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Abstract

Let 1 < p1, . . . , pn < ∞, 1 ≤ q < ∞ be such that
n∑

i=1

1
pi

< 1
q and let μ1, . . . , μn, ν

be arbitrarymeasures. Generalizing known linear andmultilinear results, we prove that
all positive n-linear operators from �p1 ×· · ·×�pn to Lq(ν) and from L p1(μ1)×· · ·×
L pn (μn) to �q are compact. This result, along with other related ones concerning free
Banach lattices, shall emerge as consequences of some facts we prove aboutM-weakly
compact multilinear operators on Banach lattices.

Keywords Banach lattices · compact multilinear operator · M-weakly compact
linear/multilinear operators

Mathematics Subject Classification 46B42 · 46B50 · 46G25 · 47B07 · 47H60.

1 Introduction

A long tradition began in 1936 when Pitt [28] proved that bounded linear operators
from �p to �q are compact whenever q < p. Stepping into the nonlinear environment,
Pełczyński [29] proved in 1957 that continuous n-homogeneous polynomials from �p
to �q are compact if nq < p. After several related results, see, e.g. [13, 19, 20], in
1997 Alencar and Floret [3] proved the multilinear case: every continuous n-linear

operator from �p1 × · · · × �pn to �q is compact whenever
n∑

i=1

1
pi

< 1
q . In 2014, Ji,

Lee and Bu [21] proved that positive n-linear operators from �p1 × · · ·× �pn to �q are
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compact only if
n∑

i=1

1
pi

< 1
q . Using Banach lattices techniques, Chen and Wickstead

[9] proved in 1998 that positive linear operators from �p to Lq(ν) and from L p(μ)

to �q are compact if q < p. The main results of this paper, some of which are stated
in the Abstract, can be regarded as multilinear extensions of this latter result and as
lattice counterparts of the former ones.

Next, we present two examples, one showing that the posivitity of the operator is
essential, and the other one showing that atomicity is essential either in the domain
spaces or in the target space.

Example 1.1 (1) Using Holder’s inequality and Khintchine’s inequalities [1, Theo-

rem 6.2.2], it is easy to see that A((a j ) j , (b j ) j ) =
∞∑
j=1

a jb jr j , where (rn)n denotes

the sequence of Rademacher functions, defines a non-compact continuous bilinear
operator from �4 × �4 to L1([0, 1]).

(2) By [9, Theorem 4.9], there exists a positive non-compact operator T :
L2([0, 1]) → L1([0, 1]). Let ϕ : �3 → R be a positive linear functional functional.
Then, B( f , a) = ϕ(a)T ( f ) defines a non-compact positive bilinear operator from
L2([0, 1]) × �3 to L1([0, 1]).

In our way to prove themain result we had to considermultilinear generalizations of
the classical class of M-weakly compact linear operators. Actually, the main results of
the paper are consequences of the results we prove for M-weakly compact multilinear
operators.

In Section 2 we recall some basic facts about indices of Banach lattices and we
prove some results that shall be needed later. The results about M-weakly compact
multilinear operators are proved in Section 3. Themain results, including the one stated
in the Abstract and results concerning free Banach lattices, are proved in Section 4.

By E+ we denote the positive cone of the Banach lattice E and by BX the closed
unit ball of the Banach space X . Throughout the paper, all measures are positive.

Given Banach spaces X1, . . . , Xn and Y , the Banach space of all continuous n-
linear operators A : X1×· · ·×Xn → Y is denoted byL(X1, . . . , Xn; Y ). An operator
A ∈ L(X1, . . . , Xn; Y ) is compact if A(BE1×· · ·×BEn ) is a relatively compact subset
of Y . Compactmultilinear operators started being studied in Pełczyński [29]. For given
Banach lattices E1, . . . , En and F , an n-linear operator A : E1 × · · · × En → F
is said to be positive if A(x1, . . . , xn) ≥ 0 for all x1 ∈ E+

1 , . . . , xn ∈ E+
n . It is

a well-known fact that |A(x1, . . . , xn)| ≤ A(|x1|, . . . , |xn|) for a positive n-linear
operator A : E1 × · · · × En → F and all x1 ∈ E1, . . . , xn ∈ En . The difference of
two positive n-linear operators is called a regular n-linear operator, and the set of all
regular n-linear operators from E1×· · ·×En into F is denoted byLr (E1, . . . , En; F).
It is well known that positive (hence regular) multilinear operators are automatically
continuous.Whenever F isDedekind complete,Lr (E1, . . . , En; F) is aBanach lattice
with the regular norm ‖A‖r := ‖|A|‖, where |A| denotes the absolute value of the
regular n-linear operator A : E1 × · · · × En → F .

For (spaces of) continuous multilinear operators between Banach spaces we refer
to [14], for (spaces of) regular multilinear operators between Banach lattices we refer
to [8, 23], and for the basic theory of Banach lattices we refer to [2, 25].
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2 Preliminary results

The following terminology was introduced by P. G. Dodds [15]:

Definition 2.1 Let E be a Banach lattice and let 1 ≤ p ≤ ∞ be given. (1) E is said to
have the �p-composition property if every positive disjoint sequence (xn)n in E such
that (‖xn‖)n ∈ �p satisfies sup

n∈N
‖x1 + · · · + xn‖ < ∞. The lower index s(E) of E is

defined by

s(E) = sup
{
p ≥ 1 : E has the �p -composition property

}
.

(2) E is said to have the �p-decomposition property if every positive disjoint order
bounded sequence (xn)n in E satisfies (‖xn‖)n ∈ �p. The upper index σ(E) of E is
defined by

σ(E) = inf
{
p ≥ 1 : E has the �p-decomposition property

}
.

Next, we recall some properties related to the notions defined above.

Remark 2.2 (1) Every Banach lattice has the �1-composition property [15, p. 74] and
the �∞-decomposition property [15, p. 75].

(2) If E has the �p-composition property for some p > 1, then E also has the �r -
composition property for every 1 ≤ r ≤ p [15, p. 74]. On the other hand, if E
has the �p-decomposition property for some 1 ≤ p < ∞, then E also has the
�r -decomposition property for every ∞ ≥ r ≥ p [15, p. 75]. These observations
show that the lower and the upper indices are well defined.

(3) If E has the �p-composition property for some p > 1, then E∗ has order continuous
norm [15, Theorem 2.3].

(4) If E has the �p-decomposition property for some 1 ≤ p < ∞ and E has the
�r -composition property for some 1 < r ≤ ∞, then E is reflexive [15, Corollary
2.6].

(5) Suppose that 1
p + 1

q = 1. Then, E has the �p-decomposition property if and only
if E∗ has the �q -composition property [15, Theorem 2.14]. Also, E has the �p-
composition property if and only if E∗ has the �q -decomposition property [16, p.
315].

(6) It follows from (5) and (3) that if E has the �p-decomposition property, then E∗∗
has order continuous norm. Since E is a closed sublattice of E∗∗, we get that E
also has order continuous norm.

(7) It follows from [16, p. 314] that for aBanach lattice E , the following are equivalent:

(i) E has the �p-composition property (1 < p < ∞).
(ii) For every disjoint norm-bounded sequence (xn)n in E there exists a bounded

linear operator S : �p → E such that S(en) = xn for every n ∈ N.

(iii) There exists a constant M > 0 such that

∥
∥
∥
∥

n∑

i=1
xi

∥
∥
∥
∥ ≤ M‖(x1, . . . , xn)‖p holds

for every finite disjoint subset {x1, . . . , xn} of E .
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Item (iii) above coincideswith the definition of the so-calledupper p-estimate from
[25, Section 2.8] or [22, Definition 1.f.4]. This notion was called by Dodds [15,
Definition 2.7] and Schep [31, Definition 1.2] as strong �p -composition property.

(8) For every Banach lattice E , E has the �p-decomposition property if and only
if E satisfies a lower p-estimate, meaning that there exists a constant M > 0

such that ‖(x1, . . . , xn)‖p ≤ M

∥
∥
∥
∥

n∑

i=1
xi

∥
∥
∥
∥ holds for every finite disjoint subset

{x1, . . . , xn} (see [25, Corollary 2.8.10]). In the literature, we can also find the
terminology strong �p-decomposition property for this notion (see [15, p. 78]
or [31, Definition 1.1]).

(9) For every Banach lattice E , it holds that 1 ≤ s(E) ≤ σ(E) ≤ ∞; this justifies
why s(E) and σ(E) are called, respectively, the lower index and the upper index
of E . Moreover, s(E) = 1 and σ(E) = ∞ for every finite-dimensional E [15,
Theorem 3.2].

(10) Items (7) and (8) above yield that, for every E ,

s(E) = sup {p ≥ 1 : E satisfies an upper p -estimate} .

and
σ(E) = inf {p ≥ 1 : E satisfies a lower p -estimate} .

(11) It follows from [16, p. 314] that
1

σ(E)
+ 1

s(E∗)
= 1

σ(E∗)
+ 1

s(E)
= 1

holds for every Banach lattice E .

We recall that a Banach lattice E is said to be an abstract L p-space (1 ≤ p < ∞) if
‖x+y‖p = ‖x‖p+‖y‖p holds for all positive disjoint elements x, y ∈ E . In particular,
the norm of E is p-additive. It is well known that L p(μ) := L p(�,�,μ) is an abstract
L p-space for everymeasure space (�,�,μ). Conversely, if E is an abstract L p-space,
then there exists a topological Hausdorff space X and a Baire measure μ on X such
that E is isometrically isomorphic to L p(μ) [25, 2.7.1]. More details can be found
in [25, Section 2.7]. We also recall that a Banach lattice E is an abstract M-space
(AM-space, in short) if ‖x ∨ y‖ = max{‖x‖, ‖y‖} for all x, y ≥ 0 in E . In this case
the norm of E is called an abstract M-norm. The following characterizations were
proven in [15, Section 4]:

Proposition 2.3 (1) A Banach lattice E has the �1-decomposition property if and only
if E has an equivalent abstract L1-space norm.

(2) Let 1 ≤ p < ∞. A Banach lattice E has the �p-decomposition property and the
�p-composition property if and only if E has an equivalent abstract L p-space
norm.

(3) Let E be a σ -Dedekind complete Banach lattice (or equivalently, E has the so-
called principal projection property [25, p. 18]). Then, E has the �∞-composition
property if and only if E has an equivalent abstract M-space norm.

As a consequence of Proposition 2.3,we have s(L p(μ)) = σ(L p(μ)) = p for every
1 ≤ p < ∞ and every measure μ, and σ(E) = s(E) = ∞ for every σ -Dedekind
complete AM-space E . Let us see one more example:
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Example 2.4 Let F be a Lorentz sequence space with a lower 2-estimate, or equiv-
alently, with the �2-decomposition property, that is not 2-concave (see, e.g., [22,
Example 1.f.19]). Also, recall that F is a Banach lattice with the order induced by
its 1-unconditional basis. We claim that σ(F) = 2. Indeed, since F has the �2-
decomposition property, σ(F) ≤ 2. If F has the �r -decomposition property for some
r < 2, it follows from [22, Theorem 1.f.7] that F is q-concave for every q ∈ (r ,∞),
which is a contradiction because F fails to be 2-concave. Thus, σ(F) = 2.

The following notionwas introduced byPełczyński [29]. For 0 ≤ α < 1, a sequence
(xn)n in a Banach space is said to be τα-convergent to 0 if there exists c > 0 such that

∥
∥
∥
∥
∥

∑

n∈B
xn

∥
∥
∥
∥
∥

≤ c|B|α

for every finite subset B ⊂ N, where |B| denotes the cardinality of B. The application
of [3, Main Theorem] we prove next shall be needed later.

Proposition 2.5 Let E1, . . . , En and F be Banach lattices and let A ∈ L(E1, . . . , En;
F) be given. Suppose that, for each i = 1, . . . , n, Ei has the �pi -composition property
(1 < pi < ∞). Then, for all norm bounded disjoint sequences (xk1 )k in E1, . . . , (xkn )k

in En, the sequence (A(xk1 , . . . , x
k
n ))k is τα-convergent to 0 in F, where α =

n∑

i=1

1
pi
.

In particular, (A(xk1 , . . . , x
k
n ))k is a weakly null sequence in F.

Proof Let (xk1 )k ⊂ E1, . . . , (xkn )k ⊂ Ek be norm bounded disjoint sequences. For
each i = 1, . . . , n, since Ei has the �pi -composition property, there exists a bounded
linear operator Si : �pi → Ei such that Si (ek) = xki for every k ∈ N [Remark 2.2(7)].
Hence,

∥
∥
∥
∥
∥

∞∑

k=1

aki x
k
i

∥
∥
∥
∥
∥

=
∥
∥
∥
∥
∥

∞∑

k=1

aki Si (ek)

∥
∥
∥
∥
∥

=
∥
∥
∥
∥
∥
Si

( ∞∑

k=1

aki e
k
i

)∥
∥
∥
∥
∥

≤ ‖Si‖·‖(aki )k‖pi

holds for every (aki )k ∈ �pi and each i = 1, . . . , n. This proves that each (xki )k has the
so-called upper p-estimate [3, Proposition 2.2], therefore (xki )k is τ1/pi -convergent
to 0 for every i = 1, . . . , n [3, 2.2]. By [3, Main Theorem], we conclude that

(A(xk1 , . . . , x
k
n ))k is τα-convergent to 0 in F for where α =

n∑

i=1

1
pi
. For the second

statement, see [3, 2.2]. ��
Weconclude this sectionwith onemore result thatwill be needed in the next section.

Lemma 2.6 Let E1, . . . , En and F be Banach lattices such that
n∑

i=1

1
s(Ei )

< 1. Then,

there exist r1 ≤ s(E1), . . . , rn ≤ s(En) such that each Ei has the �ri -composition

property and
n∑

i=1

1
ri

< 1.
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Proof Letting K =
n∑

i=2

1
s(Ei )

, we have 1
s(E1)

+ K < 1, so 1
1−K < s(E1). By the

definition of s(E1), there exists a real number r1 with 1
1−K < r1 ≤ s(E1) such that

E1 has the �r1 -composition property, which yields that 1
r1

+
n∑

i=2

1
s(Ei )

< 1. Just repeat

the argument for i = 2, . . . , n, to obtain the result. ��

3 M-weakly compact multilinear operators

Recall that a bounded linear operator from a Banach lattice to a Banach space is said
to be M-weakly compact if it maps norm bounded disjoint sequences to norm null
sequences (see, e.g., [25, Definition 3.6.9(iv)]). It is a natural line of investigation in
Functional Analysis to study multilinear versions of already studied classes of linear
operators. Reinforcing that this line of investigation may be fruitful, the main results
of this paper will be derived in the next section from results about two types of M-
weakly compact multilinear operators we introduce in this section. The first one is the
following:

Definition 3.1 Let E1, . . . , En be Banach lattices, and let X be a Banach space. An
n-linear operator A : E1 × · · · × En → X is said to be M-weakly compact if
‖A(xk1 , . . . , x

k
n )‖ → 0 for all disjoint sequences (xk1 )k in BE1, . . . , (x

k
n )k in BEk .

According to the standard terminology, A : E1 × · · · × En → X is said to be
separately M-weakly compact if, for every i ∈ {1, . . . , n} and all x j ∈ E j , j 
= i , the
linear operator xi ∈ Ei �→ A(x1, . . . , xn) ∈ F is M-weakly compact.

Example 3.2 From [25, Theorem 2.4.14] we know that the dual E∗ of a Banach lattice
E has order continuous norm if and only if every linear functional on E is M-weakly
compact.

Let E and F be Banach lattices such that E∗ has order continuous norm, fix func-
tionals x∗ ∈ E∗ and y∗ ∈ F∗, and consider the continuous bilinear form

B : E × F → R , B(x, y) = x∗(x)y∗(y).

On the one hand, B is M-weakly compact for any choice of x∗ and y∗. On the other
hand, if F∗ fails to have order continuous norm, then we can choose 0 
= x∗ ∈ E∗
and a non M-weakly compact linear functional y∗ ∈ F∗. In this case, fixing x0 ∈ E
such that x∗(x0) 
= 0, the resulting linear functional y ∈ F �→ B(x0, y) fails to be
M-weakly compact. In particular, B is not separately M-weakly compact.

The example above suggests our second generalization ofM-weakly compact linear
operators:

Definition 3.3 Let E1, . . . , En be Banach lattices and let X be a Banach space. An
n-linear operator A : E1 × · · · × En → X is said to be strongly M-weakly compact
if, fixing any k ∈ {0, . . . , n − 1} variables, the resulting (n − k)-linear operator is
M-weakly compact.
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In the definition above, the case k = 0means that A isM-weakly compact, whereas
the case k = n − 1 means that A is separately M-weakly compact. In particular: (i)
Every strongly M-weakly compact operator is M-weakly compact and separately M-
weakly compact. (ii) A bilinear operator is stronglyM-weakly compact if and only if it
is M-weakly compact and separately M-weakly compact. For n ≥ 3, this equivalence
is no longer true in general: for a trilinear operator A : E1 × E2 × E3 → F to be
strongly M-weakly compact, for any fixed x1 ∈ E1, the bilinear operator

(x2, x3) ∈ E2 × E3 �→ A(x1, x2, x3) ∈ F,

must be M-weakly compact, a condition that does not follow automatically if A is
M-weakly compact and separately M-weakly compact.

As we saw in Example 3.2, there are M-weakly compact bilinear forms that fail
to be strongly M-weakly compact. But, if E∗

1 , . . . , E
∗
n have order continuous norms,

then for all x∗
1 ∈ E∗

1 , . . . , x
∗
n ∈ E∗

n , the n-linear form

A : E1 × · · · × En → R , A(x1, . . . , xn) = x∗
1 (x1) · · · x∗

n (xn),

is strongly M-weakly compact. Anyway, Definition 3.3 seems to be too demanding,
that is, the class of strongly M-weakly compact multilinear operators seems to be very
small. Nevertheless, we shall provide soon examples of Banach lattices E1, . . . , En

and F for which every (regular) n-linear operator from E1 ×· · ·× En to F is strongly
M-weakly compact. Our first result in this direction is a multilinear version of [9,
Proposition 4.1].

Theorem 3.4 Let E1, . . . , En be Banach lattices with 2n < s(Ei ) < ∞ for every
i = 1, . . . , n, and let F be an abstract Lq-space with 1 ≤ q ≤ 2. If F does not
contain any atoms, then every A ∈ L(E1, . . . , En; F) is strongly M-weakly compact.

Proof Notice first that it suffices us to check that each A ∈ L(E1, . . . , En; F) is M-
weakly compact in the sense of Definition 3.1. Indeed, fixing any k ∈ {1, . . . , n − 1}
variables, the remaining (n − k)-linear operator is defined on Ei1 × · · · × Ein−k for
some i1, . . . , in−k ∈ {1, . . . , n}, and ∞ > s(Ei j ) > 2n > 2(n − k) for every
j = 1, . . . , n − k. As mentioned before, we may assume that F = Lq(μ) for some
measure μ. Suppose, for the sake of contradiction, that there exists a non-M-weakly
compact operator A ∈ L(E1, . . . , En; F). In this case there exist disjoint sequences
(xk1 )k ⊂ BE1, . . . , (x

k
n )k ⊂ BEk such that lim

k→∞ ‖A(xk1 , . . . , x
k
n )‖ 
= 0. Thus, there

exist ε > 0 and a subsequence (k j ) j of N such that ‖A(x
k j
1 , . . . , x

k j
n )‖ ≥ ε for

every j ∈ N. Choosing 2n < r < min
1≤i≤n

s(Ei ), we get that Ei has the property �r -

composition property for all i = 1, . . . , n. Hence, for each i = 1, . . . , n, there exists

an operator Si : �r → Ei such that Si (e j ) = x
k j
i for every j ∈ N. In particular,

‖A(S1(e j ), . . . , Sn(e j ))‖ = ‖A(x
k j
1 , . . . , x

k j
n )‖ ≥ ε.
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Taking 1 < p < r
2n , it is easy to see that the series

∞∑
j=1

j−p/r ek j is unconditionally

convergent in �r and that
∞∑
j=1

j−2np/r = +∞. From [10, Proposition 8.3] it follows

that

( j−p/r ek j ) j ∈ �u1(�r ) :=
⎧
⎨

⎩
(z j ) j ∈ �w

1 (�r ) : sup
ϕ∈B�∗r

∞∑

j=n

|ϕ(z j )| n→∞−→ 0

⎫
⎬

⎭
,

where �w
1 (�r ) denotes the collection of weakly absolutely summable sequences in �r .

Beware that [10] uses the symbol �w,0
1 instead of �u1. Therefore, for each i = 1, . . . , n,

(Si ( j−p/r e j )) j ∈ �u1(F), and by [6, Theorem 4.3] we get that

(A(S1( j
−p/r e j ), . . . , Sn( j

−p/r e j ))) j ∈ �u1(F).

Calling on [10, Proposition 8.3] once again, we have that the series

∞∑

j=1

j−np/r A(S1(e j ), . . . , Sn(e j )) =
∞∑

j=1

A(S1( j
−p/r ek j ), . . . , Sn( j

−p/r ek j ))

is unconditionally convergent in F . For each j ∈ N, set

y j := j−np/r A(S1(ek j ), . . . , Sn(ek j )) ∈ F .

Putting X := span{y j : j ∈ N}, it follows from [2, Exercise 9, p. 204] that there
exists a separable Banach sublattice G of F containing X . Moreover, since F is an
abstract Lq -space with no atoms, G is a separable Banach lattice without atoms and
with a q-additive norm. By [25, Theorem 2.7.3], G is isometrically lattice isomorphic
to Lq [0, 1]. Thus, (y j ) j is unconditionally summable, and by a comment at the bottom
of page 23 in [12], we get that

∞ >

∞∑

j=1

‖y j‖2 =
∞∑

j=1

‖ j−np/r A(S1(ek j ), . . . , Sn(ek j ))‖2 ≥ ε2
∞∑

j=1

j−2np/r = ∞,

a contradiction that completes the proof. ��
Let us see that Theorem 3.4 is false if we either drop the assumptions on the lower

indices of Ei or if we take q > 2.

Example 3.5 (1) The bilinear operator A : �4 × �4 → L1([0, 1]) from Example 1.1(1)
is not M-weakly compact because ‖A(ek, ek)‖1 = ‖rk‖1 = 1 holds for every k ∈ N.
Thus, Theorem 3.4 is false if we take that s(Ei ) = 2n.

(2) For each q > 2, there exists an embedding T : �q → Lq([0, 1]) (see [1, Propo-
sition 6.4.3]). So, A((a j ) j , (b j ) j ) =

∞∑
j=1

a jb j T (e j ) defines a continuous bilinear

123



Compact positive multilinear operators on Banach lattices Page 9 of 20    20 

operator from �q × �∞ to Lq([0, 1]). As (ek)k is not norm null and T is an isomor-
phism onto its range, (T ek)k is not norm null in Lq([0, 1]). Since A(ek, ek) = T (ek)
for every k ∈ N, we conclude that A fails to be M-weakly compact. Thus, Theorem
3.4 is false if we take q > 2.

Our next purpose is to prove the following:

Theorem 3.6 Let E1, . . . , En and F be Banach lattices such that
n∑

i=1

1
s(Ei )

< 1
σ(F)

.

(1) If F is atomic, then every A ∈ L(E1, . . . , En; F) is strongly M-weakly compact.
(2) Every A ∈ Lr (E1, . . . , En; F) is strongly M-weakly compact.

A multilinear version of [16, Theorem 7.2] is needed to prove Theorem 3.6. To do
so, we will need the following two lemmas. The first one is a multilinear version of
an argument used in the proof of [4, Main Theorem].

Lemma 3.7 Let X1, . . . , Xn and Z be Banach spaces, let A ∈ L(X1, . . . , Xn; Z) be
given, let (xk1 )k ⊂ X1, . . . , (xkn ) ⊂ Xn be weakly null sequences, and let ( fk)k be
a weak∗ null sequence in Z∗. Then, there exists a subsequence (k j ) j of N such that

| fk(A(x
k j1
1 , . . . , x

k jn
n ))| ≤ 2−max{l, j1,..., jn} whenever (l, j1, . . . , jn) has at least two

different coordinates.

Proof Weprove the case n = 2. Let X ,Y and Z beBanach spaces, let A ∈ L(X ,Y ; Z),
let (xk)k ⊂ X and (yk)k ⊂ Y be weakly null sequences, and let ( fk)k be a weak∗ null
sequence in Z∗. Choose k1 = 1. Since

| fk(A(xk1 , yk1))| + | fk1(A(xk, yk1))| + | fk1(A(xk1 , yk))| k→∞−→ 0,

there exists k2 > k1 such that

| fk2(A(xk1 , yk1))| + | fk1(A(xk2 , yk1))| + | fk1(A(xk1 , yk2))| ≤ 2−2.

Now, from

2∑

i, j=1

| fk(A(xki , yk j ))| +
2∑

i, j=1

| fki (A(xk, yk j ))| +
2∑

i, j=1

| fki (A(xk j , yk))| k→∞−→ 0,

there is k3 > k2 such that

2∑

i, j=1

| fk3(A(xki , yk j ))| +
2∑

i, j=1

| fki (A(xk3 , yk j ))| +
2∑

i, j=1

| fki (A(xk j , yk3))| ≤ 2−3.

So far, we have k3 > k2 > k1 such that | fkl (xki , yk j )| ≤ 2−max{l,i, j} whenever
(l, i, j) ∈ {1, 2, 3}3 has at least two different coordinates. Suppose that k1 < k2 <
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· · · < kN have been chosen such that | fkl (xki , yk j )| ≤ 2−max{l,i, j} whenever (l, i, j) ∈
{1, . . . , N }3 has at least two different coordinates. From the convergence

N∑

i, j=1

| fk(A(xki , yk j ))| +
N∑

i, j=1

| fki (A(xk, yk j ))| +
N∑

i, j=1

| fki (A(xk j , yk))| k→∞−→ 0,

there exists kN+1 > kN such that

N∑

i, j=1

| fkN+1(A(xki , yk j ))| +
N∑

i, j=1

| fki (A(xkN+1 , yk j ))| +
N∑

i, j=1

| fki (A(xk j , ykN+1))|

≤ 2−(N+1).

Combining the above inequalitywith the induction hypothesis, we get | fkl (xki , yk j )| ≤
2−max{l,i, j} whenever (l, i, j) ∈ {1, . . . , N+1}3 has at least two different coordinates,
and we are done. ��
Lemma 3.8 Let n ≥ 2 be an integer. If r1, . . . , rn > 1 are such that 1

r1
+· · ·+ 1

rn
< 1,

then there are (a j
1 ) j ∈ �+

r1 , . . . , (a
j
n ) j ∈ �+

rn such that
∞∑
j=1

a j
1 · · · a j

n = +∞.

Proof Letting p = 1
1
r1

+ · · · + 1
rn−1

, we have 1
p + 1

rn
< 1. Hence, rn > p∗, where p∗

is the conjugate exponent of p, which yields that �rn 
⊂ �p∗ . Take (b j ) j ∈ �rn \�p∗ . By
a classical application of Banach’s Steinhauss Theorem (Principle of Uniform Bound-

edness), there exists (x j ) j ∈ �p such that
∞∑
j=1

x j b j = +∞. For each i = 1, . . . , n−1,

define aij = x p/ri
j for every j ∈ N. It is easy to see that x j = a j

1 · · · a j
n−1 for every

j ∈ N and (a j
i ) j ∈ �+

ri for each i = 1, . . . , n−1. Therefore,
∞∑
j=1

a j
1 · · · a j

n−1b j = +∞.

��
Next we prove a multilinear version of [16, Theorem 7.2].

Proposition 3.9 Let E1, . . . , En and F be Banach lattices such that
n∑

i=1

1
s(Ei )

< 1
σ(F)

.

Then lim
k→∞ y∗

k (A(xk1 , . . . , x
k
n )) = 0 for every A ∈ L(E1, . . . , En; F) and all positive

disjoint norm bounded sequences (xk1 )k in E1, . . . , (xkn ) in En, (y∗
k ) in F.

Proof We notice first that, since
n∑

i=1

1
s(Ei )

< 1
σ(F)

, we have σ(F) < ∞ and s(Ei ) > 1

for all i = 1, . . . , n. This implies that E∗
1 , . . . , E

∗
n and F have order continuous norm

by Remark 2.2. Moreover, it follows from Remark 2.2(11), that

n∑

i=1

1

s(Ei )
+ 1

s(F∗)
=

n∑

i=1

1

s(Ei )
+ 1 − 1

σ(F)
< 1.
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By Lemma 2.6, there are r1 ≤ s(E1), . . . , rn ≤ s(En) and s ≤ s(F∗) such that
each Ei has the �ri -composition property, F has the �s-composition property, and
n∑

i=1

1
ri

+ 1
s < 1. By Lemma 3.8 there are positive sequences (a j

1 ) j ∈ �r1 , . . . , (a
j
n ) j ∈

�rn and (b j ) j ∈ �s so that
∞∑
j=1

b ja
j
1 · · · a j

n = +∞.

Suppose, for the sake of contradiction, that there are A ∈ L(E1, . . . , En; F)

and normalized disjoint sequences (xk1 )k in E1, . . . , (xkn ) in En, (y∗
k ) in F∗ so that

lim
k→∞ y∗

k (A(xk1 , . . . , x
k
n )) 
= 0. By passing to a subsequence if necessary, we may

assume that there exists ε > 0 such that |y∗
k (A(xk1 , . . . , x

k
n ))| ≥ ε for every k ∈ N. By

replacing xk1 with −xk1 if necessary, we may assume that y∗
k (A(xk1 , . . . , x

k
n )) ≥ ε

holds for every k ∈ N. Since E∗
1 , . . . , E

∗
n and F have order continuous norms,

we get from [25, Theorem 2.4.14 and Corollary 2.4.3] that (xk1 )k, . . . , (x
k
n )k are

weakly null in E1, . . . , En , respectively, and (y∗
k )k is weak* null in F∗. Thus,

by Lemma 3.7, we may assume, by passing to a subsequence if necessary, that
|y∗

k (A(x j1
1 , . . . , x jn

n ))| ≤ 2−max{k, j1,..., jn} whenever (k, j1, . . . , jn)has at least twodif-

ferent coordinates. For each i = 1, . . . , n, xi :=
∞∑
j=1

a j
i x

j
i converges in Ei because Ei

has the �ri -composition property (the convergence of the series follows from Remark

2.2(7)). Hence, letting b = sup
j∈N

b j , a = max
1≤i≤n

sup
j∈N

a j
i and hk =

k∑

j=1

b j y
∗
j for each

k ∈ N, we get

|hk(A(x1, . . . , xn))| =
∣
∣
∣
∣
∣
∣

k∑

j=1

b j y
∗
j (A(x1, . . . , xn))

∣
∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣
∣

k∑

j=1

∞∑

j1,..., jn=1

b ja
j1
1 · · · a jn

n y∗
j (A(x j1

1 , . . . , x jn
n ))

∣
∣
∣
∣
∣
∣

≥
∣
∣
∣
∣
∣
∣

k∑

j=1

b ja
j
1 · · · a j

n y∗
j (A(x j

1 , . . . , x j
n ))

∣
∣
∣
∣
∣
∣
−

−
k∑

j=1

∑

( j1,..., jn) 
=( j,..., j)

|b ja
j1
1 · · · a jn

n y∗
j (A(x j1

1 , . . . , x jn
n ))|

≥ ε

k∑

j=1

b ja
j
1 · · · a j

n

−
∑

( j, j1,..., jn) 
=( j, j,..., j)

b ja
j1
1 · · · a jn

n |y∗
j (A(x j1

1 , . . . , x jn
n ))|

≥ ε

k∑

j=1

b ja
j
1 · · · a j

n − ban ·
∑

( j, j1,..., jn) 
=( j, j,..., j)

2−max{ j, j1,..., jn}
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≥ ε

k∑

j=1

b ja
j
1 · · · a j

n − ban ·
∞∑

l=1

2−l → ∞ as k → ∞.

However, since F∗ has the �s-composition property, the limit lim
k→∞ hk =

∞∑

j=1

b j y
∗
k

exists in F∗ by Remark 2.2(7). This contradiction completes the proof. ��
Now we are in the position to prove Theorem 3.6.

Proof of Theorem 3.6. By assumption, E1, . . . , En and F be Banach lattices so that
n∑

i=1

1
s(Ei )

< 1
σ(F)

. We begin by noticing that it is enough to check that A is M-weakly

compact, because for every k ∈ {1, . . . , n − k} and all indexes i1, . . . , in−k , it holds

n−k∑

j=1

1

s(Ei j )
=

n∑

i=1

1

s(Ei )
<

1

σ(F)
.

As in the proof of Proposition 3.9, F has order continuous norm, hence it is Dedekind
complete, and, for each i = 1, . . . , n, Ei has the �pi -composition property (1 < pi <

s(Ei )). Let A ∈ L(E1, . . . , En; F) be given and let (xk1 )k ⊂ BE1, . . . , (x
k
n )k ⊂ BEk be

disjoint sequences. To prove that lim
k→∞ A(xk1 , . . . , x

k
n ) = 0, it is sufficient to prove that

|A(xk1 , . . . , x
k
n )| ω→ 0 in F and that lim

k→∞ y∗
k (A(xk1 , . . . , x

k
n )) = 0 for every positive

normboundeddisjoint sequence (y∗
k )k ⊂ F∗ (see [16,Corollary 2.6]). The second con-

dition follows from Proposition 3.9, leaving us to check that |A(xk1 , . . . , x
k
n )| ω→ 0 in

F . On the one hand, Proposition 2.5 yields that A(xk1 , . . . , x
k
n )

ω→ 0 in F , and assuming

that F is atomic, we obtain from [25, Proposition 2.5.23] that |A(xk1 , . . . , x
k
n )| ω→ 0

in F , proving statement (1) of the theorem. On the other hand, supposing that A
is positive, we get from Proposition 2.5 that (A(|xk1 |, . . . , |xkn |))k is a weakly null
sequence in F , and so the inequality |A(xk1 , . . . , x

k
n )| ≤ A(|xk1 |, . . . , |xkn |) yields that

|A(xk1 , . . . , x
k
n )| ω→ 0 in F for any positive n-linear operator A : E1 ×· · ·× En → F ,

proving that every positive n-linear operator from E1 × · · · × En into F is M-weakly
compact. Now, statement (2) of the theorem follows by decomposing a regular operator
into its positive and negative parts. ��

The following examples arise from Theorems 3.4 and 3.6.

Example 3.10 (1) Let n ∈ N be given. By Theorem 3.4, every continuous n-linear
operator A : L p1(μ1) × · · · × L pn (μn) → Lq([0, 1]) is M-weakly compact for
all p1, . . . , pn ∈ (2n,∞), 1 ≤ q ≤ 2, and all measures μ1, . . . , μn .

(2) By Theorem 3.6(1), if
n∑

i=1

1
pi

< 1
q , then every continuous n-linear operator A :

L p1(μ1)×· · ·×L pn (μn) → �q(I ) is stronglyM-weakly compact for all measures
μ1, . . . , μn and every index set I .
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(3) Fix 1 < p < 2 and consider a Lorentz sequence d(w, p) as a Banach lattice with
the order induced by its 1-unconditional basis. Then, d(w, p) is atomic. It follows

from Theorem 3.6(1) and Example 2.4 that, if
n∑

i=1

1
pi

< 1
2 , then every continuous

n-linear operator A : L p1(μ1)×· · ·× L pn (μn) → d(w, p) is strongly M-weakly
compact for all measures μ1, . . . , μn .

(4) If
n∑

i=1

1
pi

< 1
q , then every regular n-linear operator A : L p1(μ1)×· · ·×L pn (μn) →

Lq(ν) is strongly M-weakly compact for all measures μ1, . . . , μn, ν.
(5) Given a Banach space X , the free Banach lattice generated by X is a Banach lattice

FBL[X ] equipped with a linear isometric embedding φX : X → FBL[X ] such
that for every bounded linear operator from X to an arbitrary Banach lattice F ,
there exists a lattice homomorphism T̂ : FBL[X ] → F such that T̂ ◦ φX = T
and ‖T̂ ‖ = ‖T ‖. The notion of free Banach lattices appeared in [5]. For recent
developments, see [17, 18, 26, 27]. Given n ∈ N, 1 < p1, . . . , pn < 2, 1 ≤ q <

∞, and measures μ1, . . . , μn, ν, we get from [27, Corollary 9.31] that

s(FBL[L pi (μi )]) = pi for every i = 1, . . . , n.

By Theorem 3.6, every regular n-linear operator

A : FBL[L p1(μ1)] × · · · × FBL[L pn (μn)] → Lq(ν)

is strongly M-weakly compact whenever
n∑

i=1

1
pi

< 1
q . Also, every continuous

n-linear operator

A : FBL[L p1(μ1)] × · · · × FBL[L pn (μn)] → �q

is strongly M-weakly compact whenever
n∑

i=1

1
pi

< 1
q .

(6) Let F be a Banach lattice with 2 ≤ s(F) < ∞, for instance F = Lq(ν) for
every positive measure ν and every q ≥ 2. By [27, Corollary 9.31], s(FBL[F]) =
min{2, s(F)} = 2, and by Remark 2.2(11) we obtain that σ((FBL[F])∗) = 2.
Thus, given 1 < p1, . . . , pn < ∞ andmeasuresμ1, . . . , μn , we get fromTheorem
3.6 that every regular n-linear operator

A : L p1(μ1) × · · · × L pn (μn) → (FBL[F])∗

is strongly M-weakly compact whenever
n∑

i=1

1
pi

<
1

σ((FBL[F])∗) = 1
2 .

123



   20 Page 14 of 20 G. Botelho, V. C. C. Miranda

4 Main results

To prove our main result, the one stated in the Abstract, we shall use the following
theorem that gives sufficient conditions for a positive strongly M-weakly compact
multilinear operator to be compact. Throughout this section, E1, . . . , En and F are
Banach lattices.

Theorem 4.1 Let A : E1 × · · · × En → F be a positive strongly M-weakly compact
n-linear operator. If one of the following conditions holds, then A is compact:

(1) E1, . . . , Em are atomic with order continuous norms.
(2) F is atomic with order continuous norm.

In order to prove Theorem 4.1, we will need the following two lemmas.

Lemma 4.2 If A : E1 × · · · × En → F is a positive M-weakly compact n-linear
operator, then for all norm bounded sets A1 ⊂ E1, . . . , An ⊂ En and ε > 0, there
exist y1 ∈ E+

1 , . . . , yn ∈ E+
n so that

‖A((|x1| − y1)
+, . . . , (|xn| − yn)

+)‖ < ε for all x1 ∈ A1, . . . , xn ∈ An .

Proof Assuming that the thesis is false, there are norm bounded sets A1 ⊂
E1, . . . , An ⊂ En and ε > 0 such that for all y1 ∈ E+

1 , . . . , yn ∈ E+
n , we can

find x1 ∈ A1, . . . , xn ∈ An such that ‖A((|x1| − y1)+, . . . , (|xn| − yn)+)‖ ≥ ε. Fix
x11 ∈ A1, . . . , x1n ∈ An . So, there are x21 ∈ A1, . . . , x2n ∈ An such that

‖A((|x21 | − 4|x11 |)+, . . . , (|x2n | − 4|x1n |)+)‖ ≥ ε.

By induction, we may construct sequences (xkj )k ⊂ A j for every j = 1, . . . , n such
that

∥
∥
∥
∥
∥
∥
A

⎛

⎝

⎛

⎝|xk+1
1 | − 4k

k∑

i=1

|xi1|
⎞

⎠

+
, . . . ,

⎛

⎝|xk+1
n | − 4k

k∑

i=1

|xin |
⎞

⎠

+⎞

⎠

∥
∥
∥
∥
∥
∥

≥ ε for every k ∈ N.

(1)

For each j = 1, . . . , n, define x j =
∞∑

k=1

2−k |xkj |,

zkj =
(

|xk+1
j | − 4k

k∑

i=1

|xij |
)+

, and ukj =
(

|xk+1
j | − 4k

k∑

i=1

|xij | − 2−k x j

)+
.

Thus, for each j = 1, . . . , n, (ukj )k is a norm bounded disjoint sequence in E j (see

[2, Lemma 4.35]) such that 0 ≤ ukj ≤ zkj ≤ ukj + 2−k x j for every k ∈ N. Hence

0 ≤ A(uk1, . . . , u
k
n) ≤ A(zk1, . . . , z

k
n) ≤ A(uk1 + 2−k x1, . . . , u

k
n + 2−k xn)
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holds for every k ∈ N. On the one hand, since A is M-weakly compact and
(uk1)k, . . . , (u

k
n)k are disjoint sequences, we have lim

k→∞ A(uk1, . . . , u
k
n) = 0. On the

other hand, since lim
k→∞ 2−k x j = 0 and for every j = 1, . . . , n, we get

lim
k→∞ A(uk1 + 2−k x1, . . . , u

k
n + 2−k xn) = lim

k→∞ A(uk1, u
k
2 + 2−k x2, . . . , u

k
n + 2−k xn)

= · · · = lim
k→∞ A(uk1, . . . , u

k
n) = 0.

Therefore, lim
k→∞ A(zk1, . . . , z

k
n) = 0, which contradicts (1). ��

Lemma 4.3 Let A : E1 × · · · × En → F be a strongly M-weakly compact positive
n-linear operator. Then, for each ε > 0 there are z1 ∈ E+

1 , . . . , zn ∈ E+
n such that

A(BE1 × · · · × BEn ) ⊂ A([−z1, z1] × · · · × [−zn, zn]) + εBF .

Proof The case n = 2 does not capture the main difficulties of the proof, so we
prove the case n = 3, in which the sensitive issues are handled. The argument will
make it clear that the general case follows analogously. Let ε > 0 be given. Since
A : E1 × E2 × E3 → F is M-weakly compact, applying Lemma 4.2 for the norm
bounded sets BE1, BE2 and BE3 , there are y1 ∈ E+

1 , y2 ∈ E+
2 and y3 ∈ E+

3 such that

‖A((|x1| − y1)
+, (|x2| − y2)

+, (|x3| − y3)
+)‖ ≤ ε

7
for all x1 ∈ BE1 , x2 ∈ BE2 , x3 ∈ BE3 .

Next,we applyLemma4.2 to theM-weakly compact operators A(·, ·, y3) : E1×E2 →
F and to the norm bounded sets BE1 and BE2 to obtain u1 ∈ E+

1 and u2 ∈ E+
2 such

that

‖A((|x1| − u1)
+, (|x2| − u2)

+, y3‖ ≤ ε

7
for all x1 ∈ BE1 and x2 ∈ BE2 .

Analogously, there are v1 ∈ E+
1 and v3 ∈ E+

3 such that

‖A((|x1| − v1)
+, y2, (|x3| − v3)

+‖ ≤ ε

7
for all x1 ∈ BE1 and x3 ∈ BE3,

and there are w2 ∈ E+
2 and w3 ∈ E+

3 such that

‖A(y1, (|x2| − w2)
+, (|x3| − w3)

+‖ ≤ ε

7
for all x2 ∈ BE2 and x3 ∈ BE3 .

Call a1 = y1 ∨u1 ∨v1, a2 = y2 ∨u2 ∨w2 and a3 = y3 ∨v3 ∨w3. Now, we will apply
Lemma 4.2 with n = 1 for A(·, a2, a3), A(a1, ·, a3) and A(a1, a2, ·) with respect to
the norm bounded sets BE1, BE2 and BE3 . Thus, there are b1 ∈ E+

1 , b2 ∈ E+
2 and

b3 ∈ E+
3 so that

‖A((|x1| − b1)
+, a2, a3‖ ≤ ε

21
for all x1 ∈ BE1,
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‖A(a1, (|x2| − b2)
+, a3‖ ≤ ε

21
for all x2 ∈ BE2 ,

and
‖A(a1, a2, (|x3| − b3)

+‖ ≤ ε

21
for all x3 ∈ BE3 .

Define z1 = 13a1 ∨ b1, z2 = a2 ∨ b2 and z3 = a3 ∨ b3. Let x1 ∈ BE1 , x2 ∈ BE2 and
x3 ∈ BE3 be given. Using [2, Theorem 1.7(1)], the positivity of A and the linearity of
A in each variable, we have

A(x1,x2, x3) ≤ A(|x1|, |x2|, |x3|)
= A((|x1| − y1)

+ + |x1| ∧ y1, (|x2| − y2)
+ + |x2| ∧ y2, (|x3| − y3)

+ + |x3| ∧ y3)

≤ A((|x1| − y1)
+, (|x2| − y2)

+, (|x3| − y3)
+) + A(|x1|, |x2|, y3) + A(|x1|, y2, |x3|)

+ A(|x1|, y2, y3) + A(y1, |x2|, |x3|) + A(y1, |x2|, y3) + A(y1, y2, |x3|) + A(y1, y2, y3).

Let us investigate the terms A(|x1|, |x2|, y3), A(|x1|, y2, |x3|) and A(y1, |x2|, |x3|)
separately. By applying [2, Theorem 1.7(1)], and (again) the positivity of A and the
linearity of A in each variable of A, we have

A(|x1|,|x2|, y3) = A((|x1| − u1)
+ + |x1| ∧ u1, (|x2| − u2)

+ + |x2| ∧ u2, y3)

≤ A((|x1| − u1)
+, (|x2| − u2)

+, y3) + A(|x1|, u2, y3) + A(u1, |x2|, y3) + A(u1, u2, y3)

≤ A((|x1| − u1)
+, (|x2| − u2)

+, a3) + A(|x1|, a2, a3) + A(a1, |x2|, a3) + A(a1, a2, a3).

Analogously,

A(|x1|,y2, |x3|) = A((|x1| − v1)
+ + |x1| ∧ v1, y2, (|x3| − v3)

+ + |x3| ∧ v3)

≤ A((|x1| − v1)
+, y2, (|x3| − v3)

+) + A(|x1|, y2, v3) + A(v1, y2, |x3|) + A(v1, y2, v3)

≤ A((|x1| − v1)
+, y2, (|x3| − v3)

+) + A(|x1|, a2, a3) + A(a1, a2, |x3|) + A(a1, a2, a3),

and

A(y1,|x2|, |x3|) = A(y1, (|x2| − w2)
+ + |x2| ∧ w2, (|x3| − w3)

+ + |x3| ∧ w3)

≤ A(y1, (|x2| − w2)
+, (|x3| − w3)

+) + A(y1, |x2|, w3) + A(y1, w2, |x3|) + A(y1, w2, w3)

≤ A(y1, (|x2| − w2)
+, (|x3| − w3)

+) + A(a1, |x2|, a3) + A(a1, a2, |x3|) + A(a1, a2, a3).

Combining the information above, we get

A(x1,x2, x3) ≤ A((|x1| − y1)
+, (|x2| − y2)

+, (|x3| − y3)
+) + A(|x1|, |x2|, y3) + A(|x1|, y2, |x3|)

+ A(|x1|, y2, y3) + A(y1, |x2|, |x3|) + A(y1, |x2|, y3) + A(y1, y2, |x3|) + A(y1, y2, y3)

≤ A((|x1| − y1)
+, (|x2| − y2)

+, (|x3| − y3)
+)+

+ A((|x1| − u1)
+, (|x2| − u2)

+, a3) + A(|x1|, a2, a3) + A(a1, |x2|, a3) + A(a1, a2, a3)

+ A((|x1| − v1)
+, y2, (|x3| − v3)

+) + A(|x1|, a2, a3) + A(a1, a2, |x3|) + A(a1, a2, a3)

+ A(|x1|, a2, a3)
+ A(y1, (|x2| − w2)

+, (|x3| − w3)
+) + A(a1, |x2|, a3) + A(a1, a2, |x3|) + A(a1, a2, a3)

+ A(a1, |x2|, a3) + A(a1, a2, |x3|) + A(a1, a2, a3),
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that is

A(x1,x2, x3) ≤ A((|x1| − y1)
+, (|x2| − y2)

+, (|x3| − y3)
+) + A((|x1| − u1)

+, (|x2| − u2)
+, a3)

+ A((|x1| − v1)
+, y2, (|x3| − v3)

+) + A(y1, (|x2| − w2)
+, (|x3| − w3)

+)

+ 3A(|x1|, a2, a3) + 3A(a1, |x2|, a3) + 3A(a1, a2, |x3|) + 4A(a1, a2, a3).

Now we handle the terms A(|x1|, a2, a3), A(a1, |x2|, a3) and A(a1, a2, |x3|) sepa-
rately. Using once again [2, Theorem 1.7(1)], the positivity of A and its linearity in
each variable, we have

A(|x1|, a2, a3) = A((|x1| − b1)
+, a2, a3) + A(|x1| ∧ b1, a2, a3)

≤ A((|x1| − b1)
+, a2, a3) + A(b1, a2, a3)

≤ A((|x1| − b1)
+, a2, a3) + A(a1 ∨ b1, a2 ∨ b2, a3 ∨ b3).

Analogously

A(a1, |x2|, a3) ≤ A(a1, (|x2| − b2)
+, a3) + A(a1 ∨ b1, a2 ∨ b2, a3 ∨ b3),

and

A(a1, a2, |x3|) ≤ A(a1, a2, (|x3| − b3)
+) + A(a1 ∨ b1, a2 ∨ b2, a3 ∨ b3).

Combining the last four inequalities above, we obtain

A(x1,x2, x3) ≤ A((|x1| − y1)
+, (|x2| − y2)

+, (|x3| − y3)
+) + A((|x1| − u1)

+, (|x2| − u2)
+, a3)

+ A((|x1| − v1)
+, y2, (|x3| − v3)

+) + A(y1, (|x2| − w2)
+, (|x3| − w3)

+)

+ 3A((|x1| − b1)
+, a2, a3) + 3A(a1 ∨ b1, a2 ∨ b2, a3 ∨ b3)

+ 3A(a1, (|x2| − b2)
+, a3) + 3A(a1 ∨ b1, a2 ∨ b2, a3 ∨ b3)

+ 3A(a1, a2, (|x3| − b3)
+) + 3A(a1 ∨ b1, a2 ∨ b2, a3 ∨ b3) + 4A(a1, a2, a3),

that is

A(x1,x2, x3) ≤ A((|x1| − y1)
+, (|x2| − y2)

+, (|x3| − y3)
+) + A((|x1| − u1)

+, (|x2| − u2)
+, a3)

+ A((|x1| − v1)
+, y2, (|x3| − v3)

+) + A(y1, (|x2| − w2)
+, (|x3| − w3)

+)

+ 3A((|x1| − b1)
+, a2, a3) + 3A(a1, (|x2| − b2)

+, a3) + 3A(a1, a2, (|x3| − b3)
+)

+ 13A(a1 ∨ b1, a2 ∨ b2, a3 ∨ b3).

Recalling that z1 = 13a1 ∨ b1, z2 = a2 ∨ b2 and z3 = a3 ∨ b3, from the inequality
above together with the norm estimates obtained at the beginning of the proof, we
have

‖A(x1, x2, x3) − A(z1, z2, z3)‖ ≤ ε

7
+ ε

7
+ ε

7
+ ε

7
+ 3

ε

21
+ 3

ε

21
+ 3

ε

21
= ε.

Therefore A(x1, x2, x3) − A(z1, z2, z3) ∈ εBF , and we are done. ��
Now, we have all we need to present the proof of Theorem 4.1.
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Proof of Theorem 4.1. We shall use (twice) that a subset K of a Banach space X is
relatively compact if and only if for every ε > 0 there is a relatively compact set Kε in X
such that K ⊂ Kε+εBX (see, e.g., [11, p. 5]). By assumption, A : E1×· · ·×En → F
is a positive strongly M-weakly compact n-linear operator. Let ε > 0 be given. By
Lemma 4.3 there are y1 ∈ E+

1 , . . . , yn ∈ E+
n such that

A(BE1 × · · · × BEn ) ⊂ A([−y1, y1] × · · · × [−yn, yn]) + ε BF . (2)

Suppose that E1, . . . , Em are atomic with order continuous norms. In this case,
the order intervals [−y1, y1], . . . , [−yn, yn] are relatively compact in E1, . . . , En ,
respectively (see [32, Theorem 6.1]). So, [−y1, y1] × · · · × [−yn, yn] is relatively
compact in E1 × · · · × En , and the continuity of A yields that A([−y1, y1] × · · · ×
[−yn, yn]) is relatively compact in F . Together with (2), this proves that A(BE1 ×
· · · × BEn ) is relatively compact, hence A is a compact operator.

Assume now that F is atomic with order continuous norm. Since A is positive, A
is order bounded, so there exists z ∈ F such that A([−y1, y1] × · · · × [−yn, yn]) ⊂
[−z, z]. By (2) we have

A(BE1 × · · · × BEn ) ⊂ [−z, z] + ε BF .

Finally, it follows from [32, Theorem 6.1] that [−z, z] is relatively compact in F ,
hence A is a compact operator. ��

Now our main result follows from a combination of Theorem 4.1 and Examples
3.10:

Theorem 4.4 Let 1 < p1, . . . , pn < ∞, 1 ≤ q < ∞ be given and let μ1, . . . , μn, ν

be measures.

(1) All positive n-linear operators from L p1(μ1) × · · · × L pn (μn) to �q and from

�p1 × · · · × �pn to Lq(ν) are compact whenever
n∑

i=1

1
pi

< 1
q .

(2) All positive n-linear operators from FBL[L p1(μ1)] × · · · × FBL[L pn (μn)] to �q

are compact whenever 1 < p1, . . . , pn < 2, 1 ≤ q < ∞ and
n∑

i=1

1
pi

< 1
q .

(3) All positive n-linear operators from �p1 ×· · ·×�pn to (FBL[Lq(ν)])∗ are compact
whenever 2 ≤ q < ∞ and

n∑

i=1

1
pi

<
1

σ((FBL[L2(ν)])∗) = 1
2 . The same holds if

we replace Lq(μ) with a Banach lattice F such that 2 ≤ s(F) < ∞.

Remark 4.5 A shorter proof of the assertion about positive n-linear operators from
L p1(μ1) × · · · × L pn (μn) to �q in part (1) of the theorem above follows from a
combination of a factorization theorem of positive multilinear operators due to Schep
[30, Theorem 3.5] with the compactness of linear operators from �r to �q , q < r .

We conclude our manuscript with two applications of Theorem 4.4. Recall that
a n-homogeneous polynomial P : E → F between Banach lattices is said to be
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positive if its associated symmetric n-linear operator TP : En → F is positive. A
homogeneous polynomial is regular if it is the difference of two positive polynomials.
By Pr (n E; F) we denote the space of regular n-homogeneous polynomials from E
to F . Details can be found in [8, 23].

Corollary 4.6 Let n ∈ N and 1 ≤ p, q < ∞ be such that nq < p, and let μ

be a measure. Then, every positive n-homogeneous polynomial P : L p(μ) → �q
is compact, that is, P(BL p(μ)) is a relatively compact subset of �q . In this case,
Pr (nL p(μ); �q) does not contain a copy of c0.

Proof The symmetric n-linear operator TP associated to P is compact by Theorem
4.4(1). Since P(BL p(μ)) ⊂ TP

((
BL p(μ)

)n), P is compact as well. The second state-
ment follows from [7, Theorem 4.3]. ��
Corollary 4.7 Let 2 < p < ∞, 2 ≤ q < ∞ be given and let μ be a measure. Then,
every positive linear operator from �p to (FBL[Lq(μ)])∗ is compact and is norm-
attaining. The same holds if we replace Lq(μ) with a Banach lattice F such that
2 ≤ s(F) < ∞.

Proof In this case, �p is a reflexive Banach lattice whose order is given by a basis,
so every positive linear operator from �p to (FBL[Lq(μ)])∗ is compact by Theorem
4.4(3). The second statement follows from [24, Theorem 2.12]. ��
Acknowledgements Part of this note was prepared while the second author was visiting the Instituto de
Matemática e Estatística at the Universidade Federal de Uberlândia in August 2025. He is deeply grateful
to the institute for its hospitality and support. The authors thank the reviewer and the editor for helpful
suggestions.

Author Contributions The two authors have contributed equally in all steps of the research that resulted in
this paper. Both of them have written, read and revised the final version of the manuscript.

Funding The Article Processing Charge (APC) for the publication of this research was funded by the Coor-
denação de Aperfeiçoamento de Pessoal de Nível Superior - Brasil (CAPES) (ROR identifier: 00x0ma614).

Data Availability No datasets were generated or analysed during the current study.

Declarations

Competing interests The authors declare no competing interests.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Albiac, F., Kalton, N.J.: Topics in Banach Space Theory, 2nd Ed., Graduate Texts in Mathematics, vol.
233, Springer, Cham, with a foreword by Gilles Godefroy (2016)

123

http://creativecommons.org/licenses/by/4.0/


   20 Page 20 of 20 G. Botelho, V. C. C. Miranda

2. Aliprantis, C., Burkinshaw, O.: Positive Operators. Springer, Dordrecht (2006)
3. Alencar, R., Floret, K.: Weak-strong continuity of multilinear mappings and the Pełczyǹski-Pitt theo-
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