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ON PRZYMUSINSKI'S THEOREM

Maria Stella Castilla.

Abstract-Przymusinski's theorem ([2], pg 23) is generalized

for a larger class of topological spaces.

l) Notations and definitions

AC denotes Axiom of Choice, CH denotes Continuum Hypothesis

and MA denotes Martin's Axiom ([2], pg 23).

Definition 1 - A partial order is countably closed if every descending

sequence has a lower bound.

Definition 2 - A partial order is well-met if any two compatible

elements have an inf.

J
Definition 3 - A partial order is %\ -linked if it is the union of

1

%{l pairwise compatible subsets,

Baumgartner's Axiom - Let (P,<) be a partial order such that

(1) P is countably closed
(2) P is well-met

)
(3) P is &\ l—linked

B

then if K < 2 1 and {Da}a are dense subsets of P, then there is

<K
G &€ P such that

(4) p g € G—rp€G

4%

(5) if p,gq € G, there is an r € G, r < p and r £ q,

(6) G [ ] D, # # for all a < K

BaumgaftAeér's Axiom is denoted by BA.

2) Main Thesrens




Theorem 1 - Let (X,T) be a Lindelof, regular, topological space

and |X| <C satisfying the following:

a) T x T is finer than a metrizable second countable topology Ta
on X x X ., Let d be a compatible metric.

b) Every point (x,y) € X x X has a countable fundamental system of
neigh-borhoods in the 1 x T topology which are closed in the Ty
topology.

Under (MA +_1 CH) (X x X, 17 x 1) is normal.

T
Proof - Given UC X x X, U 0 denotes the closure of U in the To
topology.
For (x,y) € X x X and n € w define an open neighborhood
Un(x,yd C:Bl/n(x,y), being Bl/n(x,y) the closed ball with center
(x,y), radius 1/n in the metric space (X x X,d).

Furthermore (Un(x,y))n is a fundamental system of neighborhoods

< w
of (x,y) in (X x X, T x 1). Let H and K be two closed subsets in
the 1 x 1 topology and H[ |K = 4.

For p € H, let J = {neuw | Un(p)TO K = g}

@}

Let P be the set of all functions defined from a finite subset of

_ T
For p € K, let Jq= {new | Un(q) °[lH

HLJK into w such that p € dom £[ |[H and q € dom £ [ | K imply that

(p) [ 1B

f(p) € Jp’ f(q) € J_ and B

( =
q 1/¢ (p) q) @

/£ (q)

Define f < g in P provided that dom f < dom g and g, = £,
dom £

(P,2<) is a partially ordered set. For p € H|_|K define

K= {feP | pe dom £}

Eaeh Xp is opefi and dense in (P,<). If we prove that (P,<) is cce,

MA will imply that there exists a family (fp)p e iy x ©f comparable

ternis of P. Define f(p)= fp(p) for each p € H LK.



Then U= I I U )(p and v= I l Uf( )(q) are disjoint open
pEH q €K !

subsets containing H and K respectively. Thus (X x X, T x 1) is
normal. The next step is to prove that (P,<) is ccc.
Let ZO be an uncountable subset of P. There exists a par (i,]j) and

an uncountable subset 7. of Z, such that f e Z, implies that:

1

Hf= dom £ [ ] H has i terms

kf= Gom ¢ [ XK has j terms
H L_J K can be well ordered (AC) such that every term of H is
strictly smaller than any term of K. In that way Hf L_j Kf can be

expressed like: pf, pg,...,pf, pf+l""’pf+j' Now the image of f

{43
can be seen as a term of w>'J.
There exists an (i+j)-uple of members of w and an uncountable subset

Z, of 2, such that f and g in Z, imply

f(p£)= g(pg) 1 £k < i+j

Consider now (Vn)nEZm a denumerable basis for the T, topology. For

each f € 22 and n € (1,...,i), m € (i+1,...,i+3j) there exists a
. £ f .
pair (h,k) such that Ph € Vh and P € Vk and if p € Vh and q € vk
then
To
U £ (P | ‘] U f@=¢ L
f(pn) f(pm)

. f .
It is easy to prove that being f(p£)= n' and f(pm)= m' it follows

that

£ £,
Bl/n'(pn) I I Bl/m.(pm)“ g and so

f

" p;) > sup{l/ , , 1/.,}

d(p -
This is still true if we take the closure of both sets. **
If can be associated to each f € Z a subfamily having i + j terms

of the basis (V) ., -



- 4 =

There exists a choice of i + J terms of the basis such that there

is an uncountable Subset Z3 of 22 whose elements have the same

h(n) and k(m) of =*,

Then for f and g in %..

3
* U, (ph) o v (p9) 0= g
£(pf) P 559 Fn
(this is by **),
In that way all the terms of Zy are compatible (impossible!) . [

The next theorem gives a result depending on BA + CH. So it cannot

be seeing as a generalization of the first one.

Notation - Given X a topological space, U a family of subsets of X

and A any subset of X, (A; U) denotes the following subset of X:

(a; W= |_J{ueu | ul]a#g}.

Theorem 2 - (BA + CH) - Let (X x X,To) be a nondiscrete topological
space such every Ga—subset is open and that has a basis B= I | Bi,
i <w,
lB.l < %{O and each Bi is an open disjoint covering of X x X and
11 =

B. refines B, if j > i. [l]. Let t be another topology an X x x
J i

regular concerning to t . Then (X x X,7) is a normal topological

space,

Proof - Before start the proof it will be stablished the following

notation: B, (p) is the term of Bj to which p belongs. Now let A ang
J ]

B be two subsets of X x X closed in the T topology, A [ | B= g.

/ T _T
g . f— O
Let P= {(G,H) | G and H are open in 1, G | l B= H 0' | A= ¢  ang

exists k € wy such that (G;B) |—| (H;B, )= #}.



P is partially ordered by the relation < being (G,H)
and only if G ¢ G' and H C H'.

< (G',H") if

—

It has to be verifyed that (P,<) has the conditions of BA.

a) (P,<) is countably closed.

Let (Gi'Hi)ieyq ' (Gi,Hi) € P, be a decreasing sequence.

Let ¢ and H be defined as follows:
G= ] | G, H= | | =,
—T —T —T ' =T
Q= o} O:
Then G iI _ ul) G, and Fo=| | {o

i< w
=T —
It is easy to prove that G © [ I B= F 0 [ ] a= 4.
b) (P,<) is well-met.

Let (G,H) and (G',H') be two compatible terms of P, then
(G|_J6G' , H| _JH') is the inf.
!
©) (P,5) is N -linked.

For each (G,H) € P it is possible to associate k € wl such that

(G; B) [ ] (H; B, )= ¢ and subsets
G= || tues, sumMu=¢gtoe
H=|_ | {ueB /UT]G=¢g}DH
and so G, ] o= Z.
For any p € G, and q € H_ By 41 (P) [ ]By,q (@)= &.
So (G,; B, ) [ | (Hy: B ,,)= #.
It is possible to define:
= {(G',d') eP | ¢’ G, and H'TT H, and
(G', By ) [ ] (H's By )= &},

are compatible and

Py

Any two terms of Py,



For each p € X x X define

D,= {tc;H) er» | peangal

Ep={(G,H)eP|peB|——|H}

Dp and Ep are both open and dense in P.
BA quarantees the existence of a subfamily £ of

{Dp}p € X x X L_J {Ep}p € X x x Such that every two terms of E are

compatible.

Now it is enough to consider

U= L___J G and V= l l H ; it follows that

(G,H) € E (G,H) € E

UDS A, V> B, Uand V are open in the topology T and U[ | V= 4.

This completes the proof. EH
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