ON LINEAR KURZWEIL-PENSTOCK-IFTEGRAL EQUATIONS
Chaim Samuel H3nig

Abstract

We give a Riemann-Stieltjes integral rerresentation theorem for
the elements of L{C((e,b),X),Y] ; this theorem completes a result
of J.Batt and H.K8nig [2). We apply our result to obtain an integral
rerresentation for the elements of IL{X ([a,b),X),&([c,d),Y)] where
X((a,b),X) denotes the space of all functions f:[a,b]—> X that
are integrable in the sense of Kurzweil-Fenstock. This normed space
is not complete but it is ultrabornological. This representation

theorem is applied to study the corresponding linear Fredholm-Kurz-

veil and Volterra-Kurzweil integral equations

(R x(t) - Kj‘;o((t,s)-x(s)ds = f(t) , a¢t<b, and

(v)  x(t) - KS:K(t,s)-x(s)da = £(t) , agtib.

We rrove that if for every feX ([a,b),X) the equation (F) has
one and only one solution xfe_]( ([a,b},X) then the application
fr— L is bicontinuous and (F) has a resolvent that bas & simi-
ler integral rerresentation. For equation (V) we prove that for
every feX([a,b),X) it has one and only one solution xféK([a,b] ,X)

and that the resolvent of (V) is given by the Neumann series.

..1. The Riemann-Stieltjes integral and rerresentation theorems

X,Y,2 always denote rezl norzed sraces that are supposed to be
complete unless otherwise stzted. All results are still true for com

plex vector spaces. We denote by I(X,Y) the Benach space of all )
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linear continuous applications F: X —> Y. We \-u'_ite X* « L(X,R)
and I; or I denotes the identical a.pplication of X. T({a,b],X)
or simply C denotes the Banach space of all functions f:[a,b)— X
that ere cortinuous and |[Ifl = aupa‘“.bllf(t)ll « For a func‘tion
ol :[a,b)—> L(X,Y) we denote by sv[a'bl.[«] or SV[x]  tre smallest
element c¢ (0,®) such that for every division

ty = 8L CtyCaen Lt = b

of (a,b) and for all x;€X ve have
n .
P52y [ (8g) = ey )} ezl de supy g thxyl

If SY[«x)J<es e say that X is a function of bounded semivariation

{on [a,b)) end we write oeSV([a,b),L(X,Y)) or simply «e€ SV. If
we have furtrermore £(c) = 0, where ce [a,b), we write
& SV ([a,b),L(X,T))

For the following results and for further informztions see [2)
and [10), Chapter I; see also [12}.

1.1 a - SVc([a,bJ,L(X,Y)) is a Banach space when endowed with
the norm o« +— SV[4) .

b - For every fe€((a,b),X) and «eSV([e,b),L(X,Y)) there

exists the Riemann-Stieltjes-integral

b ; n
j‘ ax(t)-£(t) = lim T 7 [L(t,) =ty  ))-£(5,) o Fie(t, 4.t.)s
whkere lin denotes that we teke sup, ., .. [t; = t;_ 31 —> 0. We wvrite
b
F (£) = [ ax(t).2(2)

and ve have E, ¢ L[€((s,b),X),Y] and NE ¢ SV[«).
c - If «e SV([e,b),L(X,2*)) [u(é SV([a,b],I.(X,'!))] then for

every te[e,b[ there exists one and only one element o (t+) € L(X,2*)
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[«¢(t+) € L(X,T")) such that for every x&X and z €2 [z&Y') we have
limtm(d(tﬂ)x,z) = L (t4)x,2) .
Ve define & *(t) = oa(t+) if a¢t<b snd o (a) = «(a). )
" of bounded se..lvarlatmn e.nd vwe write
ot e sV (02,0,1(x,21))
b + . b
For every fe€([e,b),X) .we have ja do (t)ef(t) =Ja d«(t)-£(t)
and JEM = sV[«*) .

1.2 (see [2]), Satz 10 and [10], Theorem1.38) - The mapping
o € sv:(Ja,b],L(x,z')) +—> E ¢L[€([a,D) ,X),2")

is an isometry (i.e. ||E )| = SV[x) ) of the first Banach space orto the

second.

1.3 (see [(10), corol. 1.3.9) - Tor every Fe¢ L[f([a,b] X),Y)
there exist.s one and only one o€ SV:(] a,b),L(X,¥")) such that
F = L, . (The mapping F r—? o(F is not onto if I £ Y).

The next theorem completes 1.3 and characterizes the image of
the mayring F l-——n(F. .

1f Aesv; (Je,b),L(X,Y")). we write -ceSVl:'((Ja.bJ ,L(X,1)) if we
have o(a)e€ L(X,¥) and j:«(s)xasex for all té€[a,d] and xe¢X.

Trheorem 1.4 - The mapping
< ST (08,80, 1(%,1)) — Eee1(€([a,b),X),1)

',uhere T -J due(t) i‘(t), is an isometry (i. e. !fF.dl SV[-t ) of the.

i‘lrst Banach srace onto the second. We havg I a((s)x ds - - F'((St <)

and u((a)x F‘(X[ b]x) where for tE[a,b] anﬂ xeX ve defme

(s-2) f ¢
6 o) = { {227 4T e
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Procf - 1) For FeL[f([a,bJ ,X),Y) let & .be the corresponding-
element by 1.3. ¥We have a(esv'.;[(Ja,‘b],L(X,T)) : indeed, since

&y x€ C([a,b),X) we have Flg, x)e Y; but

F(gt’x) = S:. d-((s)-gt'x(a) = - ,(2 d(s)-dgt.x(s) = - J:a((s)x ds

where in tle second equality we used the integration by parts formula
for the Riecann-Stieltjes integral (with o((b) =0 and g x(a) = 0).
?
Analogously we have F( X x) = ~X(a)xe€ .
(2,b)
2) On the other hand the functions g, , and X a,b) % '
- ?
(tefa,b) , x€X) formn a totzl subset of €([a,b),X); since SVZI is a
closed subsrace of sz it follows thLat the isometry is onto.
at
Remerk: if X =R we hzve o{t+) = - 55 F, (gt) =
+
: 1 d rt .
- Um0 5 Rlgy,, - 8) =3t jaa(s) ds , a¢t<b. If dimX =oo
the function « may not be differentisble (to the righkt or to the

left) at any point. Example: take X =Y & L ([(2,b])) and «(t)x =

X(t y)* i see [11), £.14, Example 2. Fowever for every x€X and
’ +

vyeY we have (co(t),y)> = - % {F, (gt z),y; s.nce the function
1 ]

tefa,D) ko> (B (g ).y) = - J:<J(s)x,y) ds is differentisble to

the right (the numerical function te[a,b) —> («(t)x,y) is of

bounded vzristion and continuous to the right).

Ve define Ca([a,b] ,X) = {fef( (2,b) ,X)l f(a) = O} and

573 (0,00, 18,1 = {«esvi 0,8, 102,80)

o(a+) = «(a) instes.d}
of «(a) € L(X,Y) .

Theorem 1.5 - The mapping

«e ST ([a,5,101, 1)) = ¥, €1[€, ((2,0).X),7)

is an isometry of the first Banach spszce onto the second.
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Proof - 1) The mapying is one-to-one: indeed, if ~ is such that
F_;f = 0 for every fef » then for all t¢ [a.b], x<X and ycY ve
l'fav‘e‘ 0= {E, (gt x) .Y} == fﬁ(-((s)x.y} ds hence -(: 0 si_nce‘
;.v'.:e _ha:we, by hypothesis,. o((s+) o((_B) for every se¢ [a,-_l';[.- _

2) The mapping is onto: indeed, for e SV:J (Ja,bJ,L(X,i)) we
define  (a) = &k (at) and o (1) = (L) if alt<£b; we heve
{ € SVH([a,b] ,L(X,1)) (s‘ince o(a(a';') = v(a(a)) and for every f¢C
we have F,,( (£) = E (£).

a

3) The isometry follows from Theorem 1.4.
Tor & function «: (t,s)e€ T x5+ L(%,8)eZ we write
25(8) = = (1) = L(t,s)
Tor 2 function o :[c,d)x[a,b]—> L(X,¥") we cansider the
following 1rojerties:
FTor a¢stb (s=a) and xeX the function
(€)[(67);(A0)):  te[e,d > (Cx(t,r)xdre ¥ (1&[c,a)— o(t,a)xe¥)
is continuous [regulated; bounded ard measurable]
Ve write de E’-svgfu([c,aJxJa,bJ,L(x,i)) [Ef-sv;f“...; i‘:-sv;j“...]
if besides (€) [(67); (T2)) & setisfies
t +f .
(st for every te¢fc,d)} we heve & €SV (Ja,b), L(X,Y))
5)'f s
b - : u t
with SV [a) = snpcgtéd SV[£ ) <o &

In an analogous way we define 1E‘”-szfu( [c.de(a,b].L(X,i)) (we
take ' e SV;I.([a,'b],L(X,':‘.')) ) ete..

Theorew 1.6 - 2) The mapping

x € €751 % fe,a)x)a, 8], (X, 1)) +— el (C([a,1),%),€((c,8),1))
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vkere (F f)(t) = I: dsc((t,a)-f(s) , c{t¢d, is an isometry (i.e.
[IFgll = SV%(<) ) of the first Banach srace onto the second. We have
s - -

ja-((t,a‘)xdf_ T, [gs,x] (t), a¢s¢b, and «(t,a)x F“‘[X[a,b]x](t)'

We have analogous results for the maprings

b) €8st e, xde, 1), LK, 1)) — e L(€((a,¥) ,X),6([c,a),T)]
¢) e LLsTI%([e,a)xe,8) ,L(X, 1)) — T €1[€l(a,0) ,x).L-([c,d.J 1))
) < TSI [e, )% fa,0) ,LUX, 1)) > Eel(€,((a,5) %), €(£,2),T))
e) «e 8-StV [e,dx(a,),L(x,1)) > Te1fE ([2,0),%),6([c,d), 7))
£)  £eTZ-svyP((e,a)x [a.-.,b) L, 8)) l—-rP,‘eL[f;([a,bj ,X3,1.([c,a],1))

The jroof follows the steps of the proof of Theorem 1.5.10 -6f
(1) (ard the remers that follows it) p.49 to 52: the prorerties of
¥« follow fron the Theoream of Eell'y (see loc. cit.). Recijrocally
given T for every te[c,d] the continuous mepring
f¢T([a,b],X) —> (FE)(t)e Y [f (-_f' l-—-? (F£f)(t) €Y)] is, by Theorem

1.4 [Theorem 1.5], rerresented by an wbe Sy I(]a b) ,L(X,¥))
[d e SV ([a b),L(X Y))] etc.

2. The Yurzweil-Henstock integral aund rerresentetion tlieorems.

Ve sey thet a function f:[a,b)=—> X is integreble in the sense
of Kurzweil-Fenstock (we write feX([a,b),X) or f£¢X) and that JeX
is its Kurzveil-Bemstock integral (ve write Jb f(t)at = J) if for
every £>0 <there exists a function S:[a.bJ—-v )JO,=[ (called geuge
function) such that for every tagged division (;i.ti) of [a,b)
(i-e. a division ty 5 adlty< t2< ose (tn =b of [a,b] with points,

tegs, F,eft; ;.t;)) that is S -fime, i.e.

FIORTNIS FER YIS AR Sl
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we have §J - .7, f(3. )%, - ¢, )0<E .

It can be proved that for every gauge $ there exist alvays S-tine
tegged divisions of [a,’bJ end that J is unique, see [15]. The in-
tegral is .linea.r. additive with respect to subintervals. Fowever the
existence of Kﬁ f(t)at does not imply the existence of

KI:. [£(t)]dt even in the numericel case (X = R), see [13), 1.7 and
1.8. X([(a,b),X) encompesses the functions f:[a,b) —> X that are
integrablé in tre sense of Bochner-lLebesgue or in the sense of Rie-
mann (proper or improrer), see [13], 1.8 and 1.6. We recall that in
the numericzl cese X ([a,b)) coincides with the spaces of Denjoy or

Ferron integrable functions.

In X([a,b],X) we define the Alexiewicz seminorm (see (1] or (4))
Krt . ;
IElly = supy oo ¢y [ fq 500D a5 -

2.1 (see [15) or [20]) - For feX([a,b),X) we have
fe Ca([a,‘o] ,X) where () = KJ: f(s) ds , a<t<b.

Ve say that f,gcK are equivelent if F=g. If din X =&
this does not necessarely imply thet f = g a.e. Example: for
X = (2([a,'bj) and f(t) = e, , where e (5) = {01 :i: :;: , We
have f = 0; see [10), p.26 or [11) p.12. Ve denote by K([a,b],X)
the spece of the egquivelence classes of X ([a,b},X). Endowed with
the norn | IA. K((e,b),X) is not complete and K([a,b],X) allows
no naturzl Banach space or Frechet space torology: see (13), Theorem
2.7. Fowever Sargent [19) and Tromson (21) proved that X([a,b),X)
is barreled and Gilioli extended thkis result:

Theorem 2.2 ([8])) - K{[e,b],X) is ultrebornologicel.
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It is easy to define the Kurzweil integral for "intervals"
[a,b}cIRn and in this case too K([a,b),X) is barreled, see (16}, and
ultrabornological, see [9).

2.3 - The mapping fe¢ K([a,b],X) +—> }Eta( (a,b),X) 1is an iso-
metry (i.e. I[fﬂ,- IfllA) of the first space onto a dense subspace of
the second.

Theorem 2.4 - For every .(eSV([Ia,b),L(X,Y)) end feX([a,1),X)
ve heve &R-f€X((a,b),Y) and

KJ‘; «(t)-£(t)dt = j:x(t)-di"(t) = &(b)-F(b) - «(a)-F(a) - j:’ a{(t) - F(t)

and ‘lljg.((t).f(t) at] ¢ [I«()ll:+ sv[a)) 51, -

‘Our proof of this integration by rarts formula for the Kurzweil-
Henstock integral (see [13), 1.15 and 1.16) is algebraic and much

gimpler then the analytic proofs given in [5), [3] , [7]) and (17).

Theorem 2.5 - The mapping
o € ST ([2,0],1(%,1)) — 5, €L[K([2,5),X),T)

where E,f = K_r: x(s)-f(s) ds, is an isometry (i.e. |H,I = SV[))
of the first Bznech spece onto the second. We have
B‘(X[a,t]x) = S:e((s)x ds , x€X, tefa,b).
Proof: by Theorem 2.4 we have [E ll¢SV[x). On the other hand
given BeL[R((2,b),X),Y) and feE((a,b),X) we define H(¥) « - H(f)
end by 2.5 E has a unique contimuous extension to 'C‘( (a,b),X). If

A€ SV;’([a.b] ,L(X,i)) rerresents H (see Theorem 1.5) ve have

B(E) = - BE) = - (2 (o) fhe) = (2 4(e)-2(e) 0
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where ve spplied Theorem 2.4 in the last equality. The isometry
follovs from BRI = BN = SV[«].

Remerk: as we mentioned in the remark that follows Theorem 1.4,
from H*(X[a y*) = f: A(s)}x ds we cannot deduce that «(t+)x =
+ ’ )

%‘{ B‘ (X[S,t] x) .

From 2.1, Theorems 1.6 and 2.5 follows
Theorexz 2.6 — The mapping

uezf.svziu([c,d)x[a,b] L)) o B [K( (2,5),%), & [c,4],7))]

where (B f)(t) = xgzd(t,s)of(s) ds, is an isometry {i.e. IB,/i=

sVY(«)) of tne first Banach space onto the second. We have
8-
In «(t,o)x a5 = [H‘(X[a,a]x)] (¢) , s¢[a,b), télc,d), xeX.

3. Linear Kurzweil-Henstock integral equations

Theorem 3.1 - Let E be a normed space and T a Banach space
such thet FCE with continuous immersion; let P é&L(E,F) be such
thet for every feE the eguation x — Bx = £ has one and only
one solution x; ¢ E. Then

a) the mapping feE F x.€E " is bicontinuous;

b) if I + L + h"? + E3 + eee (= (I-]Z)—l) is convergent in L(F)

then the convergence of this Neumann series takes also place in L(E).

Froof - a): 1) For every gé&F the equation y - By = g has
one and only one solution ygeF and the mepping ge¢F r— y €F
is bicontinuous. Indeed: since FCE the equation y - Hy = g with
E€F has by hyrothesis one &nd only one solution yg €E; but since

HECF we have Hygé.? hence yg = Hyg + geT. On the other hand the
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mapping y¢F +—> g = y-HyeéF is a continuous bijection, hence, by the
closed graih theorem, its inveree g¢F —> y €F is continuous.

2) The equation x - Ex = f withk x,f€E, is equivalent to the
equation y - Hy = g with g=E and y = x - f. The mapping
feE+—> g = Ef€e E is continuous; by. 1) the mapping Hfe¢Fr— ypcF
is also continuous; since the mapring ny(-_F l—-rO:nye E is e.lso.
continuwous it follows that the coumjosed mapring f£€E — nyeE is
algo continuous, hence so is the mapping f€E > ¥pp + f€E. The
restlt follows from Ypr = X¢ '-;' f, i.e., Xe = Vpyg + f.

B)Let (I-F) lauI+B+ R 4 B> 4 .-+ be convergent in
L(F). Since HeL(E,F) and FGE is continuous, it follows that
tke series is also convergent.in L(E). It is immediate that if 4';

Reunann series is convergent in some L(Z) (Z not necessarely com—

plete) then it converges to (I - H) 2.

Theorem 3.2 - Take BGL[K( (a,b),X),€((a,b) ,X)] end & the
corresyonding kernel by Theorem 2.6 {i.e., H = A ). Ve supj:ose that

H is such that for every feK((a,b),X) the equation x - Hx = f,
i.e. the linezr Fredholm-Zurzweil integral equation
Kb
x(t) - !a A(t,s).x(s) ds = £(t), actgd

has one and only one solution xfc.x( [2,B),X). Then there exists one
and only one kernel )

e<€7-S73 /% (2,b)x fa,b) ,L(X, %))
such that for every fcX{{a,b],X) we have

x (t) = £(t) = &{B (t,8)-f(s) a5 , agted,
£ , €
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Troof: if we arply Theorem 3.1 with E = K([e,b],X) end
F= C((2,b),X) it follows that (I - B)"YeL[k([e,b),%)}. If
ve define I - R = (I - E)™} it follows thet R = -L(I - ) le

L{K([a,b) ,X),C([a,b),X)] 1is Terresented by = kernel peTesvysY .

Rewzrks - 1) If IEéL,[K( (e,b) ,X).ﬂ{a,b],X)J szitisfies the Ly-
joihesis of Th.3.2 then we 5till hzve an analogous result if we re-
place K([a,b),X) by eny dense subsjace that coatains (([a,b],X).
liore generzlly, if E ic & dense subsjace of K([e2,b},X) that con-
tzins [([a,b),X) and H eL[_E,C(fa,'B] ,X)] is such that for every
f¢E the eguation x ~ Hx = f las one and only one solution xi.éE
tien Theorem 3.2 rewcins true if we rejlace K( (2,91,%) by E. Let
us mentiion as exawple Rz([a.b] ,X), the subsyace forued by the (egui—.
valence classes of) functions f:[a,b)— X that are integrable in
the improyer sense of Riemann with a i'inite. nunbers of singulariéies
(poinis of improjer integrastion) in [a,b). This space too is ultra-
boruologiczl: Bee [8], p.359, Example 4.7, 1";1 with «= 1. The same

ie zlso true for the otlier sraces of functions of this Example 4.7.

2) We still have enalogoug results if in Theorem 3.2 and in Re-

mark 1 ve replace T([a,b),X} by 6([a,b],X) or by L.( (2,b],X).

Leama 3,3 = For « CE"SV;I“( (a,b)x (a,b) .'LkX.'h) and
feX([a,b),X) the function té[a,b) r—3 KI: L(t,8).f(s) dseY is

continuous.

Proof: since the step functions sre dense in X([a,b],X) it

ig enough to prove that for every xé&X . the function

te(a,b) > Kj:.((t,s)x dse Y
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ie continuous: for §) 0 we have

:ﬂ-((tﬂ.s)x ds = I: L(t+e,8)x ds + ﬁ“.((t-h!,)x ds

end the first integral on the right tends to J: L(t,s)x ds (by
(E’)) and the norm of the second integral is ¢ ¢ jwii Ix) kence the
continuity to the right. The continuity to the left is proved in an

anglogous waye.
. 2 ot
Remerk: in &n enelogous wzy one proves thet for ««<G -SVb

['I:;°SV;5-‘1] the integrel of Lemma 3.3 is a regulsted [bounded measura
ble) function of tefa,b].

-

- We.say thet an operator HEL[}(( (2,b) LX), £ [a,b) ,Y)] is ceusal
if for every feX and every te[a,b]} we have

fl[&.,‘J =0 implies (Hf)][a,t] =0

Lemma 3.3 says that for de?’.sv;f“ with «(t,8) =0 for s>t

(we write xef‘a.sv*’f“( [e,b)x[a,b]) ,L{X,%)) ) the operator E = B, is
causzl. Recirrocally every causal operstor H éL[](,f] is of the form
E=E, with Ea'-svffi‘ : indeed, if H, rerresents H then for
every te[a,b) &and xzeX we have O = [B-l()([t,b]’:)] (t) =I2£(t,s)xds
hence the result (Cf. the Remarx thet follows the yroof of Theorem 1.4:
tre function sefa,b)— ¢ (t,8)x,y>¢ R is of bounded veriation con-

tinuous to the right). Eence we proved the

TlLeorer 3«4 « The mapring
we Boest I [a,1) x [a,1) , 10X, 1)) > BeL[R([4,1),X), A [2,],T)]

is an isometry onto the subsrace of causesl operators.

Rezark: we have the corresponding results, with analogous proofs

i-f ve rerlace C([a,b),¥) by G([a,b),Y) or by L.([a,b],Y).
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Let us now consider the linear Volterra-Rurzweil integral equation
(@) x(4) = ¥[Lu(s,0).x(e) 8 = £(8) , agtgd

Hith.x.lfe}(([a,b],x) and KGEB-SV+ru(ta,b]x[a.,b],L(X,i)) i.e. n“'

is a czuszl orerztor.

Theorem 3.5 - For every feX([(a,b),X) the equetion (V) has

one and only one solution xfe)(([a,'b],x) and the -bijection f —x,
too is causzl znd mey be vwritten as

(f) xf(t) = £(t) - KI: g(t,8)-f(s) a8 , a¢t¢d
where QQE‘B.SVH“( [a,b)x [a,b) ,L(X,i)) « ¥e hzve the Xeumann series
I - Ep = I +E,+ H“2 + 8‘3 + .ss that is convergent in L[K( [a,b],X)].

Proof: we define g(t) = Kﬁu((t,s)-f(a) ds and y=1x - f.

The equztion (V) is equivalent to the equetion
(V) 3(8) = F[E«(t,0).3(s) a5 = (1) , agtgd

with g,ye€([a,b],X) (since E‘cL[K,q-) and hence g = H.‘f' and
Yy =g+ Ey- If ve define K(t.a)xo =-J;p((t,a)10 dr for xy€¢X and
2¢s¢t&d then the equetion (Vl) is equivalent to the linear Vol-

terra~5tieltjes intezral egquation
(vy)  3(t) - |, a K(t,8)e3(s) = g(t) , agtsd

(vith g=E,f 2nd y=x - f). In order to prove thzt for every
get([a,b),X) the equation (Vz) Les one and only one solution

Nseﬂ( (a,b),X) (and that the operstor g 'y, is ceusal) by

‘Theorem 3.8 of (12) it is erough to prove that

1) For every tcfe,b[ the operztor I - K(t%,t)
(in L(X)).

is invertible
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2) There exists a division By = 84B1L By 0o (B =b of
(a,b) such that '

t .
suPBi_l std si Sv[Bi—l't] [x ] <1 for i=1,2,¢+s,n

The proof of 1) is immediete since K(t+,t) =0 :

IR(s+e,t)xg0 = 1fE<(tre,0)%) drll ¢ el €SV A -

2) follows from

Sv[si_l,tl[xtJ ¢V t) [xt] £ ‘(t'si_l) 1« 4-' £ (t-si_l)sv“[-c]

(8517
wkere Y[B t] [Kt] denotes the variztion of Kt in the interval
i-1° : : ,

(85-1°%) -

The assertion on the Neumznn series of the resolvent of (72)
in L[€((a,b) ,X)] follovs from Tkeorem 3.9 of [12). From Theorem 3.1
follows the same result in L[K( (a,b) ,X)] end since Fp is causal,
vhere (Fpg)(t) = (o a4 K(t,8).g(s) = (E.g)(t) , a¢t¢d, the seme
is true for (I‘K)n end hence for the operator rerresented by the
Keupann series, i.e., for (I - I‘x)-l. The seme result for Ey

follovs fros Ty = E, (and from I - By = (I - E)7D).

Pemeriks - 1) Ye have still en znelogous result if we replace
K([e,b],X) by Rz([a,'b] »X) or the other spaces mentioned in Remark
1 thet follows Tkeorem 3.2.

2) Analogously we may replece ¥([a,b),X) by G([(e,b),X) or

by L.([a,®],X).

For o« :(e,0)—> L(X,Y) end f£:(2,b)—>X it is easy to
define the Furzweil-Stieltjes integral xf: al(t).£(t), =2 genera-

lizetion of the Werd or Perron-Stieltjes nurerical integrel, see [21).
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1f «cSV{[e,b),L(X,Y)) we define
P! xX) = {fexla | 3P ax(e)-£(t)a 1}

end the seminorm - Rfll, = BUP, (¢ | Ia a«(s)-f(s)| - ¥Without some
regtriction on o , K‘([a,'b] ,X) may not be ultra‘bornological (exem-
ple of Luiz Fichmann). Elsevhere we will study the Fredholm-Kurzwveil-
Stielt es integral equations and tke Volterra—Kumeil-Stieltjes in-

tegral equations.
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