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ABSTRACT

The least squares estimates of the parameters in the multi-
stage dose—response model are unduly affected by outliers in a
data set whereas the minimum sum of absolute errors, MSAE esti-
mates are more resistant to outliers. Algorithms to compute the
MSAE estlimates can be tedious and computationally burdensome. We
propose 8 linear approximation for the dose—response model that
can be used to find the MSAE estimates by a simple and
computationally less intensive algorithm. A few illustrative
examples show that we get comparable values of the MSAE estimates
of the parameters in a dose-response model using the exact model
and the linear approximation. ~

~
~

1. INTRODUCTION
Let y; denote the value of the response variable

corresponding to dose dy. The multistage dose-résponse model
/

yg =1 - exp (-zjro ay di) + e 1=1,.0.,0, (1)

where G5, @), see, O denote the nonnegative unknown parameters
and e4 denotes the unobservable random error, was developed by



" Armitage and Doll (1954) to assess the risk of exposure to chemi-

cals and pollution asgents. The model is based on the assumption
that the mechanism of carcinogenesis can be expressed as a series
of k mutations at the cellular level. The model can also be used
in radiobiological areas, Peres and Narula (1989) where 1 - y
represents the survival probability corrected by the natural
survival at op and radiation dose equal to zero.

The waximum likelihood and the least squares methods are
often used to estimate the parameters of the model in (1). These
estimates éay be unduly sffected by outliers. As an illustration,
consider the data in the first three columns of Table 1. These
data are taken from Table II of Sankaranarayanan (1969b) and
represent the effect of nitrogen post-treatment on mortality of
Drosophilia eggs irradiated as stage-7 oocytes. In Column &, we
have replaced the value of yg by y3, i.e., changed yg from 0.104
to 0,249, The least squares, LS estimates of the parameter of the
model for the original and the altered data are given in Table 1.

TABLE I

The Data and the Estimates of the Parameter
for the Model y = exp (- ad) + e.

Original Altered
1 d4 21 vy
1 0.15 0.625 | 0.625
2 0.30 0.407 0.407
3 0.45 0.249 0.249
4 0.60 0.157 0.157
5 0.75 0.104 0.249
LS Estimate 3.0620 2,8416
MSAE Estimate 3.0858 3.0848




" Clearly, the values of the two estimates are quite different.
Therefore, it is desirable to divelop alternative estimation
procedures that sre more resistant to outliers.

During the last two decades it has been recognized that the
minioun sum of absolute errors, MSAE estimates of the parameters
in the multiple linear regression model are not unduly affected by
the presence of outliers, Huber (1974) and Narula and Hellington
(1985). The MSAE estimates of the parameter for the original and
the altered data are given in Table I. The values of the two
estimates are the same.

The wmodel in (1) {8 intrinsically nonlinear. A number of
algorithms have been proposed to compute the MSAE estimates of the
parameters in a general linear regression model, However, most of
these algorithms are tedious and require intensive computations.
Since the model in (1) has a special form, we can approximate it
by a linear model that can be solved by a simpler and
computationally less intensive algorithm.

Our objective in this paper is to present an easy to under-
stand and effective algoritham tq compute the MSAE estimates of the
parameters in a multistage dose-response model. The rest of the
paper is organized as follows: 1In Section 2, we describe an
algorithm to estimate the parameters using model in (). 1In
Section 3, we give a linear approximation for the dose-response
wodel and develop an algorithm to compute the MSAE estimates of
the parameters in model (1) using the approximation. 1In Section
4, we compare the MSAE estimates of the parameters in model (1)
using the two procedures. We conclude the paper with a few
remarks in Section 5.



2. AN ALGORITIM USING THE EXACT MODEL
Schlossmacher (1973) proposed an iterative veighted least
squares procedure to compute the MSAF estimstes of the parameterl

of a multiple linear regression model. He commented that one may
also use this procedure to compute the MSAE estimates of the
parameters in the nonlinear regression wmodels.

The basic ides of the algorithm can be stated as follows:
Our objective is to minimize

G(a) = I1:l|e1| .
This objective can be achieved by winimizing

Gyla) = 2,2 wed 2)
where w; = llleil. 1=1, «eey n. However, v;“s are not known at
the start of the procedure. Therefore, one may use the following
iterative procedure to minimize G, (a).

Step 1t Set m = 0 and solve the weighted least squares
problem (2) using wi(m) =1, 4 =1,,,., n. Compute

ry(w) =1 -y, - exp ( -ijO ;j(-) di)

the observed residuals at the mth iteration.

Step 2: Solve the weighted least squares problem (2) using
vi(mtl) = l/lri(l)l. i1=1,..0, n; if any
ry(m) = 0, set wy(mtl) = 0, Set m=m+ 1 and
compute r,(m).

Step 3: If |r,(mtl) - ry(m)| = 0 i=1,..., n, stop;
otherwise, go to Step 2.

It 4s clearly an iterative slgorithm. Purthermore, since (1)
is a nonlinear model, in Steps 1 and 2 we have to use some
iterative procedure to determine the weighted least squares
estimates of the parameters. Therefore, the algorithm consists of
two nested iterative procedures requiring intensive computations.



3. AN ALGORITHM USIRG THE APPROXIMATE MODEL
Peres and Nsrula (1989) have shown thst it is possible to

approximate a dose-response wodel by s linear model. Clearly,
once the model has been linearized, we can avoid the iterative
procedure required to solve the nonlinear model in Steps 1 and 2
of the algoritha in Section 2; thus making the slgoritha
computationally less intensive,

To compute the MSAE estimates of the parameters in (1), we
observe that

leg| = |25 - &€4y, )

where z3 = 1 ~ y; and g(d;, a) = exp ( —}'j‘_‘oqjdi);
) H
Thus
legl = 1241 = g4y, a)/zg)] .
= lzi{l - exps-(ln zg = 1n g(d,, oI,

When model (1) fs the correct model, then

l1n z4 = 1n g(dy, a)| < 1, and, ia fact, it 15 close to zero.
Therefore, 1f we expand {1 - exp( — (In z5 - 1n g(d;, al)))} by the
Taylor series expansion around ln z; = 1n g(dg, a) = O and retain
only the first term, Peres and Narula (1989) have shown that

|91| = lzi(ln zy - g(di. ﬂ))l. 1= 1,00e,n.

However, to obtain even better approximation, we may include the
second term in the approximation which gives us

legl = |vy(inzg - 1n g(d4, a)|, 4 = 1,.00,n 3)

where v; = z; {1 - (In z; - (1n g(dg, a))/2)). Using (3), our
objective is to find a”s t@at winimize

* . *
G (“) - ' : :1:11 vi ei’ » (6)
where e:_f in z; ~ 1n é(di. g) = 1n zq + ijo ujdi. Note that

e;’- denote the errors from the linear model



in g = ln-;(d‘,.u) + e:,

- - k j *
Lyug8y O3 + ;. (5)

Using the linear model (5), we can compute the MSAE estimates of
the parameters of wmodel in (1) by minimizing
” . (6)

where vy = 1/]e;], 1 = 1,...,n. Since w;"s and v;"s are not

* 2, %
Gy Ca) = Zyoywy v (e

known, we can use the following iterative procedure:

Step 1: Set m = 0 and solve the weighted least squares
problea (6) using w;(a) = 1, and vy(a) = 24,
1 =1,.0.,n., Compute
r;(n) = In 2, + :jEO;j(n) di,

and 1

X rg(m) = zg = exp( - JEOEJ(-) di),

the observed residuals for models in (5) and 1),
respectively.

Step 2: Solve the weighted least squares problem (6) using

wi(n+1) =z (1- r;(m)/z). i=1,...,n; 1f any
ry(m) = 0, set vi(ntl) =0, Setm=m+ 1 and
compute ry(m) and r:(n) al.in Step 1.

Step 3t If |ry(ml) = ry(a)| =0, t=1,...,n, stop;
otherwise, go to Step 2,
The preceding algorithm is also iterative. However, in Steps
1 snd 2 we solve the linear model (5) using any weighted least
squares regression procedure; thus making it computationally less
demanding than the algorithm in Section 2.



4. COMPUTATIONAL EXPERIENCE
The algorithu of Section 2 was implemented on the Burrough

B- £900 computer at the Centro de Computacio Electronica de USP
using BMDP-3R routine, The algorithm of Section 3 was implemented
in Pascal on an IBM compatible microcomputer.

To compare the MSAE estimates of the plfameters of & multi-
stage dose-response model obtained by using the exact wmodel (1)
and the approximate linear model (5), we computed the MSAE
estimates for a few data sets taken from Sankaranarayanan (1969a,
1969b). The results for the model y; = exp (- ady) + ¢4, are
summarized in Table II, and for the model
yq = exp (wpdg - “Zdi) + e; in Table IIl. g
From Tables II and II1 we observe that the MSAE estimstes

obtained using the exact model and the linear approximation are

comparable.

TABLE I1

The MSAE Estimates of the Parameter @ 1o the Model
¥yg = exp (-ad) + e; and the Sum of Absolute Errors
Using the Exact Model and the Linear Approximation

* MSAE Sum of
Data Set Model Used Estimate Absolute Error
- of a
Nitrogen Post- Exact Model 3.0858 0.00417
treatment
Table 1T Linear Approx. 3,0858 0.00417
Oxygen Post= Exact Model 2.5295 0.00943
treatment
Table I1 Linear Approx. 2.5295 l 0.00943

#Table number refers to Table in Sankasranarsyanan (1969b).



TABLE IIX

The MSAE Estimates of the Parsmeters & 1 and ay
in the Model y, = exp(- o) 44 -a, di) + ey
and the Sum of Absolute Errors for the Data From
Table II of Sankaranaraysnan (1969a) Using the
Exact Models and the Limear Approximation

MSAE Estimate of Sum of
Model Used oy LT} Absolute Errors
Exact Model 0.21235 0.07536 0.00822
Linear Approx. 0.21601 0.07434 0.00807

8. COXCLUDING BEMARKS
The MSAE estimates of the parameters in a multistage dose-

response model are more resistant to outliers than the least
squares estimates. We have shown how we can obtain these
estimates by a simple and computationally less intensive algorithm
using & linear approximation for the model. Furthermore, the
algorithm can be implemented by using any program for solving a
veighted least squares multiple linear regression problem or by
appropriately modifying the data and using a program for least
squares linesr regression prodblem.
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