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Abstract

In this work, using Lyapunov-Shmidt Method, we study existence and bi-
furcation of homoclinic and subharmonic solutions of the nonlinear equation:
i = Az + f(z) + F(t,z,)), where z € R?, F(t,2,0) = 0 and ) € R? is a small
parameter. We assume that A and f are reversible with respect to a symmetric
matrix S, such that $? = I and that A is hyperbolic. A major difficulty han-
dled in this paper was to prove the uniform boundedness of some generalized
inverses. Some examples of nonlinear ordinary equations are analyzed.
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1 Introduction
Consider the equation:
z = Az + f(z) + F(t,z,]), (1.1)

where z € R?, F(t,z,0) = 0 and X € R? is a small parameter. We assume that A
and f are reversible with respect to a symmetric matrix S, such that §% = I.

The object of this paper is to study existence and bifurcation of homoclinic and
subharmonic solutions of equation (1.1). We find the bifurcation curves in both cases.
A major difficulty that arises in this problem is to prove the uniform boundedness of
the generalized inverse that appears when we use the Lyapunov-Schmidt Method.

Using this approach, this problem was considered by Chow, Hale and Mallet-Paret
[3], for nonlinear second order equations. This problem is also analyzed in Chow and
Hale[2]. Rodrigues and Silveira|7] studied the homoclinic case for infinite dimensional
systems, with applications to a nonlinear beam equation.

The problem of the uniform boundedness of the right inverse was considered by
Chan and Chow in [1], where they analyzed some examples.



In this work we consider the general case, where the unperturbed nonlinear equa-
tion 2 = Az + f(z) is reversible with respect to a symmetric matrix S. A consequence
of the uniform boundedness is that the bifurcation curves for any subharmonic and
for the homoclinic solutions can be found altogether, that is, we can find a neighbor-
hood of the origin in the A-space and all the bifurcation curves in this neighborhood.
The symmetric Hartman-Grobman Theorem as proved in Rodrigues[8], plays an im-
portant role in our approach.

In the last chapter of this work we analyze some applications of our results to
nonlinear two dimensional system of ordinary differential equations.

2 Uniform Boundedness of the Generalized
Inverses

Now we present some basic results which will be important for the proofs of
our main results.

Let S be a n X n real symmetric matrix such that S? = 1. Let S = {z € R":

Sz =z}and N ={z € R*: —Sz = z}. Then S and N are orthogonal spaces and
Rr=8S6WN.
Definition 2.1 Let g: R x R® — R" be a Lipschitz continuous function. Consider
the differential equation: = = g(t,z). Let S be a n X n real symmetric matriz such
that S? = I. We say that the above system is Reversible, or has the Property E, with
respect to S if Sg(—t,Sz) = —g(t,z) for all t, z. In this case we also will say that
g(t,z) is reversible.

Throughout this paper we assume that S # +1.

For the notations and basic results on reversible systems or systems with the
Property E we suggest Hale[5] and Vanderbauwhede[9)].

If z(t) is a solution of a reversible system then Sz(—t) is also a solution. If z(¢,z,)
denotes the solution of the above equation with initial condition z, at ¢t = 0, then
z(t, Szo) = Sz(—t, o), for every t € R.

If Ais a n X n real matrix which is reversible with respect to S and B is an
eigenvalue of A associated to the eigenvector z,, then —f is also an eigenvalue of A
associated to the eigenvector Szy. In other words, the spectrum of A is symmetric
with respect to the origin in the complex plane.

Consider the systems:

y = Ay (2.1)
z = Az+ f(z), (2.2)

Theorem 2.2 (The Symmetric Hartman-Grobman Theorem) If A has no eigenvalue
on the imaginary azis, f : R® — R is a C" function such that f(z) = of|z|), as z
goes to 0, and if equation (2.2) is reversible with respect to S, then there ezists a local
homeomorphism h that conjugates the orbits of (2.1) and (2.2) in a neighborhood of
the origin, such that ho S = S o h. In particular, if z is in this neighborhood and
Sz = z, then S(hz) = hz.



For a proof of the above result see Rodrigues|8].
Using the symmetry assumptions we can prove the following lemma:

Lemma 2.3 Suppose the assumptions of Theorem (2.2) satisfied. Let V* and V¥,
respectively, be the global stable and unstable manifolds of the origin with respect to
system (2.2). Then the following hold:

(i) Ve = SV
(i) If 2o € V¥ NS, zo # 0 then zo € V*, z(—t,z0) = Sz(t,z0), for every t € R,

and z(t,z0) is homoclinic to the origin.

(i) If T >0, z0 € S, z(T,z0) € S and z(t,z0) € S, for every t € (0,T) then

z(t,z0) has minimum period 2T.

Lemma 2.4 Suppose n = 2 and that the eigenvalues of A are B and —f, where
B > 0. Let the system (2.2) be reversible with respect to S, where f : R?> — R? is
a C! function such that f(z) = o|z|), as = goes to 0. If there ezists z,, € V¥ N S,
Too # 0, then there are positive constants, § and Ty, such that for each T > Ty, there
ezists 27 € S, |Ta — Z1| < 6, TT — Too, as T — o0, such that the solution z(t,z7),
of (2.2), is periodic and has minimum period 2T.

Proof. Since z(—t,zo) = Sz(t,2c), for every t € R, the set C = {z(t,za) : t €
R} U {0} is a Jordan curve, transversal to S at z,, . We can define an order on S,
in such a way that 0 < z,,. Let £ > 0, be such that the phase portrait of (2.2) in
a neighborhood of the origin is given as in Fig.(2.1). Let a = a, > 0 be such that
|z(%, Zeo)| < €/2, for every t > a. From the continuity with respect to the initial data,
it follows that there exists § > 0, such that if y € S, y < Z, and |y — 20| < § then
|z(a,y) — z(@,Z)| < €/2. Therefore there is T = T(y) > a such that z(T,y) € S
and so z(t,y) is 2T-periodic. Moreover z(T,y) is in the interior of the Jordan curve
C. For a fixed § €S, § < Too, |§ — To| < &, let T be such that z(Tp,y) € S. For
each z, § < T < T, there exists a least T > T, such that z(T',z) € §, and so z(¢,z)
is 2T -periodic. We denote z7 = z. This completes the proof. &
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Remark 2.5 Fiedler and Vanderbauwhede (4] proved a similar result for dimension
greater than two. We present our proof in the two dimensional case because it is very
simple.

Under the conditions of Lemma (2.4), for each T, T > Ty > 0, let p7(t) =
z(t,zr), where zr is as in the proof of that lemma. Then SpT(—t) = p”(t) and
SpT(t) = —p7(t), for every t € R and if T is finite then p”(t) is 2T-periodic.

Let S, A and f as in Lemma (2.4). Consider the system:

i = Az + f(z) + F(t,z,)) (2.3)

where F is a smooth function 1-periodic in ¢, such that F(¢,2,0) = 0 and ) € R?.

Our purpose is to study the existence and bifurcation of m-periodic and bounded
solutions of (2.3).

Without loss of generality we can assume that § = 1.

Now we consider the following basis for R?, {e;, e;}, where Se; = €;, Se, = —e,,
and det(e;,e2) = 1. Let z = z,€; + zze,.

In the new basis the systems (2.1), (2.2) and (2.3) will be similar to the original
ones, but (2.1), (2.2) will be reversible with respect to the following matrix S =

(o 1)

Furthermore, in the new basis, A = ( 0 b), where b > 0 and f = col(f?, f2),

1/6 0
where f1(z1,—2z2) = — f}(21,22), f(21, —22) = f*(21,23), for any z,,z, € R.

The new expressions for the solutions p”(t),p”(t) will have the correspondings
properties of the old ones. For example, pi (—t) = —p? (t), p3 (—t) = p3 (t),pF(~t) =
p7(t) and pf(—t) = —pI(t), for every t in R. Therefore, p (0) = 0.

Consider the system:

z=Az+ f.(p"(2))z (2.4)
Lemma 2.6 Under the assumptions of Lemma (2.4) the following hold:

(i) tr(A) = 0 and [T tr(f-(p7())dt = 0.

(i) There ezists a unigue solution q”(t) of (2.4), such that SqT(0) = ¢7(0) and
det Y7(0) = 1, where Yr(t) = (¢7(t), 7 (t)).

Proof. It is obvious that tr(A) = 0. From the reversibility of f it follows that
f(Sz) = =S f.(=)S and so, [ tr(f=(p7(t)))dt = Jg tr(fo(p"(—1)))dt =
Jo tx(f=(SpT()))dt = — J§ tr(Sf=(pT(£))S)dt = — [T tr(fo(p7 (2)))dt

The second part can be proved as follows. Let us suppose that there are two
solutions, ¢ and §. Then det(g(0) — (0),p7(0)) = 0 and so g(t) — g(t) and p”(t) are
linearly dependent solutions of (2.4). Therefore there exists ¢ such that g(t) — g(t) =
cp(t). If we let ¢ = 0 and multiply by S the last equality, we obtain ¢(0) — g(0) =
—cp7(0). The two last equalities imply that ¢ = 0 and so g(t) = g(t), for every t-€ R.
i



The symmetry assumptions imply that ¢] (—t) = ¢/ () and ¢F(—t) = —q7 (1), for
every t in R. Therefore ¢7(0) = 0.

From now on we are going to assume that the space of the 2T-periodic solutions
of (2.4) has dimension 1. This implies that p7(¢) = col(p? (), p7(t)) is a basis of that
space.

It follows from Lemma (2.5) that

ot T (g . :
e~ Jo BTN (5T 4y _ 5T (1)

is a basis of the space of the 27-periodic solutions of the adjoint equation of (2.4).
Let Pr be the space of 2T-periodic functions from R to R? if T is finite and P,
be the space of bounded functions from R to R? with the usual sup norm.

Consider the projections: P, = ((()) (1)), B = ((1) g) Then Yr(t)P, and

P, Y 1(t) are 2T-periodic if T is finite and are bounded if T = oo.
Let M7 and Qr be projections defined as follows: for each function g € Py, let

(Mrg)(t) = aa(0)" ()/FE(0) and
(@ro)(®) = (1/dz) [ br(s)a(s)ds 91,

where r(t) = e~ o T ONEGT (1) _5T(1)), and dr = [Tppr(t)¥y(t)dt, where '
indicates the transpose of the matrix.
Consider now the nonhomogeneous system:

3= Az + £(p7(1))2 + (1) (2.5)

Theorem 2.7 (The Fredholm Alternative and The Uniform Boundedness)
Let f be a C® function. Under the above assumptions, if g € Pr, then system (2.5)
has a solution in Pr if and only if

/_i PzYT_I(s)g(s)ds =0 (or Qrg = 0).

If this last condition is satisfied then system (2.5) has a unique solution (Krg)(t) in
Pz, such that Mr(Kzg) = 0. Moreover there ezist positive constants, Ty and K, such
that, for any T > Ty, |Kzg|| < K||g]|, for any function g in Pr, where || - || indicates
the sup norm.

Proof.

We will consider only the case T' < oo, because the case T = oo is simpler. If
Qrg = 0, from the variation of constants formula it follows that the 2T-periodic
solution of (2.5) is given by:

(1) = Ya()V(0)=(0) + [ Ye(t)¥i(s)g(s)ds
= VY060 + [ Ye(RYF (s)g(s)ds + [ Ya(t)PaYi(s)a(s)ds
= OO0 + [ P ()s(s)is] + [ Vrt)P Y ()oe)ds +
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t

S Yr(OPY7 (s)g(s)ds
= YT(t)w+/0t Yr(t)P Y7 (s)g(s)ds +/7“ Yr(t)P, Y7 (s)g(s)ds

where w = Y71(0)z(0) + JT P,Y;'(s)g(s)ds.
The condition Mz = 0 implies that Pyw = 0. Let

(Krg)(t) = Ya(t)w + [ Ya()PYi(s)o(o)ds + [ Yo(t) oY (s)a(s)ds

where w will be determined below.
The periodicity condition implies that w must satisfy:

Y2(T) - ¥r(~Thhw = — [ Yo(T)PY;(s)g(s)ds

and then ’
- Y (TWa(-Dhw = - [ RY7(s)g(s)ds,

and

(P Y7 Y (T)Yr(=T)|w = /_i P Y (s)g(s)ds.

From this expression we can find w, such that w = 0. In fact, w = col(p, 0),
where ” .
3 C"; trfa(p (‘»d‘ll
g 2¢:(—T)q:(T)
and v is the second component of [T, P,Y;(s)g(s)ds.
Therefore, [Yr(T )P, Yy (T)Yr(=T)lw = [T Yo(T)P, Y7 (s)g(s)ds.
Since Yr(—T)P, = SYr(T)P,, we have:

Ya(T)PY(T)SYe(T o = [ Ya(T)PrYi (s)o(s)ds (26)
But,
—Yr(T)PY7 (T)S = (ﬁz(T)qz(T)eg,rfu(f.p(.))da (1))

Lt By = (8 TV

Since Pyw = 0,0one can show that —B(T)Yr(T)P,Y; ' (T)SYr(T)w = Yr(T)w.
Therefore, from equation (2.6) it follows that,

Yr(T)w = -B(T) _/:TT Yr(T)P, Y7 (s)g(s)ds. (2.7)

Our next purpose is to prove that there exist positive constants Ty and K, such

that |B(T)| < K,
t T .
[ @Ry e)ds + [ Ya(0)RY7 (s)lds < K,
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for every t € [0,T] and |Yr(¢)P, Y7 '(s)] < K,for 0 <t < s < T and forevery T > T,
With a similar procedure, using the symmetry hypotheses we can prove the analog
estimates for ¢ € [-T,0]. Since |Yr(t)w| = |Yr(t)Pw| < |Yr(t)Pa Y7 (T)||Yr(T)w|
and Yr(—t)P, = SYr(t)P;, the proof of the uniform boundedness will follow from the
above estimates.

Since it is not our goal to find optimal estimates, in each step below we will be
changing the constants K and T,, by larger ones, but we will maintain the same
symbols.

Let eo > 0 be such that the Symmetric Hartman-Grobman Theorem holds in
B,, = {z € R? : |z] < €0}. Let h be the homeomorphism that conjugates the orbits
of the non linear system (2.2) and of the linear one. From Hartman [5], it follows we
can assume that h is C*.

Let puo < €0 Let ap = ao(po) be such that |po(t)] < po/4, for t > ao. Since
pr(ao) = Pw(a0), as T — oo, there exists Ty = To(uo), such that if T > Tp then
|Peo(@0) — Pr(a0)| < po/4. Therefore for T' > T, we have |pr(ao)| < po/2 and then
lpr(2)| < po/2, for every t € [ao, T).

Since Sp”(T) = pT(T'), from The Symmetric Hartman-Grobman Theorem it fol-
lows that Sa=}(pT(T)) = h~'p™(T), that is Sh=*(p”(T')) = col(e, 0), for some a > 0.
Let u(t) = h7(p7(t)), for every t € [ao, T). Then u(t) = a(cosh(T —t), — sinh(T —1)),
for every t € [ao, T}

Using the fact that h is a perturbation of the identity and the fact that h preserves
the symmetry, we can prove that for yo sufficiently small we have:

la(2)] < (3/2)lp (1), fua()] < (3/2)lp3 (2), (2.8)

for every t € [ao, T']. Similarly, we can prove that
Py (£)] < (3/2)lwa(®)], 1Pz (2)] < (3/2)lua(t)), (2.9)

for every t € [ao, T

To simplify the calculation, given two functions w(t), v(t), we will say that w(t) ~,
v(t) if there exist positive constants K, To, such that (1/K)v(t) < w(t) < Kv(t), for
every t € [ao,T), for every T > T,. Then we have |p] (2)| ~, |ui(2)| and [p](2)] ~.
|ua(2)]- ‘

If we let f = col(f?, f?), from the symmetric properties of f it follows that there
exist C* functions F(z,,z,), Gi(Z1), G2(Z1,22), such that fl(z,,z;) = z,F(z,,2,),
F(z1,22) = 22G1(z1) + 23G2(21, 22), where F(z,,2,) = O(|z4| + |z2|?) and Gy(z1),
Gz(zl,zz) are 0(1) '

Using (2.8) and (2.9) we obtain,

Ip3 (£)/P1 ()] < Klua(t)/m(t)| < K|tanh(T —t)| < K,

for every t € [ao, T'] and for every T' > To.
Under the above assumptions, system (2.2) can be written as:

p1 = bpa + P2 F(p1,p2)

p2 = (1/b)p1 + P2G1(p1) + P3Ga(p1, p2) (210)



Therefore, (1/K)|p; (1)) < |57 (1) < Klp7 (1), (1/K)Ip] (1) < 197 ()] < K|p] (1)),
and from (2.8) and (2.9), we obtain:

(I/K){uz(

)] < [B] (¢)] < Klua(2)],
(1/K)lua(2)]

<lp
<197 (1) < Klua(2)]
and so,

(1/K)asinh(T — t) < |p7(t)| < Kasinh(T - t),

(1/K)acosh(T — 1) < [p7(1)] < Kacosh(T — 1) \2-1)

for every t € [ao,T] and for every T > To, that is, [pT ()| ~, |uy(t)| and |p7(2)| ~.
Jua(2)].

Our next purpose is to find a solution Q(t) = col(Q,(t), @2(t)), of (2.4), such that
Q1(a0)) = 0 and det(Q(0),p7(0)) = 1. Then if we let f = col(f?, f2), we obtain,

Qu(t) = [1/(b+ £, NQ(®) - [1/(5 + 4,7 (L ()@ (2)
and Qu(1)FF(2) — Qa(t)F (1) = elo V=TI Thyg

Qu(t)p () — {[1/(d+ f2,(p" (0@ () — [1/(b + £, (P (1)Qu())f3, (PT (1))}5] () =
e o tr(fa(pT(s)))ds

and we obtain the equation,

PN (R X0 0) O I (b+ £, (7 (1) elo =7 e
Ql(t) - [ }-’g‘(t) + f:;(PT(t))]Ql(t) - p'{'(t)
(2.12)
with the initial condition Q;(ao)) = 0.
If we let (b4 £ (7))
wlt) = wnt) = =R 4 7L6T(0),
_wrn(e) — (B (T (1))l ST
W(t) = Wi(t) = - o ,
we obtain the equation, )
Qi(2) = w(t)@u(t) + W(t) (2.13)

Therefore Q1(t) = [*, el *HrW(s)ds.
From the above estimates it follows that,

/.'b_"’i(z)df K< —/"w(-r)df < /.'b_’"i,(zr))df + K

Using (2.10), we obtain,

O e [ < [ B0 4
[ S s [t < [ Sty + 6



Then,

¢ (1) “p3(7)
e —dr— K < dr < 2 dr+ K
o / wlr)dr . p1(7) ¥
and so,
i B ¢ o < o e
Thus
p2( ) f‘w(‘r)dr pg‘(t)

I/K < €Y < K

UK < <Ko
and so,

g ‘ w(r)dr T ‘ !
(1/K)|p§(t)|/ [pT( )2 S/ao el. ) W(s)ds < K|p, (t)l/ao [pg‘(s)lzd‘s

Since |pT ()| ~u |ua2(t)}, it follows that,
sinh(t — ao)
asinh(T — ap)

Now we are going to estimate q1 T(t) and g7 (t), where g7 (t) is given by Lemma 2.5.
An easy calcula.tlon shows that ¢7(t) and Q,(t) are solutions of (2.13). Therefore,

Qi(t) ~. (2.14)

(1) = Qu(t) + el ™M g7 (o),

for every t € R.

We can assume that qlT (ag) > 0, for every T > Tp. In fact. Let us consider
now the case T = oo. In this case, there exists a solution, §(t), of (2.4), such that
|g(t) — e*col(b,1)| = o(e*), as t — oo. Then g(t) — oo, as t — o0, and we can assume
that g;(t) > 0, for ¢t > ao, for ¢ = 1,2. Therefore there exist constants c,d such that
q°°‘(t) = cg(t) + dp™(t), for every t € R. From ‘the condition det(¢™(t),p™(t)) =
elo tr!'("m('))d‘, we obtain, ¢ det(g(t),p™(t)) = elo UU(e=(N4s  Therefore ¢ > 0 and

g(t) — oo, as t — oo and we can assume g¢i°(ao) > 0. Using the continuity with
respect to the initial data, we can prove that there exists To > 0 such that ¢7(ag) > 0

for every T > To. Then we have Q;(t) < ¢7 (t) = Qa(t) + €’= w(')d'qf(ao). Using the

above estimates we obtain,

sinh(t — ao) sinh(t —ao)  |p7(t)g] (ao)|
Kasinh(T — ao) LHOE K[a sinh(T' — ao) IpzTgao)T)

Since q7 (ao) — ¢°(a0), as T — oo, we have for every ¢t € [ao,T] and for every

I .>_ TO:
sinh(t — ao) (t) slnh(t —ag)+1
Kasinh(T — ) =T = asinh(T—ao)

(2.15)

n



for every t € [ao, T, for every T > To. Therefore,

sinh(t — ag) T sinh(t — ao)
: < <
Kasinh(T — ap) ~ % (t) < Kasinh(T - ag)

for every t € [ag + 1, T}, for every T > Tp.
Since g7 (t), satisfies

¢ (1) = [(1/8) + £2,(6" (Nlai () + £2,(P7 (1))3 (2),

we have, q7 (t) = ef 2 (7 (o))l T(Go) 5 f:o Cf“ fz’(pr(r))dfl(l/b) + 5 (PT(S))]QlT(s)dS-
As before we can assume that g7 (ao) > 0 for every T > T,. Then,

(2.16)

: ¢
(1/K) [ qT(s)ds < gF(2) < KlaT(ao) + [ I (s)ds]
ao a
Using (2.16), we obtain,
cosh(t — ag) — oI(t) < cosh(t —ag)
Kasinh(T - ) =%l%= a sinh(T — aq)
for every t € [a, T| and for every T > T; and then,
cos.h(t —ag) <df(t) < cc.vsh(t — ag)
Kasinh(T — ao) asinh(T — ao)

for every t € [ag+ 1,T)] and for every T > T
Consider now the matrices:

(2.17)

A e B )

“1(s) = e~ Jo eteteT (e (B3 (9)a1 (1) Py (s)ay (1)
Yr(e)PaYr (o) = (o Reee)
Using (2.11), (2.16) and (2.17), we obtain forap+ 1 <t <s < T,

15 (s)a7 (8)] + [P (s)ai (2] + 157 (s)az (8)] + |7 (s)a3 (2)] <

< — nh’((:,‘f‘_ ooylcosh(T — #)simh( — as) + snb(T — s) cosh( - ao)
+— nh’(‘;_ 3 [cosh(T — #) cosh(t — ao)-+sinh(T — s)sinh(t  ao)
< E(TK_—G;)[sinh(T—s+t—ao)+cosh(T—-.s+t—ao)]
Therefore,
Ve PaYi6)] € prgny HEB(T — t0= (1)) onb(T — a0~ (s— )] (2:18)

forap+1<t<s<T.
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Then

[Yr(t)PYr ' (s)] < m[Siﬂh(T — ao) + cosh(T — ao)]

and so,
- h(T - ao)
Yr(t)PY; (s)] < K[1 + o — %)
Yr(OPY; ()] < K1 + Sopr—os)
which implies,

|Yr(t)P.Y7 ()| < K, forap+1<s<t<T.
From the continuity with respect to the initial data it follows that,
|Yr(t)P, Y7 (s)| < K, for 0<s<t<T.
Let us prove first that [ |Yr(t)P,Yy2(s)|ds < K, for t € [0,T]. Consider first

tE [ao + 1, T]
From (2.18) it follows that,

T T K
/‘ Yz (t) P, Y5 (s)]ds < K /. BT oy HRR(T —5++t=a0)+cosh(T' 5+t ao)lds

and then
[sinh(T — ao) + cosh(T — ao)]
sinh(T — ao) )

[ WaopY; e)lds < K

Therefore,
T
/. Yr(t)PaYs(s)|ds < K, for t € [ao+1,T).
For t € [0, a0 + 1], we have,

/, T Yr(t) PaYi (s)lds < ["“ (Va(t)PaYi (s))ds + /: VR PoYi(s)lds <

[ Wl P (s)lds + V(0¥ oo + )] [ Va(oa + DPYi(s)lds

iFrom the continuity with respect to the initial data and from the above inequality
proved for t € [ao + 1, T, we obtain,

T
/: Yz(t)PaYs(s)|ds < K, for t € [0,T),

for every T 2> Tp.
Now we are going to estimate [; |Yr(¢)P1Y7 '(s)|ds. As before, consider first the
case t € [ap +1,T].

/0 \Ye(t) P (s)lds < /0““ Ye(t) PV (s)lds + /.: V()P Y7 (s)lds

11



As before, from the continuity with respect to the initial data, it follows that the
first integral is uniformly bounded. It remains to estimate the last integral.

t
[ et PYi i (s)lds <
ap+1

< K /a:“[l}"f(t)qg(s)l + 8] (t)gy (3)| + 153 (t)a3 ()| + |P] (t)a7 (s)l}ds

< ET:H%{:TO) %H[sinh(T — t) cosh(s — ao) + sinh(T — t)sinh(s — a,)
s — £ cosh{is—eq) - sesh(T — #)eiuki(a— )]s

< m’%&o—) /a:  [sinh(T = 0 — (¢ = 5)) + cosh(T ~ ao (¢ — 5))Jds

< m[cosh(T — ag) — cosh(T — ¢ — 1) + sinh(T — ao) — sinh(T — ¢ — 1)]
mqj%a—;s[cosh(T _ a) + sinh(T — ao)]

Therefore, [; ., [Yr(t)P1Y7'(s)lds < K, for every t € [ao + 1, T).
From the continuity with respect to the initial data it follows that,
Je|Yr(t)P Y7 (s)|ds < K, for every t € [0,a0 + 1].
Let us prove now that |B(T)| < K, where,

5= (° .“"T(T)l//zzq’T(T)) |

From (2.16) and (2.17) it follows that,
e (T) <kZ sinh(T — ao)
a3 (T) = acosh(T —ao)’

Therefore, |B(T)| < K, for every T > To.
This completes the proof of our theorem. B

3 Applications

Consider the equations:

v = Ay+f(y) (3.1)
z = Az+ f(z)+ F(t,z,2) (3.2)
(1] _01), f is a C® function
F(t,z,A) = M Bz + A\h(t) + R(t,z,)), where R(t,z,)) = O(|]A|*) is C3, B is a
constant 2x 2 matrix and h is continuous in R. Let F(¢,z, A) be a 1-periodic functions

of t.

We suppose that the eigenvalues of A are real and different from zero. In fact,

without loss of generality we can assume that A = (171, 3), where b is a poéitive

where A and f are reversible with respect to § = (

number.

12



We assume that there exists zo, € V¥NS, 2o # 0. Therefore there is a homoclinic
solution to the origin, p™(t), of equation (3.1). Let p”(t) be the 2T-periodic solution,
given by Lemma 2.4, for T sufficiently large.

i From now on we are going to use a notation a little different from the one used
in Chapter 2. Let us indicate by p™(t), the m-periodic solution of (3.1), where m is
a positive integer, such that Sp,(0) = p(0).

Following the procedure of Chow, Hale and Mallet-Paret[3], we seek solution z(t)
of (3.2) close to p™(t + a), where 1 < m < oco. This suggests to consider z(t — a) =
p™(t) + 2(t), where z,(0) = 0.

Then we obtain the following equation:

5= Azt £u(5"(1)z + G(t,2) + F(t - a,p™(t) + 2,3) (3:3)

where,
G(t2) = [ [f:(p™(®) + 62) - £u(o™(t))}dbz = Ou(l2?),

and O,(|z|?) means that there exist positive constants K, mo and §, such that
|0.(12]?)| < K|z|?, for every z satisfying |z| < §, for any m € [mq, c0).

Let P,, be the space of m-periodic functions from R to R?, if m is an integer and
P. be the space of bounded functions from R to R?, with the sup norm.

Let M,, and Q,. be projections defined as follows: for each m-periodic function

h(t), let (Mmh)(t) = hao(0)p™(t)/$7'(0) and

(@b)(®) = (/) [ in(s)hls)ds 910,

where,

Pum(t) = €™ Jo S NMe(5myy g4y,

and dm = [707, Yru(t)Plm(t)dt.
Using the Lyapunov-Schmidt Method we see that z(t) is a solution of equation
(3.3), in Py, such that M,z = 0, if and only if, 2(2) is a solution of the following

system of equations:

z2=Kn(I — Qm)(G(-,2)+ F(- — a,p™(-) + 2, 1)) (3.4)
QM(G('> z) + F( - a’pm(') + z)A)) =0 (35)

where K, is given in the proof of Theorem (2.6).

From Theorem 2.6 and from the implicit function theorem it follows that there
exists positive constants mo, o and §, such that equation (3.4) has a unique solution
z(t) = (), a)(t), such that |z] < §, for every A, o, |A| < o and for every m € (my, o).
Moreover |2(), a)| = Ou(|A])-

If we substitute Z into equation (3.5) we obtain,

Qm(G(,2)+ F(- —a,p™(-)+2,X)) =0 (3.6)

Using the expression of F, given in the beginning of this chapter, in equation (3.6),
we obtain,

1%



M2 ™ Ay [m/2 i
o |, ¥m(0)Br (t)dt+Im—‘/_:/2¢m(t)h(t—a)dt+ou(|,\| J=0  (37)

Lemma 3.1 LetV : R* — R, be a smooth function such that |V(z,y)| < K(|z|+]y]),
for every z,y € R?, where K is a positive constant. Then j:""/,;, V(p™(t),p™(t))dt —
122, V(p™(),p>(t))dt, as m — oo, if the last integral is finite.

Proof: The symmetry assumptions imply that we only have to consider the integrals

on R,.
Let ap as in Theorem 2.6. Then

oo coo m/2 m o
[T vee@.s o) - [T vEn e, <
" (o <] > OO m -m M/z >
[T VE=0,5=) - VeEr @)@ + 1 [ vEre), i)
Y ag
+1 [ VR0l
ag
From the continuity with respect to the initial data it follows that the first integral

goes to zero as m — oo.
From our assumptions and from the results of Chapter 2 it follows that

[ v, <

K[ 1m0+ eNa < K [T 150t < Kalp™(ao)l

Therefore, given £ > 0, there exists mo > 0, such that for any m > my,

|7 Vo, - [ Ve, e < e

Let us assume that [% ¥ (t)Bp™=(t)dt # 0. From Lemma 3.1 it follows that
:ﬁjz Ym(t)Bp™(t)dt # 0, for every m > my, for a sufficiently large mo and the

bifurcation equation (3.7) is then equivalent to:

A1 = A2 Hpm(a) + Ou(|12[%) (3.8)
where -
T2 Ym(t)h(t — @)dt
S o2 ¥m(t) Bp™(2)dt
If in the interval [0,1], Ho(a) has a unique maximum (resp. minimum) point o

(resp. a§°), and "%‘;&‘iﬁ”—) <0, (resp.ﬂi(,ﬁ”—) > 0), then there exists mg > 0, such

that, for any m > my, there is af' (respect.a]*) in such a way that H,(ag') (respect.
H..(o)) is the maximum value (respect. minimum value) of H on [0, 1]. :

Using the ideas of Chow, Hale and Mallet-Paret[3], we can prove the following
theorem,

14



Theorem 3.2 Suppose A and f are reversible with respect to S = ((1) ()1 ), f is

a C? function, F(t,z,)) = A\ Bz + Ah(t) + R(t,z,), where R(t,z,)) = O(|A1?)
( uniformly for t € R and z in bounded sets) is C3, B is a constant 2 X 2 matriz
and h is continuous in R. Suppose that F(t,z,)) is a 1-periodic function of t and
that the eigenvalues of A are real and different from 0. We assume that there ezists
Tw € V¥NS |, 2o # 0, that the space of m-periodic solution of (2.4) is one di-
mensional, that [Z) 1(t)Bp™(t)dt # 0 and that in the interval [0,1], He(a) has

a unigue mazimum (respect. minimum) point of (resp. o$°), and ﬁ’%ﬁf—) <0

(respect.ﬁi{f——ﬁr;) > 0).

Under the above assumptions, there ezist positive numbers mg and § such that in
the neighborhood of the origin U = {X : |A| < 6}, there ezist bifurcation curves C™e*
(respect. C™™), of subharmonic solutions, if m < co and of homoclinic solutions
if m = oo, which are tangent to the straight lines A, = A\ H.(aT') (respect. A, =

MH(aT')). Moreover Ci%* — C%® (respect. C®* — C*%), as m — oo.

min

min

Fig. 3.1

Proof: We just have to analyze the bifurcation equation (3.8), using the a priori
estimate: |A;/X;| < C, for (A1, ;) in a neighborhood of the origin, where C is a
constant. |
Fig. 3.1 shows a possible picture of the bifurcation curves.
Now we present some examples where our assumptions are satisfied. An interesting
case is the one that comes from the second order equation:

z + g(z) = — iz + Ah(t)

that is, we consider the system:

T, = z

z, = z:+9(z1) — Mz + A2h(2)

15



where h is a 1-periodic continuous function, with suitable conditions on g(z;). We
can take por example g(z;) = —(z:)?, or g(z:) = —(z,)* . In this case we take

B= (g —01)

We can also consider a perturbation of:

& = z;—1.88(z;)% + (z,)°

i, = - (:1)%
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