


A CRITICAL STUDY ON THE FOUNDATIONS OF GEOMETRY
by
R.G. Lintz - University of Sio Paulo, Brazil

Summary
A new way of approaching the study of the foundations of geometry is attempted here
by locating the subject in its historical perspective. A critical and comparative discussion
of the Greek and the Western concepts of geometry tries to emphasize their differences.

-§I-

Introduction

Transcendental Dialogue:
Euclid: “Znucidov eotiv, oo uépos ovdéu.”
Hilbert: “Nein! Die Ebene ist ein System von Dingen, welche Punkte heiflen.”

1. In this work we intend to develop a critical study on the foundations of geometry
under a broader philosophical perspective than that mostly often considered by the authors
dealing with this subject. Usually geometry is understood as a science which started with
the Greeks and had afterwards a “natural evolution” through many centuries under the
tutelage of several other people like the Arabs, the Indus, etc. and finally reached its
“higher perfection” in the hands of the Western mathematicians. We have always rejected
this approach to the subject and instead we ghall build a completely Mamt picture of
the situation, which will be the aim of this work. As the historical perspective will be
of fundamental importance for us we start by recalling some basic facts of philosophy of
history and also ideas developed in our previous works [1-a] and [1-c]. :

Any theory of history develops a certain scheme through which facts are collected and
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g malysed léadisig to some ‘conclusion explaining “what happened and what will happen”.
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A theory is b‘&l than another if it can le:q;iain more fu:ts with a minimum of genera

mumptxoyﬁ‘s 'I'“ 8 our op:mon that the lme of thoughts deve.loped in philosophy of hmtor)
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A. Toynbee 12] and O Spengler [3) is a.ccordmg to the cntenon above, the most genera]
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and profdund‘ theoty of history. It allows us t6 l6cate and explain facts better than any
other that we have fioticed and thetefore that is the philosophy we shall use fn this Work.
"The reasoh ‘WHy thdse Tiebries’ have  been ‘rejécted by thé’ tnajority of philsophers ‘and
“pcientists’id dakily' ¥plained by psychology: they shake the'very foundations &f beliels we
considertd & ’60'6(11)} éstablished and in particular hurt the pride &t oir Westein Civilization
b’y“‘t' g it ‘dofrhs otk its pedestal of the ﬁnest ‘achievements of mankind t6 afi equal
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ground,’ Withdul a nny clditm'of & superiority, with the other civilizations and historical ‘cilfuies
“y w’hndm"preo’eed’ed us in time. But it is about time we put aside oui pride and mogiﬁ)u
'

" and try to analyse the facts in a real objective and unbissed persﬁéc‘txve il
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2. Anyibtorical culture is an organism which exists and develops itself in time and
space. :‘The word organism.is made precise i the following ‘way. ! It s an object of our

I- consideration i(uéfnua) determined by: -« 5 it Tt ot b e 1, »
" 4y altcdriai' forin whichl ean'be'detected by \is thicugh sorie‘matérial media like Agures
i spice; dolonits, dotirids, written words or ¢igns of sy kinid; Which we shall denote by its

B’x‘iﬁﬁﬁk‘?a’tﬁ, ‘tkpressed and conducted by #set of rilles n&.me'd ‘its syntax;

) i a'.;:; number of fundamental elemmtd giving the orgamsm its own identity and

diaj'guﬁﬁx(hgl't from other orgamsms whxc.h we call its structure,

¢) a certain genetic eode responsxble for its evolution in time according to certain rules
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Take a flower: its appea.rmce ,iglgiyen by its particular shnpe eoloura, etq. whig-h is its
organogram and nature settles th‘ese fil“{,‘fnj xm:cm-dmg to rules depensljmg on xts species
1 G o 2 a2t

and genus which is its syntax. Its mternal orgamza.t:on, namely, m physiology chn.m:ter

THL bbb ,f 2y

ized by the proper functioning of i ats seyual organs pmvx,des its stmcture an
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genetic code which oondxtxona its development from bu'th to death is 1ts?organoge ,
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' As a second example take a historical culture. Lts organogram. is given, by all its
gxpressive forms, namely an a.rchxtectu:e, » sculpture, perhaps a music and also a mathe-
matics, These are objethve documents which show the existence of the historical culture

.in space and time. Its syntax is ptovxdegl by the rules of sucq@s;gn of those, forms in
19Rage and ime.; One of these:rules is that the beginning of each,bistorical culture is »
kmythalogical age a.nd the. end a technological age. The str_uscture of a hiqtox%ca_l, culture
pven by its prumtxve symbols translating its feeling of the cosmos. Fop mstepqe‘ in the

IR

; G:;%ek eulturehufz‘g‘n‘g these symbols we find a strong tendence for t‘he ﬁpxte, tl‘l%\‘r(xisﬂ?le H)d
plastic space the. ie,l;x:‘qr of the infinite and time what explain why sculpture is its most
characteristic expressi;e form rather than, say, music and geometry as the study of figures

I.in space is their mathematics together with the integers as a collection ofi@nitics. There
;is here no room fars the. abstraction of set theory and real numbers.s This. consideration of
mathematics, in particular geometry, as a form of: expression attached to & historical

.Gulture will be.of fundamental importance.in this work, Finally:its organcgen,is given by
its law of evolution, in time:; jts bigls. yputh, maturity and old.age, Fach of these gtages
emphasizes one or more particular expressive forms. In genegal for mathematics when. it
emerges as an expressive form thil happens in the transitiog ftom matunty to o}d age,

----- Gidaesd

while on the contrary, arch.\tecture is usually the first great etpresslve form of a historical

Js “hlu%:.l] Qi N
culture appearing in its youth. , \
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Finally, the leit-motiv of this work will be the consideration of geomet BS 81 eXpres-

L5 {Gdli) lt’) I iglv]
sive form or better an organism ;ttached to a historical culture. In our case we shall be
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dealing with geometry in the Greek culture and in the Western culture. Here by Western
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culture we undenfami the lustonca.l culture Wit i Vi chltai el mythology i
e dommatmg today all over the world and perhape over a large part of the universe du
'to its rdeep‘ pas'snon fof the infinite, the abstract space and time. Space is reduced to &

Zig-2 \'3‘ugu}‘
cabstrnct‘et;ncept Its strong opposmon to the p:cture of the ‘world created by the Greel
J YU} T i
clvnhzahon will be responsnble for its opposite appmach to geometry
oWy [EHR I ~ i L

» < + 3. The study of the syntax of the organogram of a certain organism is an impertan
stage of the study of that organism and the discipline dealing with that we shall denominat:
Inorganic Logic: It corresponds in the case whete the organogram is.given by a langiag

.-to what is traditionally called Logic and more recently, Mathematical Logic. However
there ié another discipline concerned with the study of the structure and the organoge:

.of a gertain ofganism which we shall denominate Organic Logic. | As far as we koov
this discipline did not have the same attention as the Inorganic Logic eventhough i
is already present in all our mental activities. One of its fundamental principles is wha
we have called the Principle of Analogy, which allows, for instance, a naturalist tc
classify plants and animals and which is the base for all experimental sciences. By its owr
nature, contrary to what happens to Inorganic Logic, it is not formalizable: it exists onl)
in intuitive and inductive reasonings and never in deductive ones related to the very act o
un derstandi nﬁa mq}'pl‘m lt seems to b ha ve been already notxced by Goethe through hi:
great and | pmfound intuitive feehngs of Natyre as in [4]. More detull can be seen at [1-a]

LAiksE

oo v We summarize the s situation in the diagram below I
ptr il :axd Sl e o organogram oo .
o ' Inorganic Logic
At ndenonit 0 g v 4 syntax
ORGANISM
e Yademosy For et b aid oLl "structure
R CIRNTH I ST IS B CIIEF ERITAESOOU KT Organic Logic
organogen

After the lx;tmductwn of the fundameninl ideas above we can state with more precision

i 1
our aim in this work We intend to cons:der geometry as an organism attached to eithe:

t
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the ‘Greek culture or the Westcrn culture. Consequently, what we undetstnnd by the
foundatxons of geometry is not.the same what is usunlly known by tlut nme, Being

Y S e

an organism to study geometry or its foundatxom it meax. to ltudy its organ mth xts

P R T3 B 0 IH'!\-\"‘!L)

syntax its structure a.m_i its organogen, what reqmres the use oot only of Inorganic Logic

b Ly ca gy hpopon lentinia

but as well of Orga.mc Log:c YVhat l?ve ge:n d:m? E)y pffg}e‘ztudyazu§ %‘3 gmd‘at:ons

of geometry has been really the study of its organogram and syntax and moreover only
a8 conceived in the West, natiely by the Westérn culture and its mathematicians and
+sphilosophers.’ Clearly this is a rather short perspective of the areadsid that will be not our
:» philosopby in this work: We'shall be dealing first with geometry as conceived by the Greek
i-culture in its proper envifonrnent. Afterwards we shall consider jfs study id the Western
aculture and finally a parallel between both geometries. This attitude will certainly provide
;v ew insight into the subject with many surprising results shaking I little bit perhape some .

t of our most firm convictions! - Dttt 2 apiege o FLD
N Vot Dt '

v dyen oy PN i

e - §I1 - 2

(hre . Foundations of Greek Geor'rngfry, e -
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e 1. The study'of aixwy"’mmxfesta‘lnon-'t‘)’f a 'hls rfcélvc‘ult AT '0& D “&"n} oﬁ". & documen S ts

2 available to us and one of {he difficulties of the subject is | mét;'r}eft‘: % "a]ﬁi's"m& inter-

pretation of those documents lea.dmg to a reconstruction of tfle s!ifu:l%’nm “iuafﬂ always

subjetive eventhough we try our best to'be as impartial as possible. The historian faces
here the same type of problem as does the archeologlst who wants to reconstruct, for in-

- p N aw
e i)

stance, a whole sculpture from scattered pieces of stone. In the case of geometry we rely
on the texts available, namely, whntever rexnamed to reconstruct the Greek thought on

I NELs K S5 b |
the subject. Of course, xtmoumdethe of tlus work nnd:ls?ofour cfmpeteneeto
xf‘i L T R TCI TL A Fas ¥y B (i g
endeavourmtothemucalmalymofthctextl. Ratha‘weshnllrdyhu’eonthcmkof
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Sir FiL: Henth and his translations of so many texts 6f:Greek mathematicians, which we
believe are Among the best available in Englishy Gertainly, the celebrated works of Heiberg
usic Diels:will bé-lwayy in the background to help us'in'thdse more obscure and debatable
m‘w'sg add @Simimidss, suoy ool ying ex duatl aat K i S

Ay Euu wd als

alym of the fousdations of geometry starts mth the questxon “what does

4! L? o < e - b, Sl a ) b ( Bty
exist at thehséofgeometry o 3 -

For the Greek mathematicians what existed fn geomet&'was the geometncal ﬂgure:
as entities existing in a visible space and with their own xdentxtnes, namely, they were
realities given" s pridii"as far a3 possible from pure abstraction. - Indeed, it belongs to

our intuitic the feelin of straightness, fiatness, the feeling of spaciousness given by our
' frecdonit'of shiovements’snd felt with great intensity by a ballerina, etc. and in giving form
to thosd'sensations the Greeks explained the concept of straight liné, point and plane with
‘a strong plastit, visible and finite content. ; O PO IR S
' Therefore what exists in mathematics is by one side the geometrical figure andiby
another side the:siumiers as discrete unities and completely set apart during the establish-
‘ment of mathettiatis 4 a rigorous discipline in the hands of Etdoxus and Euclid. Indetd, -
the failure of the pythagorean approach to geometry, leading to the “crisis of the incom-

mensurable” for one and a half century, ongmated in the idea of assocmhng numben
'l 1my b A4 ﬁ‘iil'lf ey Y Ty J-’ A un, ‘;‘,* Ll ’ ” Thell' the-

to segments the euphory ﬁ:at numl;er is the" ongm
ory of measure of a segment with a certain unit produoed the d\lemma. either the result
‘wad" o ratioia Hufnber ot‘they had té' assume the possibility of division of a segment ad
mﬂmtdx’ny‘?:f@dﬁhg all ‘tfie well known patadoxés of Zetion #nd others. It is attributed to
&ﬁé’p‘eﬂtzmbuﬁls"the ‘soldtion ‘of the puzzle with the creation of his deep and profound
{hwt‘y of imlgﬂxi{tﬂe's’which’we‘ ktiow' through Eticlid in his book V of the “Elements”,
15-a): - Hiz* finddmental 7dei was té eliminate the numbers from geometry, namely, the
geometrical ‘figures turned out to 'be'the primordial elements of geometry, the initial
" data, and the measurement-of length ‘of segments, areas and volumes of figures in the
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plane and in the space was noinoze the business of the geometer; it belorigs fiow to ap-
plied mathematics, or logistica (Aaycogisij} the “art of caloulation™. That was yseful for
engineers, acchitects, physicista; etp... but it, was not the concern. of,the, mathematicisn
or philosopher. As a matter of fact no only Plato but even Archimedes, the Mpf

the “applied mathematicians” of Greece 'pnﬁdqedr‘agbf‘,ig‘x’gg})le. and vile.the business of

L BRI

mechanics”. Certainly nature provides challenges for the mfathexgp\hntxgu} m.l}‘ }hese only

atttu’n 8 supreme le‘ve} ?f dignity when pf?ggr}! .tffﬂtfd__bny nm’gmtqul met}xoda.

2R LR R v T
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o: = In this way, Eudoxus’ theory of magpitudes is the foundation of the theory.of similitude
of figurea and their equivalence ip.area and yolume jndependently of measpraments.
For the particular cage of ‘curved’, Sgures, like the circle, the pasabola, gfc, the method of

exhaustion furnished the means for their comparative study relative to.size, (redxorys).

This point alone would be already enough for anyone'to repel the bastard idea of
approaching the concept of real numbers to Greek geometry and not beisurprise anymore
for ot finding in Euclid, Archimedes and Apollonius no trace of any “formulas™ for *com-
puting” the area of.m;,:ia,agl,e or any other figure. As we proceed thisijdea will become
clearer. ‘... adt ot xoeof ane oY Simasigy meenaidiva il 36 g

i1 = Ticinpama Yo gobi adi of bodgainito cutass Had s bue 220 10} "efdnooa

Let ys go now into ’tljle analygéu_ of the basic elements of Greek geometry under the

AR AL YA LOTIIRE e odeniag Tl andages adi Thor asdieninzen

shadow of the ideas introduced in §I.
LI i

P A ot gk Y Seeer fgserrne « Jo cresm e e

Looking to the prgapogram.of Greek geometry we-observg,that. it is eonstitnted by
a certain language, say .Greck,, plus geometrical figures as real. eatities exisfing in space,
where space here is the inorganic space which for the, Greek mingiis » model retaining
all the basic feelings of the organic space and not an pbstract idea mithout.any \g_ipible
clemeats. True, it is hard and difficylt for ys, Western, mathematiginps, i 5asp.this idea
in totum; we shall never be able.ta do that;, thereal and desp feelings.of past civilizations
is last forever! Only with great effort in, trying to “think as 8 Greek™ we shall be able
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to experience that feeling of the plastic space so magnificiently expressed not only in
the Greek geometry but as well in the architecture of Callicrates and in the sculpture of
Pheidias and Praxiteles. This plastic space will be the stage where all the drama of Greek
geometry will be presented with its figures and demonstrations sometimes showing up like
a deus ex machina!

The syntax of its organogram is made up of definitions, axioms, postulates and rules
of inference which include not only Aristotelian Jogic but geometrical constructions as
well. That is one of the mobt important aspects of the subject which has been completely
overlooked and distorted by the late criticism from the Western point of view. Indeed,
through the prism of our mathematical logic it is almost impossible to understand how a
geometrical construction or figure can be part of the rules of inference of any logical syste:n,
because it cannot be formalized as such. The reason is that since Peano, Russell, Hilbert
and all the other creators of “modern” logic and mathematics basically a logical synte,mq_i;s
a collection of signs and the rules of inference are nothing else but rules of manipulation
of these signs, if we take, for instance, the point of view of Hilbert’s formalist school.
Therefore, there is no room for & geometrical figure to be part of the rules of inference! Of
course, we are forgeﬁt:ipg thag &igns’or‘ letters drnwnm a paper are, afterall, geometrical
figures! . ctavitteoq dramr s sl yriras vd hos avia afdiiv o o

. For the rest of this paragraph we shall only be concerned almost all the time with
the analysis of the organogram of Greek geometry and its syntax and therefore we wish,
for completeness; to say only a few words about its structure and organogen which fall
under the dominion of organic logic. In future works we intend to focus in this area with
details. The structure of Greek geometry is given by the peculiar feeling of space by the
Greek culture, namely, the organic space is here the essential element felt as a visible,
finite and plastic object where the geometrical figure can move without deformation. The
intuitive base for the concept of superposition of figures is rooted here in the structure

of Greek geometry and consequently can only be understood under the laws of organic
8



slogic without any possibility of being formalized. This concept ‘is used very often in
proofs of theorems as a part ‘of the rules of inference. Only-through the: postulates, to
be discussed below, it is possible to render this concept a formal one. But a trace of the
organic will always remain behind the scene. It is this closer relalionship betweea organic
and inorganic logic which is strange to us and it is so dear to the Greek mind: Finally the
organogen of Greek geometry is responsible for its devebpmgn;_in time in the sucession
of expressive forms constituting the Greek culture, As discussed in details in (1b and ¢]
¢ evolves through three stages; primitive ornamentation, from, the beginning up to
_E_udoxus, art, from Eudoxus_ through Eucli_d, Archimedes up to Appllqnius and posterior
Zornamenta.(:.l?‘n;, ‘from Apollomus up to the end of Greek culture a.rot‘n;d thg V century
AD.

#1- e 2t a0 LR S S LA SRR R Loy "x,;-u,\ RS 7 AR CIEPE DR E B

950 3 "Let usrgo'badc ‘to the discussion of the organogram' and ihehsjafax ‘of Greek
':gégmeﬁr};."We start with the analysis of some of the definitions. given in Book I of Euclid’s
1Y

‘Elements. As we know it today it begins abruptly with thie defiition 6 point:
A

e e “Point is that which has no parts.”

g B
% Our first reaction to that definition is: “it is meaningless”. But let us try to under-
“Sandwhateally Buiclid intended'to 'say:; The Greek word for St iy ovpessv, which
means a mark, or a visible sign and by saying that his mark positively has ﬂdapa.rts,
‘ob pépos dvbdv, as emphasized by the sdverb o'vféy, Budlid tied the'tdncept of point
with the definition of Eudaxus of magnitude.”More precisely; a poiiit 15'hdt & mugnitude
relative to size, because it caniot have multiples and submultiples: In this way when we
talk about a point either it is given as an object by itself or as the idtersection of two lines,
or a line a.n:l a plane, etc. This excludes from the very beginning, what ¥ ¥ery popularin
the West, the possibility of defining a point P -by a sequence of other points, namely *

v o be .., " 3 -3 wle :*-w;u‘—(') ,,:—.—-- ~
P= lim P,

R—=400 N Y
£ fey or 3 % ,‘\-n .,.,,‘ g

This expression is meaningless in Greek geometry, first of all because the pomt P

9



is not given as an object by itself nor as the intersection of two appropriated figures and
second because the concept of infinite was from the start eliminated from geometry as a
“dangerous conceptl" leadjng to paradoxal situations.

This idea of a point a.s an object existing in space with its own individuality is typically
Greek and cannot be translated in terms of an Western symbolic logic.

Let us consider now the concept of straight line:

“A straight line is a line which lies evenly with the points.on itself.”

Intuitively this definition, in the same way as for the point, is only intended to express
the organic concept of straight line as something that proceeds alway; in the same “direc-
tion” without deviating éither to the “right” or to the “left”, namely it is trying to explain
our feeling of straithness and as such cannot yet be taken as a formal definition of straight
line. Therefc;re, the problem of the geometer js how to render those organic concepts into
inorganic ones, This is achieved with the introduction of conveniently chosen postulates;
and here is the place to make a few important comments.

When Greek geometry began to be analysed and studied by Western mathematicians
its postulates were regarded only as part of the so called “logical structure of geometry":
This misunderst'anciing had tragical c‘ons'equences! Ind‘eed,'Because of that nobody realxzed
that the poélalhteh BT settiig the Yriles o1 the gatne® where also tatended to introduce
the c'c'iht!:gi[)'és' qgff,};"oﬁx b straight Yine, p‘l'a.‘r.u:"m"x,r'l‘’(it'h"e"tf }géoxﬁeiriéﬁ h"gml'es as technical
concepts, adapted to inorganic logic and able to be used in the development of geometry
‘us phecise %’d‘ﬁgé%ﬁ% thol4" Otherwise, they could be only handled by organic logic which
‘is ‘niot’ te At Hikkipline 6 be used in the study of the organogram and the syntax of
‘Greek gebﬂ:('&r'ﬁdk‘é a matter of fact, t'raditionally when one talks about the foundations
of geometry it T5"isbally understood in the mathematical community, what we have called
the study of the biganogram and syntax of geometry ;;vhat is completely different from the
study of geondefry a8 ant orgarism.” This ¢onfusion of an organism with its organogram
had funny consequences, which we shall dicuss later. To render our ideas clearer we shall

10



study now the postulates of Gree'l‘:’ geometry as conceived by Euclid in his Elements. .

4. Starting from the assumptxon ‘that point, straxght hne, plane a.nd ot.her geomct-

rical figures had been precisely introduced as objects exmtmg in space with their own
individualities, Euclid states the foﬂowxng postulates 5 ']n g drloag ade gl o D

ag hedgleg a0 ni o engaes

Postulate 1. To draw a straight line from any point to any point.

r
PO

0

Postulate 2. “To produce a finite straight line contintoustyin'a straight line.

e ey g% Tt b e iy g ol er rafiptedyena s .‘ Ly
Postulate 3. To descnbe 2 cu-de with any centm and distance.
. | 1, -
A A N o ? .. vy L nate? ] HE

Postulate 4. That all right angles are equal to one another. g

EF

Postulate 8. That if o | straight line falling on'two strmght imes make the interior )
angles on the same side less than two right angles, the two stra.lght lmes, if produced
indefinitely, meet on that side on which the angles are less than the two right mgles.

SUam P o

Concerning postulates 1 up to 4 we shall discuss only a few points u;}gestmg us here,
directing the reader for more details to the magniﬁcen_t translation of the_ Euclid's Elements
by Sir T.L. Heath [5-a]. whlch is our n}guh fgf&ex}ge,? t.hu; m*&m fo ‘;_vevet in the case
g poglate 5;.'&'%*?1%?&6,!;, v,°M3" From.dia sracitions) Interprstetion apd indeed we
could say that tl}gﬁ.}apﬁc:h&a ?,f tl}“xg‘m&‘ “.,,_°2..‘1°f thp Feasor u’why we.decielxed to write

resent work. . . .
the p PR I TR R ORI TR PRI TSI | ¥ (BOv)s, IR B--1) [P T LSS O W

In postulate 1 Buclid translates in pure goometricp] terms, the oganis foeling of going
from one position in space to another in a “s't;a.igl':} way”, i, without going around in
a crooked path. It is the strong space content when one logks to angthex, place far from
him. In this act of looking ahead is contained that “fecling of §trg§gh£§_quqs':. which ig the
deep feeling of spaceciousness expressed by that postulate. As a mahter,of fact, the use of
the verb dyayeiv in the aorist tense infinitive ;pood emphasizg the space characteristic
of the line defined by two points independent of time. Also the uniqueness of the line is

R



implicitly understood here ss indicated by the reference of practically every mathematician
after Euclid. g

In pa.rticula.te we call attention to the adverb ovvexd( attached to the verb exBaleiy
that makes it clear that the line can be extended continuously, without gaps. We see
that the nohon of eontmu:ty of the line is an essential part of that concept as a space
entity and not as an abstract one and consequently it has nothing to do with Dedekind's
postulate as we simll }discuss) later in details. This postulate makes it also clear that the
straight line is a finite object in space, not extending itself from —oo to +oo actually,
but rather only pote::ti'ail;'. :

About postul;te 3 we believe that what was really intended by Euclid was the fol-;
lowing: given a point A and a straight line AB with extremities 4 and B, ti:ere
isa cm:le with center A containing B in its circunference (wepupéperar), because, as
pointed out oorrectly by Heath in [1-a], Vol.I p.199, there was no Greek workd for radms.l
The word biaprijpare used in postulate 3 means distance but not in the numencal
scuse of the measure of a segment but rather as something existing in space. Due to thnt
the definition of circle (x0x)os) as a plane figure formed by all equal segments with or;e
extremity in A, its center, has a space content and not a metric one. Here the crucial

ve i A RS e

point is the word egual Intmhvely, two segments are equal when they coincide with ead:

L L DA I 1

other by a ngad motlon in np?ce( Clearly, w:thout some care this concept is tautological,
because the: dehx;'tm!;f L(n.gxc‘l) tr:mslatlon in spaceJrcqmms the notion of equal segment
if one is t;) t'w;id the 1;1troduc.tion of metﬁc;l concepts. To handle that situation Euclid
first poctulaltesntl;; p't;ssxblhty of rigid rotation of one segment over another having one
extremxty in common and second in proposition 2, Book I he proves the possibility of
defining equality by superposition of segments in the plane in general, i.e., without having
necessarily one extremity in common. In our present texts of Elements, due to its deterio-
ration in time by innumerous interpolations and copist’s errors the clarity of this concept

of equality of segments which is fundamental in the logical structure of Greck geometry, is
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lenously jeopardized.

.:.-Tnn S ok aggiifgnd R Lo

In the analysis of Euclid’s Elements by Western mathematicians this usumphon of
rigid translation of figures in space has always been looked as aometlnng lca.nda.loul "propet
of primitive stage of the development of mathematlcs » what i is clea.rly nonsense! ‘The

'.IJ’

RTINS
mtroductxon of g-oup theoretical concepts as proclaimed by F. Klem is oomplet.ely strange

v bres e, Auer

to Greek geometry bemg meaningful only in the context of set theory To summanze,
Euchd proposes tha.t by couplxng the definition of a circle with the possxbxhty of npd

‘ULﬁ‘ = ' "ll'hu T
totatnons and the postulate 8 we can rigorously define in terms of Greek geometry the
. 1 oA Y lll'l v 'Jv, u; }'!-v'p _’n -'u‘;‘ ¥ A

concept of equality of segments, by superposition, in the genenl case. It is omazmg how
IR R TTREr P LS R T

these fundamental question have almost mvanably escaped the attention o many critical
1 B R T TR AP &
a.na.lysxs of Euclid’s Elements. “ *

RN l-xa;,u H j“’ 1’
Another important consequence of postulate 3 and the coneept of superposmon of
et

segments is the equality of angles. The concept of a.ngle by ltself would deserve s ca.reful
d.xscusmon but we shall not do it here; we content ourselves in dmectmg the reader to [5—&]
. Assuxmng that an angle is a plane figure formed by two segments in the plane, its ndes,
with an extremity in common we define their equality as follows: let a be an angle with
sldes AB, AC and o', with sides A'B', A'C'. Consider a segment AD contained

in AB which is smaller than AB, AC A'B', AC, namely, AD' is equal to segments
wneft rode tnuns wi stiaerios oued crsizlintnd bavps koo -

eonta.med in each side of a and o'. Draw a circle with center A and radius ,AD
Bt oy JFepettt St ameth %y Miro Y

mtexceptxng AC ina pomt E whose exlstence is provided by th: ddﬁmtnon of cucle

PR P ) <" adp Foaw

Indeed, its periphery contains the extremity of any legment with the other :xtremty at

¥ [ERFRS *-J—“:gﬂ EJ.- L3 B h

A and equal to AD and as AD m;ma.llertha.n AC it uequaltoasegment ‘AE

contained in AC and therefore E belongs to the arcunfa‘ence of the cu'cle in question.

~nfan G A s e

Inthesamemannerwecmdrawawclethhoentet A' and radius equal to a segment
vvotm e

A'D' = AD defining a point E' in A'C'. Now we put by definition: a is equal to
o', writing a=a' if DE=D'E'. '

Tk

In few words, repeating, with the help of postulates 1, 2 and 3 it is possible to lay
13



down the foundations &f & “rigorous” theory of rigid motions in space and equality by
superposition. The teaning of the word rigorous will became clearer after the discussion
in §IV ahead. .fui o 7

’1" Postuldté: 4 provides ¥ strong characteristic of that profound feeling of a visible and
plastic spicé: the space 'of architecture!" No one can ever conceive, say, a doric temple
without the clear idea that the columns are perpendicular to the floor and the beams are
perpendicular to thé tolumns and “consequently”® are parallell to the floor. The words
vertical and horizontal, related to orthogohality and parallelism having a strong spatial
content are felt otganically as such. In the same way if one makes a door with edges which
are not peérpendicular to each other it will not close properly: ‘here in the architectonic
organic space of everyday life there is no room for non-euclidian geometry!

Euclid’s problem, as in previous cases, was to translate that organic architectural idea
of orthogonality in a working concept for mathematicians and we believe that his idea in
expressing that into the postulate 4 was one of his many strokes of genius. Heath is again
absolutely correct in pointing out that the equality of right angles is also equivalent to the
concept of invariability of figures by translations and the homogeneity of space, another

X

element to reinforce Yhé ‘conclusions from postulates 1, 2 and 3, as seen above.

dainuad

1t
Finally, we have the ce]ebra.ted postulafe 5 1mpmperly known as the postulate of
Yia 1Ii 374 “"'ll.‘ ¥

paralleit, because it is eqmvalcnt to the statement that m a plane through a point not
belonging to a straight line there is only one parallel to the nger: im; But, certainly the
concept of stfalghtness of the line is essential it the definition of parallel and the problem
is: how to translate in & technical and precise language the concept of straightness, i.e.,
the coricept of lying *évenly without deviating from its direction”, etc. That is exactly the
aim of postulate 5! K¢ translates in a mathematical satisfactory form the intuitive ideas
belonging to' the orgaric concept of straight line in a way that it can be used formally
in the proofs of theorems, ete., and in all situations concerning the organogram of Greek

mathematics.
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It is hard to understand tiow the original intention oft Euclid, aywe ure firmly wo~
vinced, could be interpreted in later times only as the question of parallels; creating
for more than 2.300 years the well known orgy of proofs of the V** postulate! What Les
behind all those proofs? Let us see. The postulate 5 talks about a characterisiic property
of two straight lines r and s in the plane inteccepted: by, a.third straight line and it
says that r :will intercept & if produced in a convenient way..This express exactly the
fact that r, when produced remugs “evenly to itsel{”. and, {'does not deviate from its
direction”. Indeed, if v could “deviate from its directin it epuld behave itself ke an arc
of Bypesbole and never intezcept its assymptote. o.. Nowf we.want Lo prove that postulate
we have o express in one "yvay or another that property, of ithe ;tn;ghthqe. of ;‘k_p,eping,
its direction” inbsgx:_qq,ff;x:ma.l statement apt to be, used dn the proof., That is exactly
what invariably happened in all the proofs of that postulate. The progfs in themselves
are in gex}‘eraj‘cpr'x;_etn:t, but they have to use somehow as said above, as !Aypéthes'is, some
n%sumptions tr;t;slafing in technical terms that fundamental ﬁroperty,gf the straight line
of “keeping its direction”, which is not contained in the first four pos‘tu}‘a_tes! Otherwise, a
proof in the organogram of Greek mathematics would be unpossxll)le ht‘aﬁgugg it is clear that
one cannot prove a property of a c_ertaix_l, ob_)pct without Jusing its de:@:ition[ either directly
or mdxrectly Certamly, all this sounds strange § for a Wes ’mthﬁmatmm usqd to deal

e abb e swond Ve G ot e hatay w3 avgtl v o ine
thh abstract entities depnved of any mtmtwe mea.m . Later in §HI and IV we nball
L) J'f"l(, TR TS BT st} . 7‘! f'J WYt Jg DEepsnd alin

come back to this uestmn. ) . ¥ ' "
1 B R A 1 PETHTIA e oi mealdy agif Niyievts 5 o0d v opeet-

As we see it here the fundamental historical mistake i the confissionl of the equivalent.
statements of the postulate 5 given by “its proofs” witlf the questiom ofi ifs-dindependence:
There is no question of independence at all in the sense understood by thé symbolic logi
created by Western mathematicians and philosophers. It is abvious fretnthe véry beginning,
that the V** postulate cannot be a consequence of the remaining fous-postulates, in the
organogram of Greek mathematics, because ib states a propesty of the straight line which
is not contained in them. Consequently it cannot be derived from them unless we use in
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one way or another a property of the straight line equivalent to that stated in postulate
5, translating the intuitive feeling of “proceeding evenly to itself”, “keeping its direction”,
ete.

The toot of the misunderstanding is the lack of historical perspective and the con-
sequent confusion of an organism with its organogram. A straight line for a Greek
mathematician is not an abstract object without any meaning, as it is the case for a West-
ern mathematician, but on the contrary it is an“object given initially with strong space
content and characteristic properties expressed exactly by the postulates. The so called
*proofs of independence” of the V** postulate from the remaining ones by the construc-
tion of proper models and the creation of “non-euclidian” geometries will be one of the
fandamental points to be treated in §I11 and IV.

To summarize our discussion the postulates translate among other fhings the concept
of straight line in technical terms to render it possible its use in formal proofs. Consequently.
the attempt of proving the V*® postulate, for instance, is a clear nonsense from the very
beginning because in such proof one has to use the concept of straight line and then some
equivalent of that postualte has to be used therein, otherwise we are not using the whole, -
concept of straightline, , This fundamental mistake has plagued for over 2.300 years the
understanding of euclidean or befter Greek mathematics as such. Here. the postulates are
not merely conventjonpl sfatements about abatract entities as conceived in the West, but
they are rather statements about. concrete objects given as initial data expressing, besides
their proper definitions, some of their fundamental properties in technical terms apt to be

.+ Now we can have a cleac picture of the situation when we hear that Apollonius triec'l
to “prove the postulates”. One,is really talking about substituting one set of postulates
by another and not trying to prove the postualtes “from nothing”, an attitude offensive to
the genius of the ~Gx-eat Geometer!
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Geometry in the West - + “igi i

a s

1. As pointed out before, in the West thc"cdﬁ;t;é‘f)ts of space, ﬁumb)er, lﬁagﬁ’itude,
etc., are expressed through abstract forms ntrong'l)": denymg the visible and sensible space
which is merged into the concept of pure number fepresehtea.by' sets, classes, etc.: ge
ometry becomes a chapter of set theory. Goinig back to the basic'ideas discussed in §I
this implies that the organogram of Western mathematics is férxH&f by & dertain language
(r.n‘et'alanguage) like English, French, German, plus a collection of symb::lﬁ,a:noms, rules of
inference of & particular set theory selected to please the taste of the mathematician build-
ing the theory, namely, either in the line of the logistic'or ‘the foriualist of the intuitionist
sichoal of thought. The final result is a collection of sheets of paper full of signs in'telligible :
only by the initiated usually called a book, most often without figures! However, does not
matter how abstract, how impartial one's point of view and how much one tries to erase
any trace of subjectivity in such theories, in the background lies unavoidably the human
mind with all its passions and historical roots. It is impossible to space from the profound
archetypes of the human species'which are the feit:motifs of all forms bf expression related
. to man. Indeed, does not mtted KW Torflial Sr'abstiact SFIGHI BN Btends to become,
he cannot avoid Hitnsélfand all ‘his psychislbjical téndenties;” iﬁéltfdi'n’g Tepressions and
all sort of neurosis conduéting his aétions; backibtage.” Abd’ {hiat'is flie reason why one
is sympathetic to one school of thought rithier thin another)” If one i taaterialist and
affected perhaps in childhood by religious resentments or something elsé ﬁE’e‘véﬁtually"will
be happy with, for instance, the philosophy of the Vienns Civdle; “Otfictwise he would
rather adhere to a school in tune perhaps with a platonic'idéalism' allikd with theology,
etc. In few words, one inva.ria.bly. translates in this creative work tﬂeihmge of his soul and
his state of mind.

One of the most characteristic and beautiful examples of an exposition of geometry in
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the Western style is the celebrated work of Hilbert [6] which we shall take as representative
of Western geometry as we have done with Euclid’s Elements relatively to Greek geometry.

.. Hilbert starts with an abstract set X containing some particular subsets of objects
called point; lines, planes subjected to a certain number of postulates or axioms divided
into five groups:

1, 1-8: Axioms of relatjonships. -
11, 1-4: Axioms of ardering.

1II, 1-5: Axioms of congruence.

IV, : Axioms of of parallels. e
v, 1,2: Axioms of continuity. 3
1~> The rules of inference are essentially those of classical logic which later were formal-

ized in some abstract models in terms of symbolic logic as can be seen, for instance, at-

[8]. - All that establishes the organogram and the syntax of Western geometry which are

quite different from that of Greek geometry. Afterwards Hilbert shows how one can prove -

theorems from the axipms and basically if one has nothing better to do he can develops
a chain of consequences fibm the axjoms above building & .system called, by mistake, eu-
clideanigesmneleyt §Hia % nicsigame and o good tmetital exercise, bt Iatex 'one stast getting
concerned about: the question of a model for such a theory. By that it is meant the follow-
ing: starting from objects whose existence we accept to define with them a set satisfying
the axioms stated atiove. But what objects shall we assume to exist?

As seeni béfdre, for Euclid those objects are the geometrical figures existing in space
with their own individualities, but for Hilbert the initial data or the objects which do exist
are the numbers or more génerally arithmetic supposed to be a consistent system. From -
there one can build the real numbers and finally a model for geometry is built by starting
from the set E or ordered pairs (z,y) of real numbers, called plane. Each pair is called
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a point and linear combinations of them like e 3RS eintpde e ol

2
azt+by+c=0 T FETI T (A e
with a,b,¢ real numbers are called straight lines. Of course we canl generalize that
by considering triples (z,y,2) forming space and even n-—pla.;! (21,.< y2#). forming the
n-dimensional euclidean space. However, we restrict ourselves here with the case:of pairs.
Now, by assuming all properties of real numbers one can prove that all axioms I-V
are satisfied in the set E and therefore the original theory is not “empty” namely it has
at least & “model”. Of course, we can also argue about the existéncé of fiumbers and this
would take us into the business inaugurated by Frege, Peano and Russel whose success was
later jeopardized a little bit by the celebrated results of K. Gade]. .B,ut,ghig is a dangerous
battlefield and prudence dictates that we should stay, at least fc:x:‘ the time being, at a.safe
distance from it. ' ‘

.+ ;Another important consequence shown by Hilbert is that from the axioms alone we can
associate to each segment in a straight line, a real number called its length and afterwards
establish a system of coordinates in the line as well as in the plane, Do not forget that
the wouds, paintystraight line and plane continue to be underétood inthe abstsact aengesif
we draw figures in a paper that is purely from the psycholaegical point of view and not
from the logical point of view. For instance, by s segmeiit ABlima straight line r we
understand the abstract set of points P €, such that A £ P-£.R whiete the.relatiop £
is given by the ordering axioms II, 154 above and its pictorial répresentation in;the paper
is only a psychological attitude to “help” and (peshaps!)guide” gun thoughtst-In this
way we establish a one-to-one correspondence between our original set; X - and the set E
of cartesian geometry defined by the pairs of real numbers allowing b, tg.falk about the
coordinates of a point, equation of a straight line, etc. In particular we can introduce the
idea of distance in X which becomes a metric space an in no time we are dealing with
more general sets called topological spaces. But let us Jeave those general considerations
and return to the analysis of the concepts introduced above.
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i, 12iThe furidamental question is: by considering the concepts of point, line and plane
as understood by Euclid, is it possible to show that they satisfy the axioms I-V stated
above? We intend to show that the answer is no and the main obstacle to a positive
answer, namely, yes is the postulate of continuity.

First of all, to show that a certain object satisfies certain conditions we have to know
the intrinsec pm;)aties of that object, namely, its definition. But whatt is the meaning
of the verb satisfy? -

b o
Secondly, in what consists the act of verifying that an object satisfies certain

Wiu? It is logical or psychological? Here we have one of the typical situations where
we cannot separate the organic from the inorganic. The first stage of this process and
as a matter of fact, of almost every process of knowledge is organic. Indeed, to verify
if an object’ A ‘satisfies a property p we have to use the Principle of Analogy. For
example, suppose we say that a certain ball is red. Our conclusion is based on the fact tht
we look to the ball and compare it in our mind, by analogy, with our concept of red, a
pure organic attitude, impossible to formalize in a system of inorganic logic. In a second
stage we express our organic knowledge in a language or a formal system what achieves its
reduction to an inorgapic knowledge. For instance, a.fte: concluding that the ball A is red
we express that in 3 usyal language os even aformal language; Jet. E. be the set of balls in
the world and let -E(p): the set of red balls, then .“A& EF = A€ E(p) & Aisred”. In
this way our primitive.observation that A is red is reduced to a statement in propositional
logic. In a future publication we shall discuss in detail the theory of knowledge under the
pont of view of the organic and inorganic logic.

Having in mind all that let us consider a segment of straight line AB with extremities
A and B.  For Euclid the points A and B as well the segment AB are realities
existing in space; for Hilbert they are abstract concepts, perhaps having as model the set
of real numbers between two other real numbers A and B. Then our original question
reduces to: is it possible to establish a one-to-one correspondence between the points of
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the Euclidean straight line and the set of real numbers? Let us stast with:am analjsis of
the concept of length of a segment. R L ER RIS

x

B v o] l“\’;s t‘

3. The pythagoreans looked to this queshon in the following way: let us consxdu'

‘-ln . 13.. 1 -\u\.‘
a segment AB and let us select a segment u u umty As the number is the origin
an b et by A

of everything” it must be possible to associate a number to every segment. QOne ﬁrst
e lyas

possibility is that by applying the segment u over AB it will fit i in there an mteger

pumber m of t.xmes, in the sense thm operation had in tha.t period of history, namely,

around VI B.C. In thu case we say that the length of AB is ';1;, measlured in the unity

R HAI P : L ..;'»." b It

u, writing 5 ‘

l(AB):m

" -
P N e P IR

Another possibility is that u does not fit exactly an integer number of times in AB
-aud in this case we subdivide u in smaller unities ), say, u; = 107 ‘y, and so on,
Up 10 Uy = 10~™u until we eventually have an integer number of segments u, eova'in;
-AB and we write: ’ o

UYAB)=u+10"'u+...4+ 10 "u =mu,.

" It was assumed that these are the only possible results of the bperation of measuring
‘a segment, otherwise we Would ‘protéed indehnitely ind we ¢sald séver associate & number
‘to AB, contrary to thé basi¢ philosophical position of tlie'pythagorehns. Notice that
 we repeat: number for a Greek mathemiaticlan was an integer (fon fiegative!), namely, a
collection of units, definition attributed to Thales. - SSR R U T I

Soon after, as we know, this point 6f view was seriously shaken by the discovery that
no numbe:: could be associated to the diagonal of the square if we take one of its side as
unity, or what comes to the same: there are segments which cannot Be-uieasured, in the
sense described above, with a common unity, 'z;a.mely, they are said to be incommensurable.

Then a terrible crisis descended upon Greek geometry and only after almost two
centuries later a way out from the impasse was found by the great genius of Eudoxus of
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Cnidos. His solution for the riddle was to abandon the idea of associating numbers
fo geometrical figures and to develop a theory of magnitudes independent of any process
of measurement. It was'the definite separation of number in one side as an independent
concept whose study was arithmetic and geometrical figure in another side whose study
was geometry.: His theory of magnitudes, exposed in book V of Euclid’s Elements and
his principle of exhaustion remained as the back-bone of the whole of geometry, excluding
any relationship with measurement of lenghts, areas and volumes, which were relegated to
logistics, the analogue of our applied mathematics. Indeed, that question of measurements
of lenghts, areas and volumes became the business of the engineer, the architect and the
practical man, bhaving nothing to do with the considerations of the geometer. This point
of view has been in several occasions emphasized by Plato, Archimedes and most of the
great mathematicians of Greece. That was the origin of the establishment of the concept
of geometrical figure as the basic element given “a priori”, leading in the hands of Euclid to
that majestic monument which is one of the great expressive forms translating the concept
of space as conceived by the Greek culture,

What happenned in the West? As said before whenever we embark ourselvesin the -
study of the foundating of some branch of knowledge the first thing to decide is what
concepts shall we take'dd primitive,i.e., given “a priori”.

Following Hilbert we should take the concept of number to build a model for geometry
- initially given as an abstract set X with a certain structure defined by certain particular
objects called point, straight fine and plane subjected to a system of axioms or postulates.
By using, in particular, the axioms of congruence and continuity we can attach to an
interval AB, understood here as an abstract object, a real number called its length,
written as m{AB).

Following Dedekind to define real numbers we assume the existence of the rational
numbers and consider the set R of all pairs of classes of rational numbers (A, B) such
that:



P)A#0, B#0 and AnB=0.
P;) Every rational number belongs either to 4 or to B.

P reA and s€B = r<a.

A beautiful discussion of these ideas can be seen at [7]. Therefore the theory of length,
or in technical terms, of measure of “segments” is reduced to a correspondence between
abstract sets without any contact with “reality”. But what happens in “practice®? Well,
the engineer, the architéct, the merchant, the physicist, etc;ohave the same attitude as
in Greece, Egypt or anywhere else: they deal with concret objects ‘and there is no room
for abstractions. It is the realm of the organic and consequently organic logic mainly
through the Principle of Analogy reigns supreme! In the design of mechanisms, electrict
circuits, public buildings, railroads, etc. all numbers are rational! There is no such a-
thing as real number! For instance, 2 = 1.414... and the dots in the end just mean
-that if we need more accuracy in the results we can get extra decimals. In few words,
our applied mathematics is what the Greeks called logistics, an amorph collection of rules
and experimental data accumulated through ages and a such transmitted from generation
to generation and from civilization to civilization. It is this accumulation of empirical
knowledge which gives the impression of constant progress if wy dg,not distinguish carefully
the empirical from the symbolical.vFor‘i\nst‘?nce, froﬂn‘x_ t!le: erilv}’np%al. ‘poiift_ of view the
engineers who built the pyramids, or a doric temple or a gothic (;athedral faoed similar
technical problems like the stability of the structure, resxs.tappe of m?‘%?{s etc. but as
expressive forms, a pyramid, a doric temple and a gothic cathedr&lj ;u‘e three distinct
symbolic representations of space of three distinct historical cultures

i

Our discussion leads us naturally to a famous statement which we all heard from our
teachers by the time we were students: “today we intend to show you how to establish an
one-to-one corresponce between the points of a straight line and the set of real numbers”.
The embarassing question here is: what shall we understand by straight line? If it is
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Hilbert's abstract concept, disregarding any model, we shall have exactly the situation
decribed above of the correspondence between two abstract sets and nothing is gained
from any “intuitive representation” in space. But if by straightline we understand an
object represented by a model taken from analytic geometry than there is nothing to
prove because this model is already the set of real numbers itself. The only alternative left
to our teacher and that is what be probably had in view from the very beginning, is that
by straight line we should understand the Greek of euclidian line as an object in space
given “a priori”. It is here that our troubles begin!

Edmd, the only way left to us was that of the pythagoreans and a Western math-
emtician would proceed as follows: first of all we have to analyse the question of applying
a unit segment u over a straight line r a certain number of times. That depends on the
homogeneity of space and rigid motion of bodies and to define that we need to assume the
rigidity of the unit u and we clearly get involved in a vicious circle. The only conclusion
from an honest and diligent Western mathematician is that the procedure used by the
phythagoreans is logically unattainable and could only be accepted from a n intuitive and
practical point of view. But then we had to stop right here and declare as impossible any
attempt of establish an one-to-one correspondence between the Greek straight line and
the set of real numbers. But, suppose someone like a peace-maker come along and says:
“Oh! Let us close our eyes for the time being to that vicious circle and let us assume that
in some way or another we have the possibility of associating to any rational number a
uniquely defined point in the Greek straight line.” Now, let us consider all pair of classes
of rational numbers (A, B) satisfying conditions D;, D;, D; above defining a Dedekind
cut. To each pair (A, B) there corresponds a pair of classes (4., B,), of pointsin r and
then, Dedekind’s continuity postulate says: there is a “point” a € r corresponding
to (A,B). Let us analyse this question more carefully.

First of all, even from the point of view of Western mathematicians the attempt of
defining o« as the supremum of A, or the infimum of B, requires a great logical
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sophistication, much more than originally thought, to avoid again the *circulus vitiosus”
of H. Weyl, [9]. Tl s %

Secondly and that is the main question, from the point of view of Greek geometry
the point o (anpecou!) is an object with proper identity existing in space and is either
given from the beginning, like in the phrase, “le¢ a be a point in the line r” or it -
is given by the intersection of two geometrical figures, like the phrase, “let .a be the
intersection of r with the straight line s".' Consequently, the definition of the “point™
a, as indicated above, by a pair of classes (A,,B,) is completely meaningless and could
never be accepted by a Greek mathematician “as rigorously defined”. As a matter of fact,
the whole discussion around the celebrated method of Hippias for the squaring of the circle
by using his quadratix is exactly motivated by the fact that a certain point is defined by
a “limit process”, as can be seen at [5-b). ] t R

Therefore, from the Greek point of view, there is in general no point eonespondmg
to a Dedekind cut, what leads us to the final conclusion that it is logically impossible
from the point of view of Western mathematics to establish a one-to-one cor-
respondence betv;reen the set of real numbers and the euclidean straight line.
That can only be acceptable in the so called “appleiations of geometry” in everyday life,
so useful indeed for the engineer, the architect and the physicist among others. -

4. To finish this section we discuss briefly the other axioms given by Hilbert concerning
their fulliment in terms of Greek geometry.

About axioms of group I, i.e., axioms of relationship we see that 1. corresponds to
postulate 1 of Euclid and 2. is understood as valid without it being explicitly said as
we pointed out before. About # 3, that a straight line has at least two points, it is
indluded in definition 3, Book I which says that “the extremities of a line are points”. As
we emphasized before, the concept of straight line correspond to an concept of segment.
The existence of three poifits not in a straight line is provided by the definition 7 of plane
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surface. As a matter of fact some of the definitions of Euclid are only intuitive explanations
but others are much more technical and precise as we shall see in the following. Concerning
!, 4, 5,56, 7, 8 which deal with the relationship between plane and straight line we come
to the classical discussion of the insufficience of Euclid’s postulates 1 up to 5 to cover
geometry in space. This is absolutely correct and we would expect from Euclid some
postulate turning the intuitive and vague definition 7 of plane surface into a operational
and technical one. However this never happened in the Elements and indeed Book XI
which starts the geometry in space has by no means the logical solidity of the Books I, II,
etc. A vivid discussion of the subject can be seen at [5-a), vol.3, p.272.

For the axioms of group II dealing with order relation of points in a straight line
we have to introduce an ordering in the euclidean line. This can be achieved by saying
that the point D precedes E as points of a straight line with extremities A,B if the
segment AD is contained in the segment AE. Afterwards, we can see without difficulty
that I, 1, 2, 3 are valid, always having in mind that we are talking about the euclidean
line and not about an abstract concept. Axiom II, 4 deserve some special comments. In
many places the Greek geometers use without any particular remark that a triangle, a ~
polygon, etc. separates the plane, namely, they define regions in the plane such that if
we coannected one point 6f onélregion with another point of another region with a straight
line r, then r ‘fatersects the boundary of the given figure. This is not made explicitly
through a postulate but it is a'consequence of the definition 19 of rectilineal figure. Indeed,
it is given by the word xepiexbueva derived from the verb wepiéxw which means to
surround, to encircle in the sense of separating something from something else. Perhaps,
by that time, the meaning of this word was so clear, even from the mathematical technical
point of view, that Euclid found it unnecessary turning the definition 19 into a postulate,
or maybe, he did and it was lost. Let us not forget that, as far as we know, one of the
oldest Greek copies of Euclid’s Elements is provided by Theor of Alexandria, more than
700 years after Euclid! In this way, with some indulgence to what was lost in time, the
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definition of rectilinear figure takes care of axiom II, 4.

The axiom group III of congruence is taken care, if with use in the Greek sense the
concept of equality of segments by rigid translations in space, whose discussion we have
already done before.

The axiom IV of parallels is a consequence of postulate 5 as well kx;om

To summarize, we have shown that under the proper perspective of Greek mathematics
and trying to reason as a Greek geometer we can, in a satisfact‘?ry way, show that, with the
expection of axioms V of continuity, the remaining axioms are valid for Greek geometry.
Indeed, even axiom V, 1, namely, “Archimede’s axiom” is t;'ue for Gret-;k geometry being
introduced in Book V as proposition 1, which really depends on the definition of comparable:
magnitudes of Book V. As discussed before, the method of exhaustion is the real subatit;lte

for the axioms of continuity whenever they are needed in Greek geometry. RS

» N §Iv =
Geometry and Logic

- =

1. Traditionally when we talk abou}. mathematics people immeriatly get the idea of
something precise, where we can “prove what we say” under the formalism: “if we kpow
this then that’. In particular geometry since Euclid has always, been a model of logical
reasoning where we can establish facts by deduction from initial premisses in such a way
that it is outside debates or points of view. Moty

The investigations about the act of thinking in general with its principles and laws has
in Aristotle one of the most celebrated pioneers eventhough in many other civilizations like
China and India several philosophers and scholars flourished in comparable level to Gresce.
In the West the studies of logic began under the shadow of Aristotle in scholastic philosophy
and this gave the impression that what we call mathematical logic today resulted from an
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evolution of the ideas of the Stagirite. That is wrong, in the same way that our geometry
" is not an evolution of Greek geometry. Of course, analogously as to what happened in
mathematics our act of thinking has from the organic point of view the same background
for any man from any historical culture. However, here again the form one expresses his
ideas about logic is different in different historical cultures and this has an outmost influence

in the foundations of geometry as we intend to show in this last part of our work.

Mathematical logic or inorganic logic m our nomenclature became established in the
West on solid principles in the beginning of this century as a result of the works of Frege,
Peano, Russel, founders of the logistic school, Hilbert, founder of the formalistic school and
Brouwer, founder of the intuitionistic school, to name the most important tendencies in the
area. Whatever their differences might be they are all concerned with the organogram of
mathematics in particular its syntax in our nomenclature. Mathematics and in particular
geometry as an organism with historical and cultural dimensions cannot be studied with
mathematical logic alone but it requires also the help of organic logic. Consequently as the
organogram of Greek geometry is different from the organogram of Western geometry the
“logical structure” of one is essentially different from the other and it cannot be “deducted” ~
one from another, or in other words, we cannot study critically Greek geometry by using
the “logical structure” ‘of Western geometry and vice-versa, eventhough this has been
traditionally a deplorable practice with tragial consequences!
With those remarks in mind let us analyse comparatively the logical structures of
geometry in Greece and in the West.

2. Recalling some ideas discussed before we have seen that the organogram of Greek
geometry is formed by words of the Greek language and geometrical figures takens as initial
data existing in space with their own individuality. The syntax of its organogram, namely,
its rules of inference is formed by aristotelian logic as understood in Euclid’s time and
geometrical constructions, as we shall clarify in & moment with examples. For the Western
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mathematician this look like a very strange and incomprehensible attitude because he is
used to the organogram of Western geometry, which as a chapter of eet theory, is formed
by a certain language, say English plus a collection of symbols and rules of inference given
by mathematical logic adjusted to some particular school as indicated above. Definitely,
geometrical ﬁgure as such is not part of the business, on the contrary, they are not needed
at all as independent entities lying in space and rather they are taken as names, like point,
straight line, plane, of particular objects attached to some abstract set and subjected to
certain axioms. '

Let us consider an example. It is a very popular attitude to refer ourselves to Propo-
sition 1 in Book I of Euclid’s Elements as defective because in 2 certain point it fails to
use the postulate of continuity! this proposition says that given a segment AN there
exists an equilateral triangle with AB as one of its sides. The proof depends on the’
fact that two circles with same radius AB and centers respectively at A and at B do
intersect each other at a certain point C. The reaction of a Western mathematician is the
following: to prove the existence of the point C we have to use the postulate of continuity.
But, as seen before, that is impossible because segments, circles, etc. are understood in
the Greek sense with their intrinsic spatial content. The only way to handle the situation
should be translating everything in terms of Western geomietry and “to-solve” the question
in terms of Hilbert’s “grundlagen”. This attitude would be: similar to the following one:
a Western architect visiting Athens concludes that the structure of the Parthenon is not
strong enough and decides to rebuild the whole thing with reinforced concrete, materials
of “better quality” and the final result would be in its appearance exactly like the original,
but with a Little difference: it would be not a doric architecture anymore! That is exactly
what we do when we try do “adjust” Euclid’s proof to an Western standard of “rigour”. It
is amazing how such crystal clear facts are completely overlooked in the usual criticism of
the foundations of geometry! How come so many brilliant minds involved in these studies
never realized those fundamental questions, that we do not understand - it is & mistery!
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Now let us look to that same proposition from the point of view of Greek geometry.
To be strictly logical and precise it is only allowed to use in the proof the syntax of the
o(gmo.grun of that geometry. Therefore, the rules of inference include aristotelian logic
and geometrical constructions. Hence in the present situation it is logically admissible to
accept the existence of the point C as a consequence of the properties of the circle as a
figure in the plane. The geometrical figure itself of two circles as above includes the point
€. However, this line of reasoning is inadmissible in a statement like: “in a triangle one

side is smaller than the sum of the other two”. In this case we are not talking about a

. -particular triangle but rather about the “genus” triangle and then a proof without using

-

data from a particular figure becomes necessary. As a matter of fact, Euclid had always
been criticized by his "excess‘ of rigour” in trying to prove something that is “evident even
for an ass”. Euclid is supposed to have replied to that criticism as follows: “indeed the
ass knows that one side of a triangle is smaller than the sum of the other two, but he does
not know that this statement is & true proposition!”. Namely, the animals know that
something is but not that something is true.

For us Western mathematicians it is very hard to accept that geometrical construction -
of a figure can be part of the rules of inference of a theory in particular in geometry when
we reduce everything to set thdory Indeed, any set theory is expressed through a formalism

in whosee syntax there is no room for geometrical constructions as objects existing in space.

In more technical terms, the organogram and the syntax of Western geometry does not
contain any object with independent existence in a visual and plastic space.

We summarize now for better understanding the logical characteristics of both geome-
tries in Greece and in the West and based on that we shall discuss, to finish this work, a

series of questions connected with them.

In Greece geometry is an organism such that:
a) its organogram is formed by an usual language, most often ionic, with a syntax
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given by aristotelian logic plus geometrical constructions as objects existing in space;

b) its structure is formed by the concept of geometrical figure as objects given “u pri-
ori” with proper individuality and space is here considered as a real entity, finite and with
no relationship with time. Number is understood as natural number, i.e., a collection of
units; .

c)its organogen is given by its “genetic code” providing its evolution inside the Greek
culture through the stages of primitive ornamentation, art and posterior ornamentation as
discussed in [1-a].

In the West geometry is an organism such that:

a)its organogram is formed by an usual language, for instance, English and a tyntu
given by some logical theory, say formal logic as conceived by Russel and the symbols and
axioms of a theory of sets; s

b) its structure is formed by abstract concepts named point, straight line, plane, etc.
attached to some theory of sets and space is infinite, not visual and strongly connected
with time, disguised in the form of sequence of points, limit processes, ete. Number is
the abstract concept of real number.

c) its organogen is given by its law of evolution ingide the. Western culture in the
same way as any other expressive form, through the three stages considered in [1-a].

In this way we see very clearly that Greek and Western geometries are distinct or-
ganism and its is impossible to reduce one to another and their foundations have to be
studied in their proper environment inside the historical culture to which they belong. Let

us consider now some questions related to both geometries.
1

3. We start by returning to the question of continuity. As we saw before in the
West the idea of continuity of the straight line is expressed through Dedekind’s cuts and
it is meaningful only if straightline is understood in the abstract sense of Hilbert. It is
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impoasible to apply that concept to the euclidean straight line as seen before and in this
case the natural question is: how did the Greek geometers look to the idea of continuity
of the siuight line? This question has a great importance for the foundations of geometry
and also for the history of mathematics mainly because it is in a certain sense still an open
question! Indeed, what we know about Greek mathematics, .through documents which
: lurvxved the destructive action of both time and man, is only a small part of what was
done by the Greek geometers. Hence we find here and there some facts giving a faint idea
of the use of continuity in geometry. One of those points is related to the question of
existence of the fourth proportional.

Following Eudoxus and Euclid, suppose that we give three magnitudes a, b, ¢, where
e and b are comparable and look to the problem of finding a magnitude d comparable
with ¢ called the fourth proportional of a, b, ¢ such that

o R
]
h._la

Clearly that is not true for all classes of magnitudes. For instance, it is not true

in general for pumbers (natural numbers!) like 2, 3 and 5. However, the existence of the

fourth proportional is always true for classes of magnitudes which are capable of “changing
in size continuously”, which'is actually the fundamental hypothesis in the classical proof
by De Morgan as reproduced by Heath in [2-a] following Prop. 18 in Book V.

The question is to clarify the meaning of “changing in size continuously”. For the
case of the straight line we find in Postulate 2 the word ovvexés in the neuter which
is equivalent to the adverb ouvexds meaning continuously, without gap, namely, it
is assumed that a straight line can be increased in size continuously, as the result of the
combination of ovvexés with the verb é xfadeiv which is the aorist tense mood of the
infinitive exfdAlw meaning “to throw” or “cut out”. Therefore, from the Postulate 2
taking in consideration its writing in Greek, we have to assume that the continuity of the
straight line was a datum “a priari” with spatial significance. Of course, a mare technical
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approach to the idea of continuity had to be provided and this is exactly achieved by
the existence of the fourth proportional coupled with the principle of exhaustion. We are
preparing a more elaborate paper on this subject to be pusblished elsewhere and hence,
right now, we content ourselves with some general remarks and examples.

According to Book VI, Prop.12 of Euclid’s Elements, the fourth proportional exists fos
the case of straight lines and by Prop.1 of the same book the result can also be extennded
to polygons, namely, if a, b are polygons and ¢ is a straight line, then there is a straight
line d which is the fourth proportional of @, b, c. Afterwards, by using the method of
exhaustion it is possible to extend the result to figures A having the property: there are
two polygons P and Q with Q containedin A and P containing A such that the
figure, difference P — R, can be made smaller than a given square B. That is, of course,
quite similar to the definition of Peano-Jordan measure but only formally. Indeed, to say
that P—Q is smaller than B it is understood that P—Q is equivalent to a square B’
which fits inside B with complete absence of any numerical content. On the contrary,
the Peano-Jordan measure relies heavily upon the concept of real number, an abstraction
incompatible with the Greek thought.

Assuming as well defined the concept of magnitude “changing continously” the Greek
geometers used very often the principle of the existence of the fourth proportionn.l in the
following context: suppose that we have to prove that, for magnitudes g,b,c,d it is t.rue
that

(1)

As for relations we only have either = or Z then by assuming that (1) is false we

L)
n..ln

have either > or <. Ifitis > then there is a magnitude ¥ > b such that

5=z : @)

and afterwards we try to find a contradiction as a consequence of (2) and similarly for <.
It is clear that this type of reasoning, namely the existence of ¥, depends on the “changing
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with continuity” of the magnitude b and the puzzling question is that, as said before, this
" technique is used very often by the Greek geometers, as for instance in Book XII, Prop.2 of
Eudid’l‘Elementl, without any comments, what leads us to think that it must have been
a well known result in Greece, in the same manner that in the West everytime we use the
idea of continuity in one way or another we do not bother ourselves to recall its definition
all the time. By another side, so far we have been unable to find some work by a Greek
grometer dealing specifically with that question. We are convinced that they did it but it
has been lost forever as so many great achievements of the great geniuses from Greece. It
is an open question anyway!

4. Let us study now the question of the non-euclidean geometries. It is hard to find
an u'u of mathematics where the misinterpreation of facts have gone so far and so deep.
For about 23 centuries the “problem of parallels” got the attention of mathematicians
both in Greece and in the West. The great comedy (or trage;iy!) has been: it was never
really a problem and its “solution™ found in the XIX century has never been
a solution! We dedicate this last part of our work to the clarification of this statement.

The word parallel is itself Greek, of course, and it means “side by side” from
mapdAinlos. For ix‘lstance, in architecture we say that two beams run parallel to each
other, i.e., side by side similarly. This concept is deeply connected with the principle of
analogy of organic logic. Indeed when we draw parallels in a sheet of paper we start with
one line and afterwards we imitate that line by analogy, drawing other lines parallel to it.
Without this organic notion of parallels architecture cannot exist. That is the reason why
from the very beginning the notion of parallels was associated with three other notions:

1) two ltrught lines in the plane without a common point;

! 2) two straight lines in the plane with the same direction;
3) two straight lines in the plane with constant distance from each other.
Due to the fact that an excellent historical-critical study of the relationship among the
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three notions above with the concept of parallels is done by Heath in [5-8] when discussing
def. 23 of Book I of Euclid’s Elements, we only focus in here into those aspects of the

question which are relevant to our point of view in this work.

Euclid takes 1) as the definition of parallels in the more precise swmt of def.
.23, Book 1, where he ues the idea of “producing a straight line indeﬁnitely;'. The word
dxetpov, which means generally without limits and already used by the philosopher
Anaximander in relation to the Universe, in geometry is connected with the idea of some
magnitude which can be.increased as much as needed but never infinitely in the sense
of atuality, but rather only in the sense of potentiality. For a Greek geometer it is
meaningless to say that the straight line is infinite. From the very beginning they realized
that to avoid troubles and paradoxes it was better to get rid of the idea of actual infinite
from the start! That is why this notion was banned forever from geometry and as s matter -
of fact from the whole Universe as felt by the Greek soul.

The idea of using 2) or 3) as a definition of parallels was rejected, among others,
by Aristotle as leading very easily to & “petitio principii” and consequently discarted by
Euclid. However, from the organic or intuitive point of view they are very appealing
and indeed are the “everyday used” definition of parallels. Suppose, for instance, that a
company decides to build a railroad in South America from South to North in a “straight
line”. One of the rails could follow exactly a meridian, the other running “parallel” to it.
Of course, parallel here means to keep the same distance from each other along the way. '
The notion of distance here is very clear for the engineers and working people: it is given
by the modulus which is an iron bar used to fix the rails at equal distance before nailing
them to the beams. Therefore, irrespective of the curvature of the earth for the railroad
builders the geometry to be used is the Euclidean and not the Riemannian one, namely, if
the rail is taken as a straight line the other rail is also a straight line parallel to it!

Another example: two airplanes are to fly from south to north keeping the “same
direction”. Clearly this means that they are supposed to fly “parallel to each other”,
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namely, they should not follow two meridians; otherwise they would collide in the north
pole! To savely circumvent the earth they have to keep parallel to each other in the
sense of never deviating' themselves from a “fixed direction”. Here we realize that the
idea of direction is an organic concept and cannot be reduced to the formalism of the
inorganic logic. This does not mean of course that with suitable convention we could
not formalize this concept in an abstract formalism. Indeed, with the help of algebra
in topology, differentiable geometry, etc. the concept of orientation of a manifold, for
example, can be introduced in abstract terms, but never in terms of Greek geometry. The
organic intuition of space is present in our “visualization of the orientation”, like the rule
of three fingers in the “geometrical” definition of the cross product of two vectors on

the momentum of a force, etc.

Considering all that Euclid had to introduce the notion of parallel in geometry in such
way as to keep in the background the concept of equal distance, same direction and do
not having a point in common. On top of that, what is a fundamental assumption, to
preserve the definition of straight line. All that is achieved with the genial introduction
of the V** postulate. As discussed before, this postulate is only meaningful when under- -
stood as a tehcnical procedure for connecting the definition of straight line as something
which “proceeds evenly without deviating from its direction™ with the notion of parallel.
Therefore, any attempt to “prove” this postulate has to use some alternative definition
of straight line and parallel which is the same thing as to substitute that postulate by
something equivalent to it, preserving the concepts of straight line and parallels as entities
and properties existing in space and given “a priori” with their own individuality and not
as abstract entities belonging to some set theory! .

Consequently this postulate is clearly improvable from the very beginning using only
the other four postulates, because we cannot prove something about some o‘bject without
using all its essential properties known “a priori”. Now, “to proceed evenly without deviat-
ing from its direction” is an essential property of the straight line and indeed if we analyse

36



all “proofs” of the V'* postulate they invariably use along the way some assumption
translating in one way or another that essential propersty of the straight line of *proceed
evenly...”

To summarize, regarding the V** postulate either we provide a proof, by using some
equivalent hypothesis to include the concept of straight line and parallel and in this case
the proof itself is correct as the classical case of Ptolomy’s proof, for example, or we do
not use any equivalent assumption and in this case the V** postulate is not a consequence
of the other four postulates by the reasons explained above. That is what we meant before
by the statement that there was no “problem” of the independence of the V** postulate
from the remaining four! Now about the solution!

In the XIX** century geometry has to be understood in the Western sense and conse-
quently the words point, straight line and plane do not have any spatial content but they
are rather abstract concepts. A straight line, for instance can be “curved”, like meridians
on the surface of a sphere. For the Greek geometers a spherical triangle was not a triangle
in the euclidean sense but just a figure drawn on the sphere whose sides were arc of merid-
jans. As a matter of fact, there existed a whole branch of geometry called Sphaerica,
dealing with figures drawn on a sphere, of great importance to astronomy, connected with
the names of Menelaus, Ptolomy and others. But they never looked to.that as a “new
geometry”! .

When Gauss, Bolyai and Lobachewsky started their celebrate research in the theory of
parallels set theory did not exist and the concepts of point, straight line and plane were not
yet clearly conceived as abstract entities in the sense of Hill.)ert; on the contrary, euclidesn
tradition was still very strongly rooted in their minds eventhough the Greek concept kof
space had already been erased by the action of time. The real problem of Gauss, for
instance, when he got'disturbed by imagining a “non euclidean geometry”, was his fear of
contradiction with the usual (euclidean?) concepts of points, straight and plane and the
reaction of the public, what lead that great genius to hide his discovery for the time being.
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Bolyai and Lobachewsky were less concerned with “plebis opinio” and decided to prove
theorems until the eventual finding of a contradiction resulting from the substitution of the
fifth pootuhte by something else, as for example: through a point P outside a straight
line r in the plane we have two families of straight lines formed by those lines which
intersect r from one side and by those which do not intersect r by another side; the
boundary lines of both families were named parallels to r. Of course, no contradiction
was found with “euclidean geometry” because the concept of straight line used by them
was not the euclidean one in the Greek sense, namely “proceeding evenly...” If they had
' decided to use the Greek concept of straight line then they would have to introduce this
concept through some hypothesis equivalent to the V** postulate, as discussed before and
in this case they would have, for sure, reached a contradiction!

After Beltrani, Poincaré and others a series of models of non;euclidea.n geometries
have been built, but in all of them the concept of straight line is not the euclidean one
and consequently they do not solve the “problem” of the V** postulate. All they do is
the presentation of sets with certain structures which obey similar statements to the
postulates I up to IV of Euclid's Elements but not the V** one! That is what we meant
before by “the solutions were no solutions”, because there was nothing to solve! To render
this point clearer let us analyse briefly one of those models. Let us call “plane” the interior
of a disc D and straight lines all segments inside D with extremities in its boundary;
“points” will be the “usual ones”. The notion of distance of‘ two points P, Q is defined
by the log of the absolute value of the double ratio of P, Q@ and the points A, B defined
by the intersection of the line r through P, Q with the boundary of D. Details can
be seen either in [6] or in [10]. Now taking a “straight line” r in this model and a point
P outside r we have two “straight lines” intersecting r in the boundary of D (at
infinite!) at points A and B and hence they are “parallel to r”. But, of course, this
models does not show that the V** postulate is independent of the other because the
concept of straight line used there is not the same as Euclid’s. All it is proved is: if a set
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E with abstract concepts named point, straight line and plane satisfy formally the
postulates I up to V of Euclid’s Elements then there is another model E’ which satisfies
I up to IV but not V! Therefore postulate V is independent of postulates I up to IV of
model E: “Elementary my dear Watson!” And this, of course, has nothing to do with
geometry in the Greek sense! As a matter of fact, a “small being” living in our previous
model in the disc D perhaps would have a feeling that the segments AP and PB above
together would form a “straight line” and therefore in his intuitive perception of facts in
his Universe maybe the V** postulate would be true afterall!

Finally we come to the question: in the real world of our perceptions is the euclidean
geometry experimentally verified or not? Here we are dealing with organic logic and
cosequently everything depends on our intuitive feeling of point, straight line, plane and
space. As seen before, for the architect and the engineer definitely the geometry to be
used is the euclidean one. Indeed, we doubt if any one of us would ever buy an apartment
in a building knowing that the architect used “non-euclidean geometry” in its design! Or,
what tragical consequences would result if an engineer would build a railroad assuming
as “straight lines” the meridian on earth. By another side, how about the physicist who
assumes as a straight line the distance between two points P and Q defined by a beam
of light from P or Q? It is well known, how starting from here, Einstein and others built
a model for the Universe which is a four dimensional riemannian manifold. Of course, that
is only an abstract object such that conclusions deducted from it, so far, in a large range
of phenomena are confirmed by experience. It has no claim to be the real world, which
is organic and whose existence is felt by our intuition through our senses. Here more than
ever the distinction between the organic and the inorganic is fundamental. In [1-b] this
question is discussed in detail and right now we shall only recall a few important points of
this subject.

In [11] Kant discusses the question: is the concept of space synthetic a priori or
analytic? The crucial point here is to clarify the meaning of the word space. In his
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criticism to Kant, Gauss makes it clear that for him it was not correct to suppose that
' euclidean geometry was necessarily the geometry of the real world. The whole point of
disagreement between the two giants was simply that they were talking about different
concepts! Gauss intended to show that other geometrical models for the world as a
reality could be proposed besides the euclidean one. We see clearly that he was talking
about inorganic space as a model of formal representations of our intuition of the space
of the real world. By another side, Kant was talking about organic space. Indeed, if
we analyse deeper, the kantian concept of synthetic judgement a priori we realize that it
fits only in the realm of organic logic while analytic judgement belongs to inorganic logic.
Consequently, when the great philosopher of Kdnigsberg says that space is a concept
synthetic a priori he is absolutely correct because he is talking, perhaps without a clear
idea of it, about organic space. This misunderstanding of Kant’s ideas about space has
been rooted like a weed in the Western thought until our days. Indeed, in the work of most
philosophers and mathematicians in our Western culture we find vestiges of this confusion

between organic and inorganic space.

Here we feel with great intensity the difference between Greek and Western geometry: B
the inorganic representation of the organic space built by the Greek geometers were
close to each other while in the West they are as far apart as possible: two distinct historical

cultures, two distinct concepts of space, two distinct geometries!
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