
RT-MAE-8923 

11N ITERATIVE POOOlXJRE ~ '1'HB 1'QB 

ES1'IM1\TI~ OF P.AJWEl'ERS IN A 

D0.5E-RESPCNSE M:DEL 

by 

c.o.s. Arldr-c, c.A. f'eroo 
and . 

s.c. N/lnlla 

Palavras Chaves1 Exponential modelJ least •quare•1 aaximwa 
(Key words) likelihood, · nonlinear regression, radiobiology 

Classifica~ao AMS1 62F10, 62Fll, 62Pl0 

(AMS Classificatia'l) 



.. .. 

AN ITEllTlVB PllOCEDOU POI. THE MSAE ESTIHATIOR 
or PAltAHETEIS 111 A DOSI--USPONSE KOD&L 

Carmen D. s. Andri 
Univeraity of Sio Paulo 
Sio Paulo, Brazil 

Clovi1 A. Perea 
Univeraity of Sio Paulo 

Sio Paulo, Brazil 

Subha1h C. Narula 
Virginia Commonwealth UniveraitJ 

Richllond, Virginia 23284 

ABSTllACT 

The least squares estimates of the parameters in the multi­
atage dose-response Nodel are unduly affected by outliers in a 

data set whereas the minimum su■ of absolute errora, MSAE esti­

mates are more resistant to outliers. Algorithms to compute the 

MSAE estimates can be tedious and computationally burdensome. We 
propose a linear approximation for the dose-response model that 
can be used to find the HSAE estimates by a aimple and 
computationally less intensive algorithm. A few illustrative 
examples show that we get comparable valuea of the MSAE estimates 
of the parameter• ln a dose-re1ponse IIIOdel using the exact 'IIIOdel 
and the linear approxl■ation. , , 

l. INTRODUCnON 
Let y1 denote the value of the response variable 

corresponding to doae d1• The multistage dose-response 1110del 

' 

I 'k j 
71 • l - exp (-ij-0 uj 41) + e1 , i•l, ••• ,n. (1) 

where ao, a1, •••• f4Jt denote the nonnegative unknown paraaetera 
and a1 denotea the unobservable random error, was developed by 



Ar■itage and Doll (1954) to a11eaa the riak of expoaure to che■i­

cala and pollution agenta. The model ia based on the a11u■ption 

that the ■echania■ of carcinogeneais can be expre11ed •• a aeries 

of k mutation, at the cellular level. The ■odel can alao be u.■ed 

in radiobiologlcal areaa, Perea and Narula (1989) where 1 - y 

repre,enta the aurvival probability corrected by the natural 

aurv_ival at ao and radiation doae equal to zero. 

The ■axi■u■ likelihood and the least square, method• are 

often used to eati■ate the parameters of the model in (1). These 

estimate• My be unduly effected by outlier,. Aa an illuatration, 

consider the data in the firat three column■ of Table I. Theae 

data are taken fr011 Table II of Sankaranarayanan (1969b) and 

repreaent the effect of nitrogen poat-treatment on mortality of 

Drosophilia egg■ irradiated as stage-7 oocytes. In Column 4, ve 

have replaced the value of Y5 by y31 t.e. 1 changed y5 from 0.104 

to 0.249. The leaat aquarea, LS estimate, of the parameter of the 

■odel for the original and the altered data are given in Table 1. 

T&BLE I 

Tbe Data and the Eati■atea of the Parameter 
for the Hodel 7 • e.1:p (-ad)+ e. 

Original Al tered 
i d1 11 Yi 

1 0.15 0.625 0.625 

2 0.30 o.407 0.407 

3 0.45 0.249 0.249 

4 0.60 0.157 0.157 

5 0.75 0.104 0.249 

LS Estimate 3.0620 2.8416 

MSAE Estimate 3.0858 3.0848 



Clearly, the value■ of the two eatiaate1 are quite different. 
Therefore, it 1• deairable to develop alternative ••tlutioa 
procedure• that are more re•i•tant to outliera. 

During the laat tvo decade• it ha• been recognized that the 
minimum sum of absolute errora, HSAE eatimate• of the parameter■ 
in the multiple linear regreaaion model are not undulJ affected by 
the presence of outlier1, _Huber (1974) and Harula and Velllngton , 
(1985). The MSAE e1tlute1 of the parameter for the original and 
the altered data are given in Table I. The value■ of the two 
e1timates are the same. 

The model in (1) is intrinsically nonlinear. A number of 
algorithms have been proposed to compute the MSAE e1tim1te• of the 
parameter• in a general linear regrea1ion model. However, 1101t of 
these algorithu are tedioua and require intenaive computationa. 
Since the model in (1) ha1 a special for■, we can approximate it 
by a linear model that can be solved by a simpler and 
computationally less intensive algorith■• 

Our objective in this paper is to present an eaay to under­
stand and effective algorith■ tQ compute the HSAE eatiutea of the 
par•~•tera ln • aultletage dosc-rcaponac ■odel. The rest of the 
paper is organized as follows: In Section 2, we describe an 
algorithm to estimate the parameters using model in (t). In 
Section 3 1 we give a linear approKi■ation for the dose-responae 
model and develop an algorithm to compute the HSAE e1ti11atea of 
the parameters in model (1) using the approximation. In Section 
4, we compare the MSAE eatimatea of the parameters in aodel (1) 
usi~ the two procedure,. We conclude the paper with a few 
remarb in Section 5. 



2. Aft .&LCOUTmt USIRG THE EXACT HODEL 
Schlo■■••cher (1973) propo■ed an iterative weighted lea■t 

aquarea procedure to compute the MSAE e■tl-■te■ of the para•~•n 
of a aultlple linear regre11lon IIOdel. He co-ented that one u7 
alao u■e thi• procedure to compute the MSAE e■tiutea of the 
paraaeter1 in the nonlinear regres■ion aodels. 

The ba■ic lde1 of the algoritha can 11a stated as follow■: 
Our objective 1■ to alnl■lze 

C(a) • i 1!1 1e1 1 • 
Thia objecti•e c■n be achieved by ■lnlalslng 

( ) • n 2 6v a 11-1 viel · (2) 

where v1 • 1/le11, i • 1, •••• n. However, v1 '■ are not known at 
the ■tart of the procedure. Therefore, one aay u■e the following 
iterative procedure to alnlalze Cv(a). 

Step la Set ■• 0 and ■olve the weighted least 1quare1 
proble■ (2) u1in1 v~(■) • I, l • I, ••• , n. Compute 

the ob■erved re1ldual1 at the ■th Iteration. 
Step 21 Solve the weighted lea■ t ■quare■ problea (2) u1in1 

v1(m+l) • 1/lr1 (■)1, l • 1, ••• , n; if any 
r1(m) • O, set v1 (■+1) • o. Set ■•■ + 1 and 
compute r1 (■). 

Step 3: If Jr1(.+1) - r1 (■)1 = O, 1 • 1, ••• , n, ■top; 
otbervl■e, go to Step 2. 

lt i■ clearly an iterative algorithm. ~urthermore, ■ince (1) 
la a nonlinear model, in Step■ land 2 we have to uae aome 
iterative procedure to deter■lne the weighted least 1quare1 
•~tiutea of the para■etera. Therefore, the algorlth■ conaiata of 
two neated iterative procedure■ requiring intensive co■putationa. 



3. AR ALGOIITRM USING THE APPIOXIHATB HODEL 

Perea and Narula (1989) have shown that lt la poaalble to 

approximate a dose-response model by• linear ■odel. Clearly, 

once the model has been linearized, we can avoid the iterative 

procedure required to solve the nonlinear 110del in Step■ 1 and 2 

of the algorlth• in Section 2; thua aaking the algorithm 

computationally lea■ intensive. 

To compute the HSAE estiaatea of the parameters in (1), we 

observe that 

Thus 

leil • lz1{l - g(d1 , a)/z1JI 

• Jz1{1 - e~p~-(ln z1 - In g(d1 , n)))JI. 
When model (1) la the correct model, then 

lln z1 - ln g(d1, Q)I < 1, and, . ln fact, lt la close to zero. 
Therefor•• i.f we expand {l - exp,( - (ln z 1 - la g(d1 • a)))) b;r the 

Taylor aeries expansion around ln z1 - In g(d1 , a) • 0 and retain 

only the first term, Peres and Narula (1989) have shown that 

Howev,r, to obtain even better approximation, we ■ay include the 

second term in the approximation which give■ m 

leil • lv1(lnz1 - ln g(d1, a)I, i • l, ••• ,n (3) 

where v1 • z1 (1 - (ln zi - (In g(d1 , a))/2)}. Using (3), our 

objective la to find a-■ that alnimize 

c*<"> • 
where e1 .~ ln z1 - In i(d1 ,- a)• Note that 

* e1-a denote the errora fro• the linear model 

(4) 



(5) 

Ualn& the linear ■odel (5), ve can coaipute the HSAE eati■atea of 
the para■etera of ■odel in (1) by ■ini■izing 

* n 2 * 2 
Gv (q) • ti•l vi "'1 (el) • 

where v1 • 1/(e1 I, i • l, ••• ,n. Since v1'a and v1 'a are not 
kncnna, ve can uae the following iteratlYe procedures 

Step ls Set m • 0 and aolYe the weighted leaat ■quare■ 
proble■ (6) ualng v1 ( ■) • 1, and Y1(■) • •1• 

and 

i • l, ••• ,n. Compute 

It - ., ri(■) • &1 - exp( -Ij•Oqj( ■) di), 

the ·obaerved realduala for ■odela in (5) and (1) 1 

reapectivel:,. 

(6) 

Step 21 Solve the weighted leaat ■quare■ problem (6) uaing 
. * 

v1(.+l) • s 1 (1 - r1 ( ■)/2), 1•1, ••• ,n; if an:, 

ri(■) • O, ■et w1(mt-l) • o. Set ■• ■ + 1 and . . 
compute ri(■) and r1 ( ■) a■ in Step 1. 

Step 31 If lr1(m+l) - r1(■)1 = O, 1•1, ••• ,n, atop; 
otherwise, go to Step 2. 

The preceding algorith■ ia also iterative. However, in Steps 
1 and 2 we ■olve the linear IIOdel (5) using an:, weighted lea■t 
square• re1resaion procedure; thus ■-kin1 it co■putationall:, leaa 
de■andlng than the algorith■ in Section 2. 
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4. COKPUTATIONAL EIPERl.EHCK 

·,. The algorithm of Section 2 wu hlplement,ed on the Burrough 

B-f9oo computer at the Centro de Co■putacio Electronlca de USP 
: "' 

using BMDP-JR routine. The algorith■ of Section 3 was implemented 

in Pascal on an IBM compatible microcomputer. 

To compare the MSAE estimstea of the parameters of a ■ulti­

atage dose-response model obtained by using the exact model (1) 

and the approximate linear model (5). we computed the MSAE 

estimate, for a few data seta taken fro■ Sankaranarayanan (1969a. 

1969b). The results for the model 11 • exp {- ud1) + e1, are 

aummarized in Table 11. and for the model 

Yi• exp C-i:.1d1 - a 2d}) + e1 in Table 111. 

From Tables II and III we observe that the MSAE eati■atea 

obtained using the exact model and the linear approximation are 

comparable. 

TABLE 11 

The KSAg Sat1-te• of the rara-.c:ter Q SD the nodc1 

11 • exp C-ad1) + e1 and the Su■ of Absolute Error• 

Using the Exact Hodel and the Linear Approxl-tloa 

* 
MSAE Sum of 

Data Set Hodel Uted Eatimate Abaolute Error 
of a 

Nitrogen Post- Exact Hodel 3.0858 0.00417 
treatment 
Table 11 Linear Approx. 3.0858 D.00417 

Oxygen Poat- Exact Hodel 2.5295 D.00943 
treatment 
Table 11 Linear Approx. 2.5295 0.00943 

--rable number refers to Table in Sankaranarayanan (1969b). 



TA'!L! 111 

The MSAE Eatfqte, of the Parameten a 1 and a2 
in the Model y1 • exp(- a1 di - a 2 d}) + el 

and the Su■ of Abaolute Errors for the Data Fro■ 
Table II of Sanbran.ar•J•n•n (1969a) Uaiog the 

Ezact Model■ and the Llae1r Approziaation 

HSAE Estimate of Sum of 
Hodel Used a1 az Absolute Error■ 

Exact Hodel 0.21235 0.07536 0.00822 

Linear Approx. 0.21601 0.07434 0.00807 

4. COKCLUDINC I.EMAUS 
The HSAE eatimates of the parametera in a multistage doae­

respon■e ■odel are ■ore re ■l ■ t■nt to outlier■ then the least 
1quarea eati■atea. We have shown how we can obtain these 
esti ■ate1 by a simple and computationally leas intensive algorithm 
uaing •linear.approximation for the ■odel. Furthermore, the 
algorith■ can be implemented by uaing any program for aolving a 
vei1hted least 1quare1 ■ultiple linear regreaaion proble■ or by 
appropriately modifying the data and uain1 a program for lea1t 
aquarea linear regre11ion proble■• 

v 
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