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ROSELi FERNANDEZ 

CHARACTERIZATION OF THE DUAL OF AN ORLICZ SPACE 

Our objective is to characterize the dual of an .Orlicz apace LA(X,t,µ), 

with the only hypothesis that (X,t,µ) is a measure space with no atoms of 

infinite measure, 

This work originates from the reading of l12] and l13] of M.M. Rao, 

where we found some statements which were unclear to us. In particular the 

characterization in (13] seems to be incomplete, possibly for some fault in 

the fundamental definition. Here we present another characterization. 

l _. Preliminaries. If lj, is a nondecreasing function from [O,•I to IO,•J 

such that O < ij,(t
0

) <•for aome t
0 

~ 0, the function A defined on IO,•I by 

the equality A(u) • J~ lj,(t)dt is called Young's function. 

(I.I) Remark. Let A· be a Young's function . Then 

(i) A is nondecreasing and convex; 

(ii) the right derivative A' of A exists, is nondecreasing and is 

finite-valued on [O,b[, where bis as in (iv) below; 

(iii) the function A defined on 10,•I as 

A(u) • sup(uv-A(v):v 6 IO,•[} , 

is a Young's function, called the complement of A; 

(iv) uv S A(u)+A(v) for u,v G [O,•I, the equality holding if, and 

only if, at least one of the relations v • p(u) or u • q(v) is satisfied by u 

and v, where 

{ lim A' (o) ,if t6l0,b(, { u,A'<•l, 11 tG[O,bl, 
s~ t sH 

p(t) - q(t) -

- ,if t6[b,•[, - • if tGlb;•l, 

b • inHu6[0,•l: A(u) • •} and ii • inf{u6[0,•[: A(u) • •}. 

In all that follows A, A, b and ii will be as in (I.I), and we will denote 

a • sup{u6l0,•[: A(u) • O) 

Moreover (X,t,µ) will be a fixed but arbitrary measure space with no atoms of 

infinite measure (i.-e, if EGE and µ (E)-, then there exists F61:, fc:l: 
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such that O< 1,1(F) < •). Unless otherwise ststed, our functions will be from 

X to :R, and we shall employ the conventions that 0/0 • J/• • O.• • 0 and 

inf~••. 

The Orlic~ space LA is the space of all measurable functions, such 

that /A(klfl)d1,1 < •• for some· k6]0,•(. This is a complete epace with the 

■emin~I'lll II• II A,. defined by 

llfllA • inf{k6]0,•(: /A(l~l)dlJ :s l} • 
X 

(1,2) Proposition. The following assertions are true: 

(i) if E6 t and t£ 6 LA , then lltEIIA :S b1J(E); 

(ii) for E6t the relation µ(E)<• implies that tE 6 LA, the converse 

holding if a• O; moreover if µ(E) ••and a> O, then lltEIIA • ¼; 
(iii) for f6 LA one has, /A(ltl)dµ :s 1 1f and only if lltllA :S 1; 

X 
(iv) if 66 (O,•( and f 6 LA, then 

A(6).µ({x6X:lf(x)I i!: 6llfllA}) :S 1 J 

(v) _ if fG LA , then lltllA :S /A(ltl)dµ + 1, 
X 

Proof . Assertion (i) follows immediately from 

A(u) :Sb for u 6 JO,•[ , 
u 

and for this, observe that A(u) is nondecreasing. 
u 

To prove (iv), use (l.l.i) and (iii). For the remaining, see (2).// 

(1.3) Proposition. For fin LA there is a sequence (an) of aimpl• 

functions in LA such that 

(1) 0 :S sn :S sn+l' for all n6:N , if f ii: 0 ; 

(ii) and Is I :S lfl for all n6:N n 

(iii) (an) converges to f ; 

(iv) (an) converges in µ-measure to f ; 

(v) if k 6 JO,•[ is such that A(ltl/k) 6 L1 , then 

It-a I 
lim /A(~)dµ • 0. 
n+• X 
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Proof. Discarding a trivial case, let llrllA • 0. The mcasurability 

off guarantees the existence of a sequence (sn) of simple functions 

satisfying (1), (ii) and (iii). Moreover, if E6I is such that f is bounded 

on E, then (sn(E) converges uniformly to f(E. From (ii) it follows that each 

sn6 LA. 

To establish (v) it suffices to use (ii) and (iii) and apply Lebesgue'• 

Convergence Theorem. 

It remains to prove (iv), and we first consider the case in which a> O. 

Let B • {x6Xt lt(x)I ~ 2alltllA}. Clearly (s ( ) converges uniformly to f( • 
n BC BC 

By (1,2.iv) we have µ(B) <•and hence, by Egorov's Theorem, that (sn(B) 

converges to f(B in \I-measure . So (iv) holds in this case , 

(v) 

If a•O, let c6]0,m[ be such that O < A(c) < •. Replacing k by lltllA in 

lf-s I 
)le have 1111 f A(~)d11 • 0, and so there is a subsequence (s ) auch that 

n+m X 11 • IIA nk 

lt-s I 
/ A( nk )d11 

X lltllA 
A( ck)• 

2 

From this we see that 11({x6X: 
clltllA 

lf(x)-s (x) I > --k- }) 

and so (s ) converges to fin 
nk 

nk 2 

11-measure. Replace (an) by 

2, Characterization of the dual space (MA)•. Denote by MA the closed 

subspace of LA spanned by the simple functions. 

In [13] the author gives a representation for x• 6 (MA)* as an integral, 

in the sense of Dunford and Schwartz [3), relatively to a measure G defined 

as G(E) • x*((E). Clearly this defines G(X) only if (x6LA. Since this does 

not occur when a• 0 and 11(X) • •• the measure G is not de fined on I in this 

case, and so we cannot apply the theory of [ 3]. Thus in ( 5] we in.troduce the 

concept of integration relative to measure defined on ideal. 

To facilitate the reading, we transcribe from (5] some definiti ons and 

one proposition, For this, let A be an algebra of subsets of X, and H, an 

ideal of A( i. e, H is a ring, and for E6A and F6H one has E n F 6 H) • Moreover 

let G be an extended real-valued finitely additive measure defined on H, and 

v(G, ,) be t:1e total variation of G, which is obtained replacing I by H in 

III.1,4 of (3], 



(2.1) Definition. A functions is ff-simple if there is a pairwise 

disjoint, finite sequence (E1,E2 , ••• ,En) in Hand there exists 

n 
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(c 1,c2 ,.,.,cn) G lln &uch thats• r ci(E • If v(C,{x6X: &(x) • ci}) <•for 
i•l i 

ci • O, we shall say that s is C-integr_able and for EGA Ye define 

n 
/sdC • f c1C(EnEi). 
E i•l 

(2.2) Definition. A function f 1& C-1ntegrable if there is a sequence 

(en) of C-integrable simple functions such that 

(i) (sn) converges in,C-measure to f, i.e. for every 6Gl,O,•l. one has 

lim(inf{v(G,F): F6H and {xGX:lf (x)-f(x)I > 6} c F} ) • O; 
n+m n 

(i.i) lim /Is -s ldv(C,•) • O. 
m,n-+m X n m 

lf f is G-integrable and EGA Ye define 

/fdC • lim /a dG. 
E n-+m E n 

(2.3) Proposition (Vitali Convergence Theorem). Let f be a function 

and (fn) a sequence of G-integrable functions, such that 

(i) (fn) converges in G-measure to f; 

(ii) lim /If ldv(G,•) • 0 uniformly in n6~; 
v(C,E)-+O E n 

(iii) for each t6]0,•( there is a set rt in H Yith ·v(G,Ft) <•and 

such that 

J If ldv(G,•) < t, for all n6~ • 
F C n 

I 

Then f i& G-integrable and for all EGA one has 

/fdG. lim fr dG, 
E n-+m E n 

Next we take up our characterization of (MA)*, 

From here on we agree that A • E and E 1-C EGE: 11 (E) < •}; moreover, if 

a • 0 we set H • t 1 , and if a > 0, H • t, 

(2.4) Definition. We ahall say that G G GA(X,l:,11,H) if G is a real­

-valued,- finitely ·additive, aeasure defined on H such that -



(1) G « ll, i.e. if E6l: and ll(E) • 0, then G(E) • O; 

(ii) 0 S v(G,E) <•for all E6H; 

(iii) a~• inf{k6)0,•( : I_(~, X) SI}<• , where 
A 
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G n - IG(Ei) I 
\(k , E)•sup\~/ ( kµ(Ei))µ(Ei): (El,E2, ••• ,En) 6 V(&l,E)} • for E6l: • 

and V(l:1,E) ia the set of all pairwise disjoint finite sequences (E1,E2~-•En) 
n 

in i:
1 

such that uE1 c: E, 
i•l 

Unless otherwise stated, G will denote a real-valued, finitely additive 

measure, defined on H such that G «p. 

(2,5) Remarks. G 
(i) Fork 6 JO,•[, the function l_(k,•) is a real-valued 

A 
finitely additive measure defined on i:. 

(ii) If 0 < A G X) S l. aG < •, then l_(A, 
A aG 

(iii) If A 
aG - o. then G(E) - 0 for all E 6 i:1

• 

(iv) The function A is a seminorm on the vector G_(X~l:,p,ff),and a(•) apace 
A 

ha norm if H • i:
1

(1 . e, a•O), 

(v) If G 6 G (X,l:,µ,H), then by (1.2,11) and (2.4.ii), every simple 
;; 

function in LA ia H-simple and G~integrable . 

In (2 , 8) below, for a fixed f 6 LA we shall find a sequence {sn) of 

simple functions in LA such that jfdG • lim JsndG for every E6l: and all 
E n+• E 

G 6 G {X,l:,p,H). First, some pr opositions. 
A 

(2,6) Proposition. 
A 

If b ••and G is such that aG < •, then G is 

µ- continuous, i.e. lim G(A) • 0, 
p(A)+O 

Proof. See LelllDIS 6 in (12).// 

(2.7) Proposition. Let G 6 G (X,l:,p,ff). 
;; 

nonnegative func t ion, then 

Jsdv(G,•) S cllsllA, 
X 

Ifs 6 LA is a simple, 

where c • 2a~ if a• 0 or p(X) < ••and c • 2a~+av(G,X) if a>O and p{X)••. 



Proof. Eliminating a trivial case, suppose llallA • O. 

n 
Let 8 • r ci(E be as in (2,1) with c 1 ii: 0. 

i•l 1 
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First we obser~e that if (F1,r2 , ••• ,F1) is a pairwise disjoint finite 
A 

nquence in t 1 and aG • O, then by (l.l.iv) we have 
1 A 1 IG(F)I Ci r cilG(Fj)I S QG llsllJ r (A( X j ) + A(--))11(Fj)J. (1) 

j•l j•l aG11(Fj) lls 11A 

Let J • {i6~: 1 S 1 Sn and Ei 6 t 1}. Using (1.2.iii), (2.5.i),(2.5.ii), 

(1) and observing (2.5.iii) it follows that 

r civ(G,Ei) S 2a~ llsllA. (2) 
i6J 

By (1.2.ii) we obtain 

r civ(G,Ei) - a r Ci lltE IIA v(G,Ei) s a llsllA v(G,X) . 
ifJ ifJ i 

(3) 

From (2), (3) and (1.2.ii) we obtain the desired result . // 

(2.8) Theorem. For fin LA there is a sequence (sn) of simple functions 

in LA satisfying (1.3.i), (1 . 3.ii), (1.3.iii) and such that for all 

G 6 G (X,t,11 ,H) one has 
A 

(i) 

(ii) 

(sn) converges in G-measure to f; 

f is G-integrable and /fdG • lim /s dG, for E6t • 
E n+., En 

Aa • consequence, the following hold: 

(iii) 1/fdGI s cllfllA, with c aa in (2,7); 
X 

(iv) /fd(YG1+c2) • Y/fdG1+/fdG2 , for Y6Jl. and G1,c2 6 G_(X,t,11,H)• 
X X X A 

Pro9_f. To establish (i) and (ii), it suffices to consider f ii: O. 

· If b • .. , let (sn) be as in (1,3). From (2 . 6) we obtain that (sn) 

converges in G-measure to f. 

If b < .. , we have that ltl S 2blltllA 11-a.e . (1.2.iv) and, since f is 

measurable, we can take a sequence (an) of simple functions satisfying (1.3.i), 

(1.3.111) and converging uniformly to f except on a set E6t with 11(E) • O. 

Clearly a 6 LA for n6~, v(G,•) «11 and (s) converges in G-measure to f. 
n n 

Nov we will prove that the sequence (an) above also satisfies (2.3.ii) 

and (2.3.111), and thus obtain (ii). 



07 

For all n6:tl, let y • Js dv(G,•). · Since (y) is bounded (2 . 7) , and 
n X n n 

nondecreasing, given t6]0,m( there is an n
0
6:tl such that 

fs dv(G,•) • /s dv(G,•) - f s dv(G,,) < ~ + /s dv(G,•) , 
E n X n Ec n • 2 E no 

for all n ~ n and E6t. 
0 

If H • l + max{jsn (x)~ x6X} , 6 • c/{2H) and Ft• {x6X:sn {x) - O} , 
0 0 

we have that Ft6 H, and {sn) satisfies {2.3.ii) snd {2.3.iii). 

For assertion (iii), use (ii), (2.7) and note that Ifs dGjsJI~ jdv{G,•), 
X.n X n 

for n6:N. 

To establish (iv) it suffices to use (ii).// 

.Our next objective is to define a norm on G (X,E,µ,H) and to prove that 

this space is isometrically isomorphic to (,'{A)*. A 

(2.9) Proposition. The function defined by 

llcll_~ aup{jffdcj: f6 LA and llfllA s l}, 
A X 

ii a norm on G {X,t,µ,H), Moreover, one has 
A 

Proof. The first assertion follows trivially from (2.8.iii) and 

(2,8,iv), 

For the second, observe that simple functions in LA belong to MA and 

use (2. 8. ii).// 

(2.10) Proposition. If C 6 G (X,E,µ,H), then the function x* defined 
A 

on MA [LAI by x*(f) • JfdG, belongs to (MA)* ((LA)*) and llx*II • llcll_ .• 
X A 

(2.11) Proposition. Let x*G(MA)* and let G be the function defined on H 

by G(E) • x*((E), Then ceG_(X,t,ll,H) and the following holds: 
A 

(i) x*(f) • J fdG for all fGi!-. , and llx*II • llcll_ • 
· X A 

Proof , We may syppose llx*II · - O. It is clear that G is a resl-valued, 

finitely additive measure, and G « µ • 

To prove that v(G,E) <•for all EGH, it is enough to observe that, 

if EGH and (E1,E2, ••• ,En) ia a pairwise disjoint finite sequence in :H with 



then taking J • { 1611: l :S 1 ~ n and x* ((E ) i: O}, we have 
i 

n 
r jG(Ei) I - x*(tu E )-x*Ctu E) :s 2 llx•ll lltEIIA. 

1•1 i6J 1 1♦J 1 

Next we will prove that a~ :S II x* II < •• 
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. Let c 6 ]O,l( and we take (E1,E2, ••• ,En) an arbitrary pairwise disjoint 

finite sequence in tl. If ui • clG(Ei)l!<llx*llµ(Ei)) belongs to (O,b( (1,2.i), 

n 
ci • lim A'(t) for i 6 {1,2, ••• ,n} 

Uui 
and f • r cisgn(G(Ei))tE , then f 6 LA 

i•l i 

and by (1,1.iv) and (1,2.v) we have 

n _ clG(Ei)I • r (A(ci) + A(-----='---))µ(Ei) 
i•l llx*llµ(Ei) · 

n clG(Ei)I 
~ lltllA - 1 + r A<---)µ(Ei>. 

i•l llx*llµ(Ei) 

From this relation it is easy 

c 6 JO,l( is arbitrary, we conclude 

to see_thst a~ :s llx•ll/c, and since 
A . 

that aG :S llx•II• Thus G 6 G (X,t,µ,H), 
A 

To obtain (1) it is enough to observe that (2.10) is true and that 

x*(s) • JsdG, wheres is a simple function in LA,// 
X 

From (2.10), (2,11) and (2,8,iv) we obtain in (2.12) a characterization 

of (MA)*; it will follow that G_(X,t,µ,H) is a Banach space, 
A 

(2.12) Theorem. There exists an isometric isomorphism of (MA)* onto 

G (X,t,µ,H), given by the mapping x*t-- G where G(E) • x*(CE) for E G H, and 
i 

the following holds: 

(i) x*(f) • J fdG for all f6MA and llx*II • llcll_ • 
X A 

(2.13) Comment, In (13], given x*6(MA)* the author associates a 

measure G defined on t, satisfying some conditions. To obtain (2.12) it was 

necessary to replace the domain of G by H, and condition (i) of Definition 3 

in (13] by (2,4,ii), 

3, Characterization of the dual 1pace (NA)*, Let NA• LA/MA, write 

i • f+MA for any fGLA, and denote by d(•) the quotient norm on NA, One can 

eaaily 1hov that 



d(f) • inf !llr+sllA: sis a simple function in LA). 

(3,1) Definition. Let i,g 6 NA. We define i S g if there exist 

f 16i and g16g such that f 1 S g1• 
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In [13] it is proved that the above relation is a partial ordering on 

NA and that (NA)* is a vector lattice. · Two results which are used in the 

p_roofs, and are not obvious to us, are established in (3.4) and (3.5). First, 

two propositions. 

(J . 2) Proposition. Let a> 0 or µ(X) < •• If f is a measurable 

function, bounded µ-a.e, then f6 MA. 

Proof. We may suppose f to be bounded. Since there exist x6]0,•[ 

such that A(x) S 1/(µ(X)+l) , and a sequence (sn) of simple functions, converg­

ing uniformly to f, it is easy to verify that limllf-snllA • O. From a> 0 or 
n-+ .. 

µ(X) < • it follows that f,an 6 LA for all n6Jil. Thus f 6 MA.// 

(3 . 3) Proposition. Let JA • {f6LA: /A(klfl)dµ<• for all k6)0,00 (}. 

X 
Then JA is .a closed subspace of MA and the following assertions are true: 

(i) . JA c:: MA c:: LA ; 

(ii) if a•O and b- , or if µ (X) < 00 and b• • , then J A • MA ; 

(iii) if a> 0 and b <•,or if µ(X) <•and b < •, then LA• MA• 

Proof. From (1.3.v) it follows easily that JA c:: MA. The remaining 

assertions are proved in Lemma 2 in [13].// 

(3.4) Proposition. If g 6 MA and f is a measurable function such that 

lfl s Isl µ-a.e, then f6 MA . 

Proof . We may suppose lfl S Isl• Let (sn) be a sequence of simple 

functions in LA such that Iim lls-snJIA • O. 
n+"' 

First we observe that for k 6 ]O,•[, if n6Jil is such that 2llg-sn11A S It, 

then by (1.1.i) and (1.2.iii), for all H6t we have 

ltl hl 1 1 2lsnl 
/A( k )dµ S /A( It )dµ S 2 + 2 /A( k )dµ. (1) 
H H H 

~uppoae b • • and a > O. From lim II g-•n II A • 0 there exists an n
0 

6Jil 
n+• 



such that lls-sn IIA ~ 'J. 
0 

Let B • {xGX: lg(x)-s (x)I ~ 2a}. Then 11(B) <• (1.2.iv), and the 
- n 

0 

inequalities lfl :i Isl :i ls-s l+ls I, together with (3.2), imply that 
n n 

0 0 
ft

8
c 6 MA, Moreover it follows from (1) that ft 8 6 JA c MA. So f 6 MA in 

this case. 
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Let b < •, a• 0 and En• (x 6 X: •n(x) • 0} for nG!f. Then lfl:.2bllfllA 

11-a,e, (1,2,iv), 11(En) < • (1.2,11) and ftE 6 MA(3,2), for all n 6 If, 
n 

Ulins (1) we obtain that Hmllf-ftE IIA • 0 , and lince MA ii closed in LA, we 
n+oo D 

conclude that f 6 MA also in this case, 

The remaining case, are easy (3,3) , // 

(3,S) Proposition, If f,s 6 LA and ltl :i Isl 11-a.e, then d(f) :i d(g), 

Proof, We may suppose lfl :i Isl and, by (3,4), that I$ MA. 

It suffices to prove that for all C 6 JO,•( we have 

d(f) :i d(g) + c, 

For a fixed t 6 JO,•(, let aGLA be a simple function such that 

0 < d(g) :i lls+sllA < d(g) + t and let H1 • {xGX: a(x) • O} , 

Asst MA we have b <•and a• 0, orb•• (3,3,111), 

(1) 

If b <•and a•O, then 11(H1) < • (1.2,11) and lfl :i 2bllfllA 11-a.e, 

(1.2.iv), Since ftH 6 MA (3.2) and 
1 

lltt JIA:. llgt JIA:. ll<s+a)t cllA·<d(g) + t, 
Hl Hl Hl 

we conclude (1), 

For the remaining cases, we first note that if HGt and 

A(lsl/((a-l)lls+•IIA»t8 6 L1 for all a 6 )1,•I, then 

Io fact, by (1,1,i) and (1,2,111) it is true that 

(2) 



.. 

(AC lrl )d s JAC Isl )d 
k alli:+sllA II H allg+sllA IJ 

s .l.+ ~ /A( Isl )d a a 11, 
H (a-l)llg+sllA 

and hence A( If I / (a II g+s II A)) (H 6 l 1• From ( I. 3) there exists a simple 

function s
0 

6 LA such that 11Cf-s
0

HHIIA S allg+sllA' Thus 

d((f(H)-) S II (f-s
0

HHIIA S allg+sllA < a(d(g)+t) and, since a 6 Jl,•I is 

arbitrary, (2) holds. 

1 I 

If b ••and a• 0, then 11(H1) <• (1.2,11) and we obtain (1) replacing 

H by X in (2) . 

If b ••and a> 0, let H2 • (x6X: ls(x)+s(x)I ~ 2alls+sl!A}. Then 

(1,2.iv) tells us that 11(H2) <•and we may replace H by H2 in (2). Moreover, 

it follows from lfl S Isl s ls+sl+lsl that f( is bounded, and thus 
H c 

f( 6 MA (3,2). Therefore (1) holds.// 2 
H c 

2 

Let E be a pseudonormed vector lattice, xGE and z*GE*, Then we will set 

as usual x+ • xVO , x_ • (-x)VO and lxl • x+ + x_. Also, we will write that 

z* ~ 0 if z*(y) ~ 0 whenever y ~ O. 

(3.6) Proposition. The following ass~rtions are true: 

(1) NA is a vector lattice, and if f,g 6 NA, then fVg • (max{f,g}f, 

1Ag • (min{ f, g} )- and (If I)-• I l I; 
(11) NA and (NA)* are Banach lattices; 

(111) if x• G (NA)* and x* ~ 0, then 

llx•II • sup{x*(f): f ~ 0 and /A(f)d11 < •} 
X 

(iv) if x* 6 (NA)•, then llx•II • II (x*>+ll+II (x*)_II 

llx*+y•II • llx•II + IIY*II 

(vi) if f,g 6 NA and f,g ~ 0, then d(fVg) • max{d(f),d(g)}. 

Proof, Except for (111), these assertions are proved in (13). Asse rtion 

(111) followa from Lemma 6 in (13), observing that Ill • <ltl>- for f6LA,// 

From (3,6,11) and (3,6,v), and from (3,6.11) and (3.6.vi) we have, 

respectively, that (NA)• is an L-apace and that NA is an H-space. 
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From here on v will denote a reol-valued finitely odditive, bounded 

measure deffoed on!: , v(v,•) the total variation of v, v1 • (v+v(v,•))/2 and 

v
2 

• (v(v,•) •v)/2. Also we will denote by P the set of all the pairwise 

disjoint finHe sequences (E1,E2•·· .. En) in!:, such that uEi • x. 
i•l 

(3,7) Definition.n Let fGlA. If f is nonnegative, we define 

ffdvj • inf{ r d((ftE )•)vj(Ei)I (E1,E2,,.,,En) GP}, 
X i•l i 

for j 6 { 1, 2 l .• 

In the general case we define 

and 

(3.8) Remarks, (i) From iemma 10 in [13] and (3,5), one ha1 that 

{(Yf+g)dv •. Y{fdv + 'gd_v .• for YGlR and f,g 6 LA , 

lffdvl S Jlfldv1 + Jlrjdv2 s d(lfl-)Cv1+v2)(X) • d(f)v(v,X), for fGLA. 
X X X 

(ii) If x*(f) • Jtdv, for f6N., then x*G(N )* and llx*II S v(v,X), 
X n A 

(iii) If v 1s nonnegative, E 6 !: and "E is defined on E by 

• \l(EnF), then JrtEdv • ffdvE for all O S f 6 LA, 
X X 

(iv) If v and \l are real-valued finitely additive, bounded measures 

defined on E, f 6 LA and Y 6 JR, then 

ffd(Yv+\l) • Yffdv + ffd\l 
X X X 

(v) If fGNA and f ~ O, there exists s nonnegative representative of i. 

Next we take up our characterization of (NA)*, 

(3.9) Definition, We 11hnll IIBY th11t vsv_(X,E ,II) if V « IJ ond than 
- - - - A exists f 6 NA, f ~ 0 with d(f) SI, !or which the ·following holda1 

(i) if E 6 t and v(v,E) :oc O, then d((f ~)-) • 1. 

It is easy to see, using (3.6.vi), that V (X,!:,11) is a vector apace, 
I 

(3.10) Comment. 

uses B (11), the apace 
I . 

In [13) (page 573), in place of VA(X,!:,ll), the author 

of all v « 11 such that there exists f 6 LA with 

fA(ltl)d11 <••ff MA and the following holds1 
1 (1) the support of v lie• in the 1upport off , 

where "support of v" is defined in ( 13) (page 571) as "the .sets E for which · 

v(v,E) > O", 
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The author claims that if v 6 B (u) is nonnegative ond x•(i) • Jrdv for 
A x 

all f 6 NA, then llx*II • v(X). To prove this, he considers 

ff• (E1,E2, • • • ,En) 6 P with v(Ei) > 0 and defines f • f 1+f2+ • •• +fn where 

jA(JfiJ)dlJ <m, d(fi) •land support of fi is Ei' for 16{1,2, ... ,n), Then he 
X 

n 
writes: "Thus r d((f(E )-)v(Ei) • v(X) and refining the partition won.the left yields 

i•l . i 

x*(f) • v(X) " . This last assertion is not clear to us, for f depends on the 

partition ff, However we observe that if there 1a an f satisfying (3.9.i), 1 il; 0, 
then it is easy to see that x*(f) • v(X). Thus we have replaced, in our 

characterization, (3.10.i) by (3,9,i), 

(3.11) Notation. If E6t and x* 6 (NA)*, we will denote by xi the function 

defined on NA by x~(f) • x*((f(E)-). 

(3.12) Proposition. Let O :5 x* G (NA)*, Then there exists g 6 LA, g il: O, 

with d(g) :5 1, such that 

(i) II xi II • x* ((g(E)-) for all E6l: ; 

(ii) if EGl: and llx~II - o, then d({g(Er, • L 

Proof. By (3.6,iii) , for nGJ; there exists a nonnegative fn6lA such that 

/A(f )d1J<•and x*(f) > llx*II _!. Moreover from (l.3) we know that there is a 
X n n n 

nonnegative h 61... such that /A(h )du< .l. and h • f . 
n ,. X n 2n n n 

Leth• lim(max{h1, • •• ,h }) and observe that if E • {x6X: h(x) ••},then 
n+ao n 

µ(E) ~ O. In fac t, if µ(E) > O, there exists F G i:
1 

, Fe E such that µ(F) > 0, 

By (1,1,iv) and (1.2.iii) we have 

and so µ(F) • 0, which is a contradiction. 
"' 

Let g • h( • Then /A(g)dµ S r /A(h )dµ S 1, and since 
Ec . X n•l X n 

x*(g) il; x*(h ) • x*(f ) > llx*IJ - ! , for all n6'N, we conclude that llx*ll•x*{g). 
n n n 

So for EGl:, using {3,6,v), we obtain 

and thus 

0 S llx~ll - x*((g(E}.) • x*{{g(Ecr> - llx* II :5 0 , 
EC 

llx~ll • x!'((g(E)..:) S llxtJJ d({g(E)-) :5 llxtll .// 



(3 . 13) Theorem. Let O :1i x* G (I.JA)* . Then there exists a unique 

v 6 V_(X,t,11), nonnegative, defined by v(E) • ll x~II, such that 
A 

(i) x*(f) • f fdv for all i 6 NA, and llx*II • v(X). 
X 

14 

Proof. Let v(E) • llxtll for EGt • Thenv 6 V (X,t,11) ((3.6 .v) and (3.12)). 
A 

To ehow that (1) holds define z*(f} • ffdv for fGNA; we shall prove that 
X 

llz*-x*II • O. 

For O :5 i 6 NA and .,. • (E1 , E
2
,.,.,E

0
) 6Pwe have 

n n n r d((ftE ) - }v(Ei) - r d((ftE >-> llx: II 2: r x*((ftE )-) • x*(f). 
i•l 1 i•l 1 i i•l 1 

end from this it is clear that z* ii: x*, Thus II z* II • II x* II, for 

ll:i:*II S· v(X} • llx*II (3,8,11), and also ll<z*-x*)+x*ll-llz*-x*ll+llx*II (3,6,v). 

Hence II z*-x* II • O. 
"'i" 

:·· . To prove the uniqueness of v suppose that~ 6 VX(X,t,11), nonnegative, end 

x*(f) .• f fdii for all i 6 NA. Then by (3.8,iii) and (3.8.i) we have that 
. X 

xt(f) • x*((ftE)-) • fftEdii :1i d(f)ii(E) , 
X 

for i ii: 0 and E6 t , So ii - v ia nonnegative , belongs to V (X,t ,11) and 
. A 

ffd(ii-v) • 0 for all f 6 LA (3.8 , iv), 
X 

Since ii-v 6 V (X,t , 11), there exista O :5 g 6 NA such that d((g(E)-) • 1 
A 

for E6t with (ii-v)(E) • 0, Thus fgd(ii-v) • (ii-v)(X), and hence (ii-v)(X) • 0, // 
X 

(3 . 14) Theorem, There exists an isometric isomorphism of (NA)* onto 

V (X,t,µ), given by the mapping x*t-+v , such that the following hold11 
A 

(i) x*(f) • ffdv for all i 6 NA , and llx*II • v(v,X), 
X 

Proof, If x*G(NA)* we will write y* • (x*)+, z* • (x*)_ and define, for 

all EGt , v 3(E) • IIY~II and v 4 (E) • llz!II • Let v • v
3 

- v
4 

, 

To prove (1), use (3.13) and (3 . 8,iv) to write 

x*(f ) • ffdv for all i 6 NA, 
X 

and, (3,6.lv) and (3,8.ii), to obtain 

x*(f) 

v3(X)+v4(X) • IIY*II + llz*II • llx*II :5 v(v,X) :5 v
3
(x) + v

4
(X), 

To ahow that the mapping x*i--+v ta onto, consider iiGV (X,t,µ) and define 
, . l 

• /fdv for f6NA. Then, writing ~l • (iitv(ii,,))/2 and iiz•(v(ii , ,)-ii)/2, 
X 



we have that 

/fdv 1 - /fdv2 • frdv • x*(~) • /fdv • /fdv3 - /fdv4 , 
X X X X X X 

for all i' G NA , and thus 

/fd(v 1+v4) • /fd(v3+v2) for all fGLA. 
X X 

Since vGV (X,t,µ), it is easy to verify that v1,v2 G V (X,t,µ), and thus 

A A 
vl+v4 • v3+v2 (3.13). Hence v • v • 

Finally observing that x*t-+v has a linear inverse, we conclude that the 

mapping is linear_.// 

It is immediate, by (3.14), that V (X,t,µ) is a Banach space. 
A 

4, Characterization of the dual apace (LA)*. As in 2, set H • t if a> O, 

and H • t 1 if a• O. 

Then there exist a unique G G G (X,t,µ,H), 
A 

defined by G(E) • x*((E) for EGH , and a unique z* G (MA)J.. such that 

(i) x*(f) • /fdG + z*(f), for all fGLA. 
X 

Proof, The same as in Proposition 2 of [13), noting that (2,10), (2.11) 

and (2.12) hold , // 

(4.2) Proposition. Let x• G (LA)*, G and z• as in (4.1), and 

y*(f) • /fdG for all f6LA. The following assertions are true: 
X 

(1) if x* ~ 0, then y* ~ 0 and z* ~ 0; 

(ii) II IY*I + lz•l 11 • IIY*II + llz*II ; 

(iii) lx*I • IY*I + lz•I and IY*I A lz*I • O. 

Proof, If x* ~ O, it is clear that y* ~ O. Thus for (i) it suffices to 

prove that x• l y•. For this let OS f G LA and take (an) as in (2.8). Since 

z• G (M A)J.. and x• l O we have 

y*(f).lim/s dG •limx*(s )S x*(f). 
n._ X n n+• n 

For (ii), let £ G ]O,•[. Observing that if w• 6 (LA)*, then llw•II-II lw•l 11 

(page 239 in (7)), there exiat f,g 6 LA, nonnegative, with llfllA S 1, llsllA S 1 

and such that 
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From (1.3), for kGll fixed there exists sG~ with OS s S g and such that 

jA(g-a)dµ < (1 + ½> - jA(f)dµ; 
X X 

Leth• max{f,(g-s)} . Then hSLA and 

Hence we have that 

IIY*II + llz*II < IY*l(f) + lz*l(g) + t • IY*l(f) + lz*l(g-s) + £ 

S IY*l"(h) + lz*l(h) + c • CIY*I + lz*l)(h) + c 

s II IY*I + lz*l II llhllA +c sll lY*I + lz*l 11 ((k+l)/k) + c. 

Since c and k are arbitrary we conclude tha·t (ii) holds. 

Assertion (iii) may be found in (11) (page 40).// 

(4.3) Proposition. There is an isometric isomorphism of (MA)~ onto (NA)* 

given by the mapping j: z*i-+ x*, · where x* is defined _by x*(f) • z*(f). 

In the next theorem we p·resent our characterization of (LA)*, . 

(4.4) Theorem. There is sn isometric isomorphism of (LA)* onto the 

Banach space G (X,E,µ,H) x V (X,E,µ) given by the mapping x*t-+ (G,v) auch that 
A A 

the following hold: 

(i) x*(f) • ·/fdG + jfdv for all fGLA; 
X X 

(ii) llx*II • llcll_ + v(v,X), 
A 

the first integral being as in (2.2) and the second, as in (3.7). 

Proof. It is a consequence of (4.1), (4.3), (3.14) and (4.2), observing 

that llx*ll • 11 lx*I II for x* 6 (LA)* (7).// 

S, Concluding remarks. (I) The characterization of (LA)* obtained by . 

Ando in ( l} goea through the spaces J A and l A/ J A with the hypotheses 11 (X) < • 

and b • •• Fro■ (3,3) we know that under these hypotheses the apaces JA and 

MA coincide, 
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(11) Using (2,6), (2.8) and Radon-Nikodym's Theorem, one can prove that 

if \J (X) <"" and b • .,, given G 6 G_(X,l:,1J , l:
1
), there is g6L_ such that 

A A 

(i) /fdG • /fgd11, for all f6LA . 
and X X 

(ii) llcll_ • sup{/lghld11 : h6LA and llhl!A :s l} • 
A X 

Hence, in this case, Theorem (4 . 4) above tells us that given x*6(LA)*,there 

exist g6L and v6V (X,l: , IJ) such that 
A A 

(iii) x*(f) • /fgd11 + /fdv, for all f6LA, 
X X 

and 

(iv) llx*II • sup{/ jghld)J: h6LA and llhl!A :S l} + v(v,X). 
X 

Thus the result obtained by Ando in (1), and Theorem (4.4) coincide when 

µ(X) <• and b • • . 

(Ill) In (4) we also prove that equalities (iii) and (iv), above, still 

hold when (X,E,µ) is a a-finite measure space and JA •MA, or when a• 0 and 

JA • MA. 

(IV) 

for all g6l 
A 

and JA •MA, there exists G 6 G (X,E,1J,t) such that 
A ,· 

the following assertion is false: 

/fdG • /fgdµ , for all f6MA. 
X X 

Thia will be proved below, 

From (IV) it follows that equality (iii) is not true if JA • {O} and 

JA • MA' 

Proof of assertion (IV), By (3,3) we know that )J(X) • •,b ••and a> O. 

Therefore 'x6MA and 'x~JA ; also a • 0, 

Uaing Hahn Banach's Theorem and (2,12) there exist x*6(~)* and 

G6G (X,t,µ,E) such that 
A 

x*(tx> • O , x*(f) • O for all f G JA, 

and 

x*(f) • /fdG , for all f 6 MA. 
X 

Suppose there is a gGl such that 
A 

f fdG • f fg dµ , for all f 6 JIA, 
X X 
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Let y G JO,•( and r • {xGX: lg(x)I > y} be such that µ(F) > 0 (this F 

exists because x*(tx> - O). 

As a• O, and 

XC I )P(F) :S 
llgll_ 

A 

we conclude that µ (F) < •• . and so trsgng 8 J A • 

Thus 

:s 1 • 

0 • x*Ctrsgng)•J<tr agng)gdµ • ltrlgldµ i Yµ(F) > 0, 
. X X · 

which i& impossible.// 

This work is part of our Master's Dissertation written under the guidance 

of Dr. lracema Hartin •Bund. 
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