• • f -;j1"""6 · .. "!!.:"! " 1~ .. ·.::1i· ... hL-.» ◄~ · •· ;.· .~ .. .i !..; t>< · l "••-·) ~ ~ ~-

After the introduction of the fundamental ideu above we can state with more precision 
t • . : ,,-# • 't ;: "' 

1 

, I; ; or. ? ..... J .)_ ! • "i, I , 

our aim in this work. We intend to consider geometry as an organism attached to ei~bei 
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-. ~he .. Greek culture or the Wesiefn -~ltUfe.: . Consequently, ~hat we . ~d~t1111d ,bf the 
. 't , -;-, . -t· ,-~.l .•• • ,.. • -.-. \, ~ . .1 ;- - • ~ 

foundationa of geometry ia not the same what w usually known b1 that name, Being 
.. ' .. - ...... '? r i.l r~, ~-.:-:~ , 1 'll _, ~'"'?-- • 1.i; ·• . ,, .. ) :;c \ J.. ...,. -.1,. 

i ; 1111 organism to study ~~;l'Y;?',~~ ~~~~it~~-~ ~tu~ .~ta!~ ~ ~t!11~ta 

ll)'Dt&x, its structure and its orJaoogen, what requires the use not only of Inorganic Logic 
)f q. • . •. t r . • • ·· ..-: -J i 1,t l,: ". : :~~. • .. ' •·: ' t/~ '1 ' . .l,r_-• ·• , • .; , ~ ,1J1 . ••r)J j lr}" l .. J:1:~1._ir, 

but as well of Or~~~-~~c~. ~~ ~ve ~ ,d.°D:~ ~~ ~:~}~-ttu~~f:~~!~t~ 
of geometry has been really the atudy of its orgaoogram 1111d ayutax and moreover only 

.,. u -conceived in the Weat,- namely by the Wes~ culture 1111d· its Jµ&thematiciam and 

~.1pbil060phen.' Clearly. this is·• iiather &hori 'JJG'Bpective ofthna-..-add Uiat will be DOl our 

•;philosophy iu this work~ Wecshall f>e dealing first with geometry-as w~wd by: the Greek 

,~culture in its proper envuoninent> Afterwards 'we sliall coosiderj£a .titdJ irl the West.em 

:r,culture and fiually • ·parallel between both geometries. This attitqde-.uicertainlj provide 

'" ..., insight into' the aubject ·with ·uiant surprising~ result.a shaking a lit~bit pethaps iome . 

;, of·our• most firin cxmvictiooal .. 

.. 
-§11- ., 

•t! J ·:! :. ;.1 .! •! -~ ·J: •.: ~.,-_ ;l -,:;f ·,f1 .r.:i l 1 ·~n: h i Jr.f -~;;:,, p J(lij t_J4'·~ ~-,ij:>ubni bi,n ~-.;i)i .~ ...... , 
... 

, ;;: •· 1. The' stud/~f
1~~,,~~i~tilio"ii~¥JiTu~d&i"ci11itl¥l~~ctJ o!at.Y:F~u 

a~lable to~ ancf:Jo~·'ol tJe diffi~tieaofih~ 'aub)ffr~ ·~1tJfi!&l~iilyii.:.1iGi:t inter­

pretation of th0&e documents leadiiig to a·~ i~cli~· ~ ti~ ;.f,u';i~miifiltli'fl alway. 
• •.._.,, f • • I \, t ._ 

subjetive eventhough we try our best to' be aa unpartial u possible. The historian facea 
i.. 

here the s~e type of problem u does the Al'cbeologist who wants to reconstruct, for in-
t : _! ~t!~i' . 

stance, a whole sculpture from scattered, pieces of stone. Io the case of geometry we .rely 

on the texts available, namely, ~hat.ever remainoo: to reconstruct the Greek thought on • ). ""' f,, ....S:..):.·1 

the subject. Of cour&e, it. is outsi~ ~ ~~.: !:~~:°'~ !\~~.~ -~ J~~-~pdenc:e to 

endeavour into the critical analyms of the t.exta. Rather we ahall re1)' here Oil the work of 
~ .. • -, I •ft ... ·f . ..~•, -.- .;f1i ' • • ,. 
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Sit T.IJ~·· Bet.th· and hi• ,tra&latious of 10 manf texta,~ 1Greek mathematicians, which we 

bettn'e·aNftimdng tne best·Pm1able in Engliilh11~ 7; the celebrated works of Heiberg 

'indDieh'wiB'Wldwilp' in the background tohelp-usin•thoiti; more obscure and debatable 

' .,,, .... " .... ... • ....... ... • 't . • · \.-. , : .. t :t- "II ~ ' ' .. ~ 

For the Greek m'athematicians.~hat existed fn geometry was the geometrical figures 
~,.·": 'l . ' !..,..., 

u entities existing in a visible space and with their own identities, namely, they were 

realltiet gifflrai,ridrlu: far .;j possible "£rom=j,ure1 abstracticm.- . lnd~d, it belorigs to 
..1._ I p • our intuition· the feieling 'of straightness, flatness, the feeling of· IJ)aciOW1ness given by· 'our 
freedom' 'of mav~eni,· kd felt with great lntensity·bt ~• balleri~._ etc. · and in giving forria 

~~~~~~~~~~tof~~~~~~~ 
·a 1trong plaatit, ,visible and,finite content. ; ~, 

·, -·,1•Tberef'OM what exists in mathematics is by one side the geometrical' figme andi•by 

anotheir 'side the1iitimhers as discrete unities and completely set apart during the establitth­

·meot of matheftiati~ " a rigorous discipline in the hands of Eudoxus and· Euclid. Indeed, ·­

the failure of the pythagorean approach to geometry, leading to the "crisis or the ineotn~ 
mensurable" for one and a hal£ century, originated in the idea of associating numbera 

--~-~e~~el.Y: '~&l ih~~ phocy th~t :i~~~i ti' tb~t~giri''t\- ~ ~ng" .. 'l'h~ the-

«7 or measure or a segment with a certain unit produ~ the & ~ ~a:"'either the result 
·w•·1Hiiii'Gmil 'iiufubtir~cWthrj< ha(} 'to' assume1'the· }>ossil>lln;rof'division of a segment ad 

,mmut~~fiht aJi 'tfie. well known·paiado)Cer of·Zeuo'tl'fu:i.d :J thers. It. ia attributed to 

!tli~1great!~ ,~he~1Jt1on "iof lhe 'J)uzile with· -the-creation of his deep and profound 

ih~ of'in~Htit!es;lwJiicb 'w know· through Et1clid in his book V or the "Elements"' 

l5-a):-«m..-:fuediiinentalidei';;as·to eliminate the iiufu~ from geometry, namely, the 

·geometrical •ffgures•turiied t)Ut to be1t'h~ p~al elements or geometry, the initial 

· data, and the meaaurement-·o£ length ,of isegments, areas and wlumes .or figures in the 

··e 



plaiie and in the apace waa.D()~ the ~ of the ~ it belonga ow, to ap-, 

plied mathematics, or logi■tk~ (~~WJT..icij) ,&h, _"art of-calcul~•-,:~~ wu ~ -b­

eogineers, arduted■, . phyaiC:la~i • ~~•• ¥. ~t,~ not µi_e, CJ;)Qc:enl,~. ~.~}ltbf!P1WP!P 

or philosopher. As a matter of fact no ouly Plato but even Archimedes, the ~."[ 

the . "~pplied mathema~ici~" of_'?.~ .~d~"8:8-Fji~?~,:"f;~ ~-!~ :~~ ~~.~':'P' of 

medumica". Certainly nature provides challenge■ for the ~th.~~i~~;.,P.l'~, t~ ,~ 

att~.n a_ ■upr~ -1~~.crf ~l4~ .~~~ PifY:~~}~~~.:~l:-1~,.~~~~ met~, 

namely, "mme 6eometrico". _ , • •. . . . . _ 
• ~ , • ,:' . .. -4 -:I; 1,.. •J.1~' .,.""t,_, .. .. . 't· -•·d :!t••fJ pP;,t ~ • . ,·,1~ ... .,,.,:~--, .t f: I a n,~b'.') ~ ·-d,! •• , . 

f): ~_In this way, ~u~~ ,t~eoQ; ~f ~~}':':.~ ~-t~~I9;uµ9~ti9D-pf;\g~f.p~~ ~~~~e 

pf.~ l!-l;ld tl}ei,r_eq1µ,~~ i\l.~ ~d ;119.l'tllile Jn~ep.end~,n,~ ~f .yn~,..~~!JleDf.a. 

,fqr .the part.icular ca,ae ~ ~.c~: ~~Pl•P~S'~t}w_ ~c;l~.:,l~~ J>M&J>P.!i,,..~ ~~~~ o! 

~~~tie?p;(~ _tbe nieans for their ~mparative ,~udy ~~~ fA,~ ,-c,e~cx~vd• 

This point alone would be already enough for anyone~ to- repel 1he. bastard ·idea of 

a:,,pmadung·tbe concept ~ real number■ to Greek geometry and. not )w.«urPifse ax:iymore 

Sot, lllbt &ding in Euclid, Archimedes and Apolloniua no trace o! &DJ' ~• lor .•com.­

,Pu~• . the area o! a-~~gl~ or uiy other figure. A.a we pl'.OCMd ~J4ea ~ ~ 

: ; ·• ·. _., _ .: :, '"lu~:vi lo .. ~,bi /)f{J i1i !Y.>Jtiui~ho .ymt in.~ !!Juf a hmi $:to sril "eh;,:-.,,, .. ,~ .. 

· ~II ~~ ~• ~ ~~,~~ t~~~~~~: ~ \~~.~f ~«;fl1~,~~,lm~~;,~~~\r;f-,~~•~ 
lhadow of the ideas int~du<:e<l in §I. . . 

.,· " .. r ~1.u p:·,~-" ";,tu." ''"" ~.,.,, ..: ,.,u- ..,..,,,.,.. }1:.,~ .. , _.1 , ~111 -'n"'n"··~·~e flt lo ~--1•, ,.~n, k'\' \"1('.. 

Looking to the ~~~~ o(,P~-~e;t,(y ~e:o~,~$,ff' ~ ~w4)~7 

. 'ft--· n-1, l , . _,.:~al fi eaL titi . t ' • , 
a certam AAU&uage, 88.)'. :~,~ •• p WI .~ --~ ,t;ures a■ Ii _ ~ .... ~ ,~~::'8 ~• 

wheres~ here is the iqorg~c spa.c, ~hi.~~oi;,tb~ G~;quo~ti,.~l1~n~g · 

all the basic feelings of the org,uiic· space _apd l!(>t aq_~tr~~t";!--m ~ ~ '?i'ibl~ 

dements. True, it is hard and ~~t fpr 1Ja,.1~es~. m,ub~1~Qi!SP_f:lua idea 
\ 

ia totum; we shall never be.abl~tp.90 ~ i ~~ ~4 ~ J •~1il\O!~~ civilizatiom 

i■ laat forever! Only with greai dfm1 ~ 1tryiq,to_1~ibink .u a G~• we aba1l be able 
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to aperience that reeling or the plastic space 10. magni6ciently expressed not only in 

the Greek geometry but 1111 well in the arrhitecture or Callicrates and in the aculpture of 

Pbeicli1111 and Pruitela., Thia plastic apace will be the 1tage where all the drama or Greek 

geometry will be preamted, with it■ figures and demonatratiODB aometimea ■bowing up like 

The •yntax of its orgaiiogram. ismade up of definiti'ons, axioms, postulates and rule■ 
or inference which include not only Aristotelian logic but geoin;tricai 'constructioDI .. 

well. That ii•o~e ~f thi .riiolit irri~rtant."upect~ Jr·the 'subj~{~hich has been .completely 

0""1'lookecl' 'and° dilit6rled by the laie 'critidsm from the W~ ~int"~f view. Indeed, 

through the prism of our' fuathemati~. logic it is ~~. im~~hie ~ ~nJ~t1111d how 'a 

' geometrical construction or figure can be part of the rule■ of inference of any logical ayatem, 
because it c:annot be formalized as such. The reason is that since Peano, Russell, Hilbert ,. • • ~ ~ i •. ,"' ' 1 1 . . j , :,.. _,.. , . 

and all the other creaton of "modern" logic and mathematics hBBically a logical ■ystffl) is 
• •J ., 

a collection or signs and the rules of inference are nothing else but rules ~f ~anipul~!~ 

of these signs, if' we take, for instance, the point of view of Hilbert's formalist acliool, 

Theref'ore, there is no room for a geometrical figure to be part of the rule■ of inference! Of 
' • • ~,1 ...... 

eoune, we are forgetting ~ha, signs or letten 4rawn in a paper are, afterall, geometric;al 
• ,- ,-.;,.; • • 1. 1P Jl •"' t~ t ·; J ~ ) . ,,. I • , 

·., 

; For the ~t.qf this pari,.graph we sbaU only be concerned almost all the time with 

the analysi• c;if the organogram of Greek geometry and its .syntax and therefore we wish, 

fot c:ohlpleten4;:111; W say only a few words about its •tructure and organogen which fall 

under the .dominion of organic logic. In future works we intend to focus in this area with 

detail■• ~ str.oct.ur.e. ~f Gr.eek geometry is given by the peculiar feeling of space by the 

Greek culture,'DFfllY, the o.rganic space is here the essential element felt as a visible, 

finite and plutic object where the geometrical figure can move without deformation. The 

intuitive hue £or the concept o£ superposition of figures is rooted here in the structure 

al Greek geometry and c:onaiqJently can 'only be understood under the laws of organic 
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1 logic without any possibilit.y' of being-formalized. This d>ncept ·ii iaed =very often •in 

proofs of theorems as a part._;of ·the rules of inference. Only,..thro\lgb ·the' postulahis,.· io 

,be-discussed below, it is possible. to rendu this concept a .fohnal one:1 But' a- trace of the 

'. organic will always remain behind the scene. It i& this closeu~la:tionship betweea. brganie 

and inorganic logic which is strange to us and it is so dear to the Greek mind; Finally the 

~.rga~ogen of G~. geom,etry is responsible for i~s develoP,m~ . in time in the succssion 
- ··, ... 

• ~f ~i:e5si:ve fo~ C<?1?:5titr~~~ ,~~e .~ [~~-~~~~--~s. ~&<;~ .~ i d,e~~ls ~ (1-b and c) 

}t _evd! ~ , t~u~, t~. s~~~~~1 f f;t~~i!e ;.~f~~~e;~taJ,lo_~~ [f?,':11; , ~e,~ ginning up to 

; ; ;ll;d.?,~• ~~· I~~ E!-1~~-t~~~~.~~d, ~~~es_ up ~ ~J;>P,lli;>pi~.~ d po~t~r~or 

ornamentation, from Apollonius up to the end of Greek culture around ~he V century 
i . ·.: '. 1 • ,._ • • • -: -,, ►; ' •· ' ••• -, · :. , ••• •' •. ~· • ' ~ •-~ · • , •• \ ~•---• ,J · • - • • l · •• 

A.D. 
t r • 

• . i" . ! ,-, 9 ,. - - - ' •• ~ • ,i . . -c, ..... , . J i1 . .. , .. ~ ,· ~ . , •> ,. ~ : 

-.: t •: 3. Let us· go' 'back ' to the discussion of the organogram'·aiid the syntax of Greek 
k~m eirj.''We start 'with the analysis of some of the definiti~Iis' given b Book I of Euclid's 

'El~en~. As· we kn~ it today it begins abruptly with the definition of point: ~ 

"PoinC is tha.C which baa no parts. " 

t , ~ ::, Our first reaition ·to that 'definition is: "it is meaningless". But ·1ei ~ try to under­

:stand ·wha.t' iealli Euclid intended ;to 'say.· Tli~-Greek··~ ;d' fit ~fni i~' ·1;.;;fetoii, • which 
. , l. ,... _, 

means a mark, or a visible sign and by saying that his mark positively has no· parts, 

·ob µtpaa dv8cv, a.s emphasued by ·thc! .aMlvetb' 0
1v8~' 'Euclid 1id ltte'ton~t of'.point 

. with the definition of EudoJCus of magnitude: :More preciselyra point 1' h61 aim~t'li'de 

relative to size, because it canhot·havt!multipld and submult lpld':' hi thli•tway wh'en we 
talk about a point eithet it is given as-an object by itself or asth~intel'~iw'oft-lineit, 

I 

or a line and a plane, etc. This excludes from the very beginnilig,·•liat'isi,\,ery ·pop.tlar"in 

the West, the possibility of defining a point P ·•-by·a iequenu of othltr.~ ts; namely , ~\ 

This expression is meaningless in Greek geometry, first o{ all because the point P 
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is not giveii ~ &ii object ~ 1t:aelf nor as the interaecti~ 'or\~ a~propriated figures an:d 

second beca.ust: the concept of infinite wa.a from the start eliminated from geometry as a 
tl ·"" _, ,,_ " 1 1 .•• ,: • I. ,-.i 'J' 'I •• ••~ •i.l 

"dangerous concept" leading to paradoxal situations. . 
_i • • • • .. ·•,. • l. ., ' ~ I - : . 

This idea of a point as an obj~t existing in space :with. its own individuality is typically 

Greek and cannot be translated in terms of an Western symbolic logic. 
' .... 'r . . . . . r ',., ill! ,l, 

Let us consider now the concept o[ straight line: '· 

~ st,r_aigbt_ line is a line which li~ evenly. w;itb .the ixili!,ts ,on jtJ;eJf." 

Intuitively this definition, in the ~e way as for the point, is o~y intended to express 
. ,, •i;.. - •. ., ...t .. _,:- ... .. ! \ - ... Ji 

the organic concept of straight line a11 something that proceeds always in the same "direc-

tion" without deviating either to the "right" or to the "left", namely it is tryi~g to explain 

our feeling of straithness and as such cannot yet ~ taken.as a for:mal definitJoµ. of straight 
·• ., f • ; ::_; I, : • ,; : i,J{~ ~ I 1· • .: • • I ·• 

line. Therefore, the problem of the geometer js how to render those organic concepts in~o 
j ,:,..... -, .j : .. ' • · ... ,,\ •, -, ' • • ,. _! .. •. 

inorganic ones_,_ T~is is achieved with the introduction of conveniCJ!tlY ~ ix>:'t$t,es1 .. .,. ~.... . . ..... 

and here is the place to make a few important comments. 

,,. . . When Greek geo~etry began to be analysed and studied by Western mathematicians 
t• ~, -,•" ."&-•i• , -1r·'r ,r ~ - 1 ' I 

its postulates were regarded only as part of the so called "logical structure of geometry" . 
., ,. t , • . ' I· f1 "' 

This ~sunderit
0

a'.nding h~ ti~gi~ ~h~~~nces! hul~. ie~~se· 0£ tha{ ~~body realizeA 
th~t the·~~utl'iMi~~~niiet'ti~t

1iR:~~;1Jtih~'.)g~~'ft';.,;1!~~!:a1~ 1iit~doo to introdu~ 

· the cohb~WJ;"~r9p~rhtt ~ti:iiigM "tine~" plafiJ•• ~d' Jib~ 1ei>~~t~~ ··k~~-a:s tecb'nicai 

concept., adapted to inorganic logic and able to be used in the develop~~t of geometry 

··as priki~~d:ii~b'Ns~ tb6li~:Otb~~; thej- Mwd'bebnif lia'i:icll~ by organic logic which 

'is ~ot ' lh'.e<"'tlgtil ¼iUi~*linel.b be useci' in the· study of the organogram and the syntax of 

'GrJek get>fu&ry.dA's1
~ fuittei.- ~f fact, t~adiiionally when one talks about the foundations 

· t>f g~metry it'1inl.Wally 'understood in the ~athematical community, what we have called 

the study or-the<·btgiafogtam' and syntax:ofgoom~b:y ~hat is completely different from the 

study of geometrf a:s1aii ·t>rga~m;"Thi1(~nfusion of an organism with its organogram 

had funny consequences, which we shall dicuss later. To render our ideas clearer we shall 



1 .., •-. .J :... 1 .- • ;\. '• _.,.;. .... "'•Ii'.:;; ».- ,·•..J L J 

4. Starting from the assumption that point, straight line, plane and other geomet-
:, • . . j <-.~!1 ":4:•1'1~:"°'L~.,,.J. 'l., '!••~• 

rical figures had been precisely introduced u objects existing in lpaice · with thmr own 

Postulate 1. To draw a straight line from BJ1Y point to &DJ point. 
~ . ,~ p 

Postulate· 2. , To produce a fiiiite straight 1iM contilit1oUs!S' 1111-. ttraight line. 

• -, -~ 1, •. -.t _n .... , c~ "'•, ,f,. •, ·~i .-.l{.J ··r • .-,.,{t;;!ri~:[, --:.i:'.~ '/1 

.. ~, 

Postulate 3. To describe a circle with any centre and distance. 
, • :'> •"\;; ,, 'r• • • ~, 1;., t~ t , h, I ~.;C. ), I ~ .. , .... t • 

Post1date 4! That all right angles are.equal to Olle ano~er: 
1

r, , , • . :,.. 

Postulate s~ ·'That, if ast~aight"lin~ lalling' ~n•i~ ~tf~i1i't·ifu~~ the"inierior 
. . 

'>.. "' , t _1 !"L ..... , "! . ~ 1 l, ;_, },') ),, I ~ 

angles on the ·same side less than two right angles, the two straight lines, if produced 

indeti.n'.itel.it~~t oti that side on which the angles are less than the t'"wo right angles. h-

'"l,. .., .. - • .f.,. 

Concerning postulates 1 up to 4 ~ shall discuss only a few points ~tse9tiug us here, 

directing the reader for more details to the magnificent translation of the Euclid's Eleme»ta 
• • ' ;.~ t.J ,. ' • "~-~ ... 

by Sir T.L. Heath [5-a], which is our main reference in thia work. However in the case 
..., • ... .u-, ,,~ i' . _...,... ;•t· ,t-.1•.,~·•_Y'.J 1.1-Z"c't-;7 r,-..,l,lUI- J4i: ... I ll > 

of postulate 5 we shall ~ate oµrselvea Crom ii• ~,:~tional in~ret.ation and indeed we 
'-""4-... ,~l l !~ ·•~ 1V -'}Y..J'!f v,r CJ{Jffi.,l.-t;.TT_1o ... ..:>LHl 1' t' ;vuIT')il ~~It'ii.t(l~•:, JJ., ll-..i'0 ' •.• i 

could say tha: ~~'l~~i?::1.-~ ~.~~ is"t-C?~ l of,,~¼1f f,~~~ w~t!.,!e1~~~~ .,to· ~te 

the present work. . 

In postulate 1 Euclid_~.~ansl~ .. ~ ~W.-~ e;~~ettj,cf'!..~ 1~41 f,~~ fl~g 'J f.~~ .., 

from one position in space to, another in a "~tfai~t W!J,Y"·, ,i . .,:'1, ~A~ wg around in 

a crooked path. It is the strong iipace COD~ w~':11 '?!le_loqks.,m ~~~J>A¥e far~ 

him. In this act of looking ahead is contained that "f~g,pf §~Y.1~ «:.¥~• which 14 the 

deep feeling of spaceciousness expressed by tha,t_pqs~~ , -~ -" ~"'~,¢'.fact, the use of 

the verb dt-ycr,£iv in the aorist ~)~~vi~f!..gn~,..the sp~ cha.racteristic 

of the line defined by two points independent -of time. Also the wµquenesa of the line ia 
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• •:.· 'r 

implidtl1 andentood here u indicated b7 the reference or practicall7 every mathematician 

.:. :.,;.;!'.J ....... 1•:•"' ,. -· ·'· .:. - . ' .{ ,~· ·. ! ..... , ~. • • . rs: particulate we call attention to the adverb tTIJVtxtC attached to the verb t,c{Ja).tiv 
cJtt -t ""'..;.· 'l~ .;,,, ~: I •;•· • - •~ ..-..i· . • L, 

that makes it clear t~a~ the line can be extended continuously, without gaps. We see 
• ~ .. •• ._.; .• J .> •1, 'I )a -r:i._ .. ! !'. r ;;, • ·f ' L : : ~ • 

that the notion or continuity 0£ the line is an essential part or that concept 11.11 a space 
I "' ~ .. J -~ ,I 

entity and not u ~ abstract one and consequentl7 it baa nothing to d~ with Dedekind's 

poitulate u we -, ~ ·dis~~~~; i; details. This postulate makes it also clear that th~ 
~. i~-~.:. ,~~ l.i:;o r·a· J ·>.j ,.J, ~•~1rl'·;, '/i . ~U · •. •-; '., •. ·N ·• •ls u J '·' . ... - • • ; • .ti. 

straight _line is a fip.ite object in sp~, n~t extending itsel£ &om -_oo to +oo actually, 
•• • 1· 1 . .. :~: ~.& .,;,: c:: ,r• • . ~ .. ,,. ·) •• ,-\ ·•-:l1 '°' • ., · • • •. , 1 1 ■ t)! 1 t, ~'· • ... ·; 

but ~ther ool1 pot_entlally. , 
. • •. '\,;.:, ; ..... ... Jl"·~ -:.; •. . .. "\ 

; 

About postulate 3 we believe that what was really intended by Euclid was the £ol-
, J ,:,_1 , • I .., • .; 

lowing: gjwn a ~int A and a straight line AB with extremities A and B, there , : {( '· . . ' _. - '/• ·r·r-. . 1 • - . . , • 

is a circle ~th center A containing B in it11 circunf'erence (71'tpiiptpe,a), because, as 
tr ,- . ·; • Jt.1- ! r., . : • 
pointed out correctly by Heath in [1-a), Vol.I p.199, there was no Greek workd for radiU& 

• .... t • . • · • ... .., 

The word lic~pr,jµar, used in postulate 3 means distance but not in the numerical 

aeme o£ the measure 0£ a segment but rather as something existing in space. Due to that ·• .... . .... 
the definition 0£ circle {1tv,c~o_.,) as a plane figure formed by all equal segm~ts with one 

·• 14" -: ~ -". Ii • t • . f • \ 

extremit7 in A, i~ center, '1as a space content and not a metric one. Here the crucial 
· .., ~ .._ f)' •·• ~t i-.._1 1, c'L~:1a ! •,of t ·.; r- ~ '\. ,._ , ...,.,.. ". c-.. ' • •l · ..... • 

point i~ ;l~~~l~ e,~~- .~~~~t~~l~::'t~ ~~~ts ~ ,~~ -=h~ .~ '?:.~ incide with ~ 
other b7 a rigid motion in space. Cleai-ly, wit)>.out so_me ~ thi11 concq,t is tautological, . .. ~ .. ,. ,1.-a~.t ,,.:.l~ -;L,' ~ ., .·, •t. r .. ;. ., · · .. : • .. • :! .• •: ~, . 

bec&Ulle the definition or (rigid) translation in space requires the notion of equal segment 
. ~ - ,- •l . ~ ,# , ::.. .--.' • 1, ' -~ ., , ,.,_ • ·,. . • . .I • 

if one ie to avoid the introduction of metrical concepts. To handle that situation Euclid . . . · · --,! .P I; • i-u_.;· ·. ,1 

8tst poet~tes t~e possibility of rigid rotation or one segment over another having one 
.• .• • , .• •l J ; 1:> .,, . • • . " 

extremity ln , common and second in proposition 2, Book I he proves the possibility o£ 
'; ;,f1 },' t -c1: "'• • 

defining equalit7 by superposition of segments in the plane in general, i.e., without having 
. '" .j I , 

nec:asarily one extremit7 in common. In our present texts of Elements, due to its deterio-

ration in time by immmerous interpolations and copist's errors the clarity of this concept 

ol e,quality of segments which is fundamental in the logical structure or Greek geometry, is 
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leriously jeopardized. 
)I 

In the analysis o{ Euclid's Elements by Western mathematicians this usumpt.ion. ot 
.. ·•·t 

rigid translation of figures in space hu always been looked u 10U1etlung scandalous "proper 
. ·,~; .. '. ; •.. .',,i:: • .. ~- ' .! ... : ., ~ ... :. ·. : · 

o{ a primitive stage of the development of mathematics", what ii dearly nomensef The 
_... . .. ·;: ~,.J .. J.•.f, ;;· . - ~ • :.-ti 

introduction of group theoretical concepts as proclaimed by F. Klein is completely strange 
, .. I - ' I, <.'I. f;: •r-: •-1 •,: •• • ~ ~.l t• .... ._ ~~f, t 

to Greek geometry being meaningful only in the context o( set theory. 'lb sww:narize, 
-. • ti{ I • • 'r' 

Euclid proposes that by coupling the definition ot a circle with the possibility of rigid 
• • :,,J L=!- ~1.-. ·:, •• ;--~ ,.:, ~.""" •. •·! .~,-,.~ il:, f ! ,: r 1 ' 

rotationa and the postulate 3 we can rigorously define in terms ot Greek geometry the 
- , ·- ~ ... ? ~~ 1 1r■-: h ,,.. t ~ • ~~,. ~•' r.~;.~J~ ::J~r!~ ·~ -, ·•:-·. ' . 

concept o! equality of segments; by superposition, in the general case. It is amazing how 

theae !undamental question have almost invariably escaped th:i~~~ti~:;-of;~ ai~i:i 
. . . 

0 I • " I , ~ •-•~'if!~ . ... I" •, ~,. +·:1, ,_ • , , ♦ 

aiialysis of Euclid's Elements. 
~ . . . ,. --: .; i-.,- ,-ri~ ~ ;_~!"!.-~ l·. l<~ ~n-; .. ~- ... -: ! . , · - .•.. 

Another important consequence of postulate 3 and the concept of superposition of 
• ; •) 1 ~- I '; , ~ ) ;\ •!"',•• •""' :-t! t .:r• ;.:• ;1 f ~ : 

segments is the equality of angles. The concept of angle by itself would deserve a careful 
.•. ~ . • -• . ... • . . , .. . . : •• f • r -'..,..'- -~ 

~~ on but we shall not do it here; we content ourselves in directing the ~ er to [S-a]. 
,. • ,. • ' C"'"' ~A., - ,. .. 

. Aaauming that an angle ii a plane figure formed by two segments in the plane, its aides, 

lri'th an extremity hi common we define their equality aa follows: let .; be an angle with 
.. . . . .,., ~,- -.., 

aidea AB, AC and a', with aides A'B', A'C'. Consider a segment AD contained 
\ • I f . •~ °! ; · • ~ -_I". 'f · • ." 1 , •., • 

in AB which is smaller than AB, AC, A' B', A' C', namely, AD is equal to segments 
· .... ,ft n- ,JL,; tr.v" •,~1t ~,n~•"T'\"' &-,J : ,h,.i:1,,JnJ ,Jn ••fl!J t,,.,. ,.. ·.,~ .,., ~• 

contained in each side of a and a'. Draw a circle with center A and radiwi ~D 
s "t . ~ :-'1 • · -,,.,~.,-2.1 •~ • 1", .t··~" , 11.-.;;...~.1.,i:1t11h.,i-th~a:1r"~·"t'!' ;...,. .. , 

intercepting AC · in a point E, wh0&e existence ia provided by the definition of circle. 
· , -. ~i ~· ~;1•.; r~).:••r.J 1•,, ;t-. ¼a,~t .;;., ., ~ ,~ 

Indeed, its periphery contain.a the extremity of any 11egment with the other extremity at 
, ..... • ,Jr .. r .-,. , -, . , ...... . l"" ; ~~;o.,.. __.:-.. "'' ~ 'ii 
A and equal to AD and aa AD ii Jmaller than AC it ia equal to a segment "AE 

.. j . .. . . ••c:=: t 4'1 -:;{tf ...-: n ~ t-
contained in AC and therefore E belongs to the circunference of the circle in question. 

~ ~\. ' ""' )J.,l ( t t'flo).., ,n~ -~ ,~ tJ u 

In the same manner we can draw a circle with center A' and radius equal to a aegment 
,. , ·~,\-J .. _ 

A'D' = AD defining a point E' in A'C'. Now we put by definition: a is equal to 

a', writing o = ol if DE= D'E'. 
:,_ ·4 l 1 j "-' • 

In few words, repeating, with the help of poatulatea 1, 2 and 3 it ii poesible to lay 
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dmrn :tbeifoundauOD8 ot·a ~gorous" theory of rigid motion, in 11pace and equality by 

auperpoei,timt;;~ meaning of the word rigorous will became clearer after the discussion 

·,::r Pmtuia~•4·prit\'idea k °"rong characteristic of that pro£ound Feeling of a visible and 

plutic ~ :'~lie" space lot ari:liitectdre! · No one can ever conceive, say, a doric temple 

withoul the clear idea that the columns are perpendicular to the ftoor and the beams are 

perpendicular to the tohimns, and "consequently,. are ·parallell to the floor. The words 

vertical and: horizontal! ~ ted to ' drthogohality 
1
atid pat.;tleii'~m Having a' st~ng spatial 

content are feln,rgameally as such. · 1n· the same way if one· makes ~ door with edges which 

are ncl~dieu111.r l~ each other' it will not close pro~ly: "'here in the arclutectonic 

organic s~~'Of e~ day U(e1 there is no room (or non-euclidian g~etryl' · 

Euclid'a"probl~' ~ in previous cast"S, was to transiate that' organic architectural idea 
.. , ; ' ' " fl. ' . of orthogonality in a working concept for mathematicians and we believe that his idea in 

expte81ing that into the postulate 4 was one of his many strokes of genius. Heath is again 

absolutely correci'i~ pointing out 'that the equality of right angles is also equi'valent to the 

concept of invana'.Sitity of figu~ by translations and the homogeneity oC space, anoth~ ·· 
• I • '; "· "'l i> ~. • p ' . ,.,_ I> ' , o ; C • " •"' ••• . : • 1~ •.l element to moforce'lne conclusions from posfolateii' l, 2 and 3, u seen above: ,., 

Fi~y: ~ '•t~~:t~~J~~~:;;;;Ji~iliatfs:\~~~~i;;~;;~'~/th~ postulaie ~, 
~arall~i.:•~iiJ1fl iifeq';U~~t-~~'th~ ~i~~~~tth~t ~~~i~i~eL~:gh a point not 

.. , .... ,' -4. ,. , 
belonging to a straight line there is only one parallel to the given line: But, certainly the 

concept·ohtraJg~ of thir line is esseritialirHh~ definition of parallel and the problem 

is: ·!low to 1traiis}afe,ia •a -teehnical atid predse language the concept of straightness, i.e., 

the 'c:oncej,\ of l,Saig,, ctrenly without deviating from its direction", etc. That is exactly the 
-•. 

aim of' postulate1S! ;ik 1iranslates in' a mathematical satisfactory Corm the intuitive ideas 

belonging t.d the organic concept of straight line in a w,q that it can be used formally 

in the prooCs ·or theorems, ete., and in all eituatiom concerning the organogram of Greek 

mathematice. , r ., ·• 
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It ia hard to understand,how tbe original intention ofi Euch"tt, GIW'e~-...e fim1i,r_. 

vinced, could be interpreted in· later• times only as the quutioa of, parallels,;·~ 

for more than 2.300 ye&IB the well known orgy of proofs o£ the Vll postulate! ~ lies 

behind all those proofs? ~t us see. '.rhe postulate 5 t alks aRQut • c:baf~ pl'Operty 

o£ two straight ~es r . and • io the plane inter<;ept.edibii ~ihi.gt14"~ )i~ e,qcl i~ 

aaya that r ,will intei;cep! 1- i£ produ,ced in a couvenien~ way, ~Tbia l:XJ>fe&II exadly the 

£a.ct that r, when pro.du~ ~~ "E:V~Y to itseW,. and, :1" ~ Jil,Qt deviate &om i~ 

direction". Ind~, if .f ~ 4 :.:~a~ ll'.Oljll_ its .P-i~•iil~ i~, q:twfJ ~~J~ ~ ~ -~c 

C?f.~erbo!e; !'-ll~ ney.~ ~e;_ceyl,its a,saymptote. ••)., NC?w,!f we;.;w~ ~ ~;~ ,PQBtu}~ 
. ' . . . 

~e hav«:. tp ~re&S in 'one '?lay or another that pr<~pertyl o( it:1;4~ ~aj~; li~ p.f rke,eping 

its direction" in_'?~~-~~i:m~ st•tement ap.t to ~ :~ i!U!l~ , pi:_~ ~ -~ exa.£tly 

'!hat invariably happened in all the proofs of that postulate • . The p~fs in tb~lvea 
'I -~ r, ,, 'tr •: - · - .. . , •· ,. • 1" 

are in general correct, but they have to use somehow as said above, as hYP.1>:tbesis, apme 
;"' • ; ,,..... .Ill. ; ,.•"'.l ... i t • • • .,.. 

aasumptiona translating in technical terms that fundamental property_¢ the straight line 
.,. ' , r t.. ... 

o£ "~ping_ its direction", which is not contained in the first four po5Ju,J;a~! . 0th~ ~ 

proof in the ~rg~ogram o£ Greek mathematics Y!c:>_lftd be in?,possi~l:e ~~~ it ~ clear that 

one cannot p~~ ,a, ~ro~~ ~ a ~~*~~~~t.hguc:~.~~ !t,'bd~~~~-?,':\.~~~~ 4i,-ectly 
or indirectly. Certainly, all this sounds a.t~ e for a Western QULthematiciana ~ to 9eal 
t ~ • ,. rtd~ ;.~·~ ,, ,1,1o nJ "{J1~1 •:-1•HfU: ti '1-,.! ... tld~•-~rt lY.ll~·h J')i~, -;.,{.i -C)V6t l ~-l'f . •P 1u;~-

~th abstract~~~~~~~~~~~; %,~ .. ~~Hre ~~"~; .• i~~-,ie, \~!~~~J~,.~~ ~ 
' come back to this ques~ion. , • . , • . . , ~ 

"! f 1- ,. .. t,_"! ~- ,. • 1.:;~ f r, p: ,l. J.P ·• ~ •t "-Jrd ~l:~r :td~in'! t~ J1 o J 't ~~, --·~~.-

As we see it here the!undamental bis~ •IXJ.istake -ia't-ht-':~ gf.tlw-equi,alent 

statements of the postulate 5 given by "ita proofa" •witlt thei4,~uolri otliCsriDdependeacc.: 

There is no question of independence at all in the sense und~to.d,~1the llyinbolic logi 

created by Western mathematicians and philosophers. It ls-obv.ioudr.-U\ho veey begiJming. 

that the y,1o postulate cannot be a consequence of the s-fQlaining ,~ tes, in the 

organogram of Greek mathematics, becauBe iti ;states -a :property pf the straight line which 

.ia not contained in them. Conaequently it caonot be deri-ved from them unleu we uae in 
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one way or another a property or the straight line equiftlent \o that etated in postulate 

6, tranalating the intuitive f'eeting of •proceeding evenly \o itself", ~eeping its direction", 

etc. 

1he root_ of ,the mis\Dlderstanding is the lack or historical perspective and the con-
• , • , • • •• ,a • I .. , • • •~ , I •' 

wequent confusiffl,I or an organism with. its organogram. A straight line for a Greek . . . ... ·'-"-.. . .. ·-.1 

mathematician i1 not an abstract object without any meaning, a.a it is the ~ f'or a West-. ... . .. . 

ero ma.thematician, but .on the contrary it is an..,.objeet given initially with str9ng space . ,. ..... ' - ~. . \. 

~tent and .. c!i~ ~\~, p,oper~i~ .~r~ exac~ly by the postulates. The 10 called 

"proofs of independence" o.£ tile ~• postulate from tlie remajning ones by the conat~c-• -1 ...... -· , 
• 

~ of pro~.~~e}11 andJhe cre~tion of "non-euclidian~ geometries will ,be one_ of' the 

fun~am«mt~ points to~ t~tecqn §IJI and IV. , , .. , .. _1,;_;. -... 

,, .:n, .~a;rlze, ?111' discussion the postulates translate among other things the concept .. . 
o! ~night line in technical terma to render it p01111ible its use in form,J proofs. Consequently. 

the attempt or proving the vi• postulate, £or instance, is a clear nonsense from the very 

beginning becau~ in such proof one has to use the concept or straight line and theq eotne 

equiftlent of that ~tualte baa to be used therein, otherwise we are not, using the whole. •· 

CIOllcept or 8~~~tµ~~lr'.1r1Mt fyp.~aw~p\~. DH,~ ~M pl!t,gued for over 2.300 years the, 

un~ar,~~.?!:m1~~~~iW,,~Jtg;Ji!m:~YW:~mJ8:ti?. '8J~s\i~ JJ;ere.j\l~ ~tulates .are 

not mei;e~r ~enJ;m,~,~~t~~t~,ah9.!1tt°t1~~\~~t~~ ~ ,~~led in the West, but' 

they ~ ,r~\~~ ,~t,~~. 't½!-1'-. CC?~~te .. o.l;>~i.s gil(Jm ~ initial data expressing, besides 

~ ~}A~~iqmi1 ~pftq~r.fun~ al pr9perties in ~ cal terms apt to be 

., , ?!ow w~ ~m'~ a ,pear picture 0£ the situation when we hear that Apolloniua tried 

\o ~ thti ~ ~t'J'~,,1,Q~e,!! really talking about substituting one aet 0£ postulates 

by another and o~~-,tryy;ig to prove .the postualtea "from nothing" 1 an attitude offensive to 

tbe genius cl. the Great Geometer! 

16 



.. , .... • §lll-

... 

1. As pointed out before, in the West the 'wn~ pt1 of •Pace. ~ . 'mainitude., 

. etc., are expressed through' abstract forms strongly' den~g ibi{viaible' and-mlb~ spm 
which is merged into· the concept of pure number r~resented. by' sets, ~; etc.: ge-

· • • • · ... • r - , •• · - - .- ,l ... • - ·~ · ometry becomes a · c:ha.pter ol set theory. Going 'back to the basic 1deaa discussed in §I 

this implies that the orgaoogiam' of Western Diatlieinatifs'is '£~ b'f a1&rtain language 

(~etalanguage) like·Eng~h; French, G~an, plus a ~llectioh1of~ ~ ;-ui~, rules of 

inference of a .particular set th~ iielected to please ·the taste' c>Ctlie '~tli~atician build-' 

ing the theory, namely, either in the line of the logistic 't>t ' tbi-f6mialist oHhe intuitionist 

. achool of thought. The final result is a wllection of sheets· of papef Cull of signs intelligible · 

only by the initiJ ted usually called a book, most often without figures! llo~er, does' not 
matter how abstract, how impartial one's point. of view and how mu~-one tries to erase' 

. . 
a;ny trace of subjectivity in such theories, in the hadcground lies unavoidably the hwwua 

mind with· all ita passions and historical roots. 1' is impossible to sptt.ce from the profound 

arrhetypes of tlie 'human specieJ•which ate' f.he ielti·mo'ti.u'o( all'!onm'bl ~ i-essk,n ~ted 

to man. Indeed, 'doei no~:Jilaftet hbtifor&lil~~a:&Uaft16flc:$8i.t'bWe~ <b ·to bee~~ . 

he cannot avoid liitnself'iiu'd all 'bi.)isydi&bgicaf'~deni:ieii:"- lntlu1llrtg 'repressions aiid 

all sort of neurosiai conauctlng his ·aetromf ba&ts~ ·:: A~d1tlia1fii IB~;~ ,vhy one· 
is sympathetic to one school .of thought 'riiiliet than dotl:ier! i'If ·~ i~ r~ t and· 

affected perhaps in childhood by religio\$ resentments or something ati,ij~ait~ y·.ru 
be happy with, !or instance, the phil0110pby-of the Vieiu:il' C-ttcle; ~l6enrisc, he •ould 

rather adhere to a school in ,une perhaps with a platonic 'id~ 1t.mtici"'witb t.heok>gy, 
ek. In few words, one invariabl,° tr&11&latea in .this a'ea\i"\te work ~ ·lliJge of his IOul and . 

hia 1tate ol mind. 

One of the most characteriatic and beautiful examples of an exposition of geometry in 
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the Western at7le is the eelebrated work of Hilbert (6] which .,;e ahall take aa representative 

· al Western geometry u we have done with Euclid'• Element& relatively to Greek geometry. 

! •. Bilbert,s¥a with an abstract set X containing some particular subsets of objects 

~ poim, lil;les, planes subjected to a certain number of postulates or axioms divided · 

into five •groups:· ·:J · ,, 

I, 1-8: Axioms o( relaJionships. . . ' 

D, 1-4: A,d01$,Q/,w,leling • ., J 

' DI, 1~: -AxiOffl.9'.ol c:oJJ8l'Uence. 

IV, : 'Afcfo.iis 'ol'of pWiels. 

i 
: { ._.. ~ J,1 -, ., J 11 

V, ,2: Axioms o continwty. 

• 1-~ , The rules of inference are essentially those of cla.&5ical logic which later were formal­

ized in 110D1e abstract models in terms of symbolic logic as can be seen, for instance, at­

(8). • All that establishes the organogram and the syntax of Western geometry which are 
quite difl'ereut from that of Greek geometry. Afterwards Hilbert shows bow one can prove: ·· 

theorems £roni the aximns and hMically i£ one has nothing better to do he can develops• 

a chain.of cdn;seq11eute1 '£.tom the.ax,iome above,building '.a -systein called, by mistake, eu-. 

clidean gwmelryHt is a.nice:,ganie and a.good mental exercise, but later one start getting• 

con~ :abouHhe question of a modeUor-such'a theory. Br that it is meant the follow­

ing: , "8.rtiog·&oi:h ob~U ~ existence we accept to define with them a set satisfying 

the axioms Matedatic,\,e, But what objects shall we assume to exist? 

••• i A.a ~ M'die;1for- Euclid those objects are the geometrical figures existing in space 

with their own ~Jdi~a~.Jities, but for Hilbert the initial data or the objects which do exist 
.. ..~· ... · . 

are the numbers ot more generally arithmetic 111pposed to be a consistent system. From 

there one can build the real numben and finally a model for geometry is built by starling 

from the .et E or ordered pairs (z, v) of real numben, called plane. Each pair is called 
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a point and linear combinat.iou, of them like · 

with a, b, c real numbers are called airaigbt lines. Of' course we can ;generalue' \bat 

by considering triples (z, 11,z) forming space and even n-plas (z1, ;{; ,::D,;). formipgtie • 

n-dimensional euclidean space. However, we restrict ourselves here with the,~ of pain. : 

· Now, by assuming all properties of real numbers one can prove that all axioms 1-V 

are satisfied in the set E and therelore the original theory is-not "empty• namely it has 

at least a "model•. Of' course, we can also argue about the existenc'e oh1umbers and this 

would take us into the business inaugurated by Frege, Peaoo:and--Russeh,..hot;e success. was 

later jeopardized a little bit by the celebrated results of K. Gqd~_. ~.\lt ,*lwi:AA a dangerous 
= • ,.~ • 

battlefield and prudence dictates that we should stay, at least fort~ time being, at a.safe 
')· ... .... ~.n•,1.,-;,. :• 1 ·.-. ,~~ •. 

distance from it. 

r<. , Another important consequence shown by Hilbert. is that from the axioms alone we can 

usociate to each segment in a straight line, a real number called it.a length and afterwards 

establish a system of coordinates in the line as well as in the plane, Do not forget that 

the words point, straight._ line and plane continue to be understood in the abstract. aenae; if 

we draw figures in a paper that is purely from the psych«>logical;point :of view and-not. 

from the logical.l)oint of view. -F_gr iitstanee,,by •,segment U1i11>a1a~ i line r we 

understand the-abstrac, set of point» P ,E:r , •~ that; A -$ P,-~B <'Wliet~the,~ioq. S ­

is given by the ordering axioms Il, 1;4 above and it~ pictorial ~ t.t,tiQD .ini 1ibe ,paper 

is only a psychological attitude to "help• BD<i (P?"~ },,.,:'f,,\lide;'!,_!Qri ~~~~•this• 

way we establish a one-to-one correspondence between our original aet;,X !", ~ ibo ~ E • 

of cartesian geometry defined by the pairs of real numbers a.Ugyr!ng.F,1.J&.~~; ~bout the 

coordinates of a pom" t, equation of a straight line, etc. II) ftA_~i~ 1:,re ~ ~uce the •.-j ~=+111 •••~ t "lJ\ .-_j, oli;IL 

idea of distance in X which becomes a metric space ~an in 
0
q.~ .~c f~ .a.re dealing with 

more general sets called topological spaces. B!lt let ll!l, f~vepi~ general consideratiOD8 

and return to the analysis of the concepts introdu~ ~ve. ,-
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:. , , ; ~ • .nThe.fwidamerual question is: by considering the concepts of point, line and plane 

u understood by Euclid, is it possible to 1how that they satisfy the axiom, I-V 1tated 

above? We intend to show that the answer is no and the main obstacle to a positive 
·. , . .; ~ .. ~l . ~ti.',\., ., 

answer, namely, yes is the postulate of continuity. 
·• . 

f f ~ ""• i ~ , ) • l , • 

· First of all, to show that a certain object aatisfte11 certain conditions we have to know 
J! 1 · •• ! ''( ... , • . ':. 

the intrinsec properties of that object, namely, its definition. But whatt is the meaning 
• 1l : r • ' 

of the verb satisfy? 
.... .. .... _.h::,1 ., .. ,d.1 : . j __ ! 

Secondly, in what cons_ists the act of verifying that an object. sa~isfte11 certain 
• • .,_ .. -, •• : , (''t,l -: ~! _ ~ · · I • • ,._, 

properties? It is logical or psychological? Here we have one of the typical situations where 
·- . 

we cannot separate the organic from the inorganic. The first stage of this process and . 
u a matter of fact, of almost every process of knowledge is organic. Indeed, to verify 

~ mi object' A · ·•satisfies a property p we have to use the Principle of Analogy. For 

example, 11Up~ ~ say that a certain ball is red. Our conclusion is based on the fact tbt 

we look to the ball and compare it in our mind, by analogy, with our concept of red, a 

pure organic attitude, impossible to formalize in a system 0£ inorganic logic. In a second 

1tage we express our organic knowledge in a language or a formal system what achieves its -

reduction~ an inorg~i:;:k11qwJ~ .for ~ns~8tl<:e, a!~ concluding that the ball A is red 

we~ ~ .iit " J~.sJPlJ .limgwi.g~~~ ~Jim';Jlmm~l~~~ ;J ,:t,.,E.; ~ the set of balls µi 

lhe.wodd ,an~l~_-.E{p) ;,~e.,~Plredl>al~,·~h~,r:'A ,6 ,~ ~ .i Ae E(p) <:> A is red". In 

thia we:,a,ur prl~tiv~:P~ UQD tl;i-\1,t .A is red .isred~«d to a ,tatement in propositional 

logic. In a future publication we shall discuss in detail the theory or knowledge under the 

i,oot or view o£.th~orgamc: ~d inorganic logic. 

;· ,,,. Having•hunind an. that let us consider a eegment 0£ straight line AB with extremities 

A~ aod B. • For Euclid the points A and B u well the segment AB are realities 

ai1ting in epa.ce; for Hilbert they a.re abstract concepts, perhaps having as model the set 

of' real numben between two other real numben A and B. Then our original question 

reducee to: ia it possible to establish a one-to-one correspondence between the poinu of 
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the Euclidean straight line and the ·set o£ real numbers? Let us· ,wrt,.roi tan analyais of 

the concept o£ length of a segment. 

3. The pythagoreana looked to this question in the following WBf: 1,et us consider 
I ' ➔•'-· ~: "l~: /!.·"'''~ .. l 

a segment AB and let us select a segment u u unity. As the "number ia the origin 
1: •!: , ,~ j~ ..... -~ .~Jr: \ ~ ., J 

of everything" it must be possible to associate a number to every segment. One firat 
•i •. ~-\ ~.;. • l 

possibility is that by applying the segment u over AB it will fit ~ there an integer . .. 
number m of times, in the sense this operation had in tlMu period of history, namely, . 

• • t. I :S:"''\.: ~,,, . •' .! !° ;•~ •r. ,"' ,, ,,.,, , ~~\,.• .... •t i ~ ,• 

around VI B.c;· In this case we say that the length of AB is m, measured in the unity 
..• , . ., );.• !, ... •, ·. . :· , . . '• 
u, writing 

l(AB)= ~-
·1 .• ., 

Another possibility is that u does not fit exactly an integer DUmber ,>! times i:11 ~ 
• I ~ • • •,.. • i : • 

:and in this ~ y;-e subdivide u in amaller unities ui, say, u1 = 10".:1,u, and 19 ,QIJ, 

,~P to . u. = 10:-•u until we eventually have an integer number of segment& . u,. cowring 

-AB and we write: ··. ; 1 ·i 

' ... It was assumed' that these are Ure onlt ~ible rt!sulta o! th~ bperation o! measuring 

'a segment, otherwise we;Woula"p~' in11~'4!ly a:nd-~ ·~uid ni!vefaisodate a number 

·to AB, contrary tb thti bii:sie pliilosoplili/al position ~ \lie~pythagdreasis:- Nbtice that 

we repeat: number for a Greek -matheu1iti·claii was an; integei' (~fon negative!}; namely,' a 

collection of units, definition attributed to Thales. · i..A "' • •• ,..: ".., '.l~'(!;:;: ~!!,!111 ~ . l -..-

Soon after, u we know, this point of view was seriously ahaken•by,.the- di11c:overy .that 
I • 

no number could be associated to the diagonal of the square if :we•tJw:,one q( it.aide u 

unity, or what comes to the same: there are segments which cannot.~meaaured, in the 

lleD8e described above, with a common unity, namely, they are said to be iJ>rornrnemurablc. 

Then a terrible c:risia deacended upoo Greek geometry and only a!ter almost two 

centuries ls.ter a way out from the impasse waa found by the great genius of Eudoxua of 
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Cnid01. Bia 10lution f'or the riddle waa to abandon the Idea of associating numbers 

ro geometrical ftgures and to develop a theory of magnitudes independent of' any process 

of measurement. It waa' the definite separation of number in one 11ide as an independent 

concept whose study wu arithmetic and geometrical figure in another side whose study 

w11i9 .geometry.~ His theory of magnitudes, exposed in book V of Euclid's Elements and 

bis principle of exhaustion remained as the back-bone of the whole of geometry, excluding 

any relationship with measurement of lenghts, areas and volumes, which were relegated to 

logistics, the analogue o£ our applied-mathematics. Indeed, that question of measurements 

or lenghts, areas ·and volumes became the business or the engineer, the architect and the 

practical man, having nothing to do with the considerations of the geometer. T~s point . 
of Tiew has been in several occasions emphasized by Plato, Archimedes and most of the 

great mathematicians of Greece. That was the origin of the establishment of the concept 

of geometrical figure as the basic element given "a priori", leading in the hands of Euclid to 

that majestic monument which is one of the great expresl!live forms translating the concept 

of space as conceived by the Greek culture. 

What happenned in the West? As said before whenever we embark ourselvesin the ·· 

study of the foundatim of !l<)me branch of knowledge the first thing to decide is what 

concepts ~hall 'we '~ejaaiptfuii~,-i.e'.; giveif "IL ~Hori" / ' •, I •.'. • • • 

• .4 .l ~4 ,, f ~':J;....-·,l-l:, ·;,r\ _T .- • -,:;· ·• ••\·I '-l··,' ·""" ,.," d :· "'•. 

Followuig Hilbert' we should take the concept of number to build a model for geometry 
~ .. ~;1··,!•.,_'L-,-•1·.~I•···~·: ·:. · · •· ·- ~· . initially given as an abstract se·t ·-x ·with a certain structure defined by certain particular 

objects ca11J·pi>rt¼;'.~gb\' fine ·~ t plane subj~ to a system of axioms or postulates. 
• • : ••·"..3 !,r ,f·•,,!t .. 1l.~j . ··a • • By USJD& m part1ciitar, the B.XJOms of congruence and contmwty we can attach to 8:11 

iutena1 AB, undei'.;.\ood 'h~ as an abstract object, a real number called its length, 

writ\en as m(AB).~1 l 

Following Dedekind to define real numbers w assume the existence of the rational 

numben and consider the eet R of all pain of claaea of rational numbers (A, B) such 

ihat: 
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P2) Every rational number belongs either to A or to B. 

P3) If' r e A and , e B * r < .i. , 

A beautiful discussion of these ideas can be seen at [7]. Therefore the theory of length, 

or in technical terms, of measure of "segments" is reduced to a 'correspondence between 

abstract sets without any contact with "reality". But what happens in "practice"7 Well, 

the engineer, the architect, the merchant, the physic:W, etc.ruhave~e same attitude as 

iii Greece, Egypt or anywhere else: they deal with concret objects ra.nc1 there is no room 
for abstractions. It is the realm of the organic and consequently organic logic mainly 

through the Principle of Analogy reigns supreme! In the deaign, of mechanisms, electrict 

circuits, public buildings, railroads, etc. all numbers are rational! There is no· BUch a· 

thing as real number! For instance, ,/2 = 1.414.. . and the dots in the end just 1t1ean 

• that if we need more accuracy in the results we can get extra decimals. In few words, 

our applied mathematics is what the Greeks called logistics, an amorph collection of rules 

, an~ experimental data accumulated through ages and a such transmi~ted from generation 

to generation and from civilization to civilization. It is this ~ula:tion of empirical 

knowledge which gives the impressi?n °[ !-:°~t~t p~~~;~J.~ting:wsp~ully 

the empirical fr?~ ~~~.•Y';11!:>.,.~,}~~·J{~f~~'#;tF,~•-~ o.:~ -~t~-~gip«::,1:pe>~~~f...'iew the 

engineera who built the pyramids, ~ .!lo cJ~ric _tf11Dple pr~ g~thi~_ ~thedr~Jaced similar 
• l _..a, • '-'J•J l t~ t ... - 11t.. -~ ,t) .1 1 r.,4 l., ::.-'lot' 1 t i, I,.') • • 

technical problems like the stability~~ -t_h.~. at~ct'%•,
1
~~~8t8f.Ft£:~:~f~~.i, -~tc. ~ut_as 

e:x:pre&Sive forms, a pyramid, a doric. temple and a gothic cathedral_ are three distinct 
• J.' -'"·- ' · ... .111:~!Jl::1.j .- :,,.,, 

symbolic representations of space of three distinct historical cultures., 
' ,._,~ ~ H• 1t t.' 

Our discussion leads us naturally to a famous statement which w~ -all heard froJJl our 

teachers by the time we were students: "today we intend to show you bow to establish an 

one-to-one corresponce between the points o! a straight line and the set of real numbers". 

The embarassing question here is: what shall we understand by straight line? If it ia 
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Bilben'1 abstract concept, disregarding any model, we shall have exactly the situation 

decribed above o£ the correspondence between two abstract sets and nothing is gained 

&om any •intuitive representation" in space. But iC by straightline we understand an 

object represented by a model taken from analytic geometry than there is nothing to 

prove because this model is already the set of real numbers itself. The only alternative left 

to our ~her and that is what be probably had in view from the very beginning, is that 

by straight line we should understand the Greek of euclidian line as an object in space 

given 11a priori~_. It is here that our tro~bles begin! 

Indeed, the only way' left to us was that of the pythagoreans and a Western math• 

emtician would proceed as follows: first o£ all we have to analyse the question of applying 
• 

a unit segment u over a straight line r a certain number of times. That depends on·the 

homogeneity of space and rigid motion of bodies and to define that we need to assume the 

rigidity of the unit u and we clearly get involved in a vicious circle. The only conclusioii 

&om an honest an~ diligent Western mathematician is that the procedure used by the 

phythagoreans is logically unattainable and could only be accepted from an intuitive and 

practical point of view. But then we had to stop right here and declare as impossible any -

attempt of ~tabtlsl:J, ~ ~e-to-one correspondence between the Greek straight line and 

the set of reaJ m~~~ ~pt, ~uppose Bom~a~ like. & peace-maker come along and says: 

•Ob! Let us close our ey~ £or the time being to that vicious circle and let us assume that 

in aome way or another we have the possibility of associating to any rational number a 

uniquely defined point in the Greek•straight line." Now, let us consider all pair of classes 

of rational nwnben (A, B) satisfying ctmditions D1, D2 , Da above defining a Dedekind 

cut. 1b each pair (A, B) there corresponds a pair of classes (Ar, Br), of points in r and 

then, Dedekind'• continuity postulate says: there is a ~nt" a E r corresponding 

to (A, B). Let ua analyse this question more carefully. 

Ymit al all, even from the point of view o£ Western mathematicians the attempt of 

defining a as the supremum of Ar or the infimum of Br requires a great logical 
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110phistication, much more than originally thought, to awid again the •c:in:vlvs ritio,m• 

of B. Weyl, [9]. 

Secondly and that is the main question, from the point of view oC Greek pometrj 

the point a (o-r,µt,ov!) is an object with proper identity exiiting in ipace and is either 

given from the beginning, like in the phrase, "let a be a point in the lintt '·r" or il · '• 
-

is given by the intersection of two geometrical figures, like the phrase, -Jet .a be the 

intersection of r with the straight line i". ' Consequently, the definition of the "point9 

er, as indicated above, by a pair of classes (Ar,Br) is·compl~tely'meaningless and cimld 

never be accepted by a Greek mathematician 11as rigorously defined". As a matter of fact, 

the whole diacussion around the celebrated method of HippiBB for the squaring of the circle 
• 

by using his quadratix is exactly motivated by the fad that • certa.io point is defined br 

a "limit process", as can be seen at (5-b]. 

Therefore, from the Greek point of view, there is in general no 'point coueapoojjng 

to a Dedekind cut, what leads us to the final conclusion that it is logically impossible 

from the point of view of Western mathematics to eatabliah • • on-t-ae COl"­

respondence between the set or real · numb~rs and the euclidean straight line. 

That can only be acceptable in the so called 11applciations of geo&ietry" in ·eftlJday life, 

110 useful indeed for the engineer: lhe arcluted~and ilae 'phyaiciat am~g others. ·-.. . .... 
4. To finish this section we discuss briefly the other axioms given by Hilbed concaning 

their fullfiment in terms of Greek geometry. 

About axioms of group I, i.e., axioms of relationship we see that 1. coneapoiida to 

postulate i of Euclid and 2. is understood as valid without it being explicitly Did U 

we pointed out before. About # 3, that a straight line has at least two points, it ia 

included in definition 3, Book I whicli say• that •t1ie extremities 0£ a line ~ points". As 

we emphasized be!ore, the concept of straight line coneapond to 1111 concept ol wg,oro& 

The existence of three points not in a straight line is provided by the definiticm 7 of plde 
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lllda,ce. A. a matter of fa.cl 10me of the definitions of Euclid are only intuitive explanations 

but others are mu<:11, more technical and precise aa we shall see in the following. Concerning 

~ 4- 6,~6, 7• 8 which deal with the relationahip between plane and atraight line we come 

lo tbe c:luaical discussion of the insufficience of Euclid's postulates 1 up to 5 to cover 

geometry in apace. This ia absolutely correct and we would expect from Euclid some 

postulate tuming the intuitive and vague definition 7 of plane surface into a operational 

and technical one. However this never happened in the Elements and indeed Book XI 

which atarla the geometry in apace has by no means the logical solidity of the Books I, ll, 

de. A vivid c:liscusso~;of the subject can be seen at (S-a], vol.3, p.272 . 
. ' 

For the axioma of group II dealing with order relation of points in a straight line 

we have to introduce aD ordering in the euclidean line. This can be achieved by ~ng 

that the point D precedes E as points of a straight line with extremities A, B i£ the 

aegmmt AD ia contained in the segment AE. Afterwards, we can aee without difficulty 

&ha& ll. 1, 2, 3 are valid, always having in mind that we are talking about the euclidean 

line and !MK about an abstract concept. Axiom II, 4 deserve some special comments. In 

many placea the Greek geometers UBe without any particular remark that a triangle, a ' 

polygon, de. eeparates the plane, namely, they define regions in the plane such that if 

we CIODDC'JCted on,/point'Of•o~'l't!gioo' with-another point of another region with a straight 

line r, then ' T' ·i'il~ ts th'e boundary oltlie· given figure. This is not made explicitly 

through a poatulate but it is a rconsequence of the definition 19 of rectilineal figure. Indeed, 

it ia given by the word 1rtpuxoµe110 derived from the verb 1'Epiex.w which means to 

IIUl"IOUDcl, to encircle in the sense of separating something from 10mething else. Perhaps, 

by that time, the meaning of this word was so clear, even from the mathematical technical 

point ol view, that Euclid found it unnecessaey turning the definition 19 int;<> a postulate, 

Cit ~be, be did and it waa lost. Let us not forget that, as far as we know, one of the 

oldal Greek copiea ol Euclid'• Elements ia provided by Theor of Alexandria, more than 

700 ,-rs after Euclid! In this we;y, with some indulgence to what was lost in time, the 
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definition of rectilinear figure takes care of axiom II,,. 

The axiom group III of congruence is taken care, if with use in the Greek aeme the 
concept of equality of segments by rigid translations in space, whose' discuaaian we h&Ye 

already done before. 

The axiom IV of parallels is a consequence of postulate 5 as well known. 

To summarize, we have shown that under the proper perspective of Greek mathemaUca 

and trying to reason as a Greek geometer we can, in a satisfactory way, show that, with the 
. u, - .. 

expection of axioms V of continuity, the remaining axioms a.re valid for Greek geometry. 
1 ..... 1.· • • ), 

Indeed, even axiom V, 11 namely, "Archimede's axiom" is true for Greek geometry being 
4 ~J ,. 

introduced in Book Vas proposition 1, which really depends on the' definition of comparable· 

magnitudes of Book V. As discussed before, the method of exhaustion is the real substitute 
I 

for the axioms of continuity whenever they are needed in Greek geometry. 

- §IV­

Geometry and Logic 

j ;,. • 

1. Traditionally when we f,alk_ a~11i..lDw.bemati,:a,~ ~ -~ tly _get ~ idea of 

something precise, where 1'e can "prov-e. wb11t .. we IRQ'.'.' .unde.t ·th~ fOJ"m!lli•= .:'"if we kftaw 
this then that'. In particular geometry since Eu~d. ha,1!1 ahray, , beffi 1qµoclel ol Iogic:al 

reasoning where we can establish facts by deduction from initial premiues in such a way 

that it is outside debates or points of view. \ .. .;: 

The in~estigations about the act of thinking in general with it. principles and la,n hu 

in Aristotle one of the most celebrated pioneers eventhough in m~ other civilizations like 

China and India several philosophers and scholars 8ourisbed in comparable lew1 to Greece. 

In the West the studies of logic began under the shadow of Aristotle in acholastic philoeopby 

and this gave the impremion that what we call ~ematical logic today rmulted fra:n m 
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evolution of the ideas of the Stagirite. That is wrong, in the same way that our geometry 

ia not Ul evolution o! Greek geometry. or course, analogously as to what happened in 

l!lAtb~atica our act of thinking has from the organic point of view the same background 

for 8SJY man from any historical culture. However, here again the form one expresses his 

ideu about logic is different in different historical cultures and this has an outmost influence 

in the foundations of geometry as we intend to show in this last pa.rt of our work. 

Mathe;rnatical logic or inorganic logic in our nomenclature became established in the 

.West on solid principles in the beginning of this century as a result of the works of Frege, 

' Peano, Russel, founders of the logistic school, Hilbert, founder of the formalistic school and 

Brouwer, founder of the intuitionistic school, to name the most important tendencies in the 

area. Whatever t~eir differences might be they are all concerned with the organogram of 

mathematics in particular its syntax in our nomenclature. Mathematics and in particular 

geometry u an organism with historical and cultural dimensions cannot be studied with 

mailaematical logic alone but it requires also the help of organic logic. Consequently as the 

organogram of Greek geometry is different from the organogram of Western geometry the 

."'logical structure" of one is essentially different from the other and it cannot be "deducted" ·· 

oue from another, or in other words, we cannot study critically Greek geometry by using 

the "logical structure" fofn Westem -geomettt and vice-v~ eventhough this has ~ 

traditionally a deplQJ'a,ble practic!e: with t'ragial consequences! 

With those reinuks in' mind let us analyse comparatively the logical structures of 

geometry in Greece and in the West. 

2. llecalling ROD1e ideas discussed before we have 1eeD that the organogram of Greek 

geornetrJ ill formed by words of the Greek language and geometrical figures ta,kens aa initial 

daia exiating in apace with their own individuality. The syntax of its organogram, namely, 

its rulca of imereoce is formed by aristoteliau logic as understood in Euclid's Ume and 

geomdrical camtrucliona, u we shall dari!y in a moment with examples. For the Western 
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mathematician this look like a very strange and incomprehensible attitude' becauae he-ii 

used to the organogram of Western geometry, which 1111 a chapter of eet theor,-, ia f'onned 

by a certain language, say English plus a collection of symbols and rules of inf'ermce gi'ftll 

by mathematical logic adjusted to some particular ICbool u indicated above. De&.itel7, 

. geometrical figure as such is not part of the business, on the contrary, they are not needed 

at all as independent entities lying in space and rather they are taken as names, lilie point, 

atraight line, plane, of particular objects attached to aome abstract eet and aubjec:ted lo 

certain axioms. 

Let us consider an example. It is a very popular attitude to ref'er ounel11e1 to Propo'! 

sition 1 in Book I of Euclid's Elements as defective because in a certain point it f&11a lo 

use the postulate of continuity! this proposition says that given a segment AB there 

exists an equilateral triangle with AB as one of its sides. The proof depends on the· 

fact that two circles with same radius AB and centers respectively at A and at B do 

intersect each other at a certain point C. The reaction of a Western mathematician ia the 

following: to prove the existence of the point C we have to use the postulate of continuity. 

But, as seen before, that is impossible because segments, circles, etc. are ~dentood in 

the Greek sense with their intrinsic spatial content. The only way to handle the aituation 

should be translating everything in terms of Westem geomletrf and ·•to,aol.e" the·question 

in terms of Hilbert's "grundlagen". This attitude 1'0W.d be,simibir to the following one: 

a Western architect visiting Athens concludes that the ,stru~~,of thei ,P~oa is no& 

strong enough and decides to rebuild the whole thing with reinforced concrete, materials 

of "better quality" and the final result would be in its appearance exactly like the original, 

but with a 'little difference: it would be not a doric architecture anymore! That is exactly 

what we do when we try do "adjust" Euclid's proof to an Western standard of -rigour.'. It 

i11 amazing how 1Uch crystal clear facts are complet.ely overlooked in the usual criticism of 

the foundations of geometry! How come so many brilliant minds involved in theae,atucliea 

never realized those fundamental questiom, that we do not understand - it is a mistery! 
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Now let us look to that same proposition from the point of view of Greek geometry. 

To be lhictly logical and precise it is only allowed to use in the proof the syntax of the 

oqaoogram of that geometry. Therefore, the rules of inference include aristotelian logic 

and geometrical constructions. Hence in the present situation it is logically admissible to 

accept the existence of the point C as a consequence of the properties of the circle as a 

Igwe in the plane. The geometrical 6gure itself of two circles as above includes the point 

C. However, this line of reasoning is inadmissible in a statement like: "in a triangle one 

aide ia amaller than the sum of the other two". In this case we are not talking about a 

. ·particular triangle but rather about the "genus" triangle and then a proof without using 

da&a from a particular 6gure becomes necessary. As a matter of fact, Euclid had_ always 

bceD criticized by his "excess of rigour" in trying to prove something that is "evident even 
• 

· for Ul us•. Euclid is supposed to have replied to that criticism as follows: "indeed the 

.. lmowa that one side of a triangle is smaller than the sum of the other two, but he does 

not know that. this statement is a true proposition!". Namely, the animals know that 

~g is but not that &ometbing is true. 

far' ua Western mathematicians it is very hard to accept that geometrical construction ·· 

ma figure can be part of the rules of inference of a theory in particular in geometry when 

• we n:duce everything tcf set· lheot'Jl; lndet:a, any set theory is expressed through a formalism 

iD whoee ayntax there is no room for geometrical constructions as objects existing in space. 

la IDOl'f'! ledmkal terms, the organogram and the syntax of Western geometry does not 
-, . 

matain any obJect with indepeii'dent ~stence in a visual and plastic space. 

We aummarize now for better understanding the logical characteristics of both geome-
. :,. I. 

tria in Greece and in the West and based on that we shall discuss, to finish this work, a. 

aeries ol questions connected with them. 

In Greece geometry ia an organism such that: 

a) ita organogram is formed by an usual language, most often ionic, with a syntax 
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given by aristotelian logic plus geometrical mmtructiona as objects mating m apace; .,. 

b) its structure is formed by the concept of geometrical figure 1111 objects gi~ -. ~ 

ori" with proper individuality and space is here considered as a real entity, finite aad 1riU. 

no relationship with time. Number i1 understood 1111 natural number, i.e., a coI1ection of 

units; 

c) its organogen ia given by its "genetic code" providing it■ evolution inside the Greek 

culture through the stages of primitive ornamentation, art and posterior omllDM!Dtation u 

discussed in (1-a). 

In the West geometry is an organism such that: 

a) its organogram i~ formed by an usual language, f'or instance, English and a syntax 

given by some logical theory, say formal logic as conceived by Russel and the SJIDbols and 

axioms of a theory of' sets; 

b) its structure is formed by abstract concept■ named point, straight line, plane, de. 

attached to some theory of sets and space is infinite, not visual and strongl7 c:onnected 

with time, disguised in the form of sequence of point■, limit processes, etc. Number is 

the abstract concept of real nwnber. 

c) its organogen i1 given by .its law .of.evolution in_side· the.. ~t.ern culttm: in the 

same way as any other expressive form, through the three stages considered in (1-a) . 

. _.,, ·1 .. ~ .... t!.1 ·,;14i;1" ._. -

In this way we see very clearly that Greek and Western geometries are distinct CII'• 
' -1 ... .. •• ~ 

ganism and its is impossible to reduce one to another and their f'oundatioas have ~ be 

atudied in their proper environment inside the historical culture to which the)' beloag. Let 

us consider now some questions related to both geometries. 

3. We start by returning to the question of continuity. As we saw before in the 

West the idea of continuity of' the straight line ia expressed through Dedekind'• ~ts and 

it ia meaningful ODly if' atraighiline is understood in the abstract i,em,e cl Hilbert. I& • 
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impmaible to apply that concept to the euclidean straight line aa seen before and in this 

cue the ~ural question is: how did the Greek geometers look to the idea of continuity 

of Jh,: atraipt line? This question has a great importance for the foundations of geometry 

uu:l alao for the history of mathematica mainly because it is in a certain sense still an open 

qQeatiool Indeed, what we know about Greek mathematics, through documents which 

auniwd the destructive action of both time and man, is only a small parl of what was 

dam: by the Greek geometers. Hence we find here and there some fa.eta giving a faint idea 

of tbe use ol continuity in geometry. One of those points is related to the question of 

aiateoce of the fourth proportional. 

fbUowing Eudoxus and Euclid, suppose that we give three magnitudes a, b, c, where 

• and 6 are comparable and look to the problem of finding a magnitude d comparable 

wida c called the fourth proportional of a, b, c such that 

Clearly that is not true for all classes of magnitudes. For instance, it is no~ true 

in general for numbers (natural numbers!} like 2, 3 and 5. However, the existence of the ·· 

fourth proportional is always true for classes of magnitudes which are capable of "changing 

in aize continuously": which 'ii ~tually-tbe fundamental hypothesis in the classical proof 

by De Maegan u rej>~uced·by Heath in [2-a) following Prop. 18 in Book V. 

The question is to clarify the meaning of "changing in size continuously". For the 

cue ol the straight line we find_ in Postulate 2 the word uvvcxta in the neuter which 

ia equivalent to t~e adverb uvvcxwa meaning continuously, without gap, namely, it 

ia assumed that a straight line can be increased in size continuously, as the result of the 

combinatioa of awcxta with the verb i ,c{Ja>.dv which is the aorist ten~ mood of the 

iufiuiuYe c,c/Jo>.M.I meaning "to throw" or "cut. out". Therefore, from the Postulate 2 

&akiPg in coaaideration i" writing in Greek, we have to assume that the continuity of the 

~ liDe wu a da1um "a priori'" with apatial aignificance. Of course, a more technical 
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approach to the idea of continuity had to be provided and this is exactl7 Mhiffed by 

the existence of the fourth proportional coupled .-ith the principle of exhaut.ioa. We _. 

preparing a more elaborate paper on this BUbjed to be pusblished elsewhere and ~ 

right now, we content ourselves with some general remarks and examples. 

According to Book VI, Prop.12 of Euclid's Elements, the fourth proporiioml mats for 

the case of straight lines and by Prop.I of the same book the result can al90 be e:dended 

to polygons, namely, if a, b are polygons and c is a straight line, then there ia a ltraight 

line d which is the fourth proportional of a, b, c. Afterwards, by using the mdhocl of 

exhaustion it is possible to extend the result to figures A having the pn,pedy. there are 

two polygons P and Q with Q contained in A and P containing A 111cb that the 

figure, difference P- R, can be made smaller than a given square B. That is, of course, 

quite similar to the definition of Peano-Jorda.n measure but only formally. Indeed, to say 

that P - Q is smaller than B it is understood that P - Q is equivalent to a aquare B' 

which fits inside B with complete absence of any numerical content. On the contrary, 

the Peano-Jordan measure relies heavily upon the concept of real number, an abatracti~ 

incompatible with the Greek thought. 

Assuming as well defined the concept of magnitude "changing continousJy• the Greek 

geometers used very often the prin?ple_ o! t~e ~~~ _cf ~he ~~h p~ ioo~ in the 

following context: suppose that we ha~e to prove that, for _magnitudes ~,6,c,d it ia true 
I 

that 

. (1) 

As for relations we only have either = or ~ then by assuming that (1) ia falae we 

have either ' > or <. 1£ it is > then there is a magnitude II > 6 such that 

(2) 

and afterwards we try to find a contradiction as a consequence of (2) and similarly,for <. 

U is clear that this type of reasoning, namely the existence of II, depends on the •c:hangiiig 
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with CODtinuity" o£ the magnitude 6 and the puzzling question is that, as said be£ore, thia 

· technique is uaed vtty often by the Greek geometers, u for instance in Book XII, Prop.2 of 

Euclid'• FJemeuta, without any comments, what leads us to think that it must have been 

a well known result in Greece, in the same manner that in the West everytime we use the 

idea of cootinuity in one way or another we do not bother ourselves to recall its definition 

all the time. By another side, 10 far we have been unable to find aome work by a Greek 

pamder dealing specifically with that question. We are conviuced that they did it but it 

bu beea 1oat forever u so many great achievements of the great geniuaes from Greece. It 

ia 1111 open queation anyway! 

4. Let us study now the question of the non-euclidean geometries. It is hard to find 

ui an:a of mathematics where the misioterpreation of facts have gone 80 far and 80 deep. 

for about 23 centuries the "problem of parallels" got the attention of mathematicians 

both in Greece and in the West. The great comedy ( or tragedy!) has been: it was never 

really a problem and itll "solution" found in the XIX century has never been 

a 110lutionl We dedicate this last part of our work to the clarification of this statement. 

The wOl'd parallel is itself Greek, of course, and it means "side by side" from 

•opa,\,\q.\oa. For instance,. in architecture we say that two beams run parallel to each 
4 r,1!'>'1 1 ,, '[ ' 

other, i.e., aide by side similarly. This concept is deeply connected with the principle of ... 
• C 

analogy ol organic logic. Indeed when we draw parallels in a sheet o£ paper we start with 

~ liDe and afterwards we imitate that line by analogy, drawing other lines parallel to it. 

Without this organic notion of parallels architecture cannot exist. That ia the reason why 

from the 'W:rf beginning the notion of parallels was associated with three other notions: 

1) two •traight lines in the plane without a common point; 

2) two at.raight lines in the plane with the same direction; 

S) two at.rajght lines in the plane with conatant distance from each other. 

Due to the fad that an exoellent hiatorical-ait.ical study of the relationship among the 
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three notiom above with the concept of parallels is done by Heath m:. (5-a} 'whm clilcuasmg 

def. 23 of Book I of Euclid's Elements, we only focus in here into thoae aspect■ cA the 

question which are relevant to our point of view in this work. 

Euclid takes 1) as the definition of parallels in the more precise statement of def. 
,· 

. 23, Book I, where he ue■ the idea of "producing a straight line indefinitely•. The word 

&1mpov, which means generally without limits and already used by the philosopher 

Anaximander in relation to the Universe, in geometry is connected with the idea of eome 

magnitude which can be increased as much as needed but never inftnitely in the eenae 

of atuality, but rather only in the sense of potentiality. For a Greek geometer It i■ 

meaningless to say that the straight line is infinite. From the very beginning they realized 

· that to avoid troubles and paradoxes it was better to get rid of the idea of actual Infinite 

from the start! That is why this notion was banned forever from geometry and u a matter· 

of fact from the whole Universe as felt by the Greek soul. 

The idea of using 2) or 3) as a definition of parallels was rejected, among others, 

by Aristotle as leading very easily to a "petitio principii" and consequently discarled by 

Euclid. However, Crom the organic or intuitive point of view they are l/f!ry appealing 

and indeed are the •everyday used" definition of parallels. Suppose, for instance, that a 

company decides to build a railroad in South Am~ciiitimn South' to North in a "straight 
. ' ... n '_, 

line". One of the rails could follow exactly a meridian., the other running "parallel" to it. 

Of course, parallel here means to keep the same distan~ fro~ each other along the way. · -

The notion of distance here is very clear for the engineers and working people: it is given 

by the modulus which is an iron bar used to fix the rails at equal distance before nai1ing 

them to the beams. Therefore, irrespective of the curvature of the earth for the rm"lroad 

builders the geometry to be used is the Euclidean and not the ruemannian one, ~y, if 

the rail i1 taken as a straight lin~ the other rail is also a straight line parallel to it! 

Another example: two airplanes are to fly from south to north keeping the_ "lame 

direction". Clearly this means that they are ■upposed to fly "parallel to each other", 
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umely, lbey ahould not follow two meridians; otherwise they would collide in the norili 

pole! To •ftly circumvent the eacth they have to keep parallel to each other in the 

,aaae cil never deviating' themselves from a "fixed direction". Here we reali7.e that the 

idea of direction is an organic concept and cannot be reduced to the formalism of the 

iDoqanic logic. This does not mean of course that with suitable convention we could 

DO& formalize this concept in an abstract formalism. Indeed, with the help of algebra 

in &opo2ogy, differentiable geometry, etc. the concept of orientation of a manifold, for 

example, can be introduced in abstract terms, but never in terms of Greek geometry. The 

CIC'guiic: iniuiuon of space is present in our "visualization of the orientation", like the rule 

ol three 8n&en in t.he "geometrical" dennition of t.he cross product. of two vec~ on 

the momentum of a force, etc. 

Couaidering all that Euclid had to introduce the notion of parallel in geometry in such 

1"111 u to keep in the background the concept of equal distance, aame direction and do 

Dal having a point. in common. On top oC that, what is a Cundamental assumption, to 

praene the definition oC straight line. All that. is achieved with the genial introduction 

,;I. the v•• p015tulate. As discussed before, this postulate is only meaninglul when under- , 

a&ood u a tehcnical procedure for connecting the dennition of straight line as something 

which llproceeda evenly with~~~ devia}ing Crom its direction" with the notion of parallel. 

Tberelore, any attempt to "prove" this postulate has to use some alternative dennition 

~ atraigbt lliu! and parallel which is the same thing as to substitute that postulate by 

., emudhing equivalent to it, preserving the concepts of straight line and parallels as entities 

.. * propertiea existing in space and given "a priori" with their own individuality and not 

u .-tract entities belonging to 10me set theory! 

Consequently thia postulate is clearly improvable Crom the very beginning using only 

the other four postulates, because we cannot prove something about some object without 

uaing all ita eueutial properties known "a priori". Now, "to proceed evenly without deviat­

ing from ita direction• ia an eueotial property ol the straight line and indeed if we analyae 
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all ~roofs" of the v•• postulate they invariably use aloog the way 101De usamptioD 

t ranslating in one way or another that essential property ol the straight line ol ~ 

evenly .•• " 

To summarize, regarding the v•• postulate either we provide a proof', by ming .me 

equivalent hypothesis lo .include the concept of straight line and parallel and in tlm cue 

the proof itself is correcl as the classical case of Ptolomy's proof, for example, or we do 

not use any equivalent asswnption and in this case the v•• postulate is not a comequauz 

of the other four postulates by the reasons explained above. That ia what we meant before 

by the statement that there was no "problem" of the independence of the V'1 postulate 

from the remaining four! Now about the solution! 

In the XIX.er. century geometry has to be understood in the Western 11e1111e and CIODfle­

quently the words point, straight line and plane do not have any spatial content but they 

are rather abstract concepts. A straight line, for instance can be "curwd", like meridiam 

on the surface of a sphere. For the Greek geometers a spherical triangle was not a triangle 

in the euclidean sense but jU8t a figure drawn on the sphere whose &idea wae an: of merid­

ians. As a matter of fact, there existed a whole branch of geometry called Sphaerica. 

dealing with figures drawn on a sphere, of great importance to astronomy, CODDected with 

the names of Menelaus, Ptolomy and others. But they n~~ looked to that as .a "Dew 

geometry"! 

When Gauss, Bolyai and Lobachewsky started their ~lebrate resean:h in the theory ol 

parallels 11et theory did not exist and the concepts of point, straight line and plane were not 

yet clearly conceived as abstract entitiea in the sense of Hilbert; on the contrary, euclidean ..-· 

tradition ~as still very strongly rooted in their mind. eventhough the Greek coocept ol 

space bad already been erased by the action of time. The real problem of. Gauss, for 

instance, when he got" disturbed by imagining a "non euclidean geometry", wu his fear ol 

contra.diction with the uaua1 (euclidean?) concepts of. points, straight and plane .• the 

reaction of the public; what lead that great genius to hide his discovery for the time being. 
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Bolyai and Lobachewsky were less concerned with "plebis opinio" and decided to prove 

tbeorema until the eventual finding of a contradiction resulting from the substitution of the 

fifth pottulate by &0mething else, as for example: through a point P outside a straight 

liDe r iD the plane we have two families of straight lines formed by those lines which 

iDteraed r from one aide and by those which do not intersect r by another aide; the 

boundary lines of both families were named parallels to r. Of course, no contradiction 

.. found with •euclidean geometry" bee&U8e the concept 0£ 1traight line used by them 

WM DO& the euclidean one iD the Greek aeuse, namely "proceeding evenly ... " 1f they had 

decided to uae the Greek concept of 1traight line then they would have to introduce this 

comiept through some hypothesis equivalent to the V'" postulate, as discussed before and 

in thia cue they would have, for BUre, reached a contradiction! 

After Beltram, Poincare and others a aeries of models of non-euclidean geometries 

have been built, _but in all of them the concept of straight line is not the euclidean one 

and comequently they do not solve the "problem" of the V'" postulate. All they do is 

the preaeutation of sets with certain structures which obey similar statements to the 

pc»tulata I up to IV of Euclid'■ Elements but not the V'" one! That is what we meant ~ 

bef'on by "the aolutions were no solutions", bee&use there was nothing to solve! To render 

Um point clearer let us analyse briefly one of those models. Let us call "plane" the interior 

ol a diac D aod atraight lines all segment, inside D with extremities in it■ boundary; 

"point■" will be the "usual ones". The notion of distance of two points P, Q is defined 

by the log ol the absolute value of the double ratio of P, Q and the points A, B defined 

by the intenection of the line r through P, Q with the boundary of D. Details can 

be aee11 either in [6) or in [10). Now ta.king a "straight line" r in this model and a point 

P outside r we have two •straight lines" intersecting r in the boundacy of D (at 

infinite!) al point■ A and B and hence they are "parallel to r". But, of course, this 

~ does not show that the V'" postulate ia independent of the other because the 

~ ol atnighl line used there ia not the aame u Euclid'L All it ia proved is: if a Bet 
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E with abstract concepts named· point, straight line and plane satisfy formally the 

postulates I up to V of Euclid's Elements then there is another model E' which satisfies 

I up to IV but not V! Therefore postulate V is independent of postulates I up to IV of 

model E: "Elementary my dear Watson!" And this, of course, hM nothing to do with 

geometry in the Greek sense! As a matter of fact, a "small being" living in our previous 

model in the disc D perhaps would have a feeling that the segments .AP and PB above 

together would form a "straight line" and therefore in his intuitive perception of facts in 

his Universe maybe the V" postulate would be true afterall! 

Finally we come to the question: in the real world of our perceptions is the euclidean 

geometry experimentally verified or not? Here we are dealing with organic logic and 

cosequently everything depends on our intuitive feeling of point, straight line, plane and 

space. As seen bef'ore, for the architect and the engineer definitely the geometry to be 

used is the euclidean one. Indeed, we doubt if any one of us would ever buy an apartment 

in a building knowing that the architect used "non-euclidean geometry" in its design! Or, 

what tragical consequences would result if an engineer would build a railroad assuming 

as "straight lines" the meridian on earth. By another side, how about the physicist who 

assumes as a straight line the distance between two poin~s P and Q defined by a beam 

of light from P or Q? It is well known, how starting from here, Einstein and others built 

a model for the Universe which is a four dimensional riemannian manifold. Of course, that 

is only an abstract object such that conclusions deducted from it, so far, in a large range 

of phenomena are confirmed by experience. It has no claim to be the real world, which 

is organic and whose existence is felt by our intuition through our senses. Here more than 

ever the distinction between the organic and the inorganic is fundamental. In [1-b] this 

question is diSCU8Sed in detail and right now we shall only recall a few important points of 

this subject. 

In (11] Kant discusses the question: is the concept of space synthetic a priori or 

analytic? The crucial point here is to clarify the meaning of the word space. In his 
I J 
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criticism to Kant, Gausa makes it clear that for him it was not correct to suppose that 

euclidean geometry was necessarily the geometry of the real world. The whole point of 

disagreement between the two giants was simply that they were talking a.bout different 

concepts! Gauss intended to show that other geometrical models for the world as a 

reality could be proposed besides the euclidean one. We see clearly that he was talking 

about inorganic space as a model of formal representations of our intuition of the space 

of the real world. By another 11ide, Kant was talking about organic space. Indeed, if 

we analyse deeper, the kantian concept of synthetic judgement a priorj we realize that it 

fits only in the realm of organic logic while analytic judgement belongs to inorganic logic. 

Consequently, when the great philosopher of Konigsberg 11a1s that space is a concept 

synthetic a priori he is absolutely correct becaUlie he is talking, perhaps without a clear 

idea of it, about organic space. This misunderstanding of Kant's ideas a.bout space has 

been rooted like a weed in the Western thought until our dars. Indeed, in the work of most 

philosophers and mathematicians in our Western culture we find vestiges of this confusion 

between organic and inorganic space. 

Here we feel with great intensity the difference between Greek and Western geometry: 

the inorganic representation of the organic space built by the Greek geometers were 
.I 

close to each other while in the West they are as far apart as possible: two distinct hist~rical 

cultures, two distinct concepts of space, two distinct geometries! 
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