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Abstract 

Ve give a Riemann-Stieltjes integral refresentation theorem !or 

the elements of L(t'([a,b) ,X),YJ ; this theorem comiletes a result 

of J .l!att and H.KOnig (2). We apply our result to obtain an integral 

rei:resentation for the elements of L(J< ([a,bJ,X),e((c,d] ,Y)) vhere 

.X((a,b),X) denotes the space of all functions f:fa,b)~ I that 

are integrable in the sense of Kurzv~il-Eenstoc~. This normed space 

is not comi:lete but it is ultrabornological. This representation 

theorem is applied to study the corresponding linear Fredholm-Kurii­

veil and Volterra-Kurzveil integral equations 

(F' x(t) - K j! o< (t,s)•x(s)ds • f(t) , a{ H b, and 

(V) x(t) - KJ! .<(t,s) 0 x(s)ds • f(t) , a~ t 4 b. 

We i;rove that if for every fE)< ([a,b),X) the equation (F) baa 

one and only one solution xf,J< ((a,b) ,X) theii the application 

f---+ xf is bi~ontinuous and (F) has a resolvent that bas a aim.1-

ler integral reJresentation. !or equation (V) ve prove that for 

every fE)<([a,b) ,X) it baa one and only one solution xlK([a,b),I) 

and that the resolvent of (V) ia given by the Neumann series. 

1. The Rie~ann-Stieltjes integral and rerresentation theorems 

X,Y,Z always denote real norwed spaces that are supposed to be 

complete unless otherwise stated. All res~lts are still true for co• 
plex vector si;aces. We denote by L(X,Y) the Banach apace of all 
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linear continuous applications F: X ~ l. Ve vr_ite X' • L(I,11) 

and 11 or I denotes the identical aJ:Plication of X. 'C( ( a, bJ ,I) 

or simply C denotes the Banach space of all functions f: [ a, b) ➔ I 

that are coi:.tinuous and Ori = aup
84

t,bllf(t)II • 'For a function 

c(: [a,bJ--.. L(X,Y) ve denote by SV (a,bl~) or SV(oe) tt.e smallest 

element cE. (o, DO) such that for every division 

to = a< tl <: t2 <. ••• t. tD = b 

of [ a, b) and for all x1 ~ X ve have 

1f SV(""J <:: 00 ve say that DI.. is a function of bounded semivariation 

(on [a,bJ) and wevrite ..(£SV([a,b),L(X,Y)) or simply o<ESV. If 

ve have furtr.era.ore o( ( c) = 0, where c £ [a, b) , we vr i te 

For the following results and for further inform,tions see (2) 

and [10) , ChaJ ter I; see also [12) • 

1.1 a - SVc((a,b),L(X,Y)) is a Banach space when endowed vith 

the norm cl. ~ ~V[,c.) • 

b - For every fE f ((a,bJ ,X) and c(ESV((a,b) ,L(X,Y)) there 

e%.ists the Riema~Stieltjes ·integral . 

vtere lim denotes that ve take supHU n !ti - t 1_ 1t--, O. We vrae 

F., (f) • J! d.c(.t) •f'(t) 

andvehave F.E:L[e((a,b),X),Y) and nr.11, SV(-<). 

C - If .(E. SV((a,b),L(X,Z')) [ .. usV([a,b),L(X,Y))) then for 

every tc[a,b[ tt.ere exists one and only one element ~(t+) E L(X,Z') 



-285-

[°'(t~) (. L(X,Y")) such that for every XL X and z <Z (z £!') we haVit 

limHO <o<(t+t)x,z) • <~ (t+)x,z) • 

rle define o<+(t) = c,(,(t+) if a( t ·{ b .. &.nd . ot(a) = o(, (a). o<.+ 1a· 

· of bounded sel!.ivari·ation and we vri te 

o(.+ E. SV+(]a,b],L(X,Z')) 

for every f€.e((a,b),:t) .we have J! a/(t)•f(t) ·= J! d.((t)•f(t) 

and lf"'U = SV [o(+) • 

1.2 (see [2), Satz 10 and [lOJ, TheoremI.3,8)° - The mapping 

is an isoc.etry (i.e. 11~11 = SV[-<) ) of the first :Banach si:ace or.to the 

second. 

1.3 (see (10), corol. 1.3.9) - For every ff L[t'C(a,bJ,X),Y) 

+ 
tl.ere exists one and only one Cl(E. SVc()a,b),L(X,Y")) such that 

F • r.,_ • (The ma.i:•pir.g F 1-➔ rx F is not _onto if Y" ,J Y). 

The next theorem completes 1.3 and characterizes the image of 

the mar.i:•ing F ~,<F. 

If o{E.SV; (Ja,b) ,L(X~Y")) . we write -<€Sv;! (Ja,bJ ,L(X,Y)) if we 

have .,( (a) E. L(X,'t) and J!-<(s)xds £ Y for all H(a, b) and x~ x. 

Ti',eorem 1.4 - The mappins 

_, sv;J ()a,b) ,L(X,Y)) 1-+ F,(£1[ ec [a, b) ,X) ,YJ 

where . F.<. f = J! dal(t) ~f(t), is _an isometry (i~.e• :IJFl(II ,:;, SV(•) J C?-f the. 

f:ir~i Banach· spa~e . ont.o the. second_: ~·e_ have J! ol:( s_).x ~s -~ _..,:. ·F-<. ('t~~). 

and o<.(a)x = - F-. <Xca,b~x) where for t£[a,b) and X iX we define 

ll.. (a) • { _(s-a)x if a{a{t 
"'l-,x (t-a)x if t,a,b 
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Frocf - l) For r,L[C((a,b],X),Y) let o< , 'be the corresponding· 

element by 1.:5. We have o<E.Sv;J (Ja,b) ,L(X,i)) : indeed, since 

gt f CC [a,b) ,X) ve have f(gt )E. ?; but ,x ,x 

F(gt,x) = J! d.c.(s)•gt,x(s) = - J! o{(s)•dgt,x(s) = - J!o((s)x de 

where in tLe second equality ve used the integration by farts formula 

for the Rie~ann-Stieltjes integral (vith o<'.(b) = 0 and gt (a) = 0). ,x 

Analogously we have r<Xca,b)x) = -o<'(a)xEY. 

2) On tt,e other hand the functions g and Xe x . 
t,x a,b) +J 

(t£[a,b), xEX) form a total subset of t>([a,b),X); 6lnce SVb isa 

+ 
closed subs1-ace of SVb it follows tJ-.at the isometry is onto. 

Remark: if X = ~ 

- limuo f F-. (gt+l - gt) 

we have .,( ( t+) -
d+ t 

= dt Jao((s) ~6 • 

d+ 
dt F-<(gt) • 

a~t<.b. If dim X ., o0 

the function o( may not be differentiable (to the rigt.t or to the 

left) at any J;Oint. Example: take X • Y • i_((a,b)) and o< (t)x = 

Xct,b)x ; see [llJ, i;.14, Exam1-le 2. F.owever for every xE.X and 
d+ 

yEY we have .(o((t),y) = - dt .:'..F'°'(gt,x),y1 s ... nce the function 

t£[a,bJ t----t <F,<(gt,x),y) = - J!<«(s)x,y) ds is differentiable to 

the right ( the Illl!Derical function tf [a, b) ........, <ot ( t )x ,y) is of 

bounded variation and continuous to the right). 

We define ra([a,b),X) = {r~fC[a,b),X) I f(a) .. o1 and· 

+J ) •) { +J ) • ) lol'(a+)•o<(a) i-nstead} syb ((a,b ,L(X,Y) • ,,(E.SVb (Ja,b ,L(.lt,l) of o<(a) f L(X,Y) • 

Theorem 1.5 - The mapping 

is an isometry of the first Banach s~ace onto the second. 
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Proof - l) The mapJing is one-to-one: indeed, if ,< is such that 

F~f = 0 for every f'-Ca • then for all t~[a,bJ, x,x and y,Y ve 

hav.e O = <F;..(gt~x),y): . =·~ f!~-<(s)x,y) · ds hence~::: 0 since 

:~e p~ve, by hnothesis~. :_D((s.i-)_ ~: ·o<{s) for every · s ~ (a,l>( . . . . 

+J • 
2) The map:ping is onto: indeed, for .-<€SVb (Je.,bJ ,L(X,Y)) ve 

define ol. (a) .. . o<.(ai) and o( {t) • o((t) if a<' t~ b; we he.ve · 
a • a 

a(af sv:1c[a,b],L(X,Y)) (since o<'.e.(a+) =- o(a(a)) and for every r,Ca 

we have 'Fo( (f) =- F.( (f). 
a 

3) The isometry follows from Theorem 1.4. 

:ore. function o(: (t,s)E. T x S ~ .((t,s)E Z we write 

oet(s) = o<
6
(t) = "'-(t,s) 

Fore. function .J..: [c,d)x(a,b)~ L(X,Y") we consider the 

for a< s~b ( s=a) and x £ X the function 

c e'•) [(GO-); (1:)): t~[c,d) ..,_. s:«'(t,o-)xdu ~ 1 (t~ [c,d) ~ o{(t,a)x~ Y) 

is continuous (regulated; bo'!;.nded e.nd measurable) 

We write df. C' •sv;fu( [c ,d) xJa, b) ,L(X ,Y)) ('ell' •SV~Ju ••• ; 1: •sv;Ju ..• ] 

if besides ((') [cacr); (L':J) fl.. satisfies 

for every tE.[c,d) we have "'-t E. sv:f (Ja,b), L(x,t)} 

with SVu[.t) : supc <: t, d SV(,<t) <.... • ... 

In an analogous way we define ~r•sv:Ju([c,d)x[a,b),L(X,Y)) (we 

t +j ·,) ) take . "'- '- svb .( (a,b) ,L(X,Y eto • . 

Theorem· 1.6 - a) The mapping 
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v1'ere (F,<f)(t) = f! d_-<(t,11) •f(s) , c ( t ~ d, ie -an isometry (i.e. 

u( . IIF.t II = SV •J ) of the first Banach erace onto the second. We have 

J: ..c(t,a-)xdf = -r,,( [gs,J (t). a{s!b, and el(t,a)x= -F-c [Xca,b)x J (t). 
\-le have analogous results for the mapi:inge 

b) e/£ c•-sv:fg(fc,d)xJa,b) ,L(X,Y)) ~ f.< E. L(e((a,bl,X),G((c,d),Y)j 

c) '" L~-sv:fu([c,d)x)a,b) ,L{x;i)) ......,y.c~L(ecra,b),X),L.((c,dJ,Y)) 

d) -< ~ C' -sv;Juc (c,d) X (a,b) ,L(x,t)) '...,_. 1',ef t( ea Ha,b) ,X), e (l:,d) ,Y)) 

e) .( E G,.•sv;ruc [c,d.) X [a, b) ,L(X. i)) t---t !"'~ t(ee. ( [a, b) ,X) ,G( [c,d) ,Y)] 
. . ~ 

f) · .{~L~•sv;fu( (c,d)x [a,b) ,L(X,t)) ......,.F,t£L[t'a ([a,bJ ,x·) ,L..,( (c,d) ,Y)) 

The j;.roof follows the steps of tt1e proof of Theorem 1.5.10 •6! 

(11) (ar,d the remerA that follows it) p.49 to 52: the proferties of 

Fo< follow fro11. the Theorem of 'Belly (see loc. cit.). Reci;rocally 

6iven F ·ror every t£(c,d) the continuoua ~e.p~ing 

f ~ -C(( a, b) ,I) ~ (Ff)(t) f Y (r ~e ~ (Ff)(t) ( Y) is, by Theorem 

( 
a t +f • 

1.4 T:t.eorem 1.5), represented by an ot. E.SVb ()a,b),L(X,Y)) 
t +' [ • J [ o< ~ svb· ( a,bJ ,L(X,Y)) etc. 

2. The rurzveil-Henstock inte.;ral a:-.d represente.tion theorems. 

We sq thet a function f: (a, bJ ~ X is integrable in the eense 

ofKurzveil-P.enstock {we write r~J(( (a,b) ,x)" or rcX) and that J~X 

is its Kurzveil-Benstock integral (ve write 1J! f(t)dt = J) if for 

every bO there exists a function ! :[a,b)~ )O,«i( (called~ 

function) such that for every tagged division (Ji.ti) or (a,bJ 

(i.e. a division t 0 s a~t1 .c t 2 <: •·• .('.t
11 

• b or (a,bJ with point•• 

:,2• J 1Ef\_1 ,til) that ie i-fine, i.e. 

~ 1 ~ fti-1 'ti)' J~ i - b <h > • f i + i <Ji)( • 
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It can be froved that for every g&\18e 1 there exist always S-!ine 

te.gged divisions of (a,b) e.nd that J is unique, see [15). The in­

tegral is linear, additive with respect to subintervals. However the 

existence of KJ! f(t)dt does not imply the existence or 

r.s: llf(t)l!dt even in the numerical case (X = ~), see [1:,J, 1.7 and 

1.8. X ([a,b) ,X) encompusses the functions f: (a,b] ---') X that are 

intei;rable in tne sense of Bochner-Lebesgue or in the sense of Rie­

mann (proper or improfer), see (1:,). 1.8 and 1.6. We recall that in 

the numerical case X ( [ a, b) ) coincides vi th the spaces of Denjoy or 

Ferron integrable functions. 

In X([a,b),X) ve define the Alexievicz seminorm {see [1] or (4)) 

,:: t . . 
n fllA = sup.£ t ~ b I s. f(s) darll • 

2.1 (see (15J or (20]) - For f'-X( (a,bJ ,X) ve have 

- - KJt r-C
8
((a,bJ,I) where f(t) • a f(s) ds • a~t~b. 

Ve say that f ,g d( are equivalent if f = i• If dim I • a> 

this does not necessarely imply that f • g a.e. Example: for 

X • (,C[a,b)) and f(t) r •t • where et(s) c { ~ f~ : ~ ! , ve 

have f • O; see (10J, p.26 or (11) p.12. We denote by K( [a,b) ,X) 

the space of the •~uivalence classes of )(((a,b),X). Endowed with 

the norm I IA• l((a,b),X) is not co•~lete and K((a,b),X) illowa 

no nat'la"&.l ·Banach space or rrechet apace toioloQ: see (13), Theora 

2. 7. F.owever Sargent [19) and Thomson (2lJ proved that I( (a,b) ,X) 

is barreled and Cilioli extended this result: 

Tteorem 2.2 ((8)) - K((e.,b),X) is ultre.bornological. 
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It ia easy to define the Kurzveil integral for •1nterva1a• 

[a,b]CIRn and in this case too K( [a,b) ,X) is bari:eled, see (16), and 

ultrabornological, see (9). 

2.3 - The mapping fc K([a,b],X) I-+ fd
8

((a,b),:X) is an iso-

metry (i.e. 11!11:= lfllA) of the first space onto a dense su'b-ai;ace or 

the second. 

Theorem 2-4 - 'For every ~E..SV((a,b),L(X,Y)) and fE..X([a,b),X) 

we have -',.•fE:J(((a,b),Y) and 

KS! a<(t).f(t)dt • J! o<.(t)•df(t) • ..t(b).f(b) - o((a)•f(a) - J! d,,((t)•f(t) 

and fKJ!-< (t) •f(t) dt I { [~ol (a) II-:+ SV(o{)] ~!IA • 

·Our proof of this integration by parts formula for the Kurzveil­

Benstock integral (see [13), 1.15 and 1.16) is algebraic and much 

simpler then the analytic proofs given in (5), [3J , [7] and (17) • 

Theorem 2.5 - The mapping 

where Kf b H.tf • a D((s)•f{s) de, is an isometry (i.e. IB~I • SV[~)) 

of the first Bs.nach space onto the second. We have 

B.c(X(a,t)x) ~ J! ,<(s)x ds , x£X, tf(a,b). 

:Proof: by Theorem 2.4 we have · nEo<n, SV(o<) • On the other band 

given B~L(K( [a,b) ,X) ,Y) and fE.K( (a,b)°,X) we define B(f) • - H(f) 

and by 2., E bas a unique continuous extension to 'C ( (a, b) ,X). If • +j • • 
~, SVb ( [a,b) ,.L(X,Y)) represents B (see Theorem 1.5) we have 

H(f) • - B(i) • - J! d.C(s)•ib) • 1J!,<(e)•f(s.) cl~ 
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voere we applied Theorem 2.4 in the laat equalitJ• The 1sometrJ 

follows from DRU • IBII • SV(..cJ. 

Reme.rk: as ve mentioned in the remark that !ollova Theorem 1.4. 

f'~om H,t<°X[a.t)x) • J! o<(s)x ds we cannot deduce that .C(t-1-)x c 

d n Bo1CXca.tf~,. 

From 2.1. Theorems 1.6 aDd 2.5 follows 

Theore~ 2.6 - The mapping 

- +{u • [ ) -< l'C'•SVb ( (c,d) x (a,b) ,L(X,Y}) ~ B-<E.L K( (a,b),X), C( [c,d),Y) 

vhere (B.f)(t) • K!! .t. (t,s) •f(s) ds, is an isometry (i.e. IB,dl= 

SVu(~J) of the first Banach space onto the second. We have 

3. Linear Kurzweil-Henstock integral equations 

Tt,eorem -.,.1 - Let E be a normed space and F a Banach space 

such that FC E with continuous immersion; let R c.L(E,r) be such 

that for every fl E the equation x - F.x • f has one 2.!",d only 

one solution xf E E. Then 

a) the mai,J,ing f E. E .,..._, xf EE · is bicontinuous; 

b) if I + [ + h2 + E3 + • • • (= (l-l~)-
1

) is conver.;er,t in L(F) 

then the conver sence of this 1;eumann series takes also i,lace in L(E). 

!roof - a): l) For every g E. F the equation y - Hy • g has 

one and only one eolution y g E F and the mapping g f F .,..... y gt F 

is bicontinuoue. Indeed: since F C. E tl"Je equation y - By • g vi th 

g E. F bas by hypothesis one and only one solution y E. E; but since 
g 

HE CF we have hence y g C By g + g E.F. On the other hand the 
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~ v., F is a continuous bijection, hence, by the mapr,ing y•~ t----+ g = y-.v~ 

closed SJ"&.i--h theoreill, its i nverse g E. F ~ y gE F is continuous. 

2) Tbe eq\,ation X - Hx = f with x, f EE, is equivalent to the 

equation y-Hy=s with s = F.f and y .:: x - f •. The mapping 

f £ E .......-, S = HfE. E is continuous; by . 1) the mapi,ing ITftF I-) YHfd" 

is also continuous; since the Dlapping YHf ~ F 1--+ ·yP.fe E is also 

continuous it follows that the comrosed mapfing f EE ........,. YHf ~ E is 

ali;o continuous, hence so is the marping f c. E ~ YP.f + ff. E. The 

res1.:lt follows f'rom . Yp,f = xf _"if , i.e., xf = YHf + f. 

b) Let (I - P.)-l. I+ B + Fi2 + u' + ••• be convergent in 

L(F). Since B ~L(E,F) and F 4E is continuous, it follows that 

the series is also convergent~in L(E). It is immediate that if a 

Neumann aeries is convergent in acme L(Z) (Z npt ne~eij&ar~ly com­

plete) then it converges to (I - H)-1• 

Theorem 3.2 - Take HE.L[K((a,b),X),e((a,b),X)) end o( the 

corres1onding kernel by Theorem 2-6 (i.e., B ~ J\t). We suppose that 

B is such that for every f ~ K( ( a, b] ,X) the equation x - Hx • f, 

i.e. the lineu- Fredholm-?.urzveil integral equation 

Krb x(t) - Ja ol(t,s) .x(s) ds II f(t), 

baa on• and only one solution xf (. K( [a, bl,X). Then there exiat■ on• 

an4 onlJ one kernel 
-, +Ju • f'-'f •SVb ( (a,b)x (a,b) ,L(x,x)) 

a1.ch that for every f ,K((a,bJ ,X) ve have 



rroof: if n apply TheoreCi ,.1 Yith E "" K( [&,b] ,T.) e.nd 

F = (((a,b),X) it follows that (I - P.)-1 £t(r.([a,b),Y.)j. If 

'k:e define I - R e (I - E)-l it follot:s that R = -r.(I - r.)-l ~ 

tfKC[a,bJ,X),CC[a,bJ,x)] is re1=resented by & kernel e£C6 •SV;ju. 

Re.;.;u!ts - l) If lle.L.(K([a,b),X),(((2.,b),X)] s.;.tisfies the J:.y­

:i othesis of Th.3.2 then we still have an &nalosous result ~f we re­

place Y.( (a,b),X) by any dense subs1ace th&t co::1tains (( [a,b),X). 

l-,ore c;ener.::lly, if E is a dense subsp!.CE of IC( f e., b J ,X) that con­

tains (( [a,b) ,X) and H E.L[E,(t fa,b) ,X)] is such tr.at for every 

f c E the equation x - Hx • f l~as or,e and onl;i' one soh:.tion xf c. E 

then Theoreia 3.2 relilcills true if-we re1.lace K( (e.,b) ,Y.) by E. Let 

us mention as exawple R2((a,b),X), the subsrace for~ed by the (equi­

valence classes of) functions f: [a,b)--t X· that are integrable in . 

the imfrOfer sense of Riemann with a finite numbers of singularities 

(poii~ts of i&,r;rorer ir,tecrction) in [a,b). Tl.is s:i:·ace too is ultra-

"' bor1,ologic~l: see [a), p.359, Example 4.7, F11 with -<• l. The same 

is also true for tLe otl:er si:aces of functions of tr.is Exa.:iple 4.7. 

2) We still have a.nalogoua results if in Theorem ,.2 and in Re­

mark 1 ve replace _ C((a,b),X) by G((a,bJ,X) or by L.((a,b),X). 

Lemma '•' - For fJ( '- e• •sv;fu( (a,b)x (a.bl ,I.(X,i)) and 

fE.X([a,b).X) the function t.£(a,b) t--t KJ! .(.(t,a).f(s) ds£ y 1a 

contir.uoua. 

Proof: aince the step_ .function. are dense in X([a,b),X) it 

1 ■- enough to prove that for every x ~ X . the function 



ie continuous: f'or t> 0 ve have 

J!+1e<"(t+E,s)x ds = f! ~(t+i,s)x ds + ,n+t~(t+t,s)x de 

and the !irst integral on the right tends to J!o((t,s)x ds (bJ 

{ 2'•» and the norm of the second integral is , f 1«11.,,IXII hence the 

continuity to the right. The continuity to the left is rroved in an 

analogous vay. 

Reme.rk: in an analogous way one froves thet for ~,c;'.sv~fu 
,... +su ( lL~•SVb · ) the integral of Lemma 3.3 is a regi;.leted bounded meeeur~ 

ble) function of t£(a,bJ. 

· We.say that an operator BE.L(X{[a,b),X),('.'{(a,b),Y)J is causal 

if for every f (. J( and every t, (a, b) we have 

f I (a, t) c O impiies (Hf) I (a, t) c 0 

_.. +Ju 
Lemma 3.3 says that for .(£t''.svb with .I. (t,s) = 0 for s> t 

-, +fu {ve write o(E. CO .sv ( [a, b):r. [a,b) ,L(X,f)) ) the operator E - Bai is 

causal. Recii;rocally every causal operator H £L(Y. f) is of the form 

H = E,e with lfl(t 2~-s(J-u. : indeed, if B,,c. refresents H then for 

every t~[a,b] and X£ X ve have O • (B"'<Xrt,b)x)) (t) e J~.c(t,s)xds 

hence the result (Cf. the Reimr~ that follows the rroof of Theorem 1.4: 

tJ-.e function sda,b]..._ (,< (t,s}x,y>, R is of bounded variation con­

tin~ous to the right). Eence ve proved the 

Tteorem ,.4 - The mapfing 
-., +ru • [ A ] 

,< ~ ( 0.sv ' ( (a, b) x [a.,b) ,L(X,Y)) t-t R,ccL K( [ a,bJ ,X}, \..\ (a,b) ,Y) 

is an isometry onto the subsface of causal operators. 

Reoark: we have the corresfonding results, with analo~ous proofs 

if we reflace t([a,b),Y) by G([a,bJ,Y} or by L..([a,b),Y). 
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Let us nov consider the linear Volterra-r.urzveil integral equation 

(V) . x(t) - KJ! .t (t,s) .x(s) :ds .• f~t) • aft* b 

With x,fE.X((a,b),X) and .,(E,C~-sv+fu([a,bJx(a,b),L(X,X)) i.e. ~ 
is a causal oierator. 

Tteorem 3.5 - !or every f~X((a,b),X) the equation (V) has 

one and only one solution XrE-X([a,b),X) and the -bijection r 1--+ xr 

too is ca~sal c.nd mey be written as 

er> xf(t) = f(t) - KJ! f(t,s)•f(s) de• a, t~ b 

where -v +ju • eE-C 
0

.sv ( [a,b) x (a,b) ,L(X,X)) • We have the Keumann series 

I - Ee 2 3 =I+ E~ + H,{ + B~ + ••• that is convergent in L(K( (a, b J ,x)J. 

Proof: ve define Kjt g(t) = a o{ (t,s)•f(s) ds and J • X - f. 

The equation (V) is equivalent to the equation 

(V
1

) y{t) - KS! oC(t,s).y(s) ds = g(t), a~t~b 

with g,y, CC (a,b) ,:X) (since P." ,L(K,"C.)~ and hence g = B-<f and 

y s g + E,<Y• If we define K(t,s)Xo =·J! ,,C(t,q)Xo di' for Xe i I and 

a ( s { t ~ b tr.en the equation (V1) is eQuivelent to the linear Vol­

terra-Stieltjes integral equation 

(with g = F..,f and y . .z x- f). In order to prove that for evecy 

g,f([a,b),X) the equation (V2) has one and onl:s one solution 

y g E. f ( (a, b) ,X) {and that the operator g ~ y g is causal) by 

Theorem 3.8 of (12) it is eLough to prove that· 

1) For every tE.[a,b( the operator I - K(t+,t) is invertible 

(in l,(X)) • . 



2) 'fher• exist■ a division "o ~ at a1 '- ■2 < ••• < •n • b of 

[a,b) euch that 

sup8 .c. t < s SV ,8 t) (i:'J < l for 1 • 1,2, ••• ,n 
i-1 - - i l: 1-1 • 

The proof of l) is immediate since K{t+,t) = 0: 

2) follows from 

sv (s1-pt)(KtJ ( v[•1-1•t) (i:t) ~ ·Ct-a1-1> 1-<I~ ~ (t-s1-1>svu(-<J 

vhere V(a . t](KtJ denotes _the v:.riation of Kt in the interval 
1-1• 

[s1-1•tJ • 

The assertion on the !eume.nn series of the resolvent of (V
2

) 

in L[e([a,b),X)) follows from Theorem ,.s of [l2J. From Theorem ,.1 
!ollo~s th~ same result in L(K((a,b] ,X)) an4 since F1 is causal, 

vbere (rt&Ht) • .(! d
8
K(t,s).g(s) ~ {B.cg)(t) , . a~ t~ b, the au• 

ia true for (F!)n and hence for the op~rator represented bJ the 

)-1 . 
:RtrWDann aeries, i.e., for (I - l'lt • The Berle reS\llt for B"' 

follova from F1 • JI" (and froa I - Br • (I - 1!~)-1). 

Reauka - l) We have still &n E.D&logo'l.a result if ve replace 

X([a,b),I) by B2((a,b),I) or the other apacea mentioned in Rel:l&J'k 

1 tut follows Theorem ,.2. 

2) Analogoual7 we may r•~le.ce t( [a,b) ,I) bJ C( (a,bJ ,X) or 

bJ L.,( [a,b),I). 

For .c:(a,b)--+L(1,Y) &:id f:[a,b)---.I iti■ ea&Jto . 

define the ~urzweil-Stieltjea intesral 1J! a-.<(t).f(t), a senera­

lize.tion of the Ward or Perron-Stieltjea numerical intesral, aee (21) • 
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If .c,sv( (a,b),L(X,Y)) ve define 

J<,1.((a,b),X) : { r E.X (a,b) I 3 IJ! d.((t)•f(t)~ Y} 

&nd the se:::;inorm • lfll" = supa~ :u b Uif! d-l(s)-f(s)II ·• Without some 

restriction on o/. , K,<( (a,b) ,X) mey not be ultrabornological (eu.m-

ple of Luiz Fichmann). Elsewhere ve will study the Fredholm-Y.urzveil­

Stielt j es integral equations and the Volterra-Kurzweil-Stieltjes in­

tei;ral; eql:.ations. 
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