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Abstract
n
Letl < py,..., py < 00,1 <¢q < ocobesuchthat ) # < éandlet,ul,...,un,v

be arbitrary measures. Generalizing known linear anci mlultilinear results, we prove that
all positive n-linear operators from £, x - - - x £, to Ly (v) and from L (p1) x - -+ X
L p, (py) to €, are compact. This result, along with other related ones concerning free
Banach lattices, shall emerge as consequences of some facts we prove about M -weakly
compact multilinear operators on Banach lattices.

Keywords Banach lattices - compact multilinear operator - M-weakly compact
linear/multilinear operators

Mathematics Subject Classification 46B42 - 46B50 - 46G25 - 47B07 - 47H60.

1 Introduction

A long tradition began in 1936 when Pitt [28] proved that bounded linear operators
from £, to £, are compact whenever ¢ < p. Stepping into the nonlinear environment,
Pefczyniski [29] proved in 1957 that continuous n-homogeneous polynomials from £,
to £, are compact if ng < p. After several related results, see, e.g. [13, 19, 20], in

1997 Alencar and Floret [3] proved the multilinear case: every continuous n-linear
n

operator from £, x --- x £, to £, is compact whenever pl < é. In 2014, Ji,
i=1""

Lee and Bu [21] proved that positive n-linear operators from £, x --- x £, to £, are
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n
compact only if > % < é. Using Banach lattices techniques, Chen and Wickstead
i=1""

[9] proved in 1998 that positive linear operators from £, to L, (v) and from L, (i)
to £, are compact if ¢ < p. The main results of this paper, some of which are stated
in the Abstract, can be regarded as multilinear extensions of this latter result and as
lattice counterparts of the former ones.

Next, we present two examples, one showing that the posivitity of the operator is
essential, and the other one showing that atomicity is essential either in the domain
spaces or in the target space.

Example 1.1 (1) Using Holder’s inequality and Khintchine’s inequalities [1, Theo-
o0

rem 6.2.2], it is easy to see that A((a;);, (bj);) = )_ ajb;r;, where (r,), denotes
=1

the sequence of Rademacher functions, defines a n/on-compact continuous bilinear

operator from €4 x £4 to L1([0, 1]).

(2) By [9, Theorem 4.9], there exists a positive non-compact operator T
L>([0,1]) — L1([0, 1]). Let ¢ : £3 — R be a positive linear functional functional.
Then, B(f,a) = ¢(a)T(f) defines a non-compact positive bilinear operator from
L ([0, 11) x £3 to L1 ([0, 1]).

In our way to prove the main result we had to consider multilinear generalizations of
the classical class of M-weakly compact linear operators. Actually, the main results of
the paper are consequences of the results we prove for M-weakly compact multilinear
operators.

In Section 2 we recall some basic facts about indices of Banach lattices and we
prove some results that shall be needed later. The results about M-weakly compact
multilinear operators are proved in Section 3. The main results, including the one stated
in the Abstract and results concerning free Banach lattices, are proved in Section 4.

By E™ we denote the positive cone of the Banach lattice E and by By the closed
unit ball of the Banach space X. Throughout the paper, all measures are positive.

Given Banach spaces X1, ..., X, and Y, the Banach space of all continuous n-
linear operators A : X| x---x X,, — Y isdenoted by L(X1, ..., X,; Y). An operator
Ae L(Xy,...,X,; Y)iscompactif A(BE, x---Xx Bg,) is arelatively compact subset
of Y. Compact multilinear operators started being studied in Petczyriski [29]. For given
Banach lattices Ey, ..., E, and F, an n-linear operator A : E{ X --- X E, — F
is said to be positive if A(xy,...,x,) > 0 for all x; € E1+, ..., X, € E;f It is
a well-known fact that |A(x1, ..., x,)| < A(|x1l,..., |xs|) for a positive n-linear
operator A : Ey X --- X E, — Fandall x; € Ey,...,x, € E,. The difference of
two positive n-linear operators is called a regular n-linear operator, and the set of all
regular n-linear operators from E| x - - - X E,, into F isdenoted by L" (E1, ..., E,; F).
It is well known that positive (hence regular) multilinear operators are automatically
continuous. Whenever F is Dedekind complete, L (E1, ..., E,; F)isaBanach lattice
with the regular norm ||A|| := |||A]ll, where |A| denotes the absolute value of the
regular n-linear operator A : £y X --- X E, — F.

For (spaces of) continuous multilinear operators between Banach spaces we refer
to [14], for (spaces of) regular multilinear operators between Banach lattices we refer
to [8, 23], and for the basic theory of Banach lattices we refer to [2, 25].
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2 Preliminary results

The following terminology was introduced by P. G. Dodds [15]:

Definition 2.1 Let E be a Banach lattice and let 1 < p < oo be given. (1) E is said to
have the £,,-composition property if every positive disjoint sequence (x,), in E such
that (||x, ), € £, satisfies sup |[x1 + - - + x, || < oo. The lower index s(E) of E is

neN
defined by
S(E) = sup { p > 1 : E has the £, -composition property} .

(2) E is said to have the £,-decomposition property if every positive disjoint order
bounded sequence (x,), in E satisfies (||x, ), € £,. The upper index o (E) of E is
defined by

o(E) = inf { p > 1 : E has the £,-decomposition property} .
Next, we recall some properties related to the notions defined above.

Remark 2.2 (1) Every Banach lattice has the £{-composition property [15, p. 74] and
the ¢.-decomposition property [15, p. 75].

(2) If E has the £,-composition property for some p > 1, then E also has the £,-
composition property for every 1 < r < p [15, p. 74]. On the other hand, if E
has the £,-decomposition property for some 1 < p < oo, then E also has the
£,-decomposition property for every oo > r > p [15, p. 75]. These observations
show that the lower and the upper indices are well defined.

(3) If E has the £ ,,-composition property for some p > 1, then E* has order continuous
norm [15, Theorem 2.3].

(4) If E has the £,-decomposition property for some 1 < p < oo and E has the
£,-composition property for some 1 < r < oo, then E is reflexive [15, Corollary
2.6].

(5) Suppose that % + % = 1. Then, E has the £,-decomposition property if and only
if E* has the £,-composition property [15, Theorem 2.14]. Also, E has the £,-
composition property if and only if £* has the £,-decomposition property [16, p.
315].

(6) It follows from (5) and (3) that if E has the £,-decomposition property, then E**
has order continuous norm. Since E is a closed sublattice of E**, we get that E
also has order continuous norm.

(7) Itfollows from[16, p. 314] that for a Banach lattice E, the following are equivalent:

(i) E has the £,-composition property (1 < p < 00).
(i1) For every disjoint norm-bounded sequence (x,), in E there exists a bounded
linear operator S : £, — E such that S(e;) = x,, forevery n € N.
n
D Xi
i=1
for every finite disjoint subset {x1, ..., x,} of E.

(iii) There exists a constant M > 0 such that < M||(x1, ..., xp)|l p holds
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Ttem (iii) above coincides with the definition of the so-called upper p-estimate from
[25, Section 2.8] or [22, Definition 1.f.4]. This notion was called by Dodds [15,
Definition 2.7] and Schep [31, Definition 1.2] as strong £, -composition property.
(8) For every Banach lattice E, E has the £,-decomposition property if and only
if E satisfies a lower p-estimate, meaning that there exists a constant M > 0
n
2
i=
{x1,...,x,} (see [25, Corollary 2.8.10]). In the literature, we can also find the
terminology strong £,-decomposition property for this notion (see [15, p. 78]
or [31, Definition 1.1]).
(9) For every Banach lattice E, it holds that 1 < s(E) < o(E) < oo; this justifies
why s(E) and o (E) are called, respectively, the lower index and the upper index
of E. Moreover, s(E) = 1 and o (E) = oo for every finite-dimensional £ [15,
Theorem 3.2].
(10) Items (7) and (8) above yield that, for every E,

such that [|(x1,...,x)llp <M holds for every finite disjoint subset

s(E) =sup{p > 1 : E satisfies an upper p -estimate} .

and
o(E) =inf {p > 1 : E satisfies a lower p -estimate} .

1 1 1

= o &) T sE

1
(11) It follows from [16, p. 314] that o (E) + S(ED
holds for every Banach lattice E.

We recall that a Banach lattice E is said to be an abstract L ,-space (1 < p < 00)if
lx+y1” = ||x|I”+|y||” holds for all positive disjoint elements x, y € E.Inparticular,
the norm of E is p-additive. Itis well known that L , (0) := L, (2, X, ) is an abstract
L ,-space for every measure space (£2, X, ). Conversely, if E is an abstract L ,-space,
then there exists a topological Hausdorff space X and a Baire measure © on X such
that E is isometrically isomorphic to L, (u) [25, 2.7.1]. More details can be found
in [25, Section 2.7]. We also recall that a Banach lattice E is an abstract M-space
(AM-space, in short) if ||x Vv y|| = max{||x]||, |y||} for all x, y > 0 in E. In this case
the norm of E is called an abstract M-norm. The following characterizations were
proven in [15, Section 4]:

Proposition 2.3 (1) A Banach lattice E has the £1-decomposition property if and only
if E has an equivalent abstract L1-space norm.

(2) Let 1 < p < 00. A Banach lattice E has the £ ,-decomposition property and the
£ p-composition property if and only if E has an equivalent abstract L ,-space
norm.

(3) Let E be a o-Dedekind complete Banach lattice (or equivalently, E has the so-
called principal projection property [25, p. 18]). Then, E has the £ ~-composition
property if and only if E has an equivalent abstract M -space norm.

As aconsequence of Proposition2.3, wehave s (L, (1)) = o (L ,(u)) = p forevery
1 < p < oo and every measure u, and o (E) = s(E) = oo for every o-Dedekind
complete AM-space E. Let us see one more example:

@ Springer
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Example 2.4 Let F be a Lorentz sequence space with a lower 2-estimate, or equiv-
alently, with the ¢>-decomposition property, that is not 2-concave (see, e.g., [22,
Example 1.£.19]). Also, recall that F is a Banach lattice with the order induced by
its 1-unconditional basis. We claim that o (F) = 2. Indeed, since F has the ¢5-
decomposition property, o (F') < 2. If F has the £,-decomposition property for some
r < 2, it follows from [22, Theorem 1.f.7] that F' is g-concave for every g € (r, 00),
which is a contradiction because F fails to be 2-concave. Thus, o (F) = 2.

The following notion was introduced by Pelczyriski [29]. For0 < o < 1, asequence
(x5)n in a Banach space is said to be 7,-convergent to O if there exists ¢ > 0 such that

>

neB

<c|B|*

for every finite subset B C N, where | B| denotes the cardinality of B. The application
of [3, Main Theorem] we prove next shall be needed later.

Proposition2.5 Let E1, ..., E, and F be Banach lattices and let A € L(E1, ..., Ey;
F) be given. Suppose that, foreachi = 1, ..., n, E; has the £ ,,-composition property

(1 < pi < 00). Then, for all norm bounded disjoint sequences (xll‘)k inEy, ..., (x,]f)k
n

in E,, the sequence (A(xf, e, xfl))k is ty-convergent to 0 in F, where o = )
i=1

1
pi’

In particular, (A(x{‘, e, x,];))k is a weakly null sequence in F.

Proof Let (x’f)k c Eq, ..., (x,’;)k C Ej be norm bounded disjoint sequences. For
eachi =1,...,n, since E; has the £, -composition property, there exists a bounded
linear operator S; : £,, — E; such that S;(ex) = x;‘ for every k € N [Remark 2.2(7)].
Hence,

]

k _k
Z“z’xi

k=1

< ISi 11+ 1@kl

o0
> afSiter)
k=1

o
S; (Z afef-‘)
k=1

holds for every (af‘)k € £y, andeachi =1, ..., n. This proves that each (xf)k has the

so-called upper p-estimate [3, Proposition 2.2], therefore (xf)k is T1/p;-convergent

to O for every i = 1,...,n [3, 2.2]. By [3, Main Theorem], we conclude that
n

(A(x’l‘, ...,x,’i))k is to-convergent to 0 in F for where @ = ) % For the second

i=1
statement, see [3, 2.2]. O

‘We conclude this section with one more result that will be needed in the next section.
n
Lemma2.6 Let Ey, ..., E, and F be Banach lattices such that ﬁ < 1. Then,
i=1

there exist ri < s(Ey),...,rn < s(E,) such that each E; has the {,,-composition

n
property and Y rl <1
i=1"
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n
Proof Letting K = Y _ ﬁ, we have ﬁ + K < 1, s0 ﬁ < s(E1). By the
=2 !

definition of s(E1), there exists a real number r; with ﬁ < r1 < s(Ep) such that

1
s(Ep)

n
E| has the ¢, -composition property, which yields that % +> < 1. Just repeat
i=2

the argument for i = 2, ..., n, to obtain the result. O

3 M-weakly compact multilinear operators

Recall that a bounded linear operator from a Banach lattice to a Banach space is said
to be M-weakly compact if it maps norm bounded disjoint sequences to norm null
sequences (see, e.g., [25, Definition 3.6.9(iv)]). It is a natural line of investigation in
Functional Analysis to study multilinear versions of already studied classes of linear
operators. Reinforcing that this line of investigation may be fruitful, the main results
of this paper will be derived in the next section from results about two types of M-
weakly compact multilinear operators we introduce in this section. The first one is the
following:

Definition 3.1 Let E, ..., E, be Banach lattices, and let X be a Banach space. An
n-linear operator A : Ey x --- X E, — X is said to be M-weakly compact if
||A(x]1‘, ... ,x,’f)|| — 0 for all disjoint sequences (X]f)k in Bg,, ..., (X,li)k in Bg,.

According to the standard terminology, A : E1 x --- x E, — X is said to be
separately M-weakly compact if, foreveryi e {1,...,n}and allx; € E;, j # i, the
linear operator x; € E; — A(xy, ..., x,) € F is M-weakly compact.

Example 3.2 From [25, Theorem 2.4.14] we know that the dual E* of a Banach lattice
E has order continuous norm if and only if every linear functional on E is M-weakly
compact.

Let E and F be Banach lattices such that £* has order continuous norm, fix func-
tionals x* € E* and y* € F*, and consider the continuous bilinear form

B:ExF — R, B(x,y) =x*x)y*(y).

On the one hand, B is M-weakly compact for any choice of x* and y*. On the other
hand, if F* fails to have order continuous norm, then we can choose 0 # x* € E*
and a non M-weakly compact linear functional y* € F*. In this case, fixing xo € E
such that x*(xg) # 0, the resulting linear functional y € F + B(xp, y) fails to be
M -weakly compact. In particular, B is not separately M-weakly compact.

The example above suggests our second generalization of M -weakly compact linear
operators:

Definition 3.3 Let Ey, ..., E, be Banach lattices and let X be a Banach space. An
n-linear operator A : E1 x --- x E, — X is said to be strongly M-weakly compact
if, fixing any k € {0, ...,n — 1} variables, the resulting (n — k)-linear operator is
M-weakly compact.
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In the definition above, the case k = 0 means that A is M-weakly compact, whereas
the case k = n — 1 means that A is separately M-weakly compact. In particular: (i)
Every strongly M-weakly compact operator is M-weakly compact and separately M-
weakly compact. (ii) A bilinear operator is strongly M-weakly compact if and only if it
is M-weakly compact and separately M-weakly compact. For n > 3, this equivalence
is no longer true in general: for a trilinear operator A : E; x E» x E3 — F to be
strongly M-weakly compact, for any fixed x; € E1, the bilinear operator

(x2,x3) € E2 X E3 =~ A(x1,x2,x3) € F,

must be M-weakly compact, a condition that does not follow automatically if A is
M-weakly compact and separately M-weakly compact.

As we saw in Example 3.2, there are M-weakly compact bilinear forms that fail
to be strongly M-weakly compact. But, if £ T, ..., E} have order continuous norms,
then for all x| € EY, ..., x; € E;, the n-linear form

ATE; XX Ep —> R, A(xp, ..., xp) = x{(x1) -+ X (),

is strongly M-weakly compact. Anyway, Definition 3.3 seems to be too demanding,
that is, the class of strongly M-weakly compact multilinear operators seems to be very
small. Nevertheless, we shall provide soon examples of Banach lattices Ey, ..., E,
and F for which every (regular) n-linear operator from Eq x - - - x E, to F is strongly
M-weakly compact. Our first result in this direction is a multilinear version of [9,
Proposition 4.1].

Theorem3.4 Let E, ..., E, be Banach lattices with 2n < s(E;) < oo for every
i =1,...,n, and let F be an abstract L,-space with 1 < g < 2. If F does not
contain any atoms, then every A € L(E1, ..., E,; F) is strongly M-weakly compact.

Proof Notice first that it suffices us to check that each A € L(Eq, ..., E,; F) is M-
weakly compact in the sense of Definition 3.1. Indeed, fixing any k € {1,...,n — 1}
variables, the remaining (n — k)-linear operator is defined on E;; x --- x E; , for
some iy, ...,in—k € {l,...,n}, and 0o > s(E;;) > 2n > 2(n — k) for every
J =1,...,n — k. As mentioned before, we may assume that ' = L, (u) for some
measure . Suppose, for the sake of contradiction, that there exists a non- M -weakly
compact operator A € L(EY, ..., E,; F). In this case there exist disjoint sequences
O € Bey, ..., (x5 € B, such that Jim TAGK, ... x| # 0. Thus, there
— 00

exist ¢ > 0 and a subsequence (k;); of N such that ||A(xfj, .. .,x,’ij)|| > ¢ for
every j € N. Choosing 2n < r < 1m_in s(E;), we get that E; has the property £,-
<i<n

composition property foralli =1, . . ,_ n. Hence, foreachi = 1, ..., n, there exists

an operator S; : £, — E; such that S;(e;) = xf 7 for every j € N. In particular,

ki ki
[A(S1(e))s ... SuleDl = A, ..., x,)Il > e
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o0
Taking 1 < p < 5, it is easy to see that the series '21 jor/ "ey; is unconditionally
]:

o0

convergent in £, and that »_ j —21p/r — 460, From [10, Proposition 8.3] it follows
j=l1

that

[ee)
G Prer))j € €1(l) == (2)); € 6V(6) = sup Y ozl =5 0¢,
¢€Byx

T ] =n
where £} (£,) denotes the collection of weakly absolutely summable sequences in £,.

Beware that [10] uses the symbol Zlf’o instead of £. Therefore, foreachi =1, ..., n,
(S; (j_”/’ej))j € £{(F), and by [6, Theorem 4.3] we get that

(ASI1GTPTe), .o Su(GTPITe))); € LU (F).

Calling on [10, Proposition 8.3] once again, we have that the series

e ¢]

o0
D ITIASIE)). L Sule) =Y ASIGT ek, Sa (TP e)
j=1 j=1

is unconditionally convergent in F. For each j € N, set
yj =" A(S1(ex;). ... Sulex;)) € F.

Putting X := span{y; : j € N}, it follows from [2, Exercise 9, p.204] that there
exists a separable Banach sublattice G of F' containing X. Moreover, since F is an
abstract L -space with no atoms, G is a separable Banach lattice without atoms and
with a g-additive norm. By [25, Theorem 2.7.3], G is isometrically lattice isomorphic
to L4[0, 1]. Thus, (y;); is unconditionally summable, and by a comment at the bottom
of page 23 in [12], we get that

o oo o
00 > Y il =D 1A (k). - Suler )P = &Y TP = oo,
j=1 j=1 j=1
a contradiction that completes the proof. O

Let us see that Theorem 3.4 is false if we either drop the assumptions on the lower
indices of E; or if we take g > 2.

Example 3.5 (1) The bilinear operator A : £4 x £4 — L1([0, 1]) from Example 1.1(1)
is not M-weakly compact because ||A(ex, ex)|l1 = |l7xll1 = 1 holds for every k € N.
Thus, Theorem 3.4 is false if we take that s(E;) = 2n.

(2) For each g > 2, there exists an embedding T : £, — L4 ([0, 1]) (see [1, Propo-

o
sition 6.4.3]). So, A((a;);, (bj);) = > ajb;T (e;) defines a continuous bilinear
j=1
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operator from £, X £oo to Ly ([0, 1]). As (ex)i is not norm null and 7 is an isomor-
phism onto its range, (7 ey )y is not norm null in L, ([0, 1]). Since A(e, ex) = T (ex)
for every k € N, we conclude that A fails to be M-weakly compact. Thus, Theorem
3.4 is false if we take g > 2.

Our next purpose is to prove the following:

n
. 1 1
Theorem 3.6 Let Ey, ..., E, and F be Banach lattices such that i; SEY < 5
(1) If F is atomic, then every A € L(E, ..., Ey; F) is strongly M-weakly compact.

(2) Every A € L"(E, ..., E,; F) is strongly M-weakly compact.

A multilinear version of [16, Theorem 7.2] is needed to prove Theorem 3.6. To do
so, we will need the following two lemmas. The first one is a multilinear version of
an argument used in the proof of [4, Main Theorem)].

Lemma3.7 Let X1, ..., X, and Z be Banach spaces, let A € L(X1, ..., Xn; Z) be
given, let (xf)k c X1,..., (x,li) C X, be weakly null sequences, and let (fy)x be
a weak® null sequence in Z*. Then, there exists a subsequence (k;); of N such that

ki kj ; ; . .
fe(AG o x| < 2= max{ljioint yphenever (I, ji, ..., jn) has at least two
different coordinates.

Proof We provethecasen = 2.Let X, Y and Z be Banach spaces,letA € L(X,Y; Z),
let (xx)r C X and (yx)x C Y be weakly null sequences, and let ( fi)x be a weak™ null
sequence in Z*. Choose k1 = 1. Since

k—
| fie(AGeky s i)+ | fier (AGeie, Y D]+ | fieg (At s yi0)) | — 0,
there exists kp > ki such that
| fio (AQeky s YD+ | i (AGrks Yk =+ | Sy (AGeky s yio))| < 272

Now, from

2 2 2
k—
DA )+ D i (A )+ Y | fio (A, i) =0,
i,j=1 ij=1 i,j=1
there is k3 > k» such that
2 2 2
D 1 Ak v+ D 1 i (AGxks, i)+ Y i (A yis))| < 272

i j=1 i,j=1 i,j=1

So far, we have k3 > ka > ki such that | fi, (xk;, ;)| < 27 max{l.i.j} whenever
i, j e{1,2, 3}3 has at least two different coordinates. Suppose that k1 < ky <
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20  Page 10 of 20 G. Botelho, V. C. C. Miranda

- < ky have been chosen such that | fi, (xi, . y,)| < 27 ™7} whenever (1, i, j) €

{1,..., N}’ has at least two different coordinates. From the convergence
N N N L
—00
YA i)+ D i (A )+ Y | fia (Al yi) | =30,
i,j=1 i,j=1 i,j=1

there exists ky+1 > ky such that

N N N

D U frwar Ak Y+ D 1t Ak D]+ D | (AGek s Yk ,)))
i,j=1 i,j=l i,j=l

< 2*(N+1)'

Combining the above inequality with the induction hypothesis, we get | fi, (xx; , Yi;)| <

2~ max{l.i.j} whenever ¢i,jyefl,..., N+ 1}3 has at least two different coordinates,
and we are done. O
Lemma 3.8 Letn > 2 be an integer. If ry, ..., r, > 1 are such that % +-+ % <1,

..,(aé)j eﬁ;; such that " a{ cea) = 4o0.
j=1

then there are (a{)j € E;’I, .

Proof Lettlng p=———""F"
% +oot rnl—l

is the conjugate exponent of p, which yields that £, ¢ £,+. Take (b;); € £, \ £,. By
a classical application of Banach’s Steinhauss Theorem (Principle of Uniform Bound-

, we have % + % < 1. Hence, r, > p*, where p*

o0
edness), there exists (x;); € £, such that > xjbj = +oo.Foreachi =1,...,n—1,
j=1
define aj. = xf/r" for every j € N. It is easy to see that x; = a{ -~-ai_1 for every
jeNand(a)); € ¢} foreachi = 1,...,n—1.Therefore, ) al---al_bj = +oo0.
j=1
[}
Next we prove a multilinear version of [16, Theorem 7.2].
n
Proposition 3.9 Let Ey, ..., E, and F be Banach lattices such that Z: s(Ilf,-) < ﬁ

i=1
Then klim y,f(A(xlf, e, x,’j)) =0 forevery A € L(E|, ..., Ey; F) and all positive
—00

disjoint norm bounded sequences (xlf)k inkEqy,..., (x',f) in E,, (y,f) in F.

1

SED we have 0 (F) < ocand s(E;) > 1

n
Proof We notice first that, since Y <
i=1

1
o(F)’
foralli =1, ..., n. This implies that E T, ..., E} and F have order continuous norm
by Remark 2.2. Moreover, it follows from Remark 2.2(11), that

SN 1 SN 1
2@ s T s T e <t

i=1
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By Lemma 2.6, there are r| < s(Ey),...,r, < s(E,) and s < s(F*) such that
each E; has the £,,-composition property, F has the £;-composition property, and
n . .

2:1 rl + % < 1. By Lemma 3.8 there are positive sequences (a{)j €lp,..., (a,]z)j €
=

¢, and (bj); € £, so that Z b; a1 - al = 4oo.
j=
Suppose, for the sake of contradiction, that there are A € L(Ei,..., E,; F)

and normalized disjoint sequences (x] e in Eq, .. (xk) in E,, (y ) in F* so that
kllm Vi (A(x1 ey S)) # 0. By passing to a subsequence if necessary, we may
— 00

assume that there exists £ > 0 such that Iy;:(A(x{‘, e, x,’i))| > ¢ forevery k € N. By
replacing x{‘ with —x{‘ if necessary, we may assume that y,f(A(x{‘, ey x’,f)) >

holds for every k € N. Since Ef,..., E} and F have order continuous norms,
we get from [25, Theorem 2.4.14 and Corollary 2.4.3] that (x{‘)k, .. (x )r are
weakly null in Eq, ..., E,, respectively, and (y )r is weak* null in F*. Thus,
by Lemma 3.7, we may assume, by passing to a subsequence if necessary, that

|y,’:(A(x{', e x,],'”))l < 2~ max{k.ji..../n} Whenever (k, j1, ..., jn)hasatleast two dif-
ferent coordinates. Foreachi =1, .. Z a] x; converges in E; because E;

has the £,,-composition property (the convergence of the series follows from Remark

k
2.2(7)). Hence, letting b = supb;, a = max supa and hy = ijy;-‘ for each
jeN 1<’<”/GN =1
k e N, we get
k
(A, x| = (D by (A, - )
j=1
k 00 ) )
=D > bial gl yiAa], L x)
J=1 1y ju=1
k .
> Y bja] --al yiAG], .. x| -
j=1
k

=3 Y el al yiAG] L x)

J=1 G J) £ oo J)

k
)
_SZblal a;

j=1

- > bial' - al |VjAG], ... x|
Uodtsees ) Z (s Jeees J)
>eY bjal---aj —ba"- 3 2= max{j ji.eejn)
j=1 G odtseees ) ZE (o Joeen )
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k ) ) 00
>eY bjaj---ay —ba"-Y 27" > coask — oo.
= =1

oo

However, since F* has the £;-composition property, the limit lim h; = Zb Vi
k—o00 1
Jj=

exists in F* by Remark 2.2(7). This contradiction completes the proof. O

Now we are in the position to prove Theorem 3.6.

Proof of Theorem 3.6. By assumption, E1, ..., E, and F' be Banach lattices so that
n
> ﬁ <z ( - We begin by noticing that it is enough to check that A is M-weakly
i=1 "
compact, because for every k € {1, ...,n — k} and all indexes i1, ..., in—k, it holds
n— n

1
ZS(E)_ZS(E) o(F)

=1 i=1

.

As in the proof of Proposition 3.9, F has order continuous norm, hence it is Dedekind

complete, and, foreachi =1, ..., n, E; has the £, -composition property (1 < p; <

s(E;j)).LetA € L(Ey, ..., Ey; F)begivenand let (xll‘)k C Bgy, ..., (x,]f)k C Bg, be

disjoint sequences. To prove that klim A(x{‘, ceey x,’j ) = 0, itis sufficient to prove that
— 00

|A(x’f, - xk)| 2 0in F and that lim y,’g(A(x{‘, xk)) = 0 for every positive
norm bounded disjoint sequence (y;; )k C F * (see [16, Corollary 2.6]). The second con-
dition follows from Proposition 3.9, leaving us to check that |A(x1 ey x,’i)| — 0in
F. On the one hand, Proposition 2.5 yields that A(x{‘, ey x,’f) 2 0in F,and assuming

that F is atomic, we obtain from [25, Proposition 2.5.23] that |A(x’1‘, e, x’,j)| 20
in F, proving statement (1) of the theorem. On the other hand, supposing that A
is positive, we get from Proposition 2.5 that (A(|)c1 [, . |x§|))k is a weakly null
sequence in F, and so the inequality |A(x1, R ’,;)| < A(|xlf|, R |x,’§|) yields that
|A(xlf, R xln‘)| 2 0in F for any positive n-linear operator A : E; X --- X E, — F,
proving that every positive n-linear operator from £ x - - - X E, into F is M-weakly
compact. Now, statement (2) of the theorem follows by decomposing a regular operator
into its positive and negative parts. O

The following examples arise from Theorems 3.4 and 3.6.

Example3.10 (1) Let n € N be given. By Theorem 3.4, every continuous n-linear
operator A : Ly, (1) X -+ X Lp, (n) = Ly ([0, 1]) is M-weakly compact for
all p1,..., pn € 2n,00), 1 < g <2, and all measures iy, ..., iy.

n

(2) By Theorem 3.6(1), if ) % < ql, then every continuous n-linear operator A :
i=1""
Lp (1) x---xLp, (uy) — £4(1)is strongly M-weakly compact for all measures

Ui, ..., MUy and every index set I.
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3

“

()

(6)

Fix 1 < p < 2 and consider a Lorentz sequence d(w, p) as a Banach lattice with
the order induced by its 1-unconditional basis. Then d (w p) is atomic. It follows

from Theorem 3.6(1) and Example 2.4 that, if Z —- < 7, then every continuous

n-linear operator A : L, (ju1) X --- X L, (un) — d(w p) is strongly M-weakly
compact for all measures (1, ..., ty.

If Z = < = then every regular n-linear operator A : L, (1) X---X Ly, (tn) —>

L (v) is strongly M -weakly compact for all measures pq, ..., iy, V

leen a Banach space X, the free Banach lattice generated by X is a Banach lattice
FBL[X] equipped with a linear isometric embedding ¢x : X — FBL[X] such
that for every bounded linear operator from X to an arbitrary Banach lattice F,
there ex1sts a lattice homomorphism T:F BL[X] — F such that To ox =T
and ||T|| [IT|]. The notion of free Banach lattices appeared in [5]. For recent
developments, see [17, 18, 26, 27]. Givenn e N, 1 < p1,...,pn <2,1 <g <
00, and measures (41, ..., Uy, V, We get from [27, Corollary 9.31] that

s(FBL[Lp,(u;)]) = p;i foreveryi =1,...,n
By Theorem 3.6, every regular n-linear operator

A :FBL[L, (u1)] x - -+ x FBL[Lp, (t5)] = Ly (v)

n
is strongly M-weakly compact whenever Z é Also, every continuous

1
pi
n-linear operator

A :FBLILp, (41)] X « -+ X FBLIL , (1tn)] = £,

is strongly M-weakly compact whenever Z o < %.

Let F be a Banach lattice with 2 < s(F) < 00, for instance F' = L4(v) for
every positive measure v and every g > 2. By [27, Corollary 9.31], s(FBL[F D=
min{2, s(F)} = 2, and by Remark 2.2(11) we obtain that o (FBL[F])*) = 2.
Thus, given1 < p1, ..., p, < ooandmeasures (i1, ..., U,, we get from Theorem

3.6 that every regular n-linear operator
At Ly (1) X -+ % Lp, (1) — (FBL[F])*

1 1

n
is strongly M-weakly compact whenever Z pl W = 3.
o
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4 Main results

To prove our main result, the one stated in the Abstract, we shall use the following
theorem that gives sufficient conditions for a positive strongly M-weakly compact
multilinear operator to be compact. Throughout this section, E1, ..., E, and F are
Banach lattices.

Theorem 4.1 Let A: E| x --- x E, — F be a positive strongly M-weakly compact
n-linear operator. If one of the following conditions holds, then A is compact:

(1) Eq,..., E, are atomic with order continuous norms.
(2) F is atomic with order continuous norm.

In order to prove Theorem 4.1, we will need the following two lemmas.

Lemmad4.2 If A : E; x --- x E, — F is a positive M-weakly compact n-linear
operator, then for all norm bounded sets Ay C E1,..., A, C E, and ¢ > 0, there
exist y| € Efr, ..oy Yn € E;f so that

TA 1 = yD T (] =y D < & forall xy € A, ..., x, € Ay

Proof Assuming that the thesis is false, there are norm bounded sets A} C

Ei,...,A, C E, and ¢ > 0 such that for all y; € Efr,...,yn € E;f, we can
find x| € Ay,...,x, € A, such that [|A((|x1| — yD™F, ..., (|x,| — yn)+)|| > ¢. Fix
)cll € Al,...,x,i € A,,.So,thelrearexl2 € Al,...,x,% € A, such that

TACxT] = 4lx{ DT, o (= 4 DD = e
By induction, we may construct sequences (xf)k C Ajforevery j =1,...,nsuch
that

> ¢ for every k € N.

(et (oot

o0
Foreach j =1,...,n,define x; = ZZ*k|x§|,
k=1

+ +
2= ("“ 4kZ|x |) . and ub = ("“ 4kZ|x|—2 x,) .

i=1

Thus, foreach j = 1,...,n, (u];)k is a norm bounded disjoint sequence in E; (see
[2, Lemma 4.35]) such that 0 < u’j < z]; < u’j + Z’kxj for every k € N. Hence

0<AWY. ... up) <A@ ... ) < AGh + 27 x, ul +27F )
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holds for every k € N. On the one hand, since A is M-weakly compact and
(u’f)k, R (uﬁ)k are disjoint sequences, we have kll)n;o A(ull‘, R uﬁ) = 0. On the

other hand, since lim Z*kxj =0andforevery j =1, ...,n, we get
k— 00
kll)rrgo A(ulf + 2_kx1, R uﬁ + 2_kx,,) = klirglo A(ull‘, ué + 2_kx2, o, u],‘l + Z_kxn)

=...= lim AW}, ... ub)=0.
k—o00

Therefore, klim A(z’f, e, zﬁ) = 0, which contradicts (1). O
—00

Lemmad4.3 Let A: E1 X --- X E, — F be a strongly M-weakly compact positive
n-linear operator. Then, for each ¢ > 0 there are 7| € Efr, ...,y € E,T such that

A(Bg, X -+ x Bg,) C A([—z1,z1] X -+ X [=zn, zu]) + €BF.
Proof The case n = 2 does not capture the main difficulties of the proof, so we
prove the case n = 3, in which the sensitive issues are handled. The argument will
make it clear that the general case follows analogously. Let ¢ > 0 be given. Since

A : E1 x Ey x E3 — F is M-weakly compact, applying Lemma 4.2 for the norm
bounded sets Bg,, Bg, and Bg;, there are y| € Er, Y € E;‘ and y3 € E3+ such that

£
TAx1] = yDt, (x2l =y, (sl =y DIl < 5 forall x| € B, x3 € By, 3 € Bp;.

Next, we apply Lemma4.2 to the M -weakly compactoperators A(-, -, y3) : E1xEy —
F and to the norm bounded sets Bg, and Bg, to obtain u; € E ]+ and up € E; such
that

TA(x1] —un)™, (2] —u2) ™, y3ll < ;for all x; € B, and x; € Bp,.
Analogously, there are v; € E 1+ and v3 € E;r such that

IA(x1] = v) ™, y2, (s — v3) Il < ;for all x; € Bg, and x3 € B,
and there are wy € E2+ and w3 € E; such that

A1, (2] — w2) ™, (Jxs] — w3) | < % forall x; € B, and x3 € Bg;.

Calla; = y1 Vui Vi, ay = y2Vuy Vws and az = y3 vV vz vV wsz. Now, we will apply
Lemma 4.2 with n = 1 for A(-, a2, a3), A(ay, -, a3) and A(ay, a», -) with respect to
the norm bounded sets Bg,, Bg, and Bg,. Thus, there are by € ET, by € E; and
b3 € E;‘ so that

&
IA((xi] = bD) ", a2, a3 < 5y forallx; € Bg,.,
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IA

)
A1, (x| = b2) ™, as]] 5y forallx; € Bg,,

and e
I A(ar, az, (Ix3] — b3) || < 21 for all x3 € Bg,.

Define 71 = 13a; vV by, z2 =ax V by and z3 = a3 Vv b3. Let x| € Bg,, x2 € Bg, and
x3 € BE, be given. Using [2, Theorem 1.7(1)], the positivity of A and the linearity of
A in each variable, we have

A(xi,x2, x3) < A(lx1l, |x2l, [x3])
= A((Ix1] =y + x1l A yis (x2l — y2) ™ + x| Ay, (Ix3] = y3)7 + 631 A y3)
< A((x1] =y, (xal = y2) " (x3l = y2) ™) + Axl, [xal y3) + Adlxal, ya, [x30)
+ A(lx1l, y2, y3) + Ay, [x2l, [x3]) + Ay, [x2l, y3) + A(vn, y2, x3]) + A, v2, v3).

Let us investigate the terms A(|x1], [x2|, y3), A(|x1], y2, |x3]) and A(y1, |x2], |x3])
separately. By applying [2, Theorem 1.7(1)], and (again) the positivity of A and the
linearity of A in each variable of A, we have

A(lxillx2l, y3) = A(x1 | —uD)™ + x| Aur, (x2] — u2)™ + [x2] Auz, y3)
< A(x1| = uD™, (x2l —u2) ™, y3) + Ax1 | w2, y3) + Ay, [x2l, y3) + Ay, uz, y3)
< A((Ixi] —uD)™, (%2l —u2)™, a3) + A(x11, az, a3) + A(ai, |x2], a3) + A(ar, a2, a3).

Analogously,

A(lx1],y2. 123D = A(x1] — o)t + x| A i, ya, (x3] — v3)t + [x3] A vs)
< AW(x1l = oD by, (xsl — v D) + Ax1], y2, v3) + Aur, Y2, 1x3]) + Avr, Y2, v3)
< Al =)™, y2, (sl = v3) ™) + A(lxi |, a2, a3) + Alar, a2, |x3)) + Alar, a2, a3),

and

AQn.Ixal, 1x3) = Ay, (2] — w)t + lxal A wo, (3] — w) b+ |x3] A w3)
< A(y1, (w2l —w)t, (3] — w3) ™) + AGy, Ixal, wa) + A(yr, wa, Ix3]) + Ay, wa, w3)
< AQ1L (vl —w) T, (a3l —w) ™) + Alay, Ix2l, a3) + Alar, a, 1x3]) + Alay, az, a3).

Combining the information above, we get

A(x1,x2,x3) < A((x |l — yo ' (2l — y2) ™, (xsl — ) ™) + Adxal [x2], y3) + Adxi ], v, [x30)
+ Adxil, y2, y3) + A, Ix2l, [x3)) + A, [x2l, y3) + A, 2, x3)) + Ay, v, v3)
< A((Ix1l =y, (2l = y2) ", (x| — y3) D)+
+ A((x1| —un)®, (Ix2l —u2)*, a3) + A(lx1l, az, a3) + A(ay, [x2l, a3) 4+ A(ar, az, a3)
+ A((x1] — v y2, (x3] = v3) ™) + A(Ix1], a2, a3) + A(ar, a2, |x3)) + A(ar, a2, a3)
+ A(lx1l, a2, a3)
+ A(y1, (Ix2] = w2) ™, (Ix3] — w3) ™) + A(ar, [x2], a3) + A(ar, a2, |x3]) + A(a1, a2, a3)
+ A(ai, |x2], a3) + Aai, az, |x3]) + Alar, a2, a3),
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that is

Alx1,x2,x3) < A((x1 ] =y (xal =yt (xsl =y ) + AWUx | —uD T, (%2l —u2) T, a3)
+ AWxt] = oDt ya, (sl = v ) + AQ, (2l —w) T, (xs] — w) ™)
+ 3A(|x1], a2, a3) + 3A(ay, |x21, a3) +3A(ay, az, |x3]) +4A(ay, az, az).

Now we handle the terms A(|x{[, az, a3), A(ay, |x2|,a3) and A(ay, az, |x3|) sepa-
rately. Using once again [2, Theorem 1.7(1)], the positivity of A and its linearity in
each variable, we have

A(lx1], a2, a3) = A((|x1] — b1) T, a2, a3) + A(lx1] A by, a2, az)

< A((Ix1]| = b1) ", a2, a3) + A(by, az, az)
< A((Jx1] = b1) ", a2, a3) + Alay Vv by, ax V by, a3 V b3).

Analogously

A(ar, |x2|,a3) < A(ar, (Ix2] —b2)™, a3) + A(a1 vV bi,az Vv by, a3 v b3),
and

Alar, a2, |x3)) < A(ar, az, (Ix3] — b3)™) + A(ar V bi, az V by, a3 v b3).

Combining the last four inequalities above, we obtain

A(xp,x, x3) < A((xt ] =yt (2l = y) " (sl = y3) ) + Axa | —up) ™, (2l —u2) ™t a3)
+ AWxt]l = v, y2, (3] = v3) ™) + A1, (x2] = w2) ™, (] — wy)®)
+3A((Ix1| — bt az, az) +3A(a1 v by, az V by, az v b3)
+3A(ar, (Ix2l —b2)*, a3) + 3A(a1 V bi,az V by, a3 v b3)
+3A(ar, a2, (Ix3] —3) ") +3A(a1 vV by, ar vV by, a3 v b3) +4A (a1, as, az),

that is

Alxr,x, x3) < Al — yDt, (a2l — y2) T (sl = y3) ) + Ax  —uD ™, (2l —u2) b, a3)
+ AWxt]l = v, y2, (3] = v3) ™) + A1, (x2] = w2) ™, (] — wy)®)
+3A((Ix1] — b)T, a2, a3) + 3A(ar, (Ix2l — b)), a3) + 3A(ar, az, (Ix3] — b3) ™)
+13A(a; V by, ax Vv b, a3 v by).

Recalling that z; = 13a; V b1, 220 = a> V by and z3 = a3 V bz, from the inequality
above together with the norm estimates obtained at the beginning of the proof, we
have

& & & & & & &
A 5 3 _A 3 3 S = = = o 3_ 3_ 3_= .
lACxr, x2, x3) (z1, 22, 23)l 7+7+7+7+ 21+ 51 + U= ¢

Therefore A(x1, x2, x3) — A(z1, 22, 23) € €BF, and we are done. |

Now, we have all we need to present the proof of Theorem 4.1.
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Proof of Theorem 4.1. We shall use (twice) that a subset K of a Banach space X is
relatively compactif and only if forevery ¢ > O thereis arelatively compactset K in X
suchthat K C K. +¢By (see,e.g., [11,p.5]). By assumption, A : E{ xX---XE, - F
is a positive strongly M-weakly compact n-linear operator. Let ¢ > 0 be given. By

Lemma 4.3 there are y; € Ef', ..., Vn € E,',“ such that
A(Bg, x -+ x Bg,) C A([=y1, y1l X - -+ X [=yn, yn]) + € BF. (2)
Suppose that Eq, ..., E, are atomic with order continuous norms. In this case,
the order intervals [—yq, y11, ..., [—Vn, ynl are relatively compact in Eq, ..., E,,

respectively (see [32, Theorem 6.1]). So, [—y1, y1] X -+ X [—Yu, yu] is relatively
compact in Ej x --- x Ej,, and the continuity of A yields that A([—y, y1] x --- X
[—Yn, yul) is relatively compact in F. Together with (2), this proves that A(Bg, x
- X Bg,) is relatively compact, hence A is a compact operator.
Assume now that F' is atomic with order continuous norm. Since A is positive, A
is order bounded, so there exists z € F such that A([—y1, y1] X -+ X [—=yn, yu]) C
[—z, z]. By (2) we have

A(Bg, X --- X Bg,) C[—z,z] + ¢ Bf.

Finally, it follows from [32, Theorem 6.1] that [—z, z] is relatively compact in F,
hence A is a compact operator. O

Now our main result follows from a combination of Theorem 4.1 and Examples
3.10:

Theorem4.4 Let 1 < py,...,pp < 00,1 < g < 00 be given and let 11, ..., iy, V
be measures.

(1) All positive n-linear operators from Ly (1) X -+ X Lpn (n) to Ly and from

n
Ly, X - X &y, to Ly(v) are compact whenever Z pl

(2) All positive n-linear operators from FBL[L p, (1)] % - -+ x FBL[L, (1ts)] to £4
n

are compact whenever 1 < pi,...,p, <2, 1 <q <ooand ) L 7

(3) All positive n-linear operators from £, x - - - x £, to (FBL[L,(v)])* are compact

n
whenever2 < g < coand ) L = % The same holds if

<
i1 7" o ((FBL[L2(v)])*)
we replace Ly (j0) with a Banach lattice F such that 2 < s(F) < oo.

Remark 4.5 A shorter proof of the assertion about positive n-linear operators from
Ly (1) x -+ x Ly, (y) to £, in part (1) of the theorem above follows from a
combination of a factorization theorem of positive multilinear operators due to Schep
[30, Theorem 3.5] with the compactness of linear operators from ¢, to £,4,q <.

We conclude our manuscript with two applications of Theorem 4.4. Recall that
a n-homogeneous polynomial P : E — F between Banach lattices is said to be
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positive if its associated symmetric n-linear operator Tp : E" — F is positive. A
homogeneous polynomial is regular if it is the difference of two positive polynomials.
By P"("E; F) we denote the space of regular n-homogeneous polynomials from E
to F. Details can be found in [8, 23].

Corollary4.6 Let n € Nand 1 < p,q < o0 be such that nq < p, and let u
be a measure. Then, every positive n-homogeneous polynomial P : L,(1) — £,
is compact, that is, P(BL,u)) is a relatively compact subset of {q. In this case,
Pr(*Lp(n); £y) does not contain a copy of co.

Proof The symmetric n-linear operator Tp associated to P is compact by Theorem
4.4(1). Since P(BL, ) C Tp ((BL,;(m)n)’ P is compact as well. The second state-
ment follows from [7, Theorem 4.3]. O

Corollary4.7 Let2 < p < 00, 2 < g < 00 be given and let u be a measure. Then,
every positive linear operator from £, to (FBL[L,(u))* is compact and is norm-
attaining. The same holds if we replace Lq(u) with a Banach lattice F such that
2 <s(F) < 0.

Proof In this case, £, is a reflexive Banach lattice whose order is given by a basis,
so every positive linear operator from £, to (FBL[L,(x)])* is compact by Theorem
4.4(3). The second statement follows from [24, Theorem 2.12]. O
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