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Automotive Vehicle Chassis Simulation for Motion 
Control Studies Using Multibody Systems (MB5) 

ModellingTechniques 

Abstract 

Tlw suhj t>d of t.his papt>r is l.he applicat.ion ofmult i­
hody systPm techniques for vehicle chassis m odelling 
ai meti ;11. I h e development o f integrated vehicle centro!. 
lt. realisf:'s t hat. result.ing models can be complex anel that 
silllplifkat.ions in chassis tlescript.ion is recommendable. 
For l.l tis pmpost>, it !tas developed a technique for rep­
rc•sen t.ing suspPnsion geomet.ry effects which by t.aking 
t he Ivl US st.ructure in lo account, results in small and 
fnst. runt.ime simulat.ionmouels. Yet., tbe model is capa­
hlt> of describing the fui! range of normal opera t iou of 
lhe ant.omotive vehicle. llsing t.he previously developed 
modl,l, cOillJH'eheusiw ftnalyBis of ali aspects of vehide 
moi ion is rarrit>d out. The objt-ctives of such analysis is 
t.hP determinat.ion of a dri ving envelope in which the use 
of linearist>d motlt>ls of t.he nonlinear chassis can be justi­
fied for corJt.rol analysis am\ design. Finally, the uumer­
kal nnd control theoret.ica \ propert.ies of the linearised 
modt>ls arP addresseu. State space represeut.ation is usetl 
for SIH:h purpo~es. 

1 Introd uction 

Thc.> aim of Aut.omotive EnginePring is to make t.he m o­
tor whidr safe r. easier to drive. with improved p er­
formance l.o cost. rat.io a.nd minimised pollutant emis­
sions. Along t.ht> years, the l.echniques used t.o obtnin 
com prom i si ng sol u t.ions a mongst. thesc confl icting obj ec­
t.ives have increased in numher and complexity. Impor­
t.ant. hrPakt.hroughs in vPhidP devPiopment have been 
readwd t.h rough its histor.r. The period following t.he 
••arly HliO's has st>en a rapid increase in t.he application 
of <Httomal.ic cont.rol t.t>chniques in automotive vehicles 
in o rd rr t.o !lchien• t hese objectives. These pas t and 
rnrrent tlewlopment.s in automot.ive vehicle cont.rol have 
progrPSSt>d most.ly in a piecenlt'al fashion, whereby indi­
vitlual vehide subsystems, such as tlw engine, suspen­
sioH !lnd hraking syst.ems have been stuuieu in isolation 
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Fut.ure applicat.ions of control in !l ttl.omol iw whid!'S 
will follow a t.rend t.owards syst.em int.egration, lead ing 
ultimately to t he development. of iut.Pgralt>d vehicle w n­
trol systems cap!lble o f coonlimll ing t.hP !I CI íon o f t.he 
various subsyst.ems. The coordinCltion and iHtegrat.ion 
of a.utomotive vehicle subsyst.em cont.rol requirPs t.he in­
teract.ion amongst. the various subsystems lo be taken 
into consideration at. t.hP cont.rol dt>sign !>l.agt>s, i.t'., a 
total systcm approach to automot.ivt> vehicle control is 
neecled. 

2 Mathematical Modellíng 

The use of mathemat.icalmouelling in a ut.omot.iw .,.,,h i­
ele design is a wiciPspre!ld p ractíce which a llow!' t.Jt,, dt>­
velopment of vehide syst.ems ai. reJucecl cost.s and time 
and near opt.imised performance c-haraderistics. This 
use emhraces ali aspPc!s of vehicle d~>sign and in partic­
ula r, vehicle mot. ion . 

Those aspects of vehide motion conl rol which are o f 
primary iuterest. span a dynamir range with a frPlJI IPll ry 
Clll-off below 50 Hz. Up to l.his frPqtwncy, simul!lt.ion 
st llllies o f aut.omot.ive vt-hicle tlynamics can just.ifiably 
be hased on lumped parame~Pr modds [lUJ. (!u rreu t 
approaches t.o vehir le dynamics s irmdat.iou fa li int.o '2 
distinct. categories. The first. approarh involv<'s t.lw ust> 
of simple mat.hemat.ical models whirh :ltt' d<'rived frorn 
first principies étlld which are usually assemhled lll !IIIU­

!Illy. 

The second !1pproach to vehide d ynamics simulat.ion 
involves mat.hemat ical motlels whidt inrorporat.P rPpre­
sent.at.ions of the vehic!P kinPmat.ics, tyre rharacl.t>ris­
tics and suspeMion gromet.ry d fPcts. This app roach to 
vehicle dyuamics simulat.ion can result in mat.hPillal i­
cal models which a r<> highly complrx. Con!'Pquc.>nt ly, 
automat.ecl model generat.ion fa cilit.it>s bl\.':if:'(l on mult.i­
body systems (.MBS) moJelling t.edmiqllPS ar<~ widely 
employed. 

The use of 1\·lBS moJelling t.echniques to w hidP dy-



n ami rs sim ulat.ion invo lves t.\vo essent.ial cons idera t.ions, 
,· iz. t.he way in whirh t.llf' JV!BS m odel is fo rm ulated anel 
I he pa rt.icula r MBS progra m whidt is t.o be employed. 
The MBS modt>l formnlat ion determines how the equa­
t.ions of m ot.ion arf' dPrived . The MBS program det.er­
lllines t.hP ultimat.t> fo rm of the dynamic t>quat.ions, as 
ir upl•'lllf'lll.ed wi t.hin t. he rom put.er s imnlat.ion program. 
Approélches t.o ~1BS m odelling based on a combination 
o f 1\ant> 's Mt>t.hod [4) anel symbolic computation h as 
hPo>ll s hown (H] to generate t.ht:> most. efficient (run t ime ) 
s ium la t.ion fotle . 

WhiJ.., t h e use o f t.hose m o re powerful anel complex 
modf'ls m akes t.be idea of an int.egrat ed control system 
very dillicult. due t.o t h e high nonlinea.riLies o f Lhe equa­
t.ious o [ rnot.io n as well as Lhe grea t. number of degrees 
of frPed om : it. has not been answered yet whet.her a sim­
plifiPtlmotlel, however t akiug some relevant interactions 
fror11 a ront ro l poin t o f view, int.o consitleration, couh.l 
rPsult in improvetl vehide m ot.ion . A positive auswE>r 
t.o :m ch a quest. ion wou!J possibly m ean, fo r example, a 
retlun:-d numhPr o f t.rllnSllU r t>rs and t.lwir relat.ed appa­
ra t.us JH.'C'essary t.o be implem eu ted in a fu ture vehicle in 
whidt t.!tf'se w ncepts might be applied. 

3 Mode lling of an Automotive 
Vehicle for Motion Cont rol 
Studies 

T he n1 odt>lling to he perfonn ecl in t.his sect.ion is m o­
tiva !Ptl by t.he rewgnition o f a neetl for a syst.em a.t.ic 
a [lfHO!Irh t.o vehide s imula t.ion wh ich is capable of em ­
hracing a li asp ect.s of vehide m otion in order to a llow 
t.lw st mly o f a ttl.omo t ive veh icle cont.rol. 

Aparl from aProJyuamic resist.ances aml gravit.a t.iona l 
..,ff,,c(.s, ali exlt'nwl fo rcP:s ar t.ing on a vehide are a pplied 
th rough t.Iw whPPls. Consequently, tot.al vehicle cont.rol 
will <'nt.a il t.he a pp]iça.t ion of ront.rol adio n a t the wheels, 
mHI will he h asecl o u a comhina t.ion of propulsion , s t.eer­
ing a nd s uspension cont.rol. Therefore it. is necessa ry t.o 
d .. \·d op veh ide m odels which are capable o f representing 
a li t.hese ac t.ions simultaneottsly. 

T he moddling of t.hís work is bé\sed on a n a lternat.ive 
approach ['2), in which s uspens ion geometry effects are 
inC'orpo r11 ted in a way whid1 does not. invohre a detailed 
1'~-'J' I't'SPIJt.a t.ion of t.llf' s uspPnsion syst.em . T he basis of 
lhe ;~ pproarh is an empiri c<~ l hlack-hox representa t.ion of 
l hP SllSJWIISÍo n ki rwmat.ics deríw d from rea dily ava ilable 
PXpt>rinJPnl.a l d a t.a descrihing !.he s uspension t.raj ect.ory 
ai t>arh wlH't>l huh . from t.his J at.él, a n cquivalt>nt. swing 
axlt> or t rai li ug an n m o tlel is derived using t echniques 
from tliffPI't>nt.ial g~-'Olll t> l ry. 

The s imula t.ion model is <'Onstrurt.ecl using the MBS 
parkag1' SD/fAST [1 Jj , and t.he AC:SL [1) continuo us 
s imula tion langu<~gP. SO / FAST comhi nP-s K ane'.s for­
nmla t.ion fo r a M BS tnollel wit. h a n equat.ion ge nerator 
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incorporating a lransparent s ymbolir comput.a t.ion fa­
cility, while ACSL provides t.he simul<~tion enviromnent. 
necess11 ry to solve these equa t.ions. 

3.1 Schematic Description of Vehicle 
Model 

A schematic view of t.he nonl inear chass is lJJodd is 
presented in figure 1. The model rep resents t.I1P kine­
m atics o f t he sprung m ass 11tH..! t.he four wheE'Is a lltl in­
corpora t.es the effect.s of gPomet.riral ronst.raints assor i­
ateJ with the s uspension . At ead1 wheel, tire suspensiou 
geometry efferts are represent.ed in a hlack hox lll <t n­
ner as a swing axle [:~] conuerting t.hf' whPP] huh H t.o 
t he s pruug m ass via a single J egree o f freedom ro t.a­
tional j oint (pin joint) a t the poiut.. The pin posit.ion 
a ud t.he arm leng th of t.he swing axJe are d erived em­
piric:ally from dat.a df:'fining the whPelhast>/bump and 
t rack/ bump characterist ics at. ea ch wheel hub. 

o 

F igure 1: Nonlinear C h11ssis Motlel 

.ln ali cases, t.he polynomia l of lowest order whidt 
adequa tely fitt.et.l t.he da t a was chosen. A comparisou of 
t.hese polyuomial representation~ alHI l.ltP corresponding 
wheelbase é\ lld t rack d taracterisl ics tl a t.a is present.ed in 
figures 2 anel 3. 

The variat.ion in fort>-a ft. a!lll la t.Prlll whPI'l displnCP­
lllPllls desc ribetl in t.hese fi gures ap pt>ars s rmtll. ll ow­
ever , t.he e ffec\. of t.hese varia t.ios o n t.lt f' vo•hidl:' p il-fh 
and ro ll charart.erist.ks is hig hly significant, part.iculn rly 
d uring vehi rle m a noeu vres assoc ia t.ed wit.h larg, a ccd ­
erat.ion leveis. 

T hc m odo•) provitlf:'s a t.Pn d Pgrer o f frPedom rPp rr­
sent a tion o f tIre chass is , wit.h s ix d e-grees o f freedom rP­
s ulting from t.he sprung mass a m l one degree of freedom 
from earh swing axlr. This result.s in a nonlinea r t.wen t.y 
si ate model, in w !ti c h t.he s t.a t.es conespoml to t.Pn gf'n­
e r<~ lised coord ina t.es anti t.~n g~>nPrll li sf' tl sp Pt•d s. T his 
swing axle m odel provid es l he simples!. possibk r<' )ltP­

sent.a t.ion of the susp~>nsíon sys t.t>m which is cousist.eut 
wit.h a nonlinear chassis m odd inl t>Htl t>d for moi io n çon­
t.rol studies. This ch assis model r t>presf'uls lhe fi rst s t.age 
in t he developm ,~n\ of él vt>hidP dynaurics 1\\0(\Pl for nst> 
in m o l ion ront.rol s t.utlies. Tire prPsenl •nod~>l is limi iPtl. 
part.icula rly in it.s r~>present.at.ion of t.he t.yre <t nd whet>l. 
However , t.he mo tle l <'ali t>asi ly h e ext.Puded t.o ra t.er for 
complete mot.ion cont.rol s tmlit>s t.h ro ugh íudus ion o f a 
m ore sophis t.ka t.et.l represenl.é\ lio u of tlw lyre a nti wlu·P.I, 
as it has beeu dou e in furt.l rer s~utlies. The çhassis mo dt'l 
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Figure 3 : Rea.r Wheelba.se and Track Cha.racteristics 

developed in this chapter is based on data corresponding 
to a luxury European saloon car. This data was selected 
for illustration purposes ouly. In particular, it should 
be uoted that the chassis modelling approach presented 
here is not restricted to luxury saloon cars but is generic 
and applkable to a wide variety of automotive vehicle 
t.ypes. 
3.2 Topological Representation of MBS 

Model 

The chassis model is considered as a mult.ibody system 
made up from five hinge connect.ed rigid bodies orgau­
ised in a tree topology, as described in figure 4. The 
cent.ral, or base body corresponds to the sprung mass 
and the four brancl1 bodies t.o each of the four wheels 
and associat.ed suspension Iinks. 

Associated wit.h the base body and each branclt body 
is a local right-handed coordinate frame with fixed ori­
entation anu location (at. the centre of mass) in the re­
spective body. 

The geometrical elescription of the MBS model can 
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Figure 4: Topological Represeutation of Chassis 

be specified by a set of tbree vectors for each of the 
brancl1 bodies. The first. of the three vectors OJJ de­
scribes the position of the pint joint rei ative to the cen­
tre of gravity of the base body. This vector is fixed in 
the base body. The second vect.or hp describes the po­
sition of the pin joínt. relative to the centre of gravity of 
tbe branch body and is fixed in the brandi body. The 
th~rd vector b describes the orient.ation of the pin joint 
ruos. 

Left Right 
op (1.441, 0 .303, -0.242) { 1.441' -0.303, -0.242} 

F hp (0.121, -0.447, 0.058) (0.121, 0.447, 0.058) 
b (0.966, 0.257, -0.029) (0 .966, -0.257, -0.029) 
op (-1 .516, 0.105, -0.157) (-1.516, -0.105, -0.157) 

R hp (-O.OI G, -0.645, 0.143) ( -0.016, -0.645, 0.143) 
b (0.994, 0.0, 0.113) {0.994 , 0.0, 0.113) 

Table 1: Geometrical description of MBS chassis moclel 

For each brancl1 body, specifications for the vectors 
op, hp anel b were obt.ained relative to this reference co­
ordiuate frame. The ·vectors hp a.n d b were derived us­
ing differential geometry and the vector op was derived 
from the vehícle dimensional data presented in t.able 2 
The resultant vaJues of the vectors op, h]J anti b are 
presented in table 1. To complete the physical descrip­
tion of this MBS model, the mass anel inert ia matrix for 
each body is required. This data is also present.ed in 
table 2. 
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Effective weight front 50 kg 
of wheel r e ar 40 kg 
R.a.dl us o f w heel 0.2 m 

Weight of sprung ma..«s 1600.0 lcg 
Ptinciple inertias l :r 500.0 kg.m7 

of ~prung mass lyy 3ooo.o kg.m.• 
I :: 3000.0 kg.m• 
from front axle 1.32 m 

Cent.re of gravity frorn rear axle 1.5 m 
o f sprnng mass above ground 0.5 m 

frorn right/left. side 0.15 m 

Table 2: Vehicle inertia and geometric data 

3.3 Externai Forces Acting on MBS Mo­
del 

3.3.1 Spruug Mass 

Apart from gravit.atíonal influeuces, t.he forces acting on 
t.he sprung mass are aerodynamic and suspension forces, 
which also includes t.he effect of an antiroll torsion bar 
at Lhe front axle. Suspension characteristics are given 
in t.able 3. Aerodynamic forces and torques have also 
been modelled, but are not described iu this paper. 

3.3.2 Uuspruug M asses 

The forces acting on each unsprung mass are the longi­
t.udinal , lateral aud vertical tyre forces, the suspension 
forces and gravitatioual forces. Tyre characteristics are 
also described in table 3 

3 .4 Representation of Suspension and Ty­
re Forces 

The suspension and tyre forces are described by the pa­
rameters given in table 3. 

Front Rea.r 
Spring stiffness kN.m- 20.0 2í.O 

Susp. Darnper coefficient kN.s.m- 1 1.4 2.0 
AntiroU bar stiffness k N.m ·• 20.0 

Linear Vertical stiffness kN.m - 1 250.0 250.0 
tyre Cornering stiffness kN.rd-1 66.0 70.0 
Steering system compliance rd.kN- 1 0.0051 

Table 3: Suspension and linear tyre data 

3.4.1 Suspeusiou Forces 

Each suspension force is modelled as a spring in parallel 
wit.h a damper. The spring and damper forces are taken 
as linear funct.ions of the spring displacement, and dis­
placement rate, respectively, relative to the base body. 
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An additional roll torque represents t.he effect of an an­
tiroll torsion bar acting at the front axle. This torque is 
modelled, relative to the base body, as a linear funct.ion 
of the left/ right difference in spring displacements at. the 
front axle. Static values for the vertical suspension anel 
tyre tleflections are computed to balance the weight. of 
the sprung mass in the steady-state. 

3 .4.2 Tyre Forces 

For the linear tyre model, t.he longi tudinal t.yre forces 
represent propulsion and braking action. These forces 
are modelled as an externally defined forcing tenn, where 
it is assumed that wheel spin and wheellock do not. oc­
cur. The vertical and lateral tyre forces are represeuted 
as linear functions of the vertical wheel displacemeut 
and wheel's sideslip angle, respectively. 

3.5 Simulation Model of Chassis 

T he compu ter simulat.ion model was built using t.he MBS 
modelling package SD/FAST and the ACSL continuous 
simulationlanguage. T he SD /FAST program processes 
an ASCII source code file containing a user-supplied de­
scription of a MBS model. An exa.mple of part of t.he 
program is given below. 

Body = llighLfronLwheel 
inb = Sprung..lllass 
joint = pin 
ma.ss =50 
inertia = O O O 
inbtojoint = 1.44090214828721 -0.30292586469092 
-0.241192 19374438 
bodytojoint = 0.12090214828721 0.44707413530908 
0.05820180625562 
pin = 0.96586483194595 -0.25738705686472 
-0.02927506393130 

T he resul t ing source code, which is generat.e(] au­
tonom ously by SDfFAST, consists of two main FOR­
TRAN subroutines and severa! secondary subrou t.ines. 
Approximately 10 s of CPU time on a SUN 4/ 330 com­
pu ter was used to generate the resulting out.put fi le. 
This output file consists of around 1500 lines of FOR­
TRAN code, about íO% of which is contained in the 
maiu subroutine defining the st.a.te derivatives for the 
equations of motion of the MBS model. 

The approach to simulation model development. for 
an automot.ive vehicle chassis system, described in this 
section, has the advanta.ge tha.t. t.he model cau be easily 
extended to indude nonlinear t.yre and suspension force 
characteristics without. the need to modify t.he kinemat.ic 
description of t.he sprung and unspnmg masses. More 
import.antly, the approach facílitates t he development 
of vehicle models which combine a MBS description of 
the chassis wiLh other vehicle subsyst.ems which are not 
amenable to MBS modelling techniques, surh as the 
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powert-rain or a. digit.al control system, but which can 
be easily represented in a simulation language such as 
ACSL. 

3.6 Model Validation 

U ufortunately, the amount of experimental data avail­
able was very limited, and therefore extensive validation 
was not po~>sible to be performed, as it would be desir­
able. The only experimental results available consisted 
of the stat.ic deflect.ions of the suspension, as it was used 
to derive the swing axle model. Other results available 
were an eigenmode analysis resulting from simpler mod­
els in use by the vehicle 's manufacturet and which had 
been previously validated by them. 

The linear eigenmode analysis was performed with 
the computer simulation model as a prelude to non­
linear simulat.ion experiments. The natural modes of 
t lte MBS model antl their corresponding frequencies and 
dampiug ratios were computed usiug the linear analysis 
facili ties of ACSL. The linear analysis was carried out 
wit.h the MBS model in a st.eady state condition corre­
sponding to a constant forward speed of 20 mfs. The 
eigenmode a11alysis resulted in four modes correspond­
ing to the sprung mass and four further modes, two for 
each of the front and rear wheel pairs. The results were 
in dose agreement. with experimental observation and 
are presented in table 4. 

Modes Frequency Damping 
Hz rd/s Factor 

Front-ent! bounce 1.1 6.88 0.206 
Rear-eud bounce 1.35 8.46 0.266 
Roll on springs 1.81 11.38 0.261 
Yaw rateflateral velocit.y 1.29 8.13 0.834 
In-phase front wheel hop 12.02 15.46 0.200 
Out-of-phase front wheel hop 12.50 18.52 0.195 
In-pha.se rear wheel hop 13.00 81.69 0.304 
Out-of-phase rea.r wheel hop 13.05 81.95 0.303 

Table 4: Eigenmode analysi:; 

In t.he next sect.ion extensive simulations are carried 
out in order to determine an operating range and con­
dit,ions for the use of a linearised model in conirol sys­
tem analysis and design. These simulations cover all 
aspects of vehicle motion under realistic operating con­
ditions considering driver's inputs as well as externai 
dis~urbances. For that purpose transient and steady­
state analysis is performed. However only a few results 
are present for the reason of space. Full details are given 
in (2]. 
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4 Simulation and Analysis ofVe­
hicle Motion 

In order to confirm the uti tit.y of t.Jw previom;Jy d!:'­
veloped model, as well as characlerising it.s behaviour 
within an operating range which allows the defini t ion 
of appropriate control strategies, for example, sets of 
of operating condit.ious in which linear approximat.ions 
would still be valid, a large number of lests which ex­
ercise the model wit.hin the boundaries of its simplify­
ing assumptions was carried out. These tests or experi­
ments, are defined to be either driver input.s or exte:nal 
disturbances and they will be looking at both transtent 
or steady-state behaviour of the simulation model. The 
analyses to be performed will consist of a detailed study 
of these simulations and will include eigenvalue analysis, 
intended at verifying the validit.y o f transient behaviour, 
and gain aualysis, aimed at determining t.he characler­
istics of the model 's steady-state charact.eristics. 

The inteution of these experimeuts is to allow the 
definition of a driving envelope in which the interactions 
present, their nature and magnitude are discussed and 
a valid range of operating conditions for control studies 
can be defiued. 

5 Vehicle Simulation 

The simulation runs to be executed comprise t.wo types 
of ma.noeuvre; ou e int.euded t.o analyse the vehicle's t.ran­
sient behaviour a.nd the anot.her aimed at obtaining the 
vehicle steady-state response charact.erist.ics. llowever 
ouly a few results are shown in this paper for reasons 
of space. The interested readermay refer to (2) for full 
details. 

5.1 'Il-ansient Manoeuvres 

The simulation runs which will be useJ t.o analyse the 
the t ransient behaviour of the model can be dividecl 
in two types; driver related input.s and externai dist.~tr­
ba.nces inputs. Driver ':; inputs will be in the propulston 
svstem either in a.ccelerat ion or deceleration ma.noeu-. } . . 
vres and in t.he steering system, m cornenng manoeu-
vre.' Externai disturbances will consist of road vertical 
input. 

5.1.1 Steering Iuput 

The simulation runs which will exercise the vehicle's 
handling or stability and steering cont.rol propert.ies will 
consist of manoeuvres of the so called 'free-cont.rol' iype, 
in which st.eering wheel angle is considered as the input. 

Qua.ntities depicted and analysed iuclude ya.w rate, 
lateral velocit.y aud acceleration, roll angle, wheel slip 
angle, lateral anel vertical t.yre forces. As it wol.ild be 
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expected, the variation of other quantities of motion as­
sociated with vehicle's forward a.nd vertical motion are 
negligi ble. 

5.1.2 Traction/Brakiug Input 

For the acceleration and deceleration simulations, the 
powertrain aud/or braking system dynamics are con­
sidered in a very approximate manner. Determiuistic 
functions of time are adopted which account for typical 
time delays involved in these system's responses and the 
available levei of performance for the type of vehicle be­
ing modelled. The iuput qua1üities will be either driving 
or braking forces for the linear t.yre which assume no slip 
in the longitudiualmotion of the wheels. 

5.1.3 Road Vertical Disturbances 

The road vertical input.s consist of ctossing obstacles of 
dilferent. types such that ali relevaut aspects of vehicle 
motion are exercised. For this purpose, out-of-phase 
triangular bumps "'re transversed, together with termi­
nated ramp and sinusoidal road profile inputs. 

The quant.ities of motion which undergo significant 
variat.ion andare illustrated in the results include sprung 
JllCISS vertical úisplacement and acceleration and pitch 
and rol! angles. For the unsprung masses vertical dis­
plélcemenl. o f t.he wheel 's center of gravity, t.yre force and 
suspension t.ravel are included. As an aid to the analysis, 
the road profile is superposed in some of the simulation 
results. 

5.2 Steady-State Manoeuvres 

The primary t.ask of t.he st.eady-state manoeuvre simu­
lations is to obtain static audfor steady-state response 
informat.ion in order to assess the linearity of the model 
for t.he various quantities of motion involved in response 
t.o il.te already mentioned inputs and disturbances. An· 
other important purpose was to determine directioual 
st.abili!.y parameters, related to the specific vehicle be­
ing modelled, such as static margin, understeer or over· 
steer behaviour, etc. Simulation runs which are exe­
cut.ed include cornering with constant speed and dif­
ferent. steering angles, cornering with constant steering 
angle anú various forward velocit ies and t.ransversing si­
nusoidal road profiles of different heights and lengths. 

5.2.1 Cornering at Di:fferent Speeds 

In this simuléttion the vehicle is considP.red to be driving 
at various constant. speeds when the vehide is steered by 
a pa.rabola to step steering input and intended to cover 
a realistic range of operating conditions of the vehicle. 

The variables which are analysed as functions of for­
ward velocity include pitch a.nd roll angles, lateral ve­
locit.y, yaw rate, sicleslip angle and lateral acceleration 
of the sprung mass aud slip angle of the wheels. 
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5.2.2 Corneriug with Different Steering Angles 

This simulation is similar to the one previously clescribed, 
but in this case t.be forward velocit.y is kept const.ant and 
larger values of lateral accelerat.ion are ohtainE'd hy p E'r­
forming the cornering manoeuvres at different values of 
steering angles. 

5.2.3 Crossing of Obstacles of Di:ffereut Heights 

In order to investigat.e the nonlineariiies of t.he quan­
tities of motion in relation to road disturbances, t.heir 
behaviour are analysed for the vehicle driving over a 
sinusoidal road profile with various amplitudes. 

6 Analysis of Simulation Results 

It has been a t.radit.ional practice in vehicle dynamics 
studies [3, 6, 12] to divide the quautit ies of motion in 
groups accordiug to which aspects ofvehicle mot.ion t.hey 
are related to. As a result of this, the areas of perfor­
mance, handling anel ride studie<> ha.ve beeu established. 
Although the purpose of the present work is to look 
at the automotive vehicle as a total system, tbese diví­
sions are well cousolidated by their use in practice and 
also they can be very helpful iu understanding overáll 
vehicle behaviour and the relat.ionship amongst the in­
numerable variables of motion. 

The area of performance studies or longit.udinal dy­
uamics, is concerned with the behaviour of the vehi­
cle when driving straight ahead or a.t very small la\.· 
era! accelerations. Vehicle handling or stabilit.y refers t.o 
a vehicle's behaviour in respouse to the application of 
lateral forces and yawing moment.s caused by steering 
inputs and vehicle motion . It is also conct>rned wit.h ve­
hicle lateral stability when driving straight ahead. Ride 
studies are concerued with a a vehide's behaviour as it 
transverses uneven road surfaces. Under certain operat.· 
ing conditions, t.hese areas can be studiecl separately, as 
has often been the case. However, the coupling amongst 
these •-aria bles must be taken in to consideration undP.r 
other conditions, especially limit manoeuvres. The ob­
ject.ives of t.his simulation analysis is to look at these 
couplings, their magnitude and nature. 

6.1 Definition of a Driving Envelope 

The concept of a driving envelope h as been origina t.ed in 
aeronautical research a.nd it. refers t.o the operating range 
of an airplane in terms of its sp eed, normally expressed 
in mach number, and the altitude range which it covers. 
A similar concept called driviug range h as also been used 
in automotive engineering [6] and it usually refers t.o 
the range of longitudinal and lateral accelerat.ions aml 
forward velocit.y in which a car can operate, given a 
certain road condition. 



ln the present case, the concept of dríving envelope 
are used in a different manuer. The idea is to define 
an operat.ing range, or set of operating ranges, )n which 
a linearised. or set of interrelated linearised condítions, 
would st.íll be valiJ, anel therefore amenable for control 
uesign and ana!ysis purposes. This analysis is based ou 
the previous simulation results. 

The quautit.ies which are used to define the enve­
lope are longitudinal, lateral and vertical quantities. Its 
coucept is diagrammatically illustrated in figure 5. The 
figure represents t.he limi ts o f linear validit.y o f the mo d­
eis in t.he X, } · and Z directíons. 

Figure 5: Concept of Driving Envelope 

The transient manoeuvre simulations are analysed 
in comparison to the expected behaviour of a linear 
system resulting from an eigeuvalue-eigeuvector analy­
E'Ís a round the correspouding operatiug points. Also, in 
order to allow a comparison between the various linear 
system representation, that is, eigenvalues, eigenvectors 
and syst.em matrices, around different operating poiuts, 
a certaill driving coudition will be taken as a reference 
configuratíon. 

The st.eady-state manoeuvres will be used to obtain 
t.he st.atic aud/or gain relationship between the various 
variables of motioh and t.he inputs or disturbances. lu 
t.llis case it will be possible to aualyse the strength of 
the coupling between tltese variables, aud how linear 
this coupling is. T!tis analysis, toget.her with the pre­
vious one, allow the decision of a rauge of operation in 
which a linear representation of the syst.em is still valid, 
and further st.udies, such as model order reduction, con­
t.roller analysis and design for active systems, etc. is 
possible. 

6.2 Eigenvalue Analysis (transient) 

The analysis of the t ransient. mot.ion of the previous 
simulation runs is performed based on an eigenvalue/ei­
genvector analysis of the mat.rices of the linea.rised sys­
tem, determined at certaiu operatiug conditious. As de­
scribed earlier, mot.ion quant.ities are divided according 
t.o which modes they are associated with and to which 
t!tey contribute more significantly. In this sense, some 
quant.ities of tnotion are either taken iuto consideration 
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or neglected, according to the circumstances of the sim­
ulation run. 

6.2.1 Steeriug Input 

Steeríng inputs are related to a vehicle's handling be­
ha.viour which is concerned with the ability of the vehi­
cle lo change directions at t.he driver's request. aud to 
maintaiu directional stability at various operatiug con­
ditions. 

The variables of rnot.ion which seem to undergo sig­
nificant variation during cornering manoeuvres inclucle 
sprung mass yaw rate, lateral velocit.y or sideslip an­
gle, lateral acceleration and roll augle, and unsprung 
mass slip angle. Related quantities which are important 
for the motion, and/or stability purposes, are t.hc.> tyre 
forces. Figure 6 depicts some variables of a typical test. 
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Figure 6: Response of the sprung mass to a steering 
input 

Vehicle directioual stabi!ity characterist.ics are re­
lat.ed to the eigenvalues of the characteristic equation 
which is associated wit.h the handling modes. However, 
a number of parameters which spe-cify a vehicle's han­
dling behaviour, and therefore stabilit.y, have been de­
rived from simple models and are well est.ablislletl anel 
understood in the vehicle dynamics commuuity. For 
handling studies, three parameters play a central role 
in defining vehicle's behaviour: 

• front cotnering stiffness (gradient.); 

• rear cornering st.iffness ( gr adi en t.) an d 

• locatiou of the vPhicle's centre of gravit.y in rela­
tion to the wheelbase. 

The value of these parameters determine a vehicle's 
t.ransient. and steady-st.ale characteristics, as well as di­
rectional st.ability properties. The handling mode char­
a.cteristics of a vehicle are shown to be those most sus­
ceptible to variations in opera.ting conditions. Tbe quan -
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Linear Nonlinear 
Speed w,. ~ Wn ~ 
mfs rdfs - rdfs -
5.0 31.11 J.O 28.96 1.0 

22.57 1.0 23.62 1.0 
10.0 13.99 0.97 13.72 0.96 
15.0 9.99 0.90 9.72 0.91 
20.0 8.13 0.83 7.85 0.85 
40.0 5.80 0.59 5.47 0.61 
100.0 5.01 0.29 4.92 0.28 

Table 5: Handling mode frequencies and damping fac­
tors as fuuction of forward velocity for 2 tyre models 

tity of moti011 which seems to affect the handling char­
acteristics most significantly is the vehicle's forward t•e­

locity. The eigenvalue analysis of the J acobian of the 
nonlinear vehicle model shows t.hat. for the vehicle driv­
ing in a st.raight line t.he handling modes, yaw rate and 
lateral velocity (or sideslip angle, because forward ve­
locit.y is assumed to be constant) show the following 
behaviour with increased speed: 

• decrease in natural frequency; 

• decrease in damping factor. 

T his situation is illustrated in table 5. 
Decause t.he eigenanalysis at these operating poiuts 

results in the full set o f frequencies, damping factors and 
modes, T he effects of steering angle and forward veloc­
it.y in t.he ride and performance modes is also obtained. 
It could be observed t.hat they ha.ve not been affected 
significant.ly by forward velocit.y nor steering angle for 
t.he present linear tyre model. The limiting situation 
for using t.he linearised model is loss of adhesion which 
happens do to load transfer effect.s. The variable of mo­
t.ion w!Iich is related to load transfer effect and therefore 
should be used for a contrai strategy is lateral accelera­
tion. For values oflateral acceleration larger than 5m/ s• 
on a dry road, loss of contact ocurred. 

6.2.2 Traction/Braking Input 

Tract.ion and braking inputs are associated with a ve­
hicle's performance. ln the case of the present model, 
studies are affect.ed and limited due to the lack of en­
gine, bansmission and braking system models, siuce the 
dynamics of these subsystems determine vehicle motion . 
However, it. could be observed that that ride modes are 
execised by performance manoeuvres aud that the vari­
at.ion of wheel loads may affect vehicle lateral stability 
in combined manoeuvres. Figures í and 8 represeuts 
some varia.hles of motion for such simulation. 
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Figure 8: Response of the sprung mass to a deceleratiou 
force 

6.2.3 Road Vertical Disturbances 

Road vertical disturbance simulat.ions are aimed at test­
iug vehicle ti de modes. The st.udy of vehicle r ide modes 
assumes a contact point model for t.he int.eraction be­
tween tyre and road in the vertical direction. This situ­
ation is equivalent to a lumped para meter model for the 
tyre vertical force characteristics. One such test result 
are illust.rated in figures 9 and 1 O. 

Analysing the influence of bump height. for the same 
speed, it can be observed that, for ali variables of mo­
tion, tbe changes in transient behaviour is complet.ely 
negligible. One cannot even distinguish to which height. 
the simulation refers to, if tbe scale of t.he y-axis would 
not be shown! 

The behaviour of the sprung mass for t.he same bump 
height and for three differeut speeds shows that, irre­
spective of the value of the speed, t.heir t.ransient mo­
tion afi.er the inputs have been applied, in the range in 
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Figure 10: Response of the sprung mass to a roa.d input 

which they get excitecl by Lhe bump input, are nearly 
the same, in terms of the frequency of oscillation and 
damping. In this wa.y, vert.ical displacement. and accel­
eration and pitch and roll angles show similar behaviour 
for ali three speeds for each one of the bump heights. 

These results are interesting in the sense that they 
confirm that the noulinear vehicle model does not present 
siguificant differences in its transient behaviour when 
under ri de mo de types of excitation, in terms of Jorward 
speed. Together with the previous conclusion concern­
iug the effect of bump height and constant speed, these 
results provide good insight into the use of the linear 
model approximat.iou of the nonlinear vehicle model for 
t.he area. of ride performance. It is worth noting that 
ihis area 's main concern, from a control point of view, 
is analysis and desigu of controlled suspension. 

6.3 Gain Analysis ( steady-state) 

T he gain, or steady-st.ate analysis, is intended to assess 
the leve] of coupling amongst the variables of motion, 
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the amount of nonlinearities in these couplings and also 
to determine vehicle directional st.ability parameters. 

For this analysis, three types of st.eady-state simula­
tions have been performed: 

• cornering at constant speed with various steering 
angles; 

• cornering -with const.ant. steering angle at various 
speeds; 

• crossing of obstacles with sinusoidal profile of dif­
ferent heights, and at different. speeds. 

The results presented in the table 6 are pitch and 
roll angles, yaw rate, lateral velocit.y and acceleration, 
sideslip angle and slip angle of t he wheels. They are 
calculated as a function of the steeriug angle for t.he 
constant speed manoeuvre. For the constant steeriug 
mauoeuvres the same quantities as above are calculated 
in terms offorward velocity. 

Constant Speed Constant St.eering 
Input: Steering { rd) InpuL: Speed (m/!!) 

Output Gain Corr. Out. Gain Corr. 

a 11 (mjs~) 4.5!121 1.0 ay 0.089 1.0 
q~ ( rd) 0.0004 0.98 qs 0.002e-3 O.í9 
q6 ( rd) 0.0165 1.0 qs 0.0003 0.99 
u~ (rd/s) 0.2304 1.0 u~ 0.0013 O.í!J 
v~ (m/s) -0.2003 -1.0 l' y -0.0201 - 0.96 
/J (rdfs) -0.0100 -1.0 {3 -O.OOOí -0.99 
Otf (rdj:J) -0.044í -1.0 Oi f -0.0009 -0.99 
ar (rd/s) -0.02í7 -1.0 O' r -0.0005 -0.99 

Table 6: Steady-state Gains 

As it can be deduced from this table, ali variables 
chosen to be retaiued showed to be largely affected by 
the steering input. The only exception being the pitch 
angle, which showed the smallest influence of ali. This 
result confirms the widespread practice to ignore vehi­
cle pitch from the state va.riables in hanclling studies, 
and when it is considered, its effect is calculat.ed in an 
approximated mauner. 

It also confirms real vehicle behaviour, because ave­
hicle does not. suffer large pitch angle variations in any 
normal operatiug condition. The other variables chosen 
for the sprung mass movement, yaw rate (u4), and lat­
eral velocity in vehicle body (Vy). a uc.l slip angle (ll';) for 
t.he wbeels, are the maiu quaut.ities in handling studies 
and their importauce for handling studies is obvious. 

For t.he remaining variables of mot.iou related io vehi­
cle han<.lling, it can be seen that the model coupliug con­
ceruing forward velocity, can be adequately described hy 
linear relat.ions for vehicle st.eady-stat.e behaviour. T his 
can have interesting design implications from a control 
point of view, depending which strategy is adopted to 
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implement the control. If forward velocity is adopted as 
a system paramefer·, the fact that model characteristics 
change in a linear way for the steady-state beha.viour, 
together wit.h the conclusious already made about the 
transieni behaviour, may allow the implementation of 
some kind of adaptive contrai, for example, as a func­
t.iou of vehicle speed. 

The sinusoidal profile obstacle crossing manoeuvres 
are discussed next. The objectives of these simulations 
are to verify t.he linearity of the ride modes ofthe vehicle 
model. 

H ca.n be concluded that the present vehicle model, 
wit.h linear relations for the spring and damper of the 
suspension , and for a linear vertical tyre behaviour, as 
well, can be adequately represented by a linearised model, 
concerning ri de modes behaviour. The limiting facto r 
in this case being the loss of adhesiou or compression of 
t.he t.yre beyond tbe assumed linear range. These resnlts 
show that the inertia couplings, in these models, for this 
mode are weak. 

6.4 Determination of a Driving Enve­
lope for Linear Control Analysis and 
Design 

The discussion about a driving envelope for linear 
control analysis and design is centred at the previous 
simulation runs. 

The discussion will be based on the type of vehicle 
model adopted and the area of vehicle behaviour in­
tendecl to I:Je addressed. Issues with regard to strong 
point.s as well as limitatious of the present model are 
discussed and conjectures about the effects of possible 
variat.ions of the model are elaborated. 

The areas of vehicle behaviour which are discussed 
are t.he same according to t he division established for 
t.he simulation runs. The effects and consequences of 
considering t.hem together is also attempted to be dis­
cussed. 

For the vehicle ride behaviour, with its present tyre 
and suspensiou mo deis t.he range of validity of linear be­
haviour seems to be limit.ed only by the loss of contact of 
the wheels with the road. These conclusions are based 
on t.he result.s of the t.ransieut. and the steady-state anal­
,Ysis o[ t.he present. simulations. For the transient results 
it. can be observed that there is no significant changes in 
vehicle t.ransient. behaviour as the leveis of model inputs 
are varied. 

Çoncerning vehicle performance, not many conclu­
sions can be drawn due to the limitatious o f the present 
model powertrain and brakiug system dynamics, as wel! 
as t.he longit.udinal tyre model and which play an impor­
tant role in vehicle performance rnode and its coupliug 
to ot.her vehicle modes, most notoriously to velticle han­
dling. 

Finally, with respect. to the handling modes, it seems 

10 

that for the linear t.yre model, quite adequa te linear ap­
proximations can be made especially for low value of 
lateral acceleration, based on the analysis of the present 
simulation results. 

In any case, linear model which are adaptive with ve­
hicle speed seem to be recommenJable, t.o successfully 
implement such controls. The coupling with the ride 
modes have been previously described and it does not 
seem likely that a steering control would affect. suspen­
sion behaviour, but the contrary would be t rue. 

In the next section the result.ing linearised lllodel 
obtained from t.he vehicle operating in Lhe range de­
termined in this chapter are analysed from a numerical 
aud contrai theoret.ical point o f view. The variat.ion in 
system properties such as conditioning, controllahility, 
observability, principal gains, etc., are aualysed for these 
models at these operating condit ions. 

7 Linear Model and its Proper­
ties 

For the analysis of t.he linear system, t ime domain repre­
sentation of the modelare discussed. Time <lomain rep­
resentation is described by the st.ate space model, in tlte 
form of the systemmatrices, A ,B,C,D. The discussion 
concerning the st.ate space representation encampasses 
structural, numerical and contrai theoretical properties 
of the system matrices. 

The nonlinear vehicle model can be represented by 

:i; = f (:z: , u , t) (1) 

where :z: the st.ate vector is comprised of t.he of the 
generalised coordinates aud Lhe generalised speeds. tt 

is the input vector, which iucludes driver's inputs anel 
externai distu rbances. 

The Jacobian is the partia! derivative of Lhe state 
derivative vector with respect to the state vector and it. 
is a square mat.rix of dimension equal to the uumber of 
state variables. 

ACSL through numerical perturbat ion of the states 
provides an approximation of the system's Jacobian at 
an operating point., X 0 of the stat.e vector. In this case, 
it can be written for the autonomous linearised system 
that 

:i;= Jz (2) 

where the ij'h element of J is given by 

(J)ij = -' ar I 
Ôxj X o 

(3) 

ACSL can also determine the linear representat.ion 
for the nonautonomous system. With the definition of 
the contra\ variables, u , and t.he oul.put quanti t.íes, y , 
a perturbat.ion analysis is performed as before, on the 
augment.ed state vector returning the system 's matrices 
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in the form 
:i: A~+Bu 

y = C~+Du (4) 

whrre A ,B ,C ,Dare t.he mat.ri<'es o f t.he state space rep­
resentat.ion of the nonliuea.r syst.em described by equa­
tion 1. Because ACSL also iucludes an eigenvaluefei­
genvector analysis facilit.y, the J acobian can be used to 
determine natural frequencies and modes in a moda! 
analysis study or t.lüs same facility cau be used for open 
loop stability analysis in a contrai system design. Ac­
cording to the way the state vector ha.ve been defined 
in t.his study, the J acobian J and t.he system matrix A 
coincide. 

7.1 Properties of Resulting Matrices 

Properties of the syst.em ma.trices which are aualysed in­
clude struct.ura.I , symmetrical aud block characteristics. 
Init.ia.lly, a discussiou of t.he A matrix and its elements 
is performed. Afterwards, numerical properties such as 
couditioning and control related properties are discussed 
which indu de opeu loop stability, controllability, observ­
ability and model order reduction. 

7.1.1 Elements of the A Matrix 

The sta.te vect.or ~ comprises the generalised coordi­
nates, q, the generalised speeds u. The kinematical 
equations describe how the derivatives ofthe generalised 
coordiuates are related to t.he generalised speeds. For a 
vehicle in a given trim condition, either driving straight 
ahead or in steady-state tuming, if the roll and pitch 
angles are sma.U, then the J acobian of the kinema.tical 
different.ial equatious is t.he identity matrix. 

The A ma.t.rix can be furt.her divided into 4 regions 
(submatrices) according to figure 11. 

A= 

Figure 11: Structure of A matrix 

Acrording to the previous reasoning about the kine­
mat.ical equa.t.ions, submatrb: A 11 is zero and submatrix 
Au is t.he identit.y matrix, if m = p. 

The concept. of stability derivatives, as has been origi­
nated and defined in aeronautics is widely used in vehicle 
dyuamics [12). T hey are defiued as the partia! deriva.­
tives of the forcing functions in relation to the states. As 
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far as possible, this discussion will refer to the stability 
derivative concept in order to help clarify the meaning 
of the elements of the A matrix being discussed. 

Submat.ricf'S A 21 and A 22 refer to the derivat.ives 
of the generalised speeds which can be t.hought of as 
acceleration terms. They can also be further subclividetl . 
The first six rows of A 21 and A 2 , correspond to t.he six 
degrees of freedom o f the sprung mass. The first three of 
these correspond to t.he translational accelera.tion tenns 
and the last three to the angular acceleration ones. The 
remaining 4 rows correspond to angular accelerations 
terms of the swing axle. 

For the firs t six rows, which correspond to the six 
degrees of freedom of rigid body of the sprung mass, 
these terms possess some analogy to the stability deriva­
tive concept previously ment.ioned. For example, in the 
equation of ti4 , the proport ionality factor of u 4 is re­
lated to the darnping-in-yaw factor as ii is known in 
vehicle dynamics nomenclature [3, 12) With this model 
it is possible t.o assess the influence ou the state vari­
ables of m any degrees of freedom which are ignored in 
simple models, either comparat.ively or by t.hemselves. 
For instance, in this case one has the front suspension 
displacement yaw torque coefficient, which has not been 
previously defined in the literature, and such as this one, 
there are many others in the present model. 

7 .1.2 Othe1· System Matrices 

This sectiou present.s and describe-; the B ,C ,D ma.tri­
ces. The B matrix is of dimension equal to the number 
of st.ates by the number of input.s. 

The C matrix depends on t.he observa.bilit.y of t.he 
st.ates aud which varial>les are defined as outputs. The 
concept of observahility is discussed in more detail in a 
fut.ure sect.ion. In our case, it. was assumed observabilit.y 
and the trauslational velocit.ies of t.be sprung m ass were 
adopted to be those expressed in the sprung mass frame, 
instead of those corresponding to t.he states which are 
velocities relative to an inertial frame. 

The D matrix, because no out.put. was defined t.o 
depend on the inputs, is the null matrix. In some situ­
ations, depending on the definition of the oulput vari­
ables, it might not be zero, for example if one defines the 
tyre defiections to be an output variable, the equivalent 
terms in t.be D matrLx corresponding to the road input 
would be different from zero. 

7.1.3 Conditioning 

When working wit.h low order SISO models (n < 5) com­
puters are quite forgiving and insensitive to numerical 
problems. For high order models and MIMO syst.ems 
the finite precision arithmetic of a computer requires 
caution to be exercised. 

One charact.erist.ic of la.rge vehicle m odels when t.he 
linearised equatious are obtained is their low condition 



number, indica.ting sensitivity of the data to numerical 
disturbances. In order to evaluate the conditioning of a 
matrix, t.he concept. of singular 11a/ues is important. The 
condit.ion number of a mat.rix is defined as 

cond(A) = ü (A ) 
g:(A ) 

(5) 

where u(A) is tbe largest and g:(A) is the smallest sin­
gular value of A. Note that. cond(A) ;:::: 1. A use­
fui rule of thumb in using the condit.ion number for 
a.ssessing numerical accuracy of calculations performed 
with the m atrix is that the machine may loose the last 
log1o[cond(A)] d('cimal places of a solution because of 
rouud-off errors during Gaussian elimination [7]. 

T he SVD of the A matrix of the linea.rised model 
in the reference coufiguration as described in chapter 5, 
results for the largest and the smallest singular values 

u(A) = 28416 
g:(A) = 0.4797 

(6) 

giving a condit.ion number of 5.9 * 104 , which according 
to the previous rule indicates t.hat. for numerical a.ccu­
racy the comput.er may loose up to 4 decimal places (in 
our case out of lG) due to rouud-off errors. 

7 .1.4 Controllability /Observability 

In order to be able to achieve cont rol systems design 
which have optimal behaviour in some sense, it is neces­
sary to asse$S the controllability and observability prop­
ert.ies o f the open-loop system. Also, these propert ies es­
t.ablish t.he conditions for complete equivalence between 
the st.ate space aud the transfer function representations 
of a system . 

A system is said to be completely state-contro/lable 
if, for any initial t.ime t 0 , each iuitial state :c0 can be 
t.ransferred to any final state :c J , in a finite t ime, t 1 > to, 
by means of an unconst rained input vector u(t). It 
means t.hat each mode of the system must. be directly 
affected by the input u(t) and it requires that the con­
trollability matrix ha.s full rank . 

A system is said to be completely state-obsert•able 
if every initial state :t'0 can be exa.ct.ly det.ermined from 
the measurements of the output y(t) over the finite time 
ínterval to ~ t ~ t.r. lt mea.ns that for observabi!ity 
t.he out.put must be influeuced by each s tate :l:i. It ca.n 
be shown that the system is completely observable if 
tlte observabilit.y matrix has full rank. If the system 
is complet.ely controllable and observable, theu a stat.e 
space and the transfer function matri.x representations 
are equiva\ent and accurat.ely represent the system. 

7.1.5 Model Order Reduction 

In practice, very good simplifications can be obtained 
by using a r ather simple procedure in which a bala.nced 
realisation of the original system is derived and then 
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simply truncated by disca.rding those parts relating to 
the state variables most weakly coupled t.o the input.s 
and out.puts. 

For t.his purpose the joint gramian can be used to re­
duce the order of the model , if the system is normalised 
p roperly. Since i t reflects the combined cont.rollabilit.y 
and observability of individual states, it is reasonable to 
r emove those states from the model to which correspond 
a a small singular value in t.he joint gramian. Elimina­
tion of t llese states therefore ret.ains the most important 
inputfou tput characteristics of the original syst.em, as 
initially intended. 

For the problem of this thesis, t wo a\t.ernatives to 
model order reduction exist.. The first one is performed 
in ACSL and the other in MATLAB using the method 
previously discussed. The approach to be adopted in 
this work will make use of both ways, at different stages 
of the analysis. 

The elimination of some stat.es from the st.at.e vari­
able vector is performed in ACSL through the use of 
the ANALYZ commaud with the 'free ze > option. Later, 
after this is completed in ACSL, the joint gramians of 
the balanced realisation of the system matrices are used 
to determine further model order reduct ion possibilit.ies. 
In the result.ing model, for the reference configurat ion, 
observation of the joint gramian of the balanced reali­
sation for the A matrix shows t.hat there is only one o r­
der of magnit.ude difference between t.he largest. and the 
smallest singular value, clearly indicat.ing t.ha t ali states 
in t he present m odel, according to its present scaling, 
are import.ant and should be retaiued. 

Also, the combination of ACSL and MATLAB for 
obtainiug the linearised model , designing ihe cont roller 
and simulating it controlliug ihe nonlinear model, inter­
actively, provide a very powerful tool for the analysis 
and desigu of control systems. 

8 Conclusions 

This paper has discussed t.he impo rtance of the deriva­
tion of vehicle chassis models encompassing ali aspects 
of vehicle mot.ion in order ·to allow the development 
of integrated vehicle control. It has proposed an ap­
proa.ch to modelling vehicle suspension which is based 
ou simple e.xperiment.al da t.a anJ uses concepts of differ­
ential geometry. The derivatiou, simulat ion and anal­
ysis of the model was performed nsing the computer 
programs SD/ FAST, ACSL and MATLAB, respect.ively. 
The model has been validat.ed and therefore it could be 
us:d for sim ulation analysis aimed at. obt.aining oper­
atmg ranges in which linear approximat.ions woould be 
valid. For t.he present. model it. cau be coududed that 
t l~e performance and ride modes are not affect.ed sig­
mficantly by variat.ion in operating comlit.ions nor the 
steady-state response by the magnitude of the inputs. 
The limiting factors for these aspects of motion are loss 



of tyre conlact. the hand!ing modes are those most af­
fected by changes in operating conditions and the va.ri­
able of moti011 which seems to have the largest infiu­
enre is vehicle speed. However it worth noting that this 
change do nol affect other modes and the coupling oc­
cnr at the tyre model more than at the vehicle body 
model.Properties of the resulting linearised models are 
also discussed and it can be observed that the present 
model results in a fully controllable, fully observable 
model. However, even for simple models such as this 
numerical conditioning of the system matrices are al­
ready an area. of concern. 
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Appendix 

Variables of motion and A matrix for a forward velocity of 20 mf s. 

• Variables of motion 

3 - Vertica l Displacement 
4- Yaw angle 
5 - Pit.ch Angle 
6 - Rol! Angle 
7 - Fwnt Left Suspension Angular Displacement 
8 - Front Right. Suspension Angular Displacement 
9 - Rear Left Suspensiou Angular Displacement 
10- Rear Right Suspension Angular Displacement 

• A Matrix 

• Columns 3 t.hrough 11 

o o o o 
o o o o 
() o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 

-3.06i50e+Ol -7 .4506e-04 -3.3912e+Ol o 
1.455:2e-07 1.2248e+02 -4.6566e-06 6.0190e+Ol 

-3.45lle+Ol 2.1954e-Ol -1.5912e+01 -2.9942e-03 
-3.7446e-07 -2.1383e+Ol 1.6734e-06 -7 .6278e+OO 

-1.8130e+ OO 1.1660e-02 -3.3433e+Ol o 
1.6637e-06 3.7719e+Ol -9.3090e-05 1.96Ble+Ol 

-1.1439e+04 1.0659e+03 l. i5130e+04 -8.6747e+03 
1.143Ve+04 1.066í e+03 -1.5130e+04 -8.6i47e+03 

-9.60i5e+0:3 1.2852e+03 -1.4391e+04 -7.2914e+03 
9.6075e+03 1.2859e+03 1.4391e+04 -7.2914e+03 

• Columns 12 through 20 

o l.OOOOe+OO o o 
o o l.OOOOe+OO o 
o o o l.OOOOe+OO 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 

7.4506e-05 o o o 
-6.1292e+OO o 1.8878e+OO o 
-1.2042e-02 o o o 
1.0692e+OO o -6.5558e+OO o 
-3.7253e-05 o -1.8626e-05 o 

-1.8835e+OO o í.0539e-Ol o 
-5.3368e+Ol o -7.5526e+Ol o 
-5.34líe+Ol o -'i .5525e+Ol o 
-6.4294e+Ul o 9.9508e+Ol o 
-6.4330e+Ol o 9.9508e+ Ol o 

11 - Foward Velocity 
12 - Lateral Velocit.y 
13 - Vertical Velocity 
14 - Yaw Rate 
15 - P itch Rate 
16 - Roll Rate 
17 - Front Left Suspension Angular Velocíty 
18 - Front Ríght Suspension Angular Velocit.y 
19- Rear Left Suspension Angular Velocity 
20 - Rear Ríght Suspension Angular Velocit.y 

o o o o 
o o o O' 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 
o o o o 

3.400Ie-Ol -3.400le-01 - I.0508e+01 1.0508e+01 
6 .34.53e+OO 6.3453e+OO 1.8329e+Ol 1 .8329e+Ol 
2.8509e+OO -2.8524e+OO 3.4643e+OO -3 .4643e+ OO 
4.4467e+OO 4.4467e+OO -1.0483e+Ol -1.0483e+Ol 

-1.5884e+OO 1.5884e+ 00 4.4020e+OO -4.4020e+OO 
2.9174e+Ol 2.91 74e+Ol 2.9566e+Ol 2.9566e+Ol 

-6.0539e+03 -2 .5428e+02 -4.5364e+Ol -5.4666e+Ol 
-2.542Be+02 -6.0539e+03 - 5.4666e+Ol -4.5363e+Ol 
-3.5886e+Ol -3.4796e+ Ol -6.957 4e+03 -2.8622e+OI 
-3.4799e+Ol -3.5888e+Ol -2.8622e+Ol -6.9574e+03 

o o o o 
o o o o 
o o o o 

l.OOOOe+OO o o o 
o l.OOOOe+OO o o 
o o l.OOOOe+OO o 
o o o l .OOOOe+OO 
o o o o 
o -9.2387 e-03 9.2760e-03 -6.5640e-02 
o 2.801le-02 2.801 0e-02 l.I801e-Ol 
o 3.8176e-01 -3.8179e-01 7.3558e-01 
o 2.9223e-U2 2.9225e-02 -9.1 05Se-02 
o -2.6414e-01 2.6414e-01 5.9739e-Ol 
o 1J.7560e-Ol 9.7558e-01 1 .9293e+OO 
o -3.2987e+Ol -1.251 'i e-OI -3 .0953e+OU 
o -I.25líe-Ol -3.2988e+Ol -3 .2812e+OO 
o - 1.1331e+OO -1.1975e+OO -5.4254e+Ol 
o -1.1984e+ OO -1.1331e+OO 2.4438e-02 
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o 
o 
o 
o 
o 
o 
o 
o 

-1.0820e-02 
-l.Hi42e-07 
1.0143e-02 
8.6408e-08 
3.6974e-03 

-4-6564e-07 
-l.llOl e-02 
1.1086e-02 

-2.464ie-02 
2.4676e-02 

o 
o 
o 
o 
o 
o 
o 

l .OOOOe+OO 
G.564Ue-02 
1.180le-01 

- í .3558e-Ol 
-9.10S6e-02 
-5.9739e-Ol 
1.9293e+OO 

-3.2809e+OO 
-3.0950e+OO 

2.4438e-02 
-5.4254e+Ol 


