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1 Introduction

One of the most annoying flaws of the usual canonical formalism in field theory is
its lack of manifest covariance, that is, its lack of explicit Lorentz invariance (in the
context of special relativity) and more generally its lack of explicit invariance under
space-time coordinate transformations (in the context of general relativity). Of course,
this defect is built into the theory from the very beginning, since the usual canonical
formalism represents the dynamical variables of classical field theory by functions on
some spacelike hypersurface (Cauchy data) and provides differential equations for their
time evolution off this hypersurface: thus it presupposes a splitting of space-time into
space and time, in the form of a foliation of space-time into Cauchy surfaces. As a result,
canonical quantization leads to models of quantum field theory whose covariance is far
from obvious and in fact constitutes a formidable problem: as a well known example, we
may quote the efforts necessary to check Lorentz invariance in (perturbative) quantum
electrodynamics in the Coulomb gauge.

These and similar observations have over many decades nourished attempts to de-
velop a fully covariant formulation of the canonical formalism in classical field theory,
which would hopefully serve as a starting point for alternative methods of quantization.
Among the many ideas that have been proposed in this direction, two have come to
occupy a special role. One of these is the “covariant functional formalism”, based on
the concept of “covariant phase space” which is defined as the (infinite-dimensional)
space of solutions of the equations of motion. This approach was strongly advocated
in the 1980’s by Crnkovié, Witten and Zuckerman {1-3] (see also [4]) who showed how
to construct a symplectic structure on the covariant phase space of many important
models of field theory (including gauge theories and general relativity), but the idea
as such has a much longer history. The other has become known as the “multisymplectic
formalism”, based on the concept of “multiphase space” which is a (finite-dimensional)
space that can be defined locally by associating to each coordinate ¢* not just one
conjugate momentum p; but n conjugate momenta p¥ (4 =1,...,n), where n is the
dimension of the underlying space-time manifold. In coordinate form, this construction
goes back to the classical work of De Donder and Weyl in the 1930’ [5, 6], whereas
a global formulation was initiated in the 1970’s by a group of mathematical physi-
cists, mainly in Poland [7-10] but also elsewhere [11,12], and definitely established in
the 1990°s [13, 14]; a detailed exposition, with lots of examples, can be found in the
GIMmsy paper [15].

The two formalisms, although both fully covariant and directed towards the same
ultimate goal, are quite different in nature; each of them has its own merits and draw-
backs.

o The multisymplectic formalism is manifestly consistent with the basic principles of
field theory, in particular that of locality, and is mathematically rigorous because
it uses well established methods from calculus on finite-dimensional manifolds.
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On the other hand, it does not seem to permit any obvious definition of the
Poisson bracket between observables. Similarly, the introduction of n conjugate
momenta for each coordinate obscures the usual duality between canonically con-
jugate variables (such as momenta and positions), which plays a fundamental role
in all known methods of quantization. A definite solution to these problems has
yet to be found.

o The covariant functional formalism fits neatly into the philosophy underlying the
symplectic formalism in general; in particular, it admits a natural definition of the
Poisson bracket (due to Peierls [16] and further elaborated by De Witt [17-19])
that preserves the duality between canonically conjugate variables. On the other
hand, being of intrinsically global nature, it obscures the implementation of the
principle of locality. Moreover, it cannot be considered to be mathematically
rigorous since it is often restricted to the formal application of methods from
calculus on manifolds, extrapolated to the infinite-dimensional case: transforming
such formal results into mathematical theorems is a separate problem, often highly
complex and difficult.

Unfortunately, the exact relation between the two approaches has never been made
completely explicit in the literature. This is surprising since it should be clear from
the previous remarks that they are to a certain extent complementary, so establishing
a firm link between them will very likely be a source for new insights.

The present paper, based on the PhD thesis of the second author [20], is intended
as a first step to overcome this deficiency. It is organized into two main sections. In
Sect. 2, we briefly review some salient features of the multisymplectic approach to
geometric field theory, focussing on the concepts needed to make contact with the co-
variant functional approach. In particular, this requires a digression on jet bundles
of first and second order as well as on the definition of both extended and ordinary
multiphase space as the twisted affine dual of the first order jet bundle and the twisted
linear dual of the linear first order jet bundle, respectively: this will enable us to give
a global definition of the space of solutions of the equations of motion, both in the
Lagrangian and Hamiltonian formulation, in terms of a globally defined Euler - Lagrange
operator € and of a globally defined De Donder-Weyl operator D, respectively.
To describe the formal tangent space to this space of solutions at a given point, we
also write down the linearization of each of these operators around a given solution.
In Sect. 3, we apply these constructions to derive a general expression for the sym-
plectic form Q on covariant phase space, & la Crnkovié-Witten-Zuckerman, in terms of
the multisymplectic form w on extended multiphase space and/or the Cartan form
w; obtained from it by pull-back via the Legendre transformation induced by a
Lagrangian density £. Finally, we show that the Poisson bracket associated with the
form €, according to the standard rules of symplectic geometry, suitably extended to
this infinite-dimensional setting, is precisely the Peierls-De Witt bracket of classical
field theory {16-19].



2 Multisymplectic Approach

2.1 Overview

The multisymplectic approach to geometric field theory, whose origins can be traced
back to the early work of Hermann Weyl on the calculus of variations [6], is based on
the idea of modifying the transition from the Lagrangian to the Hamiltonian framework
by treating spatial derivatives and time derivatives of fields on an equal footing. Thus
one associates to each field component ¢* not just its standard canonically conjugate
momentum m; but rather n conjugate momenta ¥, where n is the dimension of space-
time. In a first order Lagrangian formalism, where one starts out from a Lagrangian L
depending on the field and its first partial derivatives, these are obtained by a covariant
analogue of the Legendre transformation

oL
b= —— 1
1rl aa#(p' ( )
This allows to rewrite the standard Euler- Lagrange equations of field theory
oL oL
5o "o = 2

as a covariant first order system, the covariant Hamiltonian equations or De Donder -
Weyl equations

6H : O0H
F = W', Bt Ty (3
where
H =8y - L (4)

is the covariant Hamiltonian density or De Donder- Weyl Hamiltonian.

Multiphase space (ordinary as well as extended) is the geometric environment built
by appropriately patching together local coordinate systems of the form (¢%,p¥) - in-
stead of the canonically conjugate variables (¢*,7) of mechanics — together with space-
time coordinates z# and, in the extended version, a further energy type variable that
we shall denote by p (without any index). The global construction of these multi-
phase spaces, however, has only gradually come to light; it is based on the following
mathematical concepts.

o The collection of all fields in a given theory, defined over a fixed {n-dimensional
orientable) space-time manifold M, is represented by the sections ¢ of a given
fiber bundle E over M, with bundle projection 7 : E — M and typical fiber Q.
This bundle will be referred to as the configuration bundle of the theory since Q
corresponds to the configuration space of possible field values.
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¢ The collection of all fields together with their partial derivatives up to a certain
order, say order r, is represented by the r-jets j"p = (9,0, ...,3%p) of sections
of E, which are themselves sections of the r*® order jet bundle J”E of E, regarded
as a fiber bundle over M. In this paper, we shall only need first order jet bundles,
with one notable exception: the global formulation of the Euler - Lagrange equa-
tions requires introducing the second order jet bundle.

o Dualization — the concept needed to pass from the Lagrangian to the Hamiltonian
framework via the Legendre transformation - comes in two variants, based on the
fundemental observation that the first order jet bundle J'E of E is an affine
bundle over E whose difference vector bundle J'E will be referred to as the
linear jet bundle. Ordinary multiphase space is obtained as the twisted linear
dual J®E of J'E while extended multiphase space is obtained as the twisted
affine dual J'®E of J'E, where the prefix “twisted” refers to the necessity of
taking an additional tensor product with the bundle of n-forms on M 1

o The Lagrangian £ is a function on J'E with values in the bundle of n-forms
on M so that it may be integrated to provide an action functional which enters
the variational principle. The De Donder- Weyl Hamiltonian 3 is a section of
JI®E, considered as an affine line bundle over JieE,

Note that the formalism is set up 80 as to require no additional structure on the con-
figuration bundle or on any other bundle constructed from it: all are merely fiber
bundles over the space-time manifold M. Of course, additional structures do arise
when one is dealing with special classes of fields (matter fields and the metric tensor
in general relativity are sections of vector bundles, connections are sections of affine
bundles, nonlinear fields such as those arising in the sigma model are sections of trivial
fiber bundles with a fixed Riemannian metric on the fibers, etc.), but such additional
structures depend on the kind of theory considered and thus are not universal. Finally,
the restriction imposed on the order of the jet bundles considered reflects the fact
that almost all known examples of field theories are governed by second order partial
differential equations which can be derived from a Lagrangian that depends only on the
fields and their partial derivatives of first order, which is why it is reasonable to develop
the general theory on the basis of a first order formalism, as is done in mechanics [21,22].

2.2 The First Order Jet Bundle

The field theoretical analogue of the tangent bundle of mechanics is the first order jet
bundle J'E associated with the configuration bundle E over M. Given a point e in E

1We use an asterisk * to denote linear duals of vector spaces or bundles and a star * to denote affine
duals of affine spaces or bundles. These symbols are appropriately encircled to characterize twisted
duals, as opposed to the ordinary duals defined in terms of linear or affine maps with values in R.



with base point z = m(e) in M, the fiber JIE of J'E at e consists of all linear maps
from the tangent space T, M of the base space M at z to the tangent space T,E of the
total space E at e whose composition with the tangent map T, : T,E — T, M to the
projection 7 : E — M gives the identity on T, M:

JoE = {y€ L(T,M,T,E) : T,roy = idpar} - (5)

Thus the elements of J!E are precisely the candidates for the tangent maps at 7 to
(local) sections ¢ of the bundle E satisfying ¢(z) = e. Obviously, J!E is an affine
subspace of the vector space L(T_M,T,E) of all linear maps from T,M to the tangent
space T,E, the corresponding difference vector space being the vector space of all linear
maps from T, M to the vertical subspace V,E:

JiE = (7€ {T,M,T,E) : Tro7 = 0} = LLM,V,E) = T"MV,E . (6)

The jet bundle J'E thus defined admits two different projections, namely the farget
projection Tz : J'E — E and the source projection o5 : J'E — M which is simply
its composition with the original bundle projection, that is, o5 = 7 o Tg. The same
goes for J 'E, which we shall call the linearized first order jet bundle or simply linear
Jjet bundle associated with the configuration bundle E over M.

The structure of J'E and of J'E as fiber bundles over M with respect to the source
projection (in general without any additional structure), as well as that of J'E as an
affine bundle and of J'E as a vector bundle over E with respect to the target projection,
can most easily be seen in terms of local coordinates. Namely, local coordinates z# for M
and ¢ for Q, together with a local trivialization of E, induce local coordinates (z*,q%)
for E as well as local coordinates (z*, ¢, g}) for J'E c L(x*(TM), TE) and (z*,¢', i)
for 'E c L(r*(TM ), TE). Moreover, local coordinate transformations z* — z” for M
and ¢' ~ ¢ for Q, together with a change of local trivialization of E, correspond to
a local coordinate transformation (z#,¢') — (2", ¢%) for E where

¥ = z"@*) , ¢ = ¢iz*q). (7
The induced local coordinate transformations (z*,¢',q}) — (=%, ¢Y,¢}) for J'E and

-1

(z*, ¢', d.) — (2¥,47,§7) for J1E are then easily seen to be given by

ozt B ,  Or* A

= == it 2 ek
Y= o0 o W o oo ®)
and b8 gt
> bl ¢
=iy __ =4
q, = aI,y a qi Qp . (9)



This makes it clear that J'E is an affine bundle over F with difference vector bundle
J'E = T"MQ®VE, (10)
in accordance with eq. (6).2

That the (first order) jet bundle of a fiber bundle is the adequate arena to incorpo-
rate (first order) derivatives of fields becomes apparent by noting that a global section
¢ of E over M naturally induces a global section jl¢ of J'E over M given by

o) = Toe € J;(Z)E for ze M .

In the mathematical literature, j'¢ is called the (first) prolongation of ¢, but it would
be more intuitive to simply call it the derivative of ¢ since in the local coordinates used
above,

jte(z) = (a*,¢'(2),8.¢'(2)) »
where 8, = 8/0z*; this is symbolically summarized by writing Jto = (p, 0).
Similarly, it can be shown that the linear jet bundle of a fiber bundle is the adequate

arena to incorporate covariant derivatives of sections, with respect to an arbitrarily
chosen connection.

Finally, let us discuss briefly the lifting, from E to J E, of (local) bundle automor-
phisms and, passing to generators of one-parameter groups, of projectable vector fields.
Let & : E = E be an automorphism of the fiber bundle E over M and ¢: M =+ M
the induced diffeomorphism of M such that the diagram

P
E — FE
. l l .
]
M — M
commutes. This can be lifted to an automorphism of the jet bundle J'E, as an affine
bundle over E, by defining J'® : J'E — J'E as follows: given a point e in E with
base point = 7(e) in M and a 1-jet ye JLE, define the 1-jet J'®(v)e JaE by

J'®(y) = T,@oyo(T,4)". (11)

2Given any vector bundle V over M, such as TM, T*M or any of their exterior powers, one can
consider it as as vector bundle over E by forming its pull-back 7*V. In order not to overload the
notation, we shall here and in what follows suppress the symbol 7*.



Obviously, this formula defines a linear map from L(T,M,T,E) to L(Tyy M, T(o)E)
that restricts to an affine map from J}E to J3, E:
Tamo J'®(y) = TyymoT,Ro0v0 (T,¢)"
=T,(ro®)oyo (T ¢)"
= T,(pom)oyo (T 4)~"
T,poT,moyo(T,¢)™"
T.po idT'M o (T,¢)™"

Il

= ldT‘(s)M .
In particular, the diagram
J®
J'E — J'E
r j l r
(]
E — FE

commutes, justifying to call J'® the first prolongation of ®. This construction can
be generalized to any fiber bundle map @ : E =& F over a (local) diffeomorphism
¢: M — N, giving an affine bundle map J*®: J'E — J'F over ®: FE — F.

Passing to the description of the infinitesimal situation, let us consider a projectable
vector field V on F, whose flow is a one-parameter group of (local) automorphisms of E
that can be lifted to a one-parameter group of local automorphisms of J 1E, generated
by a projectable vector field J'V on J'E: this is then defined to be the prolongation
of V. Thus

_ 0D, 1w, _ 0(J'®,)
V= e = V= oA o
In local coordinates as before, we can write
0 ; 0
= Yy _2_ S
14 |4 e + V‘aq'. (12)

where V¥ = V¥(z*) and V¥ = V¥(z*, ¢%), and since the lifting of bundle automorphisms
is described by the transformation law (8), differentiation with respect to A gives
3 7] )% ave . avi\ o
g

JWV = Vi 4 vi_ —q - — L=
Oz + ogt + dg* azr T Ggn oq;,

(13)

2.3 Duality

The next problem to be addressed is how to define an adequate notion of dual for J'E.
The necessary background information from the theory of affine spaces and of affine
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bundles (including the definition of the affine dual of an affine space and of the transpose
of an affine map between affine spaces) is summarized in the Appendix. Briefly, the
rules state that if A is an affine space of dimension k over R, its dual A* is the space
A(A,R) of affine maps from A to R, which is a vector space of dimension k + 1.
Thus the affine dual J*E of J'E and the linear dual JI*E of J'E are obtained by
taking their fiber over any point e in E to be the vector space

J*E = {2,: JJE — R affine} (14)

and .
JI*E = {Z,: J.E — R linear} (15)

respectively. However, as mentioned before, the multiphase spaces of field theory are
defined with an additional twist, replacing the real line by the one-dimensional space
of volume forms on the base manifold M at the appropriate point. In other words, the
tunsted affine dual

JI®E = JHEQA\"T*M (16)

of JIE and the twisted linear dual
J'®g = JUEQAN"T'M (17)

of J'E are defined by taking their fiber over any point ¢ in E with base point = = w(e)
in M to be the vector space

JI®E = {z,: J'E — \"T;M affine} (18)

and
Jieg = {z,: JIE — A"T;M linear} (19)

respectively.? As in the case of the jet bundle and the linear jet bundle, all these
duals admit two different projections, namely a target projection onto E and a source
projection onto M which is simply its composition with the original projection .

Using local coordinates as before, it is easily shown that all these duals are fiber
bundles over M with respect to the source projection (in general without any additional
structure) and are vector bundles over E with respect to the target projection. Namely,
introducing local coordinates (z*, ¢*) for E together with the induced local coordinates
(z*,4',¢.) for J'E and (z#,¢",q,) for J1E as before, we obtain local coordinates
(z#,¢*,p%,p) both for J*E and for J'®E as well as local coordinates (z*,¢',pl) both
for J1*E and for J1®E, respectively. These are defined by requiring the dual pairing
between a point in J**E or J'®E with coordinates (z*,¢',p},p) and a point in JIE
with coordinates (z*,¢',q}) to be given by

pidi+p (20)



in the ordinary (untwisted) case and by
(pig.+ p) d™e (21)
in the twisted case, whereas the dual pairing between a point in J'*E or in J'®E with
coordinates (z*, ¢, p}) and a point in J!E with coordinates (z*, ¢', g;) is given by
pia, (22)
in the ordinary (untwisted) case and by
Pl d"z (23)

in the twisted case. Moreover, a local coordinate transformation (z#,¢') = (2, ¢'9)
for E as in eq. (7) induces local coordinate transformations for J'E and for J'E as in
egs (8) and (9) which in turn induce local coordinate transformations (z*,q',pt,p) —
(z”,4",p%,p") both for J*E and for J'®F as well as local coordinate transformations

(z#, ¢',p) = (=", 7, p}) both for J*E and for J'®E: these are given by

9z 8¢’ ¢’ B4t
L —_pH L _—— #
P~ Bon bgi P 0 P TP i g P

(24)

in the ordinary (untwisted) case and

v 8z\ 0z" O¢' /Al Oz dq? a¢
p; = det(@) W %IJ:‘ y D= det(——) (p = ﬁ aq'j b; (25)

in the twisted case.

Finally, it is worth noting that the affine duals J™*E and J'®E of J!E contain line
subbundles J;*E and J!®E whose fiber over any point e in E with base point z = r(e)
in M consists of the constant (rather than affine) maps from J!E to R and to A" T:M,
respectively, and the corresponding quotient vector bundles over £ can be naturally
identified with the respective linear duals J!*E and J'®F of J'E, i.e., we have

J*E/J*E = JUE (26)
and
J'®g/JleE =~ Jieg (27)

respectively. This shows that, in both cases, the corresponding projection onto the
quotient amounts to “forgetting the additional energy variable” since it takes a point
with coordinates (z*,¢',p¥,p) to the point with coordinates (z*,¢*,p%); it will be
denoted by 7 and is easily seen to turn J'*E and J'®F into affine line bundles over
J'*E and over J1®E, respectively.
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2.4 The Second Order Jet Bundle

For an appropriate global formulation of the standard Euler - Lagrange equations of field
theory, which are second order partial differential equations, it is useful to introduce
the second order jet bundle J?E associated with the configuration bundle E over M.
It can be defined either directly, as is usually done, or by invoking an iterative procedure,
which is the method we shall follow here. Starting out from the first order jet bundle
J'E of E, regarded as a fiber bundle over M, we consider its first order jet bundle
JUJIE and define, in a first step, the semiholonomic second order jet bundle J2E of E
to be the subbundle of J'J'E given by

PE = {ke J''E : 1g(k) = J'g(k)} (28)

where 7yp : JYJ'E — J'E is the target projection of J'J'E while Jlrg : J'J'E =
J'E is the prolongation of the target projection 75 : J'E — E of J'E, considered as
a map of fiber bundles over M. As will become clear below, J?E is an affine bundle
over E, with difference vector bundle (T*M & (T*M ® T*M)) ® VE. Therefore, using
the construction of the affine quotient of an affine space (bundle) by a vector subspace
(subbundle) of its difference vector space (bundle), as explained in the Appendix, we
may complete the construction by observing that since 7*M ® T*M contains NTM
as a vector subbundle (and hence so does T*M & (T*M @ T*M)), it is possible to define
the second order jet bundle J2E of E as the quotient

J’E = PE/NT*MQVE . (29)
Once again, J2E is an affine bundle over E, with difference vector bundle

PE = (T"Me\V?*T°M)QVE. (30)

These assertions can be proved by introducing local coordinates (z*, ¢*) for E to-
gether with the induced local coordinates (z*,¢',q;,) for J'E as before to first define
induced local coordinates (z*,¢*, g%, 7%, ¢i,) for J'J'E. Simple calculations then show
that the points of J2E are characterized by the condition g¢j, = i and the points
of J2E by the additional condition g}, = ¢j,. Moreover, a local coordinate trans-
formation (z*,¢') — (z,¢”) for E as in eq. (7) induces a local coordinate transfor-
mation for J'E as in eq. (8) which in turn induces a local coordinate transformation
(=, ¢, ¢\, rin i) = (27,99, ¢, v, ;) for J'J'E, given by eq. (8) together with

. ok O | ar# Oq7

g —r = 31

™ = 8w ag ™+ Brv oo B

Yo Bz'o aq:" o dr'e BzP

In particular, egs (8) and (31) show that g, = r;, implies ¢4 = 4, as required by
the global, coordinate independent nature of the definition of J?E as a subbundle of

(32)

11



JYJ'E, while eq. (32) can be further evaluated by differentiating eq. (8) with respect
to g}, and ¢, which leads to
i _ Oz* 0zf 8¢7
b = 5o oo ag W
(61:“ oz 9% dz* 8z° Oz* 0Oz Bq'j) :

S o Be ~ o s oot e ) (33)

Oz™ 0z'* dzr B¢¢  Bx™ Oz'° Oz OzPOz* Ogi
T T SV

oz dz'® OzrOz+ oz' 9z'e Oz'* OzP Oz* Oz

This is also the induced local coordinate transformation for J2E, whereas that for J2E
is obtained by symmetrization:

i _ OxP 82f OqY
e = g g ag Qup
(1 (B:L“‘ dr® Oz 3:1:”) 8¢ _ 0z* 3z Bzt %2 ?_q_’_’) ;

2\8s" 8z " 87 0z ) dzPOF  Ba Bz Bz Bz bz o ) W
b o) 3
dz™ Bz’ BzPOz* 9z 0z° Oz Oz Oz~ Ozh )

Both formulas indicate that JF and J?E are indeed affine bundles over E, with dif-
ference vector bundles as stated above.

The equivalence between the definition of the second order jet bundle given here
and the traditional one is obtained observing that the iterated jet j151¢ of a (local)
section ¢ of E assume values not only in J2E but even in J2E, due to the Schwarz
rule. Therefore, second order jets in the traditional sense, that is, classes of (local)
sections where the equivalence relation is the equality between the Taylor expansion
up to second order, are in one-to-one correspondence with these iterated jets of (local)
sections. Moreover, a global section ¢ of E over M naturally induces a global section
7%p of J2E over M such that in the local coordinates used above

() = (2#,¢'(x), 8, (2), 0,0,4(2)) -
where 9, = 8/0z#; this is symbolically summarized by writing 7o = (p,8p,8%).

2.5 The Legendre Transformation

A Lagrangian field theory is defined by its configuration bundle E over M and its
Lagrangian density or simply Lagrangian, which in the present first order formalism is
a map of fiber bundles over E:

L:J'E — A"T*M. (35)

12



The requirement that £ should take values in the volume forms rather than the func-
tions on space-time is imposed to guarantee that the action functional S: I'(E) - R
given by

Slg] = [M Lip,dp)  for pe T(E) (36)

be well-defined and independent of the choice of additional structures, such as a space-
time metric.® Such a Lagrangian gives rise to a Legendre transformation, which comes
in two variants: as a map

FL:J'E — J'°E (37)
or as a map

FL:J'E — J'®E (38)
of fiber bundles over E. For any point «y in JLE, the latter is defined as the usual fiber
derivative of £ at v, which is the linear map from J3E to A" T: M given by

—

- d - = 1
FL(y)- R = .d_)‘/;(ry-q. ,\;~;)|A=o for K¢ jeE , (39)

whereas the former encodes the entire Taylor expansion, up to first order, of £ around 7y
along the fibers, which is the affine map from J.E to A" T; M given by

EL('y) -k = L{y) + %L(7+/\(K_7))IA=O for ke JIE . (40)

Of course, FL is just the linear part of FL, that is, its composition with the bundle
projection 7 from extended to ordinary multiphase space: FL = no FL. In local
coordinates as before, FL is given by

. oL oL

. = o, =L i 41
%= g P (41)

- ﬁq"‘

where L = L d"z. Finally, if £ is supposed to be hyperregular, which by definition
means that FL should be a global diffeomorphism, then one can define the De Donder-
Weyl Hamiltonian J{ to be the section of J'®E over J 1®F given by

H = FLo(FL)'. (42)
In local coordinates as before, this leads to
H = plq, - L (43)
where £ = L d*z and H = — H d"z, as stipulated in eq. (4).

Conversely, the covariant Hamiltonian formulation of a field theory that can be
described in terms of a configuration bundle E over M is defined by its Hamiltonian

3trictly speaking, the integration should be restricted to compact subsets of space-time, which
leads to an entire family of action functionals.
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density or simply Hamiltonian, in the spirit of De Donder and Weyl, which in global
terms is a section of extended multiphase space J'®F as an affine line bundle over
ordinary multiphase space J®E:

H:J'®E — JISE . (44)
Such a Hamiltonian gives rise to an inverse Legendre transformation, which is a map
F¥:J'®E — J'E (45)

of fiber bundles over E defined as follows. For any point Z in J !®F, the usual fiber
derivative of H{ at Z is a linear map from J1®FE to JI®E which when composed with
the projection 7 from J!®F to J1®F gives the identity on J'®E (since ¥ is a section):
such linear maps form an affine subspace of the vector space of all linear maps from
JI®E to JI®F that can be naturally identified with the original affine space JIE, as
explained in the Appendix. In local coordinates as before, F is given by

%= o

where 3 = — H d™z. Finally, if } is supposed to be hyperregular, which by definition
means that FJ( should be a global diffeomorphism, then one can define the Lagrangian

L to be given by
Ly) = (Ho(FH)) (7). (47)
In local coordinates as before, this leads to

(46)

L =plg, - H (48)
where L =Ld"z and H = — H d"z.

Thus in the hyperregular case, the two processes are inverse to each other and
allow one to pass freely between the Lagrangian and the Hamiltonian formulation. Of
course, this is no longer true for field theories with local symmetries, in particular gauge
theories, which require additional conceptual input.

At any rate, it has become apparent that even in the regular case, the full power
of the multiphase space approach to geometric field theory can only be explored if one
uses the ordinary and extended multiphase spaces in conjunction. ’

2.6 Canonical Forms
The distinguished role played by the extended multiphase space is due to the fact that

it carries a naturally defined multisymplectic form w, derived from an equally naturally
defined multicanonical form # by exterior differentiation: it is this property that turns
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it into the field theoretical analogue of the cotangent bundle of mechanics.* Global
constructions are given in the literature [13-15], so we shall content ourselves with
stating that in local coordinates (z*,¢', p¥,p) as before, ¢ takes the form

0 = pldgndiz, + pdiz, (49)
50 w = —df becomes
w = dg'adpiadiz, — dpadz. (50)

Given a Lagrangian £, we can use the associated Legendre transformation L to pull
back 6 and w and thus define the Poincaré-Cartan forms 6, and w;, on J'E associated
with the Lagrangian L:

6, = (FL)'6 , w, = (FL)w. (51)

Similarly, given a Hamiltonian 3, we can use it to pull back ¢ and w and thus define
the De Donder - Weyl forms 8, and wy, on J'®E associated with the Hamiltonian H:

b = H'0 |, wy = Hw. (52)
Of course, w, = —df, and wy = — db,; moreover, supposing that H o FL = FL,
we have . .
GL = (]FL)‘B:}( y Wg = (FL)‘UJJ{ . (53)
In local coordinates as before, eq. (49) implies that
oL oL
0, = —dg*'ad" L-—g¢g,)d"z, 54
L aq;‘ q A xl-‘ + ( aq;‘ qp) z ( )
0y = pldgnd'z, — Hd"z . (55)

Tt is useful to note that the forms 6, and 6, allow us to give a very simple definition of
the action functional: it is given by pull-back and integration over space-time.* Thus
in the Lagrangian framework, the action associated with a section ¢ of E over M is
obtained by taking the pull-back of 8, with its derivative which is a section (¢, Bp)
of J'E over M,

Stel = [ (@000 for peT(E), (56)

whereas in the Hamiltonian framework, the action associated with a section (i, )
of JI®F over M is simply

Sle,a] = /M (0,m) 6 for (p,m)e T(T19E) . (57)

4Note that this statement fails if one uses the ordinary duals instead of the twisted ones.
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In both cases, it can be shown that the stationary points of the action are precisely
the solutions of the corresponding Euler- Lagrange and De Donder- Weyl equations,
respectively. It is therefore no surprise that these equations can be formulated globally
through the vanishing of certain (in general nonlinear) differential operators € and D
defined solely in terms of the forms w; and ws, respectively. However, an explicit
construction in the spirit of global analysis [23,24] does not seem to be readily available,
although there do exist various attempts that go a long way in the right direction; see,
e.g., [25] for the Lagrangian case and [13] for the Hamiltonian case.

2.7 Euler-Lagrange and De Donder - Weyl Operator

Theorem 1 Given a Lagrangian density as in eq. (35) above, define the corresponding
Euler - Lagrange operator to be the map

&:'E — V'EQA\"T'M (58)

of fiber bundles over J'E ® that associates to each 2-jet (p, dp, 8%¢) of (local) sections
@ of E over M and each vertical vector field V on E the n-form on M given by

E(p,80,8%0) - V = (9,8¢)" i1y wy) - (59)

Then for any section @ of E, &(yp, Op, 8%yp) is the zero section if only if o satisfies the
Euler - Lagrange equations associated to L.

PROOF: Let V be a vertical vector field on E, with local coordinate expression

‘
= V'— aq'
(cf. eq. (12)), and let J'V be its lifting to J'E, with local coordinate expression
8 av? avi\ 8
1w _ vi 9 »
PV = Vi +(ak e+ )6q’

(cf. eq. (13)). Applying the exterior derivative to eq. (54), contracting with J'V and
then pulling back with (i, 8p) gives, after some calculation,

" o°L . L . .
(0. 00) (ipywe) = 7 o, aas (P 00) Vip) d™z + 500G, (0, 00) Vi(p) 0y¢’ d™z

0L .
* 5oy POV 006 45 - j(so,aw) Vi(p) d"s

= (3,. (a—q,;(w,aw)) - g—;(tp, 690)) Vi(p) d"z,

5 Again, we suppress the symbols indicating the pull-back of bundles from E or M to JE.
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where it is to be noted that the terms depending on the derivatives of V have dropped
out. This leads to the following explicit formula for £:

2 —_ a_L oL i n
8(¢,6<Paa ‘P) = (6u(3qL((P,6(P)) - ﬁ(¢16({’) dg' ®@d"z . (60)

In particular, it is clear that & depends on ¢ only through the point values of ¢ and
its partial derivatives up to second order, which concludes the proof. O

Theorem 2 Given o Hamiltonian density as in eq. (44} above, define the corresponding
De Donder - Weyl operator to be the map

D JYI®E) — V(I'®E)® A\"T'M (61)

of fiber bundles over J'®E © that associates to each 1-jet (0, , Op, O7) of (local) sections
(¢,m) of J'®E over M and each vertical vector field V' on J1®F the n-form on M
given by

'D((P,ﬂ',a‘p, 6‘”) Vo= (501 7l')* (iV wﬂ{) : (62)
Then for any section (@, ) of J'®E, D(p, 7,0y, d) is the zero section if only if (i, )
satisfies the De Donder - Weyl equations associated to H.

PROOF: Let V be a vertical vector field on J'®E, with local coordinate expression
o i

Lol
or TV e

Applying the exterior derivative to eq. (55), contracting with V' and then pulling back
with (¢, ) gives, after a short calculation,

V=V

a¢: i n OH 3 n
(9077[.) (1vw:}c) = uﬂ-?v ((p,?(')d z + B_q-"(%"r)v (‘Paﬂ')d z

- B¢ Vg, m) d"z +

OH .
i (om) Vo) ds

This leads to the following explicit formula for D:

D, dp,0m) = (Geptom) - Ot ) df @ s
)

H .
+ (gp,‘, (p,7) + Bytp') dpf ®@d"z .

In particular, it is clear that D depends on (g, 7) only through the point values of ¢
and 7 and their partial derivatives up to first order, which concludes the proof. 0

8 Again, we suppress the symbols indicating the pull-back of bundles from E or M to Jreg.
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2.8 Jacobi Operators

In order to make contact with the functional formalism to be discussed in the next
section, we must also derive explicit expressions for the linearization of the Euler-
Lagrange operator and the De Donder- Weyl operator around a given solution of the
equations of motion. This leads to linear differential operators between vector bundles
over M that we shall refer to as Jacobt operators, generalizing the familiar derivation
of the Jacobi equation by linearizing the geodesic equation.

In its Lagrangian version, the Jacobt operator is a second order differential operator
3lel : T(V,) — TV, (64)

where V, = ¢*(VE) and V;® = ¢*(V*E) ® A" T*M, obtained by linearizing the
Euler- Lagrange operator £ around a given solution ¢ of the equations of motion.
Similarly, in its Hamiltonian version, the Jacobs operator is a first order differential
operator

39{[901 "] : F(V(qp,n)) — r(V(f,g)) ’ (65)

where Vig.x) = (¢, 7)*(V(J'®E)) and V, om = (s )" (V*(J'®E)) ® A" T" M, obtained
by linearizing the De Donder - Wey! operator D around a given solution (i, ) of the
equations of motion. (Thus in both cases, the vector bundles involved are obtained by
pulling back the appropriate vertical bundle and its twisted dual with the solution of
the nonlinear equation around which the linearization is performed,) To obtain explicit
expressions, consider an arbitrary variation , around y and evaluate (i, 8¢a, 0%¢))
which, for each A, is a section of V2, observing that since ¢ = <p,\| Ao i8 & solution,
E(ox, B, 62 ‘P'\)Ix—o is the zero section of V,®, and setting

d

8o = 50 (66)

‘4\.—.0 )
Noting that in local coordinates, the value of £(yy, 8y, 8%¢)) at a point z in M with
coordinates z* has coordinates (z#, @3 (2), E(px, Bpx, 321 )i(x)) where the last piece is
the coefficient of dg* @ d”z in eq. (60), we get by differentiation with respect to A

a 2
F3Y E(a, Opy, 0 gaA)L:o

; 8
'_
&y P

oL ;
+ (3#(W(<P,3<P) oy + aqz (‘P,a‘P) 8 54?’)
37 0p) 8 5<p’) dg' ® d"z

d°L . 92L
— 2= (,8p) 67 —
aq:aq-(“’ p) 6¢ 3¢ o¢
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Similarly, consider an arbitrary variation (py,7,) around (p,n) and evaluate
D(pa, 7, Do, 0m)) which, for each A, is a section of V(fhn), observing that since

{0, m) = (r,m)|,_, i8 & solution, D(x, 7, 0px, am)|,_, is the zero section of V(g,),
and setting ¥

(6o,6m) = o (onm)]|,_, - (67

Again, noting that in local coordinates, the value of D(py, 7x, O, 07)) at a point =
in M with coordinates z# has coordinates (z*, @4 (z), (m2)} (z), D(@x, Tr, O, Om)i(z),
D(paMr, B0, 0 )5, () where the last two pieces are the coefficients of dg* ®@d"z and
of dp¥ ® d"z in eq. (63), we get by differentiation with respect to A

0
E5Y D(pa, M, O, O2) ‘,\=o

= ﬁcp"a%'. + 6%{‘-6—27‘-

32H i 62H v i i n
+ (W((ﬂ,ﬂ') 5‘,0] + W((ﬂ,ﬂ') 67[']' - 6,,67&) dq ® d"z

0*H . O2H , N
+ (_aqf 8p§‘((’0’ ) 6’ + 0% 09" (,m) 67 + B ) dpt @ d"z .

In order to show how to extract the Jacobi operators from these expressions, by
means of a globally defined prescription, we apply the following construction [L1].
Let F be a fiber bundle over M, with bundle projection mpa : F — M, and W
be a vector bundle over F with bundle projection mw.r: W — F, which is then also a
fiber bundle (but not necessarily a vector bundle) over M with respect to the composite
bundle projection mwa = Trm © Tw,r : W — M. Thus W admits two different kinds
of vertical bundles, VW and Vy,W, with fibers defined by (Vr)uW = ker Tymw,r and
(Vi)wW = ker Tymw,u for we W; obviously, the former is contained in the latter as a
vector subbundle. Moreover, since W is supposed to be a vector bundle over F', there
is a canonical isomorphism VW 2 iy, oW. On the other hand, consider the vertical
bundle VF of F which can be pulled back to W to obtain a vector bundle n3, (V' F)
over W, with fibers defined by (i} p(VF))w = V;F = ker Tymppy for weW with
f = mwrw. Note also that the tangent map to the bundle projection 7w,r, which
by definition has kernel VeW, maps VyW onto VF, so we have the following exact
sequence of vector bundles over W:

0 — VEW 2 nyy oW — VW — myp(VF) — 0.

The crucial observation is now that this exact sequence admits a canonical splitting
over the zero section 0 : F — W, given simply by its tangent map. Indeed, its
tangent map Tj0 : TyF — TopnW at any point feF takes the vertical subspace
V;F to the M-vertical subspace (Vir)o(n)W and so restricts to a vertical tangent map
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Vi0 : ViF — (Vm)onW whose composition with the restriction of the tangent map
Tonymw,r : TupW — T F to (Va)o)W gives the identity on VzF. Thus the image of
V0 s a subspace of (Vas)o(s)W that is complementary to the subspace (Vr)oinW = Wy
and provides a surjective linear map oy : (Var)onW — Wy of which it is the kernel.
At the level of bundles, this corresponds to a surjective vector bundle homomorphism
o VMWI 0 - W.

Applying this construction to the situation at hand, take F' = E in the Lagrangian
case and F = J!®E in the Hamiltonian case, setting W = V*(F) @ A"T*M in
both cases. The fact that the Euler- Lagrange or De Donder - Weyl operator is being
linearized around a solution ¢ or (i, ) of the equations of motion then means that
we are evaluating its derivative, which a priori takes the variation ¢ or (d¢p, é7) to a
vector field on W along M which is vertical with respect to the projection of W onto M,
precisely over the zero section, so we can apply the operator o just introduced to project
it down to a section of W over M itself. This operation completes the definition of the
Jacobi operators, namely

. 2 2 i
delel-dp = 0 (5 E(p2, 002, 0 ‘P‘)Lu) ) (68)

and 2

s, m) - (0p,07) = o (_3_)\ D(pas T, 5‘Px,67u)L=o) : (69)
The local coordinate expressions are the ones derived above, that is,

0°L
<o = ,0p) 08,6

dele]-do {aq’a-(‘P 0) 8,8,6¢

3 62L 62L

3 8L _
] (a“(aqi g, 2 6"9)) 3 W(% Bso)) W} df ® d"z ,

sa7)(©.00)) ads’ (10)

and

dseleo, ] - (390, 67)

— ( 82H ( )&PJ 5 a ' i n
= 6q1'6' +6p6‘(‘P’7r)7r - 67r)dq®d (71)
0°H 0°H
(s om0 + sr (ovm) oy + 0,66 et o %
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3 Functional Approach

Let us begin by recalling the definition of the Poisson bracket between functions on a
symplectic manifold with symplectic form w. First, one associates to each (smooth)
function f a (smooth) Hamiltonian vector field X, uniquely determined by the condi-
tion

ix,w = df . (72)

Then the Poisson bracket of two functions f and g is defined to be the function {f, ¢}
given by

{f.g} = —ixjixw = df(X,) = —dg(X;). (73)
The goal of this section is to show that formally, the same construction applied to
covariant phase space links the Witten symplectic form to the Peierls bracket.

3.1 Covariant Phase Space

In contrast to the traditional non-covariant Hamiltonian formalism of field theory, where
phase space is a “space” of Cauchy data, covariant phase space, denoted here by 8, is the
“gpace” of solutions of the equations of motion, or field equations. Of course, one cannot
expect these two interpretations of phase space to be equivalent in complete generality,
since it is well known that, for nonlinear equations, time evolution of regular Cauchy
data may lead to solutions that, within finite time, develop some kind of singularity.
An even more elementary prerequisite is that the underlying space-time manifold M
must admit at least some Cauchy surface X : this means that M should be globally
hyperbolic.

Thus our basic assumption for the remainder of this paper will be that the underlying
space-time manifold M should be globally hyperbolic. Globally hyperbolic space-times
are the natural arena for the mathematical theory of hyperbolic (systems of) partial
differential equations, in which the Cauchy problem is well posed. There are by now
various and apparently quite different definitions of the concept of a globally hyperbolic
space-time, but they have ultimately turned out to be all equivalent; see Chapter 8
of [26] for an extensive discussion. For our purposes, the most convenient one is that M
admits a global time function whose level surfaces provide a foliation of M into Cauchy
surfaces, providing a global diffecomorphism M = R x ¥. As an immediate corollary,
we can define the concept of a (closed/open) time slice in M: it is a (closed/open)
subset of M which under such a global diffeomorphism corresponds to a subset of the
form I x & where I is a (closed/open) interval in R.

In the Lagrangian as well as in the Hamiltonian approach to field theory, the equa-
tions of motion are derived from a variational principle, that is, their solutions are the
stationary points of a certain functional S called the action and defined on a space
of sections of an appropriate fiber bundle over space-time which is usually referred to
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as the space of field configurations of the theory and will in what follows be denoted
by €. More concretely, € is the space I'(F) of smooth sections ¢ of a fiber bundle F
over M: in the Lagrangian approach, F is the configuration bundle E, whereas in the
Hamiltonian approach, F is the multiphase space J!®E, regarded as a fiber bundle
over M.

Formally, we shall as usual think of € as being a manifold (which is of course infinite-
dimensional). As such, it has at each of its points ¢ a tangent space T4C that can be
defined formally as a space of smooth sections, with appropriate support properties, of
the vector bundle V4 = ¢*(VF) over M, i.e., T4€ c I'®(V,). The cotangent space ;e
will then be the space of distributional sections, with dual support properties, of the
vector bundle Vi® = ¢*(V*F) @ A"T*M over M, ie, T;€ ¢ T-°(V,®). It contains
as a subspace the corresponding space of smooth sections, where the pairing between
a smooth section of Vy and a smooth section of V¢,® (with appropriate support condi-
tions) is given by contraction and integration of the resulting form over M. Similarly,
the second tensor power T4;€® T,C of T;€ can be thought of as the space of distribu-
tional sections, again with dual support properties, of the second exterior tensor power”
VERV® of V2, it contains as a subspace the corresponding space of smooth sections,
where the pairing between a pair of smooth sections of Vs and a smooth section of
VPRV® (with appropriate support conditions) is given by contraction and integration
of the resulting form over M x M.

Regarding the support conditions to be imposed, the first two options that come
to mind would be to require that either the elements of T4€ or the elements of e
should have compact support, which would imply that the support of the elements of
the corresponding dual, T3C or T4C, could be left completely arbitrary:

OPTION 1 : T,C =T™(V) , T3€ = I[;2(V®) (74)

OPTION 2 : T,€ = T2(V3) , T;€ = I™°(V®) (75)

There is a third option that makes use of the assumption that M is globally hyperbolic.
To formulate it, we introduce the following terminology. A section of a vector bundle
over M is said to have spatially compact support if the intersection between its support
and any (closed) time slice in M is compact, and it is said to have temporally compact
support if its support is contained in some time slice. Then we require the elements
of Ty4€ to have spatially compact support and the elements of T,C to have temporally
compact support:

OPTION 3 : T,€ = T2(Vy) , T3€ = I;=(Ve) (76)

Obviously, for each of these three options, the two spaces listed above are naturally
dual to each other.®

"I{ V and W are vector bundles over M, V ® W is defined to be the vector bundle over MxM
with fibers given by (V@ W)izy) =Va @ Wy, forall z,yeM.

®Here and in what follows, the symbols T, I, and Ty, indicate spaces of sections of compact,
spatially compact and temporally compact support, respectively.
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These constructions can be applied to elucidate the nature of functional derivatives
of functionals on €, such as the action. Namely, given a (formally smooth) functional
A: € — R, its functional derivative at a point ¢ is the distributional section (§4/6¢)[4)
of V.2 that, according to

, sA
41056 = [ 4 i) 5660, ()
M 8¢
represents the directional derivative of A at ¢ along d¢ — a smooth section of V4 with

appropriate support properties, defined by the requirement that for any one-parameter
family of sections ¢, of F such that ¢»|,_; = ¢,

, _d . _ 9
Alg]- 89 = AB]| i 09 = sh|
In local coordinates, we have in the Lagrangian framework
6A 6A i
w[(b](z) = 5—(pi[¢]($) d ®d z ,
whereas in the Hamiltonian framework
dA 0A . §A u
e = 1 n ekl L dn .
7 [¢](z) aw..[wml(z) dg' ® d"z + w[cpﬂr](ﬂ dpf @ d"z

Similarly, the second functional derivative of A at ¢ is the distributional section
(824/64%)[4] of VRR V2 that, according to

A1) Gouss) = [ v [ avy Al ). 080) (1)

represents the Hessian of A at ¢ evaluated on d¢, and d¢, — two smooth sections
of V, with appropriate support properties, defined by the requirement that for any
two-parameter family of sections ¢y, 5, of F such that ¢, », | M=o = P
52

A6 (661,86) = gs Albwad [

0 0 |
6py = c')_/\l—d"\"'\’ , 0y = 3_/\2¢'\"A’|

A1,A2=0 A1 Ae=0

In local coordinates, we have in the Lagrangian framework

[¢)(z,y) (dd* ® d"z) ® (d¢’ ®d"y)

824 24
WW](%!/) = Speg
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whereas in the Hamiltonian framework

2 . ;
%ﬁ[ﬂ(z:y) = 5‘:,5.-2—5‘1,—-[% 7)(z,y) (dd' ® d"z) ® (dg’ ® d™y)
+ &f%’;[% 7)(z,y) (d¢’ ® d"z) ® (dp} ® d™y)
2 :
+ gr%[% 7)(z,y) (dp¥ ® d"z) ® (d¢’ ® d™y)

§2A L n v n
+ W[«p,w](z,y) (dp} ® d"z) ® (dpy @ d™y) .

Of course, for the integrals in eqs (77) and (78) to make sense, even when interpreted
in the sense of pairing distributions with test functions, we must make some assumption
about support properties, which leads us back to the options stated in egs (74)-(76).
Option 1: when A is arbitrary, we have to restrict the sections 4¢, 8¢, 8¢, of Vy
considered above to have compact support (which can be achieved if the sections O,
®x,,3, of F are supposed to be independent of the parameters outside s, compact subset).
Option 2: when A is local, which we understand to mean that its functional dependence
on the fields is non-trivial only within a compact region, or equivalently, that its func-
tional derivative 0A/d¢ at each ¢ has compact support, the sections §¢, d¢y, 0¢y of Vy
considered above may be allowed to have arbitrary support; this is the case for local
observables defined as integrals of local densities over compact regions of space-time
and, in particular, over compact regions within a Cauchy surface (energy, momen-
tum, angular momentum, charges etc. within a finite volume). Option 3: when A is
local in time, which we understand to mean that its functional dependence on the fields
is non-trivial only within a time slice, or equivalently, that its functional derivative
0A/d¢ at each ¢ has temporally compact support, we have to restrict the sections
0¢, 8¢, 8¢, of Vy considered above to have spatially compact support (which can be
achieved if the sections ¢,, ¢, are supposed to be independent of the parameters
outside a spatially compact subset); this is the case for global observables defined as
integrals of local densities over time slices and, in particular, over a Cauchy surface T
(total energy, total momentum, total angular momentum, total charges etc.).

Finally, covariant phase space $ is defined to be the subset of @ consisting of the
critical points of the action:

8 = {¢e€/S5[g]=0}. (79)

Formally, we can think of 8§ as being a submanifold of € whose tangent space at any
point ¢ of 8§ will be the subspace T8 of the tangent space T4€ consisting of the solu-
tions of the linearized equations of motion (where “linearized” means “linearized around
the solution ¢ of the full equations of motion”), which are precisely the sections of Vj
belonging to the kernel of the corresponding Jacobi operator J [¢): T(Vg) — r(v®:

T4S = ker J[¢] . (80)
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3.2 Symplectic Structure

Our next goal is to justify the term “covariant phase space” attributed to 8 by show-
ing that, formally, $ carries a naturally defined symplectic form 2, derived from an
equally naturally defined canonical form & by formal exterior differentiation. Accord-
ing to Crnkovié, Witten and Zuckerman [1-3] (see also [4]), the symplectic form £
can be obtained by integration of a “symplectic current”, which is a closed (n — 1)-
form on space-time, over an arbitrary spacelike hypersurface X. Here, we show that
this “symplectic current” can be derived directly from the multisymplectic form w or,
more explicitly, from the Poincaré-Cartan form wyg, in the Lagrangian approach and
the De Donder - Weyl form ws in the Hamiltonian approach.

We begin with the definition of © and Q in terms of § and w, which is achieved by
a mixture of contraction and pull-back: given a point ¢ in € (a smooth section ¢ of F')
and smooth sections ¢, 8¢,, 6¢, of Vj, insert 8¢ into the first of the n arguments of 8
or 0¢; and 8¢, into the first two of the n + 1 arguments of w and apply the definition
of the pull-back with ¢ (which amounts to composition with the derivatives ¢ of ¢)
to the remaining n — 1 arguments to obtain (n — 1)-forms on space-time which are
integrated over I. Note that these integrals exist if we assume that §@ and either 5¢,
or 6¢, have spatially compact support, since this will intersect X in a compact subset.

Explicitly, in the Lagrangian framework, we have

04(69) = L (¢,00)" 6, (50, 060) (81)

and

Q(8¢1,00) = /E (1, 0p)* w (61,8601, 8ipa, B dipa) (82)

where the notation is the same as that employed in eq. (56): ¢ = ¢ is a section of
E over M and jl¢ = (p,8¢) is its (first) prolongation or derivative, a section of J'E
over M, while d¢ = 6(,0, 8¢, = 0y, 8¢, = S, are variations of ¢ = ¢, all sections
of VE over M, and 65'¢ = (8¢, d8¢), 5 ¢, = (6p,,868¢,), 85 @, = (8p,, 00p,) are
the induced variations of j'¢ = (p,8¢), all sections of V(J'E) = JY(VE) over M.

In local coordinates,
so = Lol = dp 2
y= oA %‘!A=o = oF o

and

i) ; 0 7]
.1 - Y = v 5
5 = Zyie, a + 8u8¢" o— oq;
whereas 0, is given by eq. (54) and w, by
&L &L n
we, (aqja, q qu+8q’6 dq dq’),\d.’l:‘,
L n d"
+ Bzﬁ‘aq’ iad’z ( ) z .
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(The exterior derivative in the last term could be worked out explicitly, but we shall
not need this expression because the last two terms vanish under contraction with two
vertical vectors.) Then

0ul6d) = [ dm. 52 (5,0) 65 (83)

and

$2(06,,08,) = /z-dzu J.’;(5¢1, ¢,) (84)
with the “symplectic current” J given by

L . .
F{(801,885) = 5E52(0,00) (564 04 - 504

&L ] (85)
* 3¢ 0 ,(<P,3<p) (8% 8,00} — 8} 8,8¢1)
or equivalently
2 . 62
T4(86y,08,) = — (a—"i.—;’—,.(w,asp) 5] + - q’a ———(¢,p) 364,0’)&;)2
(86)
+ (azzaqf (1w, O¢) 8¢} + ﬁa (%, 99) 8, 6(,75) 5t

The same results can be obtained even more directly in the Hamiltonian framework,
in which we have

0s(6) = [ (6,7)"0se(6p,6m) ®7)
and

Q¢(6¢l: 6¢2) = /(SO, 7")‘l wf'f(&Plv 67‘.1 ’ 6‘/’27 6"2) (88)

where the notation is the same as that employed in eq. (57): ¢ = (0, 7) is a section of
JY®E over M while 6¢ = (0@, d7), b = (8py,0m;), 8¢, = (8¢p,, 6m,) are variations of
¢ = (i, ), all sections of V(J!®E) over M. In local coordinates,

d ; 0 7] 9
Bip= E\-‘p'\l,uo =0y o¢ om = 2 Mm — oy

whereas 6, is given by eq. (55) and wqe by
= di'adp{'ad"z, — dH A d"z

]

(The exterior derivative in the last term could be worked out explicitly, but we shall not
need this expression because the last term vanishes under contraction with two vertical
vectors.) Then

O4(64) = /E 4, mt 6" (89)
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and
0(661,66,) = [z a5, J4(54,,6,) (90)

with the “symplectic current” J given by

J5(5¢1)5¢2) = J‘Pi ‘57"2,:4J - 6‘P; 67"1,? . (91)

Incidentally, these formulas show that, just like in mechanics, the canonical form © and
the symplectic form Q do not depend on the choice of the Hamiltonian 3.

Another important result, duly emphasized in the literature [1-4], is the fact that
on covariant phase space 8, the symplectic form £ does not depend on the choice of the
hypersurface I used in its definition, since for any solution ¢ of the equations of motion
and any two solutions 6¢,, d¢, of the linearized equations of motion, the “symplectic
current” Jy(8¢,,0¢,) is a closed form on space-time. To prove this, assume that ¢ is a
point in § and observe that a tangent vector 8¢ in T,C belongs to the subspace T8 if
and only if ¢, as a section of V;, satisfies the pertinent Jacobi equation, which reads

&L
W g (0 00) “”*aq:a (,00) 8,0¢' ) -
&L
= —— ]
¥ aq,(so, ) b’ +3 q,(so,&p) 8,04’
in the Lagrangian framework and
0*H ; 0*H
5o — v
al-‘ Jﬂ—i - an aq,' (‘P, 7l') 6“” + ap;, aq, (‘Pi”r) 6“] (93)

. o2 H . e )
Ou byt = —W(%W) 8¢’ — W(‘Pﬂf) omy

in the Hamiltonian framework. Thus if 6¢; and §¢, both satisfy the Jacobi equation,
we have

*L

0,05(661,60) = = O gpm (000 8 + 5 q, > o —(0,0p) 8,80, ) 8¢
&L : .
- (agag @09 8 + 5 q,a (<P,3<P)35<P§)3n5wz

0 5055 0:00) 9 + 52 (0,00) 84h) 64

8q’3

(3612611 (v, 0¢) 69} + (<p, 8y) 6 &pg) 8,56,

q’
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&L

=~ (3555020861 + or(0,00) 1) 80

&L 8L .~

(3q1 og, (1, 0¢) 8] + o a'(tp,&p)a&p{) 8,60}
+( 3’L 7i(#:00) 060} + a‘aﬂ(tp,&p)a&p’z)&p’i

62 )
+ (———aq,- o ¥ O9) 8¢k + 5 q.’, (tp, 3¢) .57} ) B,064

in the Lagrangian framework and

au-]g (66,,00,) = 8,60} ompt + 8} 3.0y ¢ — 8,654 om t — dh 9ubmy }

32H q 62H . "
= - (W(‘Prﬂ') 5‘?{ i W(lp,ﬂ') 57!'1‘].) 61r2,'.
i a2H . 82H '
+ gy (‘éqj—a;,-(sp, ™) 8¢} + W(%w) 5,%_)
3
BZH . 32H ,
+ (‘W(‘p,"f) 690'; + W((p,w) 61(2,.1« ) 67r1':‘
§ 6’H A aZH .
— 6(;02 (an aq| ((P,W) 5(["]’. + W(‘Pﬂr) 61r1j )
7

in the Hamiltonian framework: obviously, both of these expressions vanish.

Of course, independence of the choice of hypersurface holds only for ¢ but not for ©.
In fact, if M, is a region of space-time whose boundary is the disjoint union of two
hypersurfaces ¥y and X, then Qp, = Qz, but

Oz, —Bx, = 8Sum;, (94)

where Sy, , is the action calculated by integration over M;; and § is the functional
exterior derivative, or variational derivative, on 8.

3.3 Poisson Bracket

Given a relativistic field theory with a regular first-order Lagrangian, one expects each
of the corresponding Jacobi operators J[¢] (¢ € 8) to form a hyperbolic system of second-
order partial differential operators. A typical example is provided by the sigma model,
where E is a trivial product bundle M x @, with a given Lorentzian metric g on the
base manifold M, as usual, and a given Riemannian metric h on the typical fiber Q.

Its Lagrangian is o
L = 3Vlslg* hijq,d ,
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so that the coefficients of the highest degree terms of the Jacobi operator J[¢] are
&L
dg dg;,

which clearly exhibits the hyperbolic nature of the resulting linearized field equations.

(0, 00) = 3 /199" hii(0) ,

A general feature of hyperbolic systems of linear partial differential equations is the
possibility to guarantee existence and uniqueness of various types of Green functions.
In the present context, what we need is existence and uniqueness of the retarded Green
function G, the advanced Green function G;f and the causal Green function Gy for
the Jacobi operator J[¢], for each ¢e8. By definition, the first two are solutions of the
inhomogeneous Jacobi equations

314 G3(z,9) = o(z,y) , B,l¢] Gi(z,y) = 6(z,9), (95)

or more explicitly,
Ua[blim G5 ™(¥) = 88(z,8) , B[limGi™(z,y) = 6(z,y), (96)

where J,[¢] denotes the Jacobi operator with respect to the variable z, characterized by
the following support condition: for any z,ye M, G;(z,y) =0 when z¢J*(y) and
G}(z,y) =0 when z¢ J~(y), where J*(y) and J~(y) are the future cone and the past
cone ‘of y, respectively. The causal Green function, also called the propagator, is then
simply their difference:

G, = G; - GY. o7
Obviously, it satisfies the homogeneous Jacobi equations
31[¢] G¢($a y) =0, 3y[¢] G¢(.’L‘, y) = 0. (98)

Note that the symmetry of the Jacobi operator J{¢], stemming from the fact that it
represents the second variational derivative of the action, forces these Green functions to
be symmetric, except for the exchange between the retarded and the advanced function:

G3*(y,7) = G3*(zy) , Giy,2) = G§(z,v) . (99)

It should be pointed out that existence and uniqueness of these Green functions cannot
be guaranteed in complete generality: this requires not only that M be globally hyper-
bolic but also that the linearized field equations should form a hyperbolic system. Here,
we shall simply assume this to be the case and proceed from there; further comments
on the question will be deferred to the end of the section.

Our next step will be to study solutions §4¢ of the general inhomogeneous Jacobi
equation

991656 = 51 (100)

29



for smooth functionals A on covariant phase space which are (at least) local in time.
To eliminate the ambiguity in this equation stemming from the fact that its rhs does
not really belong to the image space of the Jacobi operator J[¢] but rather to a quotient
space thereof (an inclusion of the form T8 c T4€ induces a natural projection from T3¢
to T;8), it is necessary to first of all extend the given functional A on 8 to a functlonal
A on € of the same type (smooth and local in time), whose functional derivative §4/5¢
will be a one-form on €. Now performing a convolution with the retarded or advanced
Green functions introduced above, we can construct formal vector fields over § which to
each solution ¢ €8 of the field equations associate (distributional) sections Ji(ﬁ of V3
defined by

50 = [ 4 G3¥a) 3 (101)

satisfying the inhomogeneous Jacobi equation

ael(63¢) = [¢] (102)

Similarly, convolution with the causal Green function leads to a formal vector field
over 8 which to each solution ¢e8 of the field equations associates a (distributional)
section é,;¢ of V4 defined by

519°0) = [ a6 S0, (109
satisfying the homogeneous Jacobi equation
al¢l(6a¢) = 0, (104) -
since
§;6 = 67669 (105)

Note that the convolutions in egs (101) and (103) exist due to our support assumptions
on 6A/6¢ and to the support properties of the Green functions G and G.

According to eq. (104), the prescription of associating to each solution ¢e$ of the
field equations the section 4 ; ;9 of V4 defines a formal vector field on 8 which is tangent
to 8. (It becomes more than just a formal vector field if A is such that 4, ;¢ belongs to
T8, which requires it to be not just a distributional section but a smooth section of Vj
and to satisfy appropriate support properties; we shall come back to this point later on. )
The main statement about this formal vector field, to be proved below, is that (a) it
does not depend on the choice of the extension A of A, so we may simply denote it
by 84¢, and (b) that it is formally the Hamiltonian vector field associated to A with
respect to the symplectic form  discussed in the previous subsection. More explicitly,
we claim that for any solution ¢ €8 of the field equations and any smooth section d¢
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of V4 with spatially compact support which is a solution of the linearized field equations,
we have

Q4(040,86) = /d“ 216)(s) - 69 () - (106)

Note that under the assumptions stated, both sxdes of this equation make sense although
we have originally defined Q4(d4,,d¢,) only in the case where both §¢, and d¢, are
smooth; the extension of this definition, given in the previous subsection, to the case
where one of them is a distribution is straightforward.

To prove this key statement, let us begin by recalling that the symplectic form
and the symplectic current J of the previous subsection are really defined on € and not
only on § — the only difference is that on €, Q is only a presymplectic form so that J
should be more appropriately called the presymplectic current and that J on € is no
longer be conserved so that §2 on € will depend on the choice of the hypersurface .
At any rate, we can almost literally repeat the calculation performed at the end of the
previous subsection, either in the Lagrangian or in the Hamiltonian formulation, to
show that for any solution ¢ €8 of the field equations and any smooth section é¢ of V,
with spatially compact support, we have

8, J3(054,80) = ([¢lud30’) 66" — (dlglu 60" 558* , (107)
so that if ¢ is a solution of the linearized field equations,
(v 6‘4
0y J§5(656,6¢) = E[«bl 8¢ . (108)
Now since, by assumption, the support of §A/8¢ is contained in some time slice, we
can choose two Cauchy surfaces X_ to the past and X, to the future of this time slice
and, using that ¢ has spatially compact support, integrate eq. (108) over the time

slice S_ between £_ and ¥ and similarly over the time slice S, between ¥ and X,.
Applying Stokes’ theorem, this gives

[ d9(0) 730536.80)@) = [ do(a) 7206536.69)@) + [ " F161(a)-56(2)
f do,(z) JL(536,68)(z) = / do,(z) JH(6%6,68) @) — / @'z 5 [¢1(z) 56(z)

But the support conditions on G, together with the fact that the support of (6A/6¢)[4)
lies to the future of £_ and to the past of £, imply that é7¢ vanishes on £_ and
similarly that JATqS vanishes on X, so the first term on the rhs of each of these equations
is zero. Thus taking their difference and inserting eq. (105), we get

[t 6600 = [ s Bple)-sote) + [ 0 Satole)-dota)

31



and since (§A/8¢)[¢) vanishes outside S-uS;,

0uis,88) = [ % %M(x) - b6(z) . (109)

Finally, observe that since §¢ is supposed to be a solution of the linearized field equa-
tions (and hence tangent to 8), the rhs of this equation does not depend on the choice
of the extension A of A. Therefore, § ;¢ will not depend on this choice either provided
the symplectic form (4 is weakly non-degenerate. Now using the space-time split of M
over & provided by the tangent vector field & of some global time function ¢t on M
or its dual dt, and identifying solutions ¢ of the linearized field equations with their
Cauchy data on L,? it can be seen by direct inspection, either of eqs (84) and (85) in
the Lagrangian formalism or of eqs (90) and (91) in the Hamiltonian formalism, that
the expression Q24(8¢1,d¢2) can only be zero for all 8¢, if 5¢, vanishes, as soon as we
require the Lagrangian L to be regular in time derivatives, that is, to satisfy

9L

0q; 9y 2

or equivalently, the Hamiltonian to be regular in timelike conjugate momenta, that is,
to satisfy

PRSI L vy (111)

opiop ©

Moreover, it can be shown that this statement will remain true if 4¢, is allowed to be a
distributional solution of the linearized field equations with arbitrary support, as long
as d¢ runs through the space of smooth solutions of the linearized field equations with
spatially compact support.

In other words, the previous construction does not apply directly to degenerate
systems such as gauge theories: these require a separate treatment.

Having established eq. (106), it is now easy to write down the Poisson bracket of
two functionals A and B on §: it is, in complete analogy with eq. (73), given by

(ABYG) = 55516 608" = ~ 5el61 a8 (112

Inserting eq. (103) and omitting the tildes, we arrive at the main conclusion of this
paper.

®Explicitly, in the Lagrangian formalism, the Cauchy data for 8 on M are 6 and & on T, whereas
im the Hamiltonian formalism, the Cauchy data for (6, dx) on M are §p and 67% on T.
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Theorem 3 The Poisson bracket associated with ihe symplectic form o on covariant
phase space as defined by Crnkovié, Witten and Zuckerman, according to the standard
prescription of symplectic geometry, suitably adapted to the infinite-dimensional setting
encountered in this contezt, is precisely the field theoretical bracket first proposed by
Peierls and brought into a more geometric form by De Witt:

{A,B}g] = /M d"z /M dﬂy%w](m) G¥my) ldy) . (1)

Of course, for the expressions in eqs (112) and (113) to exist, it is not sufficient to
require A and/or B to be local in time. In fact, if we want to use conditions that
(a) are sufficient to guarantee existence of this Poisson bracket without making use
of specific regularity and support properties of the propagator, (b) are the same for
A and B and (c) are reproduced under the Poisson bracket, we are forced to impose
quite rigid assumptions: the functionals under consideration must be assumed to be
both regular and local, in the sense that their functional derivative at any point ¢ of §
must be a smooth section of Vf’ of compact support (this will force the corresponding
Hamiltonian vector field to be a smooth section of V;, of spatially compact support).

On the other hand, it must be pointed out that this Poisson bracket, which we might
call the Peierls- De Witt bracket, has all the structural properties expected from a good
Poisson bracket: bilinearity, antisymmetry, validity of the Jacobi identity and validity
of the Leibniz rule with respect to plain and ordinary multiplication of functionals.
This can be seen directly by noting that the first two properties and the Leibniz rule
are obvious, while the Jacobi identity expresses the propagator identity for the causal
Green function. But it is of course much simpler to argue that all these properties
follow immediately from the above theorem, in combination with standard results of
symplectic geometry. Moreover, the Peierls- De Witt bracket trivially satisfies the fun-
damental axiom of field theoretic locality: functionals localized in spacelike separated
regions commute. All this suggests that the Peierls- De Witt bracket is the correct clas-
sical limit of the commutator of quantum field theory. Therefore, it ought to play an
outstanding role in any attempt at quantizing classical field theories through algebraic
methods, a popular example of which is deformation quantization.

The basic complication inherent in the algebraic structure provided by the Peierls-
De Witt bracket is that it is inherently dynamical: the bracket between two functionals
depends on the underlying dynamics. This could not be otherwise. In fact, it is the
price to be paid for being able to extend the canonical commutation relations of classical
field theory, representing a non-dynamical equal-time Poisson bracket, to a covariant
Poisson bracket. The dynamical nature of covariant Poisson brackets is simplified (but
still not trivial) for free field theories, where the equations of motion are linear, implying
that the Jacobi operator J[¢] and its causal Green function G do not depend on the
background solution ¢.

Finally, we would like to remark that the main mathematical condition to be im-
posed in order for the constructions presented here to work is that linearization of the
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field equations around any solution ¢ should provide a hyperbolic system of partial
differential equations on M, for which existence and uniqueness of the Green functions
Gf and G, can be guaranteed. There are various definitions of the concept of a hyper-
bolic system that can be found in the literature, but the most appropriate one seems
to be that of regular hyperbolicity, proposed by Christodoulou [27-29] in the context
of Lagrangian systems, according to which the matrix

82L
8, Og

should (in our sign convention for the metric tensor) be positive definite for timelike
vectors u and negative definite for spacelike vectors u: a typical example is provided
by the sigma model as discussed at the beginning of this subsection. What is missing
is to translate this condition into the Hamiltonian formalism and to compare it with
other definitions of hyperbolicity for first order systems, such as the traditional one of
Friedrichs.

ub ¥

Summarizing the main result of this paper, we have shown that in the context
of regular hyperbolic Lagrangian or covariant Hamiltonian field theories defined on
a globally hyperbolic space-time, the Peierls- De Witt bracket is identical with the
canonical Poisson bracket associated with the standard symplectic form on covariant
phase space.

Appendix: Affine Spaces and Duality

In this appendix, we collect some basic facts of linear algebra for affine spaces which
are needed in this paper but which do not seem to be readily available in the literature.

A (nonempty) set A is said to be an effine space modelled on a vector space V if
there is given a map
+ : AxV — A
(a,v) — a+v

satisfying the following two conditions:

(114)

ea+(u+v)=(a+u)+v foralac Aandallu,veV.

o Given a,b € A, there exists a unique v € V such that a = b + v.

Elements of A are called points and elements of V are called vectors, so the map (114)
can be viewed as a transitive and fixed point free action of V' (as an Abelian group) on A,
associating to any point and any vector a new point called their sum. Correspondingly,
the vector v whose uniqueness and existence is postulated in the second condition is
often denoted by a — b and called the difference of the points a and b.
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For every affine space A, the vector space on which it is modelled is determined
uniquely up to isomorphism and will usually be denoted by A.

Amap f:A— B between affine spaces A and B is said to be affine if there exists
a point a € A such that the map f., A B defined by

fav) = fla+v) - f(a) (115)

is linear, that is, f, € L(4, B). It is easily seen that this condition does not depend on
the choice of the reference point: in fact, if the map fa is linear for some choice of a,
then the maps fa: are all equal as o' varies through A, so it makes sense to speak of
the linear part f of an affine map f. Denoting the set of all affine maps from A to B
by A(A, B), we thus have a projection

. A(A,B) — L(,ILB‘)
f —

This construction is particularly important in the special case where B is itself a vector
space, rather than just an affine space. Given an affine space A and a vector space W,
the set A(A, W) of affine maps from A to W is easily seen to be a vector space: in fact
it is simply a linear subspace of the vector space Map(A, W) of all maps from A to W.
Moreover, the projection

(116)

 A(AW) — LA W)
f = f

is a linear map whose kernel consists of the constant maps from A to W. Identifying
these with the elements of W itself, we obtain a natural isomorphism

(117)

A(AW) /W = L(AW), (118)
or equivalently, an exact sequence of vector spaces, as follows:
0 — W — A(AW) = LAW) — 0. (119)

In the general case, one shows that given two affine spaces A and B, the set A(A, B) of
= —

affine maps from A to B is again an affine space, such that A(4, B) = A(A, B), and

that the projection (116) is an affine map.

Concerning dimensions, we may choose a reference point o in A which provides not
only an isomorphism between A and A but also a splitting of the exact sequence (119)
and hence an isomorphism between A(A, W) and W @ L{A, W), to show that

dim A(A, W) = dimW + dim L(A, W) . (120)
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Choosing W to be the real line R, we obtain the affine dual A* of an affine space A:
A* = A(AR). (121)

Observe that this is not only an affine space but even a vector space which, a.ccording
to eq. (119), is a one-dimensional extension of the linear dual A* of the model space A
by R, that is, we have the following exact sequence of vector spaces:

0 =R — 4 H A 0. (122)

In particular, according to eq. (120), its dimension equals 1 plus the dimension of the
original affine space:
dimA* = dimA+1. (123)

More generally, we may replace the real line R by a (fixed but arbitrary) one-dimensional
real vector space R (which is of course isomorphic but in general not canonically iso-
morphic to R) to define the twisted affine dual A® of an affine space A:

A® = A(A,R). (124)
Again, this is not only an affine space but even a vector space which, according to

eq. (119), is a one-dimensional extension of the linear dual A* of the model space A
by R, that is, we have the following exact sequence of vector spaces:

0 - R — A® 4 4o _, ¢, (125)
Obviously, the dimension is unchanged:
dimA® = dimA+1. (126)
Moreover, we have the following canonical isomorphism of vector spaces
A® > A*®R, (127)
and more generally, for any vector space w,
AAW) = AW . (128)

Regarding the splittings of the exact sequence (125), we note the following fact which is
used in the construction of the inverse Legendre transformation: these splittings form
an affine space modelled on the bidual A** of A, which in finite dimensions can be
identified with A itself,

The concept of duality applies not only to spaces but also to maps between spaces:
given an affine map f: A — B between affine spaces A and B, the formula

(F®)a) = B*(f(a)) for b B*,acA (129)
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yields a linear map f* : B* — A* between their affine duals B* and A*. As a result, the
operation of taking the affine dual can be regarded as a (contravariant) functor from the
category of affine spaces to the category of vector spaces. This functor is compatible
with the usual (contravariant) functor of taking linear duals within the category of
vector spaces in the sense that the following diagram commutes:

B L o4
} ! (130)

B L

Finally, we also need the construction of quotients in the affine category. These are
defined by dividing out not affine subspaces but rather linear subspaces of the model
space. In fact, given an affine space A and a linear subspace V of its model space A, we
can declare two points a and a’ of A to be equivalent modulo V if a—a' € V. Obviously,
this relation is reflexive, symmetric and transitive, and hence is an equivalence relation
dividing A into equivalence classes; the set of equivalence classes is as usual denoted
by A/V. It is then easy to sce that there is a unique affine structure on A/V turning

A/V into an affine space such that A/V = A/V and such that the natural projection

p A — ANV (131)
a > [d]

is an affine map. Moreover, this construction satisfies the standard factorization prop-
erty: given two affine spaces A and B, two linear subspaces V of 4 and W of Band an
affine map f: A — B whose linear part f: A — B maps V into W, there exists a
unique affine map [f] : A/V — B/W such that the diagram

f
A — B

, l l ) (132)

AV ﬂ B/W

commutes.

Concluding this appendix, we would like to point out that all the concepts intro-
duced above can be extended naturally from the purely algebraic setting to that of
fiber bundles. For example, affine bundles are fiber bundles modelled on an affine space
whose transition functions (with respect to a suitably chosen atlas) are affine maps.
Moreover, functors such as the affine dual or the construction of quotients are smooth
(see [30] for a definition of the concept of smooth functors in a similar context) and
therefore extend naturally to bundles (over a fixed base manifold M). This means that
any affine bundle A over M has a naturally affine dual, which is a vector bundle A*
over M, and that given any vector subbundle V of the difference vector bundle A of an
affine bundle A over M, we can form the quotient affine bundle A/V over M.
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