





In this paper we propose a differential calculus which is based on the
turning points mentioned above. We show that there are an open subset {2,
of K, a derivative D and an embedding ¢ : G(R2) = C*(f, K) such that
D(u(f)) = ¢(f'). We introduce the notion of holomorphic functions and an-
alytic functions in a more general framework and also we define generalized
manifolds. We notice that Oberguggenberger, Pilipovic and Scarpalezos in-
dependently introduced a notion of differential calculus based also on the
turning points mentioned above (see [O-P-S]). However our seems to be
more natural and suitable for applications.

The paper is organized as follows: In the second section we introduce
our notion of differential calculus in K" and establish some of its basic
properties. In the thirth section we recal some basic fact about Q. and
establish some results which will be needed in the other sections. In the
fourth section, using the notion of generalized point value, we embed G(Q)
into the algebra of C* functions of £}, into K. We prove that this embedding
"commutes” with derivation and prove a kind of open mapping theorem. In
the fifth section we introduced the notion of sub-linear, holomorphic and
analytic functions. In particular for elements of G(2) these notions are
nearly equivalent. In the sixth section we introduce our notion of generalized
manifold and starting from a classical manifold M we construct a generalized
manifold M*. Finally in the last section, using the open mapping theorem,
we give an answer to a question raised by Aragona-Soares in [A-S].

More details of this differential calculus and its properties will appear
elsewhere.

2 Differential Calculus in K"

We equip K with the topology given by Scarpalezos and K~ with the prod-
uct topology. The basic notation and some properties of the algebraic and
the topological structures of K can be founded in [A-J).Ifz = (z1,-++,2q) €
K" we define ||z||n := maz{||z;]| : 1 < i < n}, where ||z;|| is defined in
[A-J, Notation 1.5). Frequently when n > 1 and ever if n = 1, the sub-
script n will be omitted of the above notation. if r € R} and zp € K"
then By (z9), B;(zo) and S,(zo) represent those element z € K" for which
[l — @ol| < r, ||z — 2o|| < r and ||z — zo|| = r, respectively . For r € R we
denote by e the class of @,(e) := ¢”. Note that a, € Inv(K) forall r € R,
and rllgno a, =0,



Lemma 2.1 Let U C K be an open subset, f:U — K and 2o € U. Then
there ezists at most one zy € K such that

lim f(z) = f(zo) — z0(x — 20) _ 0.

2o

O log ||z —zol|

Proof. Suppose that 29,2 € K are such that the above limit is zero for
both. Then it follows that

fim (20 — z1)(z — o) _ 0.

T—Zo

@~ log |lz—zoll

In particular if we let T, := Zo + @y then a_og |z, —zo) = @n and from
this we get that 0 = nl_i_)nc}o(zl —-2)=0. §

The lemma tells us that the following definition is meaningfull.

Definition 2.2 Given an open set U C K, f: U = K and 7o € U we
shall say that f is differentiable in xq if there exists 2y € K such that

Lo 1@ = flao) ~anlz —30) _

o

O log|jz—ol|

In case f is differentiable in zo we shall write D(f)(zo0) = 20 and call it the
derivative of f at 9. We shall say that f is differentiable if it is differentiable

at each point of its domain.
Remark 2.3 Note that if f is differentiable ot zo then we may write
f(z) = f(zo) = D(f)(z0)(z — o) + E(z)

with Tim —Z@)_ — 0. Moreover D(f)(zo) = lim LZ0+ ) = f(Z)
o F-logliz—=pll n—00 on

Lemma 2.4 Let U C K be an open subset. If f : U — K is differentiable
at g, then f is continous at this point.

Proof. By the remark above we may write
f(2) — f(zo) = D(f)(zo)(z — z0) + E(=)

with lim — =)
T—xTo A-logllz—2pll

zlggo E(z) = 0 and hence the proof is completed. @

= 0. Since ”a_los“,,_m”” = ||z — zol| it follows that
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We now give an example of a non-constant function whose derivative
vanishes everywhere. Hence a function is not determined by its derivative.
This example also shows that the Mean Value Theorem is false in general.

Example 2.5 Let f(z) := a_goq|izf)) f € K and f(0):=0. [fzo #0
then f is constant in the neighborhood Sz,)|(0) of zo and hence D(f)(zo) =
0. So we only have to prove that D(f)(0) = 0, i.e., E_%I%ﬁ = 0. But
this is an obvious statement.

A function will be called almost constant if it has vanishing derivative.
Using Remark 2.3 and the standard proofs of ordinary differential cal-
culus we obtain the following result.

Proposition 2.8 Let U C K be an open subset. If f,g : U — K be
Junctions differentiable, then

1. fg is differentiable and D(fg) = gD(f) + fD(g);

2. if f(U) is contained in the domain of g then D(go f) = (D(g)o f)D(f);

3. D(f £g) = D(f) = D(9);

4. Where the value of g is unit we have that D(%) = &f)g_;,f—p@

The proposition tells us that our notion of derivation satisfies the usual

properties of the derivation of ordinary differential calculus.

Definition 2.7 Let U C R be an open subset, f : U—-Kadz =
(21, ,Zp), Zo = (To1,* -, Ton) € U. Let 1 < i < n and suppose that there
is an element a; of K such that

lim f(zl,...,xi+h,...,zn)_f(xl,...,z-i’...’xn)_aih
oy’ O~ log||Al]

=0.

Then we shall define g:{;(:ro) := a; and call it the partial derivative of f with

respect to =; at zo. We shall say that f is differentiable at zo if there exisis
a= (a1, ,a,) € K" such that

f@) - flzo) — ¥ ailzi—z0i)
N 1<i<n
lim == =0.
Eay Q. 10g [|z—zo|




It is now standard to verify that all the known result of ordinary dif-
firential calculus hold also in our case. For example if f is differential at g
then it is continuos at zo and the a}s in the definition of f be differentiable
are exactly the partial derivatives at zo. If K = R, the gradient of f at z¢
is defined by Vf(z0) := (5 (20) 1~ 55 (20))

IfU is an open subset of R" and k € IN, we can define the set C¥(U, K) :=
{f:U—=K|0*f eC(U,K) foralla € N* such that 0 < |a| < k}.

Definition 2.8 Let U C R be an open subset and f : U - R". We may
write f = (f1,++, fm) where each f; : U = R. We shall say that f is
differentiable at 2o € U if each f; is differentiable at zo.

Remark 2.9 It is easy to see that [ is differentiable at o if and only if
there ezists ¢ R-linear map T: R" = R such that

i F@) — f@)-T@—20) _

T—+To

@ log|jz—zol|

The map T will be denoted by D f(x,).

3 Generalized Pointvalues

We start recalling the notion of generalized point value introduced by M.
Kunzinger and M. Oberguggenberger (see [K-O]).

In what follows 2 denote a non-void open subset of K™, I:=]0,1] C R
and I, :=]0, 9 for 5 € I. Moreover, if A C I we denote by A° the complement
of A in I and by A the closure of A in I := [0,1]. Define

Qs = {(zc) € ¥|Ip >0, n > Owith|z,| <ePforall e € I}

and that (z.),(y:) € Qu are equivalent, (z.) ~ (y¢), if and only if given
any q > 0, there exists 7 > 0 such that |z, — y.| < &9 for all € € I,,. Let
Q:=Qp/ ~.

Note that if @ = K then {} = K and that K* = K".

An element € Q) is said to be compactly supported if it has a repre-
sentative (z.) and there exists K compact subset of  such that z. € K for
¢ sufficiently small. Define

Q. := {z € |z is compactly supported}.



We can embed {2 into {3, by the mapping z € ! —> dl(z;) € Q, where
z. = z for all ¢ € I. Note that the image of 0 is a discrete subset of K.

Let f € G(2), z € € and (z.),f be representatives of z and f re-
spectively. Define f(z) := cl(e € I — f(e,z)) € K. This is called the
generalized pointvalue of fin z. In [K] it is shown that this definition does
not depend on the chosen representatives. The following theorem tells us

that €., and not Q, is the natural domain of f.

Theorem 3.1 ([K] and [K-O)) If f € G(R) then f =0 if and only if f(z) =
0 forallz € Q.

We now extend the definition of association in K defined in [A-B, section
6] to K: £ = (21, ,Zn),¥ = (41,7, ¥n) € K are associated in K"if
and only if z; and y; is associated in K for all 1 < ¢ < n. Using [A-],
Prop.2.15(b)] one has that all the elements of B;(0)" C K" are associated
to 0.

Proposition 3.2 The following assertions hold.
1. Bi(z)" C . C B{(0)*,Vz € Q¢;
2. 0, is an open subset of f";
3. if 3o € Q and V = @\ {zo}, then V, C 0\ B1(zo)" C S1(z0)™

Proof. Let z € {); and take y € K" such that |ly — z|]| < 1. Then

y —z € B1(0)" and so = — y is associated to 0, ie., if (z.) and (y.) are

representatives of £ and y respectively then 1iﬁ1|ze -yl =0. Soif K is
E.

an compact subset of Q such that z, € K then, for ¢ sufficiently small,
ve € K and thus y € ). Note that (z.) is a bounded sequence and so
|lzll < 1. This prove (1). Assertion (2) is a consequence of (1). For (3)
take z € V, and let K be a compact subset of @ \ {zo} such that z. € K
for € sufficiently small. Then there is r > 0 such that |z, — zo| > r for e
sufficiently small. So ||z —=zo|| 2 1, ie.,z € Q. \ Bi(zo)" . By (1) we obtain
that Q. \ Bl(a:o)" C S (320)". B

4 The Colombeau Differential Algebra +(G(f))

In this section we shall prove the main result of this paper. It contains our
proposal of a new differential calculus. It is here also that we prove our
“open mapping theorem”.



In what follows () will be endowed with the sharp topology([S1], [S2])
and C'(Q, K) with the point topology, i.e., fo = f if and only if fu(z) =
f(z) for all z € Q. From Theorem 3.1 it follows that the natural map

v=1q:f €G(Q) —uf) € Cl(ﬁc,f) )

where +(f)(z) := f(z) for every z € Q1 , is injective. We can now state the
main result of this paper.

Theorem 4.1 (Embedding Theorem) Let  be an open subset of R".
The embedding ¢ : G(Q) = C1(Qe, K) is an injective homomorphism of K-
algebras. Moreover, i is continuous and L(ng:) = ‘2%%1) for all f € G()
ondl1 <i<n.

Proof. The homomorphism of K-algebras is obvious and that it is injective
is implied by Theorem 3.1. Hence we only have to prove continuty at zero.
For this let f, — 0 in G(Q), £ € Q, and Jn, (z¢) representatives of these
elements. Choose an exhaustion () of { and fixe mg so that z. € Slng
for ¢ sufficientely small. Applying [A-J, Prop.1.12] it follows at once that
(fa)(z) = 0. )
To prove the second part we first suppose that n = 1. Let 2o € Q.
whose support is contained in a compact subset K C Q. We claim that
«(f) is differentiable at zo and that D((f))(zo) = t(f")(zo). In fact, choose
z € §, with ||z — zo|| < 1 and let f, (z.) and (zo) be representatives of f, T
and zg, respectively. Since Eiﬂ)l(:ce —zg:) = 0and f is moderate there is, from

Taylor’s formula, C := cl(C) € K such that for sufficiently small £ one has
lf(Ev zE) - f(ev ZOE) - f,(E:IOE)(ze - zOe)l < CEIzE - :1205'2 - Then’ by [A'J’
Corollary 1.6], ||«(f)(@) — «(f)(z0) — ")) (& — 20)l| < IIClillz — zoll”
and hence [|z———|l[|f(z) — f(z0) — «(f)(z0)(z — zo)l| < Cllz — zol|-
This proves the existence of partial derivatives. To prove differentiabillity
in the general case it is enough to repeat, for K" equiped with the product
topology, the same prove given above for the case n =1. 1

Definition 4.2 Let x € K and let T be one of its repre_sentatives. Then the
function € € 1 |Z(€)] gives rise to an element |z| € K which depend only
on z and which is called the module of x.

For z = (Z1, ..., Zn) € O, define [z] := [i |:1:,-|2]§. It is easy to show(see
1=1

[A-J-O-8]) that for a given z € R such that = > 0(i.e. = has a representative
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% such that Z(¢) > 0 for all £ € I) there is a unique y € R, y > 0 verifying
y? = z, which is denoted by z'/2 or \/z. Note that [z], is induced by the
n

following K-bilinear map (zly) := Y _ z;¥; from Ktk
=
The following result can be pro:red easily using the classical analog.

Lemma 4.3 (Generalized Cauchy-Schwarz inequality)Let z,y € K. Then
Kzly)l < [zla(yle.

Proposition 4.4 Let Q be an open subset of R and f € G(2). The fol-
lowing assertions hold.

1. ((G(R)) C C°(Q, K) and o(G(Q)) # C°(Qe, K).

2. If Q is connected, then given z,y € Q. there is ¢ € §, such that
bgf)(z)—t(f)(y) = (Ve(f)(c)lz—y) and [o(f)(z) - () (W)] < [Ve(f)(O)]lalz—
Yj2.

3. If Q is connected and D(:(f)) = 0 then f is constant.

4. o(f)| By(oy 18 o Lipschitz function.

5. If K C Q is a compact subset and K = {z € Qulsupp(z) C K}, then
oz is bounded.

6. Ifn=1, m € N and Q is connected, then given z,y € Q. there is
z € §2, such that

(N =y) | df™V)(e)(z - g

@)= ¥ 4 D)

1
0<j<m s

and there are (z.), (ye) and (2.) representatives of z, y and z respectively
whith z. < z. < y..

7. Ifn=1,me N* and z € ), then

1 L(f)(.'z:)— z "(f(j))(y)(m_y)j =0.

im ——
liz—2l{~0 (Q_tog flz—y1))"

il
1<5<m J:

Proof. Theorem 4.1 together with Example 2.5 gives us 1. The second
part of 2. follows from Lemma 4.3. Assertion 3. follows from 2. The others
assertions are proved with similar arguments to the proof of Theorem 4.1
using the Taylor’s formula with appropriate order in each case. J



Proposition 4.5 Let f € C°(2) C G(Q), U = U(f) () and V = f(R).
Then

1. U c V,:= {z € Ky|supp(z) C V} and ¢(f) is a bounded function;

2. if f is an open mapping, then U = V. and U is an open subset of K.

Proof. It is immediate that U C V, and hence, by Proposition 3.2(1), «(f)
is a bounded function. To prove the second statement let z € Ve, () &
representative of z and K a compact subset of V such that z. € K for ¢
sufficiently small. As f is an open mapping there exists a compact subset
L C € such that K C f(L) and hence there is an element z € ., whose
support is contained in L, such that f(z¢) = z. By Proposition 3.2(2), U
is open. |

Notice that we actually do not really need that f is an open mapping,
what we actually need is that there exists an exaustion (92,,) of relatively
compact sets of £ such that (f(f2,)) is an exaustion of Im(f )-

The following corollary is what we call The Open Mapping Theorem.

Corollary 4.6 (Open Mapping Theorem) Let f € C>(Q) be an open map-
ping. Then for every open subset W C Q we have that (f)(W) is open.

Proposition 4.7 Let Q be connected, f € G(Q?) and suppose that Im(.(f))
is a discrete set. Then f is constant.

Proof. Since Im(u(f)) is discrete it follows that 0 = (:(f))’ = «(f') and so
f' = 0. Hence the result follows. @

We finish this section with a proposition about the composition of func-
tions. To this end we shall need some definitions and results that are an
easy adaptation of [A-B, 7.1-7.3] and [F].

If Q is an open subset of R"™ and F is a K-vector space of dimension
m endowed with a norm |.|r we can easily define £p[Q2; F] and N[Q; F] in
the same way as the case F = K. Clearly N[(; F] is a sub-vector space
of £[Q; F] and then, the K-vector space of generalized mappings from
Q into F is defined by G(Q; F) = Em[ F]/N{Q; F). We can prove that
G, F) = B1<v<mG(Q; K)cl(£,) where (& )1<v<m i8 a K-basis of F and
& : (e,z) € I x Q+— &,. The mapping

bom:f= 3 d@)€G@E™ — (fi,n fm) € GO)™

1<v<m



is an isomorphism, where (e,)1<,<m is the canonical K-basis of K™. The
isomorphism ¢q , transfers the product sharp topology 7§ of G(2)™ over
G(Q2; K™) getting a topology o m = ¢§}m('r{{') which will be called the
sharp topology on G(§}; K™). In what follows we always will consider
G(; K™) endowed with this topology 7g . Denote by (., K) the K-
algebra C°({)., ) endowed with the topology of uniform convergence on
the finite subsets of ﬁc(ogz equivalently, the topology induced on C*({),, K)
by the product space Fm). The mapping ¢ : G(2) — C?(ﬁc,m is, by
Theorem 4.1, a continuos injective homomorphism of K-algebras. Hence
(see [A, ch 1, sec 3]) there exists an unique continuos K-linear map
making the following diagram commutative:

6@ B @, K)
T " T
gom & @, K"
where the vertical arrow denotes the natural projections. Moreover 7 is
injective. If m, : X — K denotes de v-th projection (1 £v < m), the
natural map ¢q : f € CO(Q, K™) — (110 f, ..., T 0 f) € C(Qe, K))™
is K-linear homeomorphism and the linear map

it G K™ — (@, KT)

defined by ;¥ := <p5 0 0 dq m is continuos and injective.

Let Q' C R™ be an open set. We say that f € G(Q; R™) is valued in
€' if there exists a representative f € Ey[Q; R™)] of f which the following
property

VK cc Q,3K’ cC @,3n € I such that f(I, x K) C K.

It is easily seen that all representatives of f will have the same property.
We define the subset of G(Q2; R™):

Gu(; Q') := {f € G(%R™)| f is valued in Q' }.

Note that G,(Q; ) C F({;{V,) and that G,(Q R™) C G(Q; R™) and
are differents(indeed, it is enough to choose an inclusion i : D'(Q) — G(Q; R)
and remark that i(J) ¢ G.(Q; R)). It can be proved that (see [F, Prop.
1.1.20]) if f € G(Q; R™), @ = Nxeafls, where Q) is an open set for each
A € A, and fy == fla, € Gu(Q; ) for every A € A, then f € G,.(Q; Q).
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Moreover (see [F, Lema 1.1.22)) if f € G.(2; ), g € G('; RP), f and § are
representatives of f and g respectively and K = (K, )yen is an exhaustive
sequence of compact sets of §2, then there exists a sequence (m)ven in I
such that 7, > 41 and f(I,, x K,) CC ¥, forall v € N. For each v € IV,

the map h,, S K,, — RP defined by

hu(s -T) = { §(Elf(s’ .’l,‘)) ,1.f (E'z) € I"lv X }?V
, gle, fm/2,2)) ,if (e,3) €Iy XKy

is moderate, i.e, h, € EM[IE,,;RP]. If we set hy, = cl(ﬁ,,) € G(IE,,;R”) (v e
IV), then there exist an unique element g o f belong to G(€; RP) such that
(go f)l o =h, forall v € N and g o f is well defined. This generalized

map g o f is called the composition of f with g. If f € C*°(€2; R™) satisfies
F(€2) C  then clearly we have f € G,(; Q') and a representative of g o f
is the map Go (11 x ) : (&,z) € Ix Q'+ g(e, f(z)) € RP. If in addition we
assume that g € C®(Q; RP), then g o f € C®(; RP) C G(f; RF), coincides
in the classical and in the generalized sense.

The result below, whose proof is not difficult, avoids the transference of

information from G(Z; R') to ¢*(£; R') by using the map jk.
Proposition 4.8 Let @ C R® and Q' C R™ be open sets, f € G(; R™)
and g € G(¥'; RP), then:

1. f € GQ:9) if and only if GF(F)( ) C Q. and, in this case,
algo f) = if(9) 0 iR (f)

2. ja(la) = 13 [here 1a(z) := zVz € A, hence 1g € C*¥(G R™) C
G.(;Q) and therefore iB(la) € C* QR

3. fn=m, f € C°(Q; R") is a C>-diffeomorphism and f(Q) C QY then
JB(f) is a C°-diffeomorphism of Q. over §B(f) ).

Proof. Note that 2. is trivial and that 3. follows at once from 1. and 2.,
hence it is enough to shows 1. It is not hard to see that f € G.(; ) if a.nd
only if (FZ*(f))(€) C .. Note that if f € G. (%), £ = d[(&)] € Q. and
§ is any representative of g then, a representative of g(f(£)) is the map

u:e€I— gle, fle,&)) € RP.

On the other hand, with the above notations on composition, if we choose
v € N such that K C K, a representative of (g o f)(£) is the map

vie€d =1, NI > hy(e,&) = G(e fle,&)) € R (v="00n J°)
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hence (g o f)(£) = cl(v) = el(u) = g(f(£)), and s0
[36:(9)  FB(NE) = 58 (9)(£(8)) = 9(£(£)) = (g0 £)(§) = (g o £)(€)- ¥

The Proposition tells us that in this new setting composition of general-
ized functions obey the classing laws. This once again shows the consistancy
of our proposal.

5 Holomorphic and Analytic Functions

In this section we shall define the notions of holomorphic functions and
analytic functions. Here K shall always stand for €, {2 denotes a non-void
open set of C, H(Q) = {f € CH{YC) : 8f = 0} and HG(Q) = {f €
G(Q;C) : 3f = 0}. It is obvious that @ = R + iR, where i> = —1. So we
considere € to be R -isomorphic to B-. If z = z + iy, with 2,y € R then
define the following operators:

9 3

o= {0 -8}, == 2 (B +id).
Our Embedding theorem of the last section gives us an Embedding theo-
rem in the complex case in the obvious way. We also have an Open Mapping
theorem in this case.

Theorem 5.1 If f € H(Q) is non-constant, then (u(f))(W.) is an open
subset for all open set W C (.

Proof. This follows at once from Proposition 4.5. J

Definition 5.2 Let f € G(Q). We shall say that f is sub-linear in Q if
there ezists a representative f of f with the following property:

for all z € 8. there are (z¢) representative of z, k € R, (n)nen
sequence in I and (cp)nen and (pn)nen sequences in R such that
lim (p, + kn) = oo and |f™ (e, T¢)| < cpeP for alle € 1y, and

n-—-+00

neN.
Notice that the definition does not depend on the representative of f. It

is immediate to verify that the set of all sub-linear functions of Q is a K-
algebra of G(2).
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Example 5.3 If f € C®(Q) C G() then f is sub-linear.

Definition 5.4 Let U C K be an open subset and zy € U. We say that

f€ K s analytic in 2o if there exist a sequence (an)nen in K and a series

of the form Z an(2—2p)" which converges in a neighborhood of zy and such
n>0

that f(z) = Z an(z — 25)" in this neighborhood. We say that f i3 analytic
n>0

and we write f € AG(U) if f i3 analytic in zp for all z € U.

In the proof of the results below we use the following fact, which holds
for general complete ultra-metrics abelian groups G but here we restrict our

attention to the case G = K: If (bn)nen i a sequence in K, then Z by
n>0
converges if and only if lim |ba|] =0

Theorem 5.5 Letr >0, 2 € K and f(z) = Z an(2—2)" € AG(B(20)).
n>0

Then f is differentiable and f'(z) = Z nag(z — 2)" L.
n>1

Proof. Let z € B,(2) and s > 0 such that ||z — 2]] < 8 < r. As
D" an{0_10g s)" converges we have, for w € B,(z0), that
n>0

Tim [nan(w — 20)" | < Jim [lanlls" = lim [lan(c1og )"[ls™" =0

n—oo

and thus Z nap{w — 20)" ! converges uniformly on B,(2). Hence

n>l
J n __ —_ n
fl(z) f(w) (Z) ].im lim Z Gn [(w zo) (z Zo) ]
w_”a logllw-zl] Y 7FMTP 1 4m O jog{jw—zl|
e\ (B
®  Yim lim > an[(w 2)" ~ (2 — 2)"]
M—+00 W—Z 1nem Q_og ||lw—2z||
= lim ann(z — 29)" ! nan(z — z)" .
m--)ools"zsm ?;1

e\ (s — )P
Note that (¢m)men, where pp(w) = E an[(w 29) (z — z0)"]
1<n<m Q. log ||w—z]|

is a Cauchy sequence in B,(zp) and hence the change of the order of the
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limits in (*), follows from a classical result of Osgood, which clearly holds

for function with values in K, since K is complete. (]
Corollary 5.6 Let r > 0, z € K and f(2) Za,.(z - z)" for z €
n>0

B,(z). Then f € C®(B/(2);K) and for k € IN* one has fB(2) =
Z n(n—1)...(n —k+1an(z - z)" . In particular klay = F®) ().
n>k

Define in the obvious way, the set HG(U) of all holomorphic general-
ized functions on a non-void open subset U C €. Theorem 5.5 shows that
AG(U) c BG(U). Is HG(U) C AG(U), i.e., does the classical Goursat The-
orem extend to this new framework ? We do not have yet an answer for this
question.

Theorem 5.7 Let f € G(?). The following assertions hold.

1. If «(f) is analytic, then f is sub-linear.

2. If f € HG(Q) and f is sub-linear, then (f) is analytic and for all
20 € Q. there is r €]0,1[ such that for all z € B,(z0) one has «(f)(z) =
Z o f )( )(20)

o (2—2)™ and this series converges uniformly in B, (2). More-

n>0
over %(L(f)) =0.

Proof. Let 2 € (. and suppose that +(f)(2) = Z an(z —2zp)" forall z €
n>0

Br(z) with R > 0, where nla, = t(f)™(z) [see Corollary 5.6]. Let r >0
such that e™" < R and z = 29+ a,. As ||z— 25|| < R one has that the series
Z an(z — 2p)" converges and so 0 = Jim llan(z — 20)™|} = Jim. g~ Vldn)-nr
n>0
where @, is a representative of a,,. Let f be a representative of f and (zo)
oneof zg. Takek=r,¢p =1land p, =V(ad,)-1if V(@,) € Rand p,=n
if V(@n) = oo; then lim (pn + nk) = 0o and |f1™)(e, z0¢)| = n!lan| < cneP»
for ¢ sufficiently small.

To prove the second a.ssertxon let (K,)ven an exhaustive sequence of

compact subsets of {2 such that K is a C*-strictly pseudoconvex domain
for each v € N. By [A-S Lemma 1.1] there is a representative £, of f such

thatf,,(e,)G'H(K)foralleelandvEN Take zo € . As f is
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sub-linear there are (7,)ncn, & sequence in I, k € R, (2), a representative
of 29, and (cn)nen, (Pn)nen, sequences in R, such that lim (pp+kn) =00
and |f™(e,2.)| < caeP foralle € I, andn € N. Soif0 <r < e~ ¥ one
has lim || 405 G8) (z — z)7|| < lim e™Pre~® = 0 for all z € Br(x), and

(f)™(z0)

hence the series E
n!

n>0
v € IV and s > 0 such that zq € K, C K41 and Bi(z0¢) C K41 for all
€€ I Smce all the elements of B;(0) are associated to 0 and fiu(¢,z) =

(z — 29)" converges uniformly in By(z). Let

Z f" (e, Zoe — 2¢)", for all z € Bl(20.) and ¢ sufficiently small, we
n>0

conclude that ¢(f)(z) = Z L(f)n (20) (z—20)", for all z € By(z5). Moreover
n>0 )

as Z(uf)) = ) one has that £(()) =0.

Note that in the proof of the above theorem we actually obtain a lower
bound for the radius of convergence in each point.

Corollary 5.8 Let f € HG(Q). Then «(f) is analytic if and only if f i3

sub-linear.

6 Generalized Manifolds

Since, seemingly, there is no natural way to define generalized functions on
classical C*°-manifolds, we introduce here, as an alternative, the concept of
generalized manifold. On these structures we can define generalized func-
tions and do differential calculus.

Definition 6.1 Let X be a set. A generalized atlas of class C* and di-
mension N on X is a family A = ((Ur,ur))renr verifying the following
conditions:

1. 0#UNC X ,VAEA and X = Urealdy;

2. uy : Uy — uA(UA) is a bijective map from Uy onto an open subset
ur(U) ofR for each A\ € A and for every pair A, p € A, the set
ux(Ux NU,) is an open subset ofR

15



3. the map u,,ou;1 s ux(UnUy,) — u(UnnU,) is a C2-diffeomorphism
Jor each (A, ) € A x A,

A generalized differentiable manifold of class C* and dimension N is a pair
(X,.A) where X is a nonvoid set and A is a generalized atlas of class C*°
and dimension N on X.

In what follows we abbreviate the long names introduced in Definition
6.1 by G-atlas of dimension N and G-manifold of dimension N(or simply
G-atlas and G-manifold). There are a number of basic facts and terminology
about classical C*°-manifolds which extend easily to our case. Assume that
X and A are as in Definition 6.1, then every pair (U, u)) is called a chart
of A and, in the sequel, an(abusive) statement of the type (4, ¢) € A means
that there is A € A such that (4, ) = Uy, up). fU C X and u : U — u(lf)
is a bijective map from U onto an open subset u(f) of ﬁN, we say that (U, u)
is compatible with A if the map uyou™!: u(UNUy) — ur(UNU)) is a C®-
diffeomorfhism V A € A. It follows that, for a given G-atlas A of dimension

N on X, there exists an unique maximal G-atlas A* of dimension N on X,
defined by:

U,u) € A* <= (U,u) € A or (U,u) is compatible with A.

Next we show that there is a natural way of associating to each classical
C*-manifold M of dimension N a G-manifold M* of dimension N.

Lemma 6.2 Let X beaset, D # AC X andp: A — y(A) C R a
bijective map. Then there erist a set A*(y), a natural map i4y from A

to A*(¢)) and a bijective map v* : A*(¢) — ¢(A), making the following
diagram commutative

A LB oy
iaw + 2k
Aw) Y ¥a),

where the second vertical arrow is the natural imersion of Y(A) into w’(Z) 2

Proof. On the set Ap(¥) := {(z.) € Al |cl[((z:))] € ¢T2)c} we consider
the equivalence relation ~ defined by

(ze) = (ye) = (¥(z) — ¥(ye)) € N(R)N .

16



If we denote by kl[(z.)] the equivalence class of (z.) € Apr(%) modulo =, it
is clear that, for given (z.) and (y,) in Ap(1)), we have:

kl[(ze)] = ki{(ye)] <= cll((ze))] = el[(W(ye))]-
So we can define A*(¢) := Ap(9)/ =~ and

¥* ¢ Kl[(z:)] € A () — d[(¥(z.))] € $(A), .

If for each a € A we denote by (a) the constant family (a.) defined by
a := a, for all € € I, then we have (a) € Ay (%) and hence we get the map
iy 6 € A — ki[(a)] € A*(¢p). Now, the commutativity of the diagram
and the bijectivity of ¢* follows at once. |

We can now give our example of a non-trivial G-manifold associated to
a classical one.

Theorem 6.3 Let (M, A) be a C®-differentiable manifold of dimension N
where A = (Un, 2))rca ond, with the notations of Lemma 6.2, set M* :=
UreaUx(pa) and A* := ((U3(02) ©X))aca - Then (M*, A%) is a G-manifold
of dimension N.

Proof. In the proof we abbreviate the notation U; (i) by U3. It is enough
to show that (M™*,.4*) satisfies the conditions 6.1.1, 6.1.2 and 6.1.3, being
clair that 6.1.1 and the first statement of 6.1.2 holds. Therefore, will be
enough to verifies the following satements; for any A, 4 € A given:

@LYUINUS#0=>UanU, #0,

(IL) X (Ux NUZ) = (ea(Ux N L)),

(IIL) ¢ 0 <P;_l = j‘;:(u,\nup)(‘ﬁ’u ° w;l) .

Indeed, (1.) implies that (II.) make sense. From (IL.) we get the last satement
of 6.1.2. Since the domains of both members of (IIL.) are the two sets in
(I1.), this statement is a necessary condition for (III.) to be true. Finally,
since , 0@y is a C*-diffeomorphism from ¢ (U NU,) onto @, (Ux NU,),
the statement (IIL) together Proposition 4.8(3) implies that ¢}, o et lisa
C>®-diffeomorphism from ¢} (U NU,;) onto ¢, (U N Uy), which shows that
6.1.3 holds. Now, the verification of the above satements (I.), (IL.) and (II1.)
follows from elementary and rather tedious set theory. 1§

We call (M*, A*) the G-manifold of dimension N associated to the C*-
differentiable manifold (M, .A) of dimension N.
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7 Applications

In [A-S], using [A-J, Prop. 2.5}, the non-existence of solutions for a certain
first order linear partial differential equation was proved. There it is asked
whether this result could be generalized to any linear operator with constant
coeficients. Our next result generalizes and gives an answer to this question.
We make use of the Open Mapping Theorem in a simple but interesting way.

Theorem 7.1 Let Q be a connected open subset of C", f € H() non-

constant, L = Z akai a linear differential operator with constant co-
1<k<m

efficients ay, ...,am € K and J the idesl geneﬁted by {a1,...,am}. If there

exists u € G(Q) such that L(u) = f then J = K.

Proof. Suppose that J is a proper ideal of K. If there is u be such that
L(u) = f, then Im(u(f)) C J. By [A-J, Prop. 2.3}, J is a rare subset of K
and hence Im(s(f)) would not be open. This contradicts Theorem 5.1. |

In the classical theory if L = Z apD* is a operator with constant
1<k<m
coeficients, then a solution of L(u) = 0 is of the form f(z) = ezp(\z) where
3" apik = 0. Let f := exp € C*(K) and g := i(f) € «(G(K)). Then
1<k<m
g(z) = Z 120, for z € By(0)(see Theorem 5.7) and g(B,(0)) C By(l) C

Inv(K )[A—J Corollary 2.10). Consider a; € K, 1 < k < m and look for
a solution of L(u) = 0 of the form h(z) = g(\z). Since g(Az) is a unit,

we must have that Z ax)* = 0 and so we must solve this characteristic
1<k<m
equation. OQur next result shows that this classical way does not work in this

generalized case. We will use some results and notation that are in [A-J,
sec. 4].

Proposition 7.2 Let A C I such that 0 € AN A° and L the differential
operator defined by L = xaD? + xacId. Then the solutions of L(u) =0 are
all of the form xaf with D2f =0 and xaX? + xac #0 for ali A e K.

Proof. If D?f = 0 then it is immediate that L(xaf) = 0. Let f be such

that L(f) = 0. As x4aD?f + xacf = 0 we have that xa[xaD*f +xa:f] =0
Thus x4D?f =0and xacf = 0. As 1 = x4+ x4 we conclude that f = xaf

18



and D?f = 0. Note that if x4A? + xc = 0, then x4c[x4)2 + x4¢c] = 0. So
Xae = 0 and this is a contradiction. §

The Embedding Theorem tells us that in ¢(G(€2)) functions are indeed
determined by their derivatives. The example given in the second section
does not belong to Im(z). So we cannot expect a general uniqueness when
solving equations.
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