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Abstract

The sine-Gordon equation on a metric graph with a structure represented by a )-junction,
is considered. The model is endowed with boundary conditions at the graph-vertex of
8'-interaction type, expressing continuity of the derivatives of the wave functions plus a
Kirchhoff-type rule for the self-induced magnetic flux. It is shown that particular stationary,
kink and kink/anti-kink soliton profile solutions to the model are linearly (and nonlinearly)
unstable. To that end, a recently developed linear instability criterion for evolution models on
metric graphs by Angulo and Cavalcante (2020), which provides the sufficient conditions on
the linearized operator around the wave to have a pair of real positive/negative eigenvalues,
is applied. This leads to the spectral study to the linearized operator and of its Morse index.
The analysis is based on analytic perturbation theory, Sturm-Liouville oscillation results and
the extension theory of symmetric operators. The methods presented in this manuscript have
prospect for the study of the dynamics of solutions for the sine-Gordon model on metric
graphs with finite bounds or on metric tree graphs and/or loop graphs.
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1 Introduction

The one-dimensional sine-Gordon equation in laboratory coordinates,

Uy — ity +sinu = 0, (1.1)
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Fig.1 Panel a shows a Y-junction of the first type with E1 = (—o0, 0) and Ej = (0, 00), j = 2, 3, whereas
panel b shows a J)-junction of the second type (star graph or tricrystal junction) with £; = (0,00),1 = j <3

where ¢ > 0 is a constant and x € R, ¢ > 0, is ubiquitous in a great variety of physical
and biological models. For example, it has been used to describe the magnetic flux in a long
Josephson line in superconductor theory [10,11,28,46], mechanical oscillations of a nonlinear
pendulum [19,30] and the dynamics of a crystal lattice near a dislocation [23]. Recently,
soliton solutions to Eq. (1.1) have been used as simplified models of scalar gravitational
fields in general relativity theory [16,22] and of oscillations describing the dynamics of
DNA chains [18,27] in the context of the solitons in DNA hypothesis [21]. In addition to
its wide applicability, the sine-Gordon Eq. (1.1) underlies many remarkable mathematical
features such as a Hamiltonian structure [50], complete integrability [1,2] and the existence
of localized solutions (solitons) [44,45].

In arecent contribution [9], we performed the first rigorous analytical study of the stability
properties of stationary soliton solutions to the sine-Gordon Eq. (1.1) posed on a Y-junction
metric graph. A metric graph is a network-shaped structure of edges which are assigned
a length and connected at vertices according to boundary conditions which determine the
dynamics on the network. A Y-junction is a particular graph with three edges connected
through one single vertex. There exist two main types of )-junctions. A Y-junction of the
first type (or type I) consists of one incoming (or parent) edge, E; = (—oo, 0), meeting at one
vertex located at the origin, v = 0, with other two outgoing (children) edges, E; = (0, 00),
j = 2, 3. The second type (or Y-junction of type II) is constituted by three identical edges
of the form E; = (0,00), 1 £ j £ 3; they are often referred to as tricrystal junctions
or star graph. See Fig. 1 for an illustration. Recently, junctions of type I have been used
in the description of unidirectional fluid flow models (see, for example, [3,4,15]) or in the
modeling of Josephson superconductor junctions [25,48], whereas Y-junctions of type II
appear in the study of the nonlinear Schrodinger equation on graphs (see, for example, [5,6]
and the reference cited therein) or in the description of Josephson vortices in crystal’s theory
(see, [31,49]). The distinction between the two types of )-junctions is, however, mainly
historical, and plays no relevant role in the stability analysis. Recently, in [43] the authors
studied stationary solutions for the sine-Gordon on star graph with a ) configuration and
with finite bonds, namely, E; = (0, L;), 1 < j < 3, or on metric tree graphs consisting of
finite bonds (see Fig. 2).

In the aforementioned previous paper [9], we studied the sine-Gordon Eq. (1.1) posed on
a Y-junction in the case where the dynamics is determined by boundary conditions at the
vertex of §-type. Interactions of §-type refer to continuity of the wave functions at the vertex
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together with a balance flux relation for the derivatives of the wave functions (see [9,17,20,43]
and the references cited therein). Motivated by physical applications, the purpose of the
present paper is to study the stability of particular stationary solutions to the sine-Gordon
equation posed on a Y-graph endowed with interactions at the vertex of §'-type. Indeed,
in the context of superconductor theory, the sine-Gordon equation on a metric graph arises
as a model for coupling of two or more Josephson junctions in a network. A Josephson
junction is a quantum mechanical structure that is made by two superconducting electrodes
separated by a barrier (the junction), thin enough to allow coupling of the wave functions
of electrons for the two superconductors [28]. After appropriate normalizations, it can be
shown that the phase difference u (also known as order parameter) of the two wave functions
satisfies the sine-Gordon Eq. (1.1) [10,28]. Coupling three junctions at one common vertex,
the so called tricrystal junction, can be regarded (and fabricated) as a probe of the order
parameter symmetry of high temperature superconductors (cf. [51,52]). Physically coupling
three otherwise independent long Josephson junctions, Y = U3':1 E j, together at one common
vertex, was first proposed by Nakajima et al. [37,38] as a prototype for logic circuits. In this
framework, the sine-Gordon model in a }-junction is

Ofuj—ciojuj+sinu; =0, xekEj t>0, j=12.3, (1.2)

where u; denotes the phase difference for the magnetic flux on each edge, E;. Since the
surface current density should be the same in all three films at the vertex, Nakajima et al.
[37,38] (see also [25,31]) impose the condition

ClOxU1|x=0 = C20xU2|x=0 = C30xU3|x=0; (1.3)

expressing that the magnetic field, which is proportional to the derivative of phase difference,
should be continuous at the intersection. Moreover, the magnetic flux computed along an
infinitesimal small contour encircling the origin (vertex) must vanish, that is, the total change
of the gauge invariant phase difference must be zero [31,48]. This leads to the Kirchhoff-type
of boundary condition

3
—cru1(0—) + Z cju;j(0+) =0, (Y-junction of type I),
j=2
3 (1.4)
Z cjuj(0+) =0, (Y-junction of type II).
j=1

The interaction conditions (1.3) and (1.4) are known as boundary conditions of §'-type: they
express continuity of the fluxes (derivatives) plus a Kirchhoff-type rule for the self-induced
magnetic flux.

The first study of static soliton-type (kink or anti-kink) solutions in tricrystal junctions
under §’-conditions is due to Grunnet-Jepsen et al. [25], and later pursued by other authors
(for an abridged list of references, see [31,49]). A recent work [48] considers solutions
of breather type as well. Up to our knowledge, however, there are no rigorous analytical
studies of the stability of stationary solutions to the sine-Gordon model on a graph with
boundary conditions of §-interaction type available in the literature. Our principal interest
here will be study the stability properties for kink or kink/anti-kink solutions (see Figs. 3
and 4) for the sine-Gordon model on a Y-junction of type I under &’-conditions at the vertex.
Indeed, we show that they are linearly and nonlinearly unstable profiles (see Sect. 1.2.3 and
Theorem 3.5). The stability studied of static configurations for the sine-Gordon model in the
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Fig. 2 A metric tree graph with finite bounds determined by by (father), b1, b12 (sons), b111, b112, b113,
bi121, b122, b123 (grandsons)

case of tricrystal junctions with infinite or finite bounds, or on metric tree graphs (see Fig. 2)
and/or loop graphs, it will be the focus of a future work. We call the attention that the study of
these static configurations is an important issue from both the mathematical and the physical
viewpoints (see [43]).

In the stability analysis, it is customary to linearize the equation around the profile solution
and to obtain useful information from the spectral properties of the linearized operator posed
on an appropriate function space. Upon linearization of the sine-Gordon Eq. (1.1) around
a stationary soliton solution, we end up with a Schrodinger type operator with a bounded
potential (see the form of the operator (1.17) below) that can be appropriately defined on a
graph. Therefore, we adopt a quantum-graph approach [4,13,14] in order to make precise
the boundary conditions that provide self-adjoint extensions on the graph of the symmetric
Schrodinger type operator and that actually determine the physical model.

1.1 Boundary conditions of &’-interaction type

In the case of a Y-junction of type I (which will be the focus of our study), the transition
conditions of §'-type have the form

3
c1u} (0-) = cauy (04) = c3us(00),  —crur (0-) + Y cjuj (0+) = heru) (0-),
j=2
(1.5)

where A € R is a parameter. The reason for considering this boundary condition is the fact
that all the self-adjoint extensions of the following symmetric operator

2d2 ’ 3
'Hu={(—cjdxz)u]}J1, u=(uj)j:17
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posed on a Y-junction with the domain (see Proposition A.6 in Appendix A.1)

D) = {@))i_y € H*Y) : e (0-) = cau5(0+)
3

= 3 (00) =0, Y eju;(0+) — ey (0-) =0},
j=2

they are defined by the boundary conditions (1.5) which are compatible with the flux conti-
nuity condition (1.3) (for convenience of the reader, we provide a direct proof of this fact in
Appendix A.1). Notice that we recover the Kirchhoff boundary condition (1.4) when A = 0.
These conditions depend upon the parameter A, which ranges along the whole real line. We
note that the value A € R is part of the parameters that determine the physical model (such
as the speeds ¢, for example). Instead of adopting ad hoc boundary conditions, we consider
a parametrized family of transition rules covering a wide range of applications and which,
for the particular value A = 0, include the Kirchhoff condition (1.4) previously studied in the
literature. Our goal is to study particular solutions to the sine-Gordon equation on the graph,
subjected to boundary conditions (1.5) and motivated by the well-known kink (or anti-kink)
solutions to the sine-Gordon equation on the real line (also referred to as topological solitons
[19,44,45]).

1.2 Main results

In this paper we consider the sine-Gordon Eq. (1.1) on a metric graph with the shape of a
Y-junction with three semi-infinite edges and joined by a single vertex v = 0. In the sequel
we assume that the V-junction is of type I, where £} = (—00,0) and E; = (0, 00), j = 2, 3.
The sine-Gordon model on a }-junction reads

Ouj—cioiuj+sinu; =0, xekEj t>0 1523, (1.6)

where u = (u);zl, uj = uj(x,t). It is assumed that the characteristic speed on each edge

E; is constant and positive, ¢; > 0, without loss of generality. Clearly, one can recast the
equations in (1.6) as a first order system that reads

it = v
= _ xeE;, >0 1553 (1.7)
dvj = cj0;u; —sinuj,

Moreover, one can always rewrite system (1.7) in the vectorial form

w, = JEw+ F(w) (1.8)

where w = (u, v) T, with u = (uy, u2, u3)T, v = (v, v2, v3) ", uj,vj:Ej >R 1<) S
3,

0
0

(05 _(Fo B 0
J‘<—13 0)’ E‘(o 13>’ FOO =1 inqu) (19

— sin(uy)
—sin(u3)
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and where I3 denotes the identity matrix of order 3 and F is the diagonal-matrix linear
operator

F=((~as)sis). 1SiK<3 (1.10)

here §; ; denotes the standard Kronecker symbol.
For the Y-junction of type I, we consider the following family of self-adjoint operators
F) = F defined on the §'-interaction domain (see Proposition A.6 in Appendix A.1)

Di(F) = {W))io) € HXD) : e1v] (0-) = c2v(04) = c303(0+),

3

D¢ O04) = e1vi(0-) = herv} (0-) . (1.11)
j=2

with A € R. We note from the latter that the natural space to develop a local well-posedness
theory for (1.8) is H'()’) x L*(}); such theory is performed in subsection 3.1.1 below).

1.2.1 Stationary solutions on a Y-junction of type |

We are interested in the dynamics generated by the flow of the sine-Gordon model (1.7)
around solutions of stationary type,

uj(x,t) =¢;jx), vj(x,1) =0,

forall j =1,2,3,and x € Ej, t > 0, where each of the profile functions ¢; satisfies the
equation

— 3¢ +sing; =0, (1.12)

on each edge E; and for all j, as well as the boundary conditions in (1.5) at the vertex v = 0,
more precisely,

3
c191(0—) = c205(0+) = c395(0+), —c1¢1(0—) + chd’j (04) = rc1](0—),
=2
(1.13)

for some A € R. Motivated by the well-known kink-type soliton profile solutions to the
sine-Gordon equation on the full real line [19,45], we consider initially the particular family
of profiles having the form

{qﬁl(x) = 4 arctan (e(x—al)/cl), x € (—00,0), (1.14)

¢j(x) = 4arctan (e~ “~9/%), x € (0,00), j=2,3,

where each a; is a constant determined by the boundary conditions (1.13) (see Fig. 3 below).
Notice as well that this family of stationary solutions (1.14) satisfies

$1(—00) = ¢;(4+00) =0, j=273 (1.15)

(in other words, the constant of integration when solving (1.12) to arrive at (1.14) is zero on
each edge E ;). This decaying behavior at £00, for instance, guarantees that ® = (¢ J');zl €

H?(Y).
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Our second class of solutions to the sine-Gordon equation are the kink/anti-kink-type
soliton, namely, profiles having the form (with ¢; = ¢ = ¢3 = 1 without loss of generality)

(1.16)

¢1(x) = 4arctan (ef(x’“l)), x € (—00,0), limy_ _ ¢1(x) =27,
¢j(x) = darctan (e~ *79)), x € (0,00), limyj00pj(x) =0 j=2,3,

where each a; is a constant determined by the boundary conditions (1.13). Notice that ¢; is
an anti-kink, with non-zero limit at x = —o0, and hence, not belonging to H 2(—oo, 0). It
is coupled with two kinks at the other two edges, hence the name of kink/anti-kink structure
(see Fig. 4 below).

In the forthcoming stability analysis, the family of linearized operators around the sta-
tionary profiles plays a fundamental role. These operators are characterized by the following
self-adjoint diagonal matrix operators,

ov=((- jdd22vj+cos(¢> i)8ik), 1EGKE3 v=i,  (L17)

defined on domains with §’-type interaction at the vertex v = 0, D(L;) = D{(Fy), for admis-
sible parameters A that ensure the existence of profiles (¢ j)i‘:l € Di(F;).Itisto be observed
that the particular family (1.14) of kink-profile stationary solutions under consideration is
such that & = (¢; )3 -1 € D(L,) in view that they satisfy the boundary conditions (1.13).
An interesting charactenstlc of the spectrum structure associated with operators in (1.17) on
metric graphs is that they have a nontrivial Morse index (in general bigger or equal to 1)
which makes the stability study not so immediate. Here we will use a novel linear instability
criterion for stationary solutions of evolution models on metric graphs developed by Angulo
and Cavalcante in [3] (see also [4]).

1.2.2 Summary of results

Let us summarize the main contributions of this paper and sketch the structure of the paper:

— First, in Sect. 2, we review the general instability criterion for stationary solutions for
the sine-Gordon model (1.7) on a )-junction developed in the companion paper [9] (see
Theorem 2.4 below. See also [3]). It essentially provides sufficient conditions on the flow
of the semigroup generated by the linearization around the stationary solutions, for the
existence of a pair of positive/negative real eigenvalues of the linearized operator based
on its Morse index. It is to be observed that this instability criterion is very versatile, as it
applies to any type of stationary solutions (such as anti-kinks or breathers, for example)
and for different interactions at the vertex, such as both the §- and §'-types.

— The central Sect. 3 is devoted to develop the instability theory of stationary solutions to
the sine-Gordon equation with §’-interaction on a )-junction of type I. First, we focus
on the kink-profile type waves defined in (1.14)—(1.15) and the local well-posedness
problem associated to (1.7) with a §-interaction. In Sect. 3.1 it is shown that, for a
particular class of profiles satisfying an extra continuity condition (see (3.8) below) and
for specific conditions on the parameters a; and ¢ (see (i) and (ii) in Theorem 3.5 below)
the profiles are linearly and nonlinearly unstable. The result is based on a Morse index
calculation and on the application of Theorem 2.4. Related Morse index calculations for
the remaining cases (but not yet conclusive in terms of stability and performed for later
use) can be found in Appendix A.2.In Sect. 3.2 it is established the instability property
of the kink/anti-kink profiles type waves defined in (1.16) for also specific conditions on
the parameters a; and A (see Theorem 3.20 below).
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— By convenience of the reader and by the sake of completeness we establish in Appendix
A.1 some results of the extension theory of symmetric operators used in the body of the
manuscript. Moreover, in Appendix A.2 we also establish some Morse index calculations
related to the kink/anti-kink profiles for a possible future study.

On notation

For any —0o < a < b < oo, we denote by L?(a, b) the Hilbert space equipped with the
inner product (u, v) = f ab u(x)v(x)dx. By H"(a, b) we denote the classical Sobolev spaces
on (a, b) € R with the usual norm. We denote by ) the junction of type I parametrized by
the edges E1 = (=00, 0), E; = (0, 00), j = 2, 3, attached to a common vertex v = 0. On

the graph ) we define the classical spaces
LP(Y) = LP(—00,0) ® L7 (0, +00) ® L7 (0, +00), p > 1,
and
H"(Y) = H" (=00, 0) ® H" (0, +00) & H" (0, +00),

with the natural norms. Also, foru = (u(,-)izl, V= (U-");:l € L2(Y), the inner product is
defined by

0 3 00
(u,v) = / ur(x)vi(x)dx + / uj(x)vj(x)dx
o0 =2 0

Depending on the context we will use the following notations for different objects. By || -
| we denote the norm in LZ(R) or in L2(Y). By || - |I, we denote the norm in L”(R)
or in L?(}). Finally, if A is a closed, densely defined symmetric operator in a Hilbert
space H then its domain is denoted by D(A), the deficiency indices of A are denoted by
n4(A) := dimker(A*FiI), where A* is the adjoint operator of A, and the number of negative
eigenvalues counting multiplicities (or Morse index) of A is denoted by n(A).

2 Preliminaries: linear instability criterion for sine-Gordon model on a
Y-junction

In this section we review the linear instability criterion of stationary solutions for the sine-
Gordon model (1.7) on a Y-junction developed in [9] (see also [3,4]). Although the stability
analysis in [9] pertains to interactions of §-type at the vertex, it is important to note that the
criterion proved in that reference also applies to any type of stationary solutions independently
of the boundary conditions under consideration and, therefore, it can be used to study the
present configurations with boundary rules at the vertex of §'-interaction type, or even to other
types of stationary solutions to the sine-Gordon equation such as breathers, for instance. In
addition, the criterion applies to both the )-junction of type I (see Fig. 1(a)) and of type II
(see Fig. 1(b)).

Let Y be a Y-junction of type I or II. Let us suppose that JE on a domain D(JE) C
HY(Y) x Lz(y) is the infinitesimal generator of a Cp-semigroup on H 1) x L2()) and that
there exists an stationary solution Y = ({1, {2, 3, 0,0, 0) € D(J E). Thus, every component
¢; satisfies the equation

_ C?g}/f +sin() =0, j=123. 2.1
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Now, we suppose that w satisfies formally equality in (1.8) and we define
v=w-T, (2.2)

then, from (2.1) we obtain the following linearized system for (1.8) around Y,

v, =JEv, (2.3)
. . . . L0
with £ being the 6 x 6 diagonal-matrix £ = 0n) and
3
, d? .
L= ((—cjﬁ+cos(;j))5,-,k), 1</ k<3, 2.4)

We point out the equality J€ = JE + 7, with

0 0
7= (( —cos(£;) 8j.k) 0)

being a bounded operator on H L) x L?(Y). This implies that J& also generates a Cp-
semigroup on HY (V) x L2(Y) (see Pazy [39]).

The linear instability criterion provides sufficient conditions for the trivial solution v = 0
to be unstable by the linear flow of (2.3). More precisely, it underlies the existence of a
growing mode solution to (2.3) of the form v = e’ W and Re A > 0. To find it, one needs to
solve the formal system

JEV =\, (2.5)

with W € D(JE).If we denote by 0 (JE) = 0t (J E) Uoess (JE) the spectrum of J £ (namely,
A € op(JE) if A is isolated and with finite multiplicity) then we have the following

Definition 2.1 The stationary vector solution Y € D(€) is said to be spectrally stable for the
sine-Gordon model (1.8) if the spectrum of J&, o (JE), satisfies o (JE) C iR. Otherwise,
the stationary solution Y € D(€) is said to be spectrally unstable.

Remark 2.2 1t is well-known that o, (J&) is symmetric with respect to both the real and
imaginary axes and oegs(JE) C iR under the assumption that J is skew-symmetric and
that £ is self-adjoint (by supposing, for instance, Assumption (S3) below for £; see [24,
Lemma 5.6 and Theorem 5.8]). These cases on J and £ are considered in the theory. Hence,
itis equivalent to say that Y € D(J&) is spectrally stable if o, (J€) C iR, and it is spectrally
unstable if oy, (J£) contains point A with Re A > 0.

It is widely known that the spectral instability of a specific traveling wave solution of an
evolution type model is a key prerequisite to show their nonlinear instability property (see
[24,33,47] and references therein). Thus we have the following definition.

Definition 2.3 The stationary vector solution Y € D(&) is said to be nonlinearly unstable
in X = H'() x L%(Y)-norm for model sine-Gordon (1.8) if there is € > 0 such that for
every 6 > 0 there exist an initial data wo with [T — wo|x < § and an instant tp = #o(Wo),
such that |w(tp) — Y'||x > €, where w = w(z) is the solution of the sine-Gordon model with
initial data w(0) = wy.

From (2.5), our eigenvalue problem to solve is now reduced to,

JEW =AW, Rei>0, We DE). 2.6)
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Next, we establish our theoretical framework and assumptions for obtaining a nontrivial
solution to problem in (2.6):

(S1) JE& is the generator of a Cp-semigroup {S(t)},go.

(S2) Let £ be the matrix-operator in (2.4) defined on a domain D(L) C L2(Y) on which £ is
self-adjoint.

(S3) Suppose £ : D(L) — L?()) is invertible with Morse index n(£) = 1 and such that
o (L) = {ro} U Jy with Jg C [rg, +00), for rg > 0, and Ay < O,

The criterion for linear instability reads precisely as follows.

Theorem 2.4 (linear instability criterion [3,4,9]) Suppose the assumptions (Sy) - (S3) hold.
Then the operator JE has a real positive and a real negative eigenvalue.

Proof See the proof of Theorem 3.2 in [9] (see also [3]). ]

Remark 2.5 The proof of Theorem 2.4 is based on the characterization of eigenvectors asso-
ciated to a nonnegative eigenvalue for bounded linear operators with invariant closed convex
cones (see Theorem 3.3 in [9], or Krasnoselskii [32], Chapter 2, Sect. 2.2.6). We call the
attention that the instability framework developed by Grillakis, Shatah and Strauss in [24]
cannot be applied in our study due to loss of the translation symmetry property of our model
on Y-junctions.

3 Instability of stationary solutions for the sine-Gordon equation with
&’-interaction on a Y-junction of type |

In this section we study the stability of stationary solutions determined by a §’-interaction type
at the vertex v = 0 of a J-junction of type . First we study the kink-profile type in (1.14)—
(1.15) and the the local well-posedness problem associated to (1.7) with a §’-interaction.
Next, we examine the structure of the stationary wave solutions under consideration. Finally,
we apply the linear instability criterion (Theorem 2.4) to prove that the family of stationary
solutions of kink type (1.14) are linearly (and nonlinearly) unstable (see Theorem 3.5 below).
Our second goal is the study of the kink/anti-kink type of profile defined in (1.16) and,
similarly as in the former kink-type case, we establish the necessary ingredients for obtaining
our instability results.

3.1 Kink-profile instability on a )-junction of type |

Let us start our stability study for the kink-profile type in (1.14). First, we examine the Cauchy
problem associated to sine-Gordon model in (1.8). As this study is not completely standard
in the case of metric graphs we focus on the new ingredients that arise.

3.1.1 The Cauchy problem

We establish the local well-posedness of vectorial Eq. (1.8) in H!'(Y) x L*() with a V-
junction of first type. We would like to call the attention of the reader to the fact that the
study of the initial value problem (local and global well-posedness) for evolutionary models
on metric star-shaped graphs such as

U =AU+ N(QU), 3.1)
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with A being a linear operator and N the nonlinearity, is a topic under development and that
new strategies are emerging. In general, this study requires new tools to those commonly used
in the case of models on spaces of R”-type. For instance, the use of Fourier analysis techniques
cannot be applied, primarily because the function spaces where A is the infinitesimal generator
of a group or semigroup of operators can involve specific boundary conditions at the vertex
or vertices of the graph. Thus, at this point the study can become more delicate and an
accurate analysis is necessary (see, for instance, the case of the Korteweg-de Vries model
in Mugnolo et al. [34]). In our analysis, we give an non-standard approach based on the
extension theory by Krein and von Neumann for symmetric operators and on tools from the
theory of semigroups, such as Lumer—Phillips’ theorem and representation for semi-groups
theories (see, e.g., [9]). The nonlinear problem can become more engaging and, depending
of the term N, the use of nontrivial energy estimates associated to the nonlinear term could
be necessary (see Angulo and Cavalcante [3]). For the sine-Gordon vectorial model, the
analysis of local well-posedness in H L)) x L2(Y) is almost immediate via the contraction
principle and trivial energy estimates associated to the nonlinear term F in (1.9) (see the
proof of Theorem 3.3). Since our analysis is similar to Sect. 2 in [9], we gloss over many
details and specialize the discussion to the points that are particular to the §’-interaction case.
We emphasize that our results about the Cauchy problem for the sine-Gordon model play a
main role in the subsequent instability study of the static kink and kink/anti-kink profiles, in
particular, we use the smoothness of the application data-solution and the invariance property
of the subspace C; in (3.23), via the representation formula for the semi-group {G(¢)} in (3.4)
generated by A = J E (see Proposition 3.14).

We start by studying the operator F in (1.10) (which will be denoted here by F = H;,)
and defined on the §’-interaction domain D (H;):

D) = [(0)3-) € HXO) 1 c10](0-) = e205(0+) = c305(0+),
3

3" ¢juj(04) — c1vi(0-) = Acyv] (0—)], (3.2)
=2

with & € R. In the sequel we establish the spectral properties of the family of self-adjoint
operator (H;, D(H,)) (see Proposition A.6 in Appendix A.1).

Theorem 3.1 Let & € R — {0}. Then the essential spectrum of (H;,, D(H,)) is purely abso-
lutely continuous and oess(H)) = 0ac(Hy) = [0, +00). If A < O then H,, has precisely one
negative, simple eigenvalue, i.e., its point spectrum op(H;.) is

3
o (M) = | - A%(Zmnz},
j=1

__a o o
such that for o« = %Z?:l lcjl, @5 = (—sign(cy)e ferl ™ Sign(c2)e|62\x’ sign(@)g\m") is
the associated eigenfunction. If A > 0 then H,, has no eigenvalues, o (H;) = <.

Proof By applying Proposition A.6 in Appendix A.1 and by following the same ideas as in
the proof of Theorem 2.1 in [9], we obtain the conclusion with respect to the Morse index

for H,. Moreover, since the operator A = —% with the Neumann-domain Dney = {f €
H?%(0, +00) : f'(0+) = 0} has oe5(A) = [0, +00), we obtain the statement about the
essential spectrum of ;. This finishes the proof. O
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Theorem 3.2 Let A € R — {0} and consider the linear operators J and E defined in (1.9).
Then, A = JE with D(A) = D(H,) x H'\(Y) is the infinitesimal generator of a Co-
semigroup {G(t)}@o on H'(Y) x L2(Y). The initial value problem

(3.3)

= Az
2(0) =z0 € D(A) = D(H;) x H'(Y)

has a unique solution z € C([0, +00) : D(A)) N C'((0, +00) : H'(Y) x L*(Y)) given by
2(1) = G(0)zo, t = 0. Moreover, for any W € H' (V) x L?>(Y) and 6 > By + 1 we have the
representation formula

1 6-+ioco
GV = — "R AWdn (3.4)
270 Jo—ico
where n € p(A) withRen = 60 and R(n : A) = (I — A7, and for every § > 0, the
integral converges uniformly in t for every t € [8, 1/8]. Here By = %2(2;:1 |cj 2.

Proof The proof follows the same strategy as in Theorem 2.5 in [9]: apply Theorem 3.1,
without loss of generality set c; = 1, and consider the following inner product in H'(}),

0 o 3 o0
(u, v)u=/ u’lugdx+2/0 u;vdx + (B + 1)(u, v)

3 3 (3.5)
T i[gcju,wﬂ - c1u1<0—)][§2cm(o+) ~ e 0-)],
which induces a norm, || - /1,5, equivalent to the standard norm in H 1(y) and given by
< 2
VIR 5. = 1V 11723, + (B + DIVIZa ) + X. Y cjui0H) —crur0-),  (3.6)
j=2

where we have defined for A < 0, 8 = f—z, and for A > 0, B = 0. Similar arguments to those
in the proof of Theorem 2.5 in [9] yield the conclusion. Notice that from semigroup theory
we obtain the integral representation formula (3.4) for any 6 > Sy + 1 by choosing fo = 7,
as claimed. O

Lastly, by using the contraction mapping principle we obtain the following local well-
posedness theorem for the sine-Gordon equation on H 1 V) x L2(y).

Theorem 3.3 Forany W € H' (V) x L?(Y) there exists T > 0 such that the sine-Gordon
equation (1.8) has a unique solution w € C([0, T1; H'(Y) x L2())) satisfying w(0) = W.
For each Ty € (0, T) the mapping data-solution

Ve H'(YV) x L2(Y) - w e C([0, Tol; H' (V) x L*(V)), (3.7)
is at least of class C>.

Proof By applying the same strategy as in [9] (Theorems 2.2, 2.5 and 2.7) we have the
following sketch for convenience of the reader:

1) Consider the linear operators J and E defined in (1.9). Then by Theorem 3.2, A = JE
with D(A) = D(H,) x H'(Y) is the infinitesimal generator of a Co-semigroup {e’ Ay
on X(V) = H'(Y) x L* V).
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2) Consider the mapping Jy : C([0, T]: X())) — C([0, T]; X(})) given by
t
Jow](t) = A +/ e IAF (w(s))ds.
0

One needs to show that the mapping Jg is well-defined. We note immediately that the
nonlinearity satisfies for w = (u, v) € X(Y) that F(w) € X(Y) with [|[F(W)|xq) =
llallz2yy < |lwllx(y). Thus we obtain for ¢ € [0, T'],

T M/ r
Ve Wl lx@) < Me" " |W]xq) + *(ey - 1) sup [[w()llx),
14 s€[0,T]
where the positive constants M, y do not depend on W and are determined by the semi-
group e’ A The continuity and contraction property of Jy are proved in a standard way.
By using the contraction mapping principle (Banach fixed point theorem), we obtain the
local well -posedness result for the sine-Gordon Eq. (1.8) on X ()). In particular, the
mapping data-solution in (3.7) is at least continuous (Lipschitz).

3) Next, we recall that the argument based on the contraction mapping principle above has
the advantage that if F(w) has a specific regularity, then it is inherited by the mapping
data-solution. In particular, following the ideas in [5], we consider for (®, z) € B(W¥; €) x
C([0,T], X(¥)) the mapping

(P, z)(t) =z(t) — Jolz](2), tel0,T]

Then, for w being the solution of the sine-Gordon model with initial data W, we obtain
'(W, w)(t) =0forallt € [0, T]. Now, since F (z) is smooth we obtain that I" is smooth.
Hence, using the arguments applied for obtaining the local well-posedness in X ()V) above,
we can show that the operator 9,I" (W, w) is one-to-one and onto. Thus, by the Implicit
Function Theorem there exists a smooth mapping A : B(W;é) — C([0,T], X))
(6 < €) such that I'(Vo, A(Vy)) = 0 for all Vo € B(WV; §). This argument establishes
the smoothness property of the mapping data-solution associated to the sine-Gordon
equation. This finishes the proof.

3.1.2 The kink solution with specific profile on a Y-junction

We will consider a specific class of stationary profiles W, s for the sine-Gordon Eq. (1.7)
on a Y-junction with profiles determined by formulae (1.14) and satisfying the boundary
conditions (1.13) of §’-type and intensity A € R at the vertex. In this fashion, we reckon that
they belong to the §’-interaction type domain in (3.2) with ¢; > 0 and A € R. Here we will
consider the continuity case, namely,

$2(0+) = ¢3(0+). (3.8)

Consequently we obtain the condition a>/cy; = a3z/c3. Now, the conditions (1.13) for the
family yield

cosh(aj/c1) = cosh(az/c2). 3.9)
Thus, we obtain a1 /c; = Fa/c2. Moreover, for y = e®/¢2 and v = e/l there holds
(e + c3) arctan(y) + 1 arctan(1/y1) = —A- Jyrl . (3.10)
Y1
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For concreteness, in what follows we study the case aj/c; = —aa/cy (see Remark 3.4
below on the remaining cases). Thus, we obtain from (3.10) the relation

Yy

3
arctan(y) Z cj = —AW,

j=1

y > 0. (3.11)

Therefore, we conclude that, necessarily, A € ( — 00, _Z§=1 c j). Moreover, from

2
the strictly-increasing property of the positive function, y > li arctan(y), y > 0,

we obtain from (3.11) the existence of a smooth shift-map (also real analytic), A €
(—o0, — 2321 c¢j) — ax(A) satisfying (3.11), and such that the mapping

3
A€ (— 00, — ch) = W s = (=140 D2,a000) D3,0501), 0,0, 0),
Jj=1

represents areal-analytic family of static profiles for the sine-Gordon equation on a ))-junction
of first-type satisfying &’-interaction type at the vertex v = 0.
Hence we obtain, for a; = a; (1) and ¢; = ¢; 4, (1), the following behavior:

1) for A € (=00, =% Z;zl cj) we obtain ay > 0: therefore a3 > 0, a1 < 0, ¢, < 0
and ¢} (a;) = 0, fori = 1,2, 3. Moreover, ¢; € (0,1),i = 2,3, —¢; € (—n,0), with
n = 4arctan (€®2/2) > 7. Thus, the profile of (—@1, ¢2, ¢3), looks similar to the one
shown in Figure 3a below (bump-type profile);

2) fori e (=% 23:1 cj,— Zi:l cj) we obtain ay < 0: therefore a3 < 0, a1 > 0, ¢/ <0
and ¢ > Ofori =2,3,¢] > 0and ¢] > 0. ¢; € (0, ) for every j. Thus, the profile
of (—¢1, ¢2, ¢3) looks similar to that in Fig. 3b below (tail-type profile);

3) the case A = —75 Z;:l c;j implies a1 = a» = a3 = 0: Therefore, ¢1(0) = ¢(0) =
$3(0) = 7. Moreover, ¢/'(0) = 0, i = 1,2, 3. Thus, the profile of (—¢1, ¢2, ¢3) looks
similar to that in Fig. 3c.

Remark 3.4 1t is to be observed that we have left open the description of other kink-soliton
profiles satisfying or not the continuity property (3.8) at zero for the components ¢,, ¢3, as
well as the case where aj/c1 = az/c>. We believe that these other profiles can be obtained
following the strategies used above and by using numerical tools for studying relations such
as (3.10).

Our instability result for the stationary profiles W, s = (—¢1, ¢2, ¢3,0,0,0) (with a
slight abuse of notation) with ¢; = ¢; 4 (1) defined in (1.14)—(3.11) via ax(A) and such that
for a; = a; ()»),

c3 1
a3 = —ap, and a; = ——ap, c¢; >0, (3.12)
2 2

is the following
Theorem 3.5 Let A € (—o0, — Z;’:l cj), ¢j > 0, and the smooth family of stationary

profiles A — WV, s determined above. Then WV, g is spectrally and nonlinearly unstable for
the sine-Gordon model (1.7) on a Y-junction of first type in the following cases:

() forre (=% Zi:l cj,— Zi’:l cj) and the constants a; and c; satisfying (3.12),
(ii) for x € (—00, =% Y 3_  cjland c; = ¢y = c3 in (3.12),
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0 10 10

@ A€ (00252 ) ) Ae(“EXE e e) ©A=-35% ¢

Fig.3 Plots of stationary solutions (—¢1, ¢7, ¢3) defined in (1.14) in the case where c; = 1forall j = 1,2, 3,
for different values of A € (oo, =) ;¢ j) = (—00, —3). Panel (a) shows the stationary profile solutions
(“bump-type” configuration) for the case A € (—o00, —37/2). Panel (b) shows the profile of “tail-type” for
the case A € (—3m/2, —3). Panel (c) shows the profile solutions when A = —37/2 (color online)

The strategy of proof for Theorem 3.5 is to use the linear instability criterion stated in
Theorem 2.4. The most delicate point to be considered here is the one related to the Morse
index calculations determined by assumption (S3). Thus, the cases (i) and (i7) are treated with
different methodological approaches: case (i) falls into the framework of extension theory
for symmetric operators (Sect. 3.1.3), whereas case (ii) requires an application of analytic
perturbation theory (Sect. 3.1.4). Now, to conclude the nonlinear instability property from
spectral instability we apply the approach by Henry et al. [26]. The key point of this method
is to use that the mapping data-solution associated to the sine-Gordon model is of class C2.
We recall that another strategy to conclude orbital instability is the one due to Grillakis et al.
[24], where it is sufficient to show estimate (6.2) in [24] for the semigroup e'Z generated by
B = J¢& in order to conclude. In the present setting, however, it is not clear how to prove an
equivalent to estimate (6.2).

Remark 3.6 We observe that the equality condition ¢; = ¢, = ¢3 in Theorem 3.5 emerges
as a technical condition for obtaining that the Morse index of the operator £, in (3.13) is
exactly one on the Lz(y)-subspace C; in (3.23) (Sect. 3.1.4). For other kink-soliton profiles
(not continuous at zero of ¢;’s, or with different c;’s), the Morse index calculations could
be, however, more convoluted (see Remarks 3.16 and 3.18 about the specific case ¢y = c3).

3.1.3 The spectral study in the case of 1 € [ 21.3=1 G, — ZJL )

In this subsection we provide the spectral information about the family of self-adjoint oper-
ators (£;, D(L;)) where

o=((- cfj—; +c0s(¢));x). 1) k<3, (3.13)

associated to the linearization around the solutions (¢;) j—1 determined in the previous sub-
section. Here D(L,)) is the §’-interaction domain defined in (3.2) (see also Proposition A.6
at Appendix A.1).

We begin by proving a result that applies to all values of A under consideration.

Proposition3.7 Let 1 € (—00, — Y7_; ¢j), A # —% 3_3_, ¢j. Then, ker(L3) = {0}. More-
over, Oess(L£3) = [1, +00).
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Proof Letu = (uy,uz,u3) € D(L,) and £;u = 0. Then, from Sturm-Liouville theory on
half-lines (see [12]) one obtains

ui(x) = O(1¢>i(x), x<0, ujx)= otjd)}(x), x>0, j=2,3, (3.14)

for some oy and «, j = 2,3. Since a;/cy = —az/c; = —a3/c3 we obtain ¢1(0—) =
¢2(0+) = ¢3(0+), and so c2¢ '0+) = c%qb (0+4). Therefore, from the conditions on
¢> (0) we deduce cra2¢5(04) = c3e3¢5 (0+), and so czaa¢y (0+) = 3¢5 (04). Since
¢ (0+) # 0 we get ax/cy = a3/c3. Similarly, we have ar/co = «1/cy. Next, the jump
condition implies

3
$0)) ;= ¢2(0)— Zc, = A2p3 (0). (3.15)
j=1

j=1

Now, we suppose a2 # 0. Thus,

$5(0)— Zc, = 1 (0). (3.16)

] 1
Let us to consider the following cases:

1) Let & € (—o0, —% Zi 1 ¢j). Then, the profile of ¢, satisfies ¢5(0) < 0 and it is of
bump-type and so q) (0) < 0. Therefore, from (3.16) we get a contradiction.

2) Letd € (—% 23 1Cj» — ijl c;). In this case, ¢, has a tail-type profile. Next, from
the explicit formula for ¢, in (1.14), (3.16) and (3.11) we get

(1 —yHarctan(y) =y, y=e®?/? € (0,1). (3.17)

We arrive at a contradiction, in view that A(x) = (1 — x?) arctan(x) — x is a negative
strictly decreasing mapping on (0, 1).

Thus, from the two cases above we need to have op = 0 = a3 = «;. The statement
Oess(£5) = [1, +00) is an immediate consequence of Weyl’s Theorem (cf. [42]). This finishes
the proof. O

Proposition3.8 Let ho = —% 33_, c;. Then, dim(ker(Lz,)) = 2.

Proof From (3.15) we have o] +a + a3 = 0 because of ¢5 (0+) = 0 and ¢5(0+) # 0. Then
b = (— ¢1 ¢2, 0) and &, = (0, ¢2, ¢3)belongto D(F;,) and span{®, &} = ker(L;,).
[m}

Remark 3.9 For @, ®; in the proof of Proposition 3.8 we have the orthogonality relations
($1, 2. ¢3) L @1 and ($1, ¢2, ¢3) L D2. Therefore, (¢1, ¢2, ¢3) € [ker(Ly,)]E.

Proposition3.10 Let A € [-2 Y 7_ c;. — Y 1_, ¢;). Then n(L;) = 1.

Proof From Proposition A.6in Appendix A.1 we have that the family (£, D(L£,)) represents
all the self-adjoint extensions of the closed symmetric operator, (Ho, D(Hop)), where

d2
Ho=((- s +c05(¢)))j). 1S j.k<3, DHo) =DH)  (.18)
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and n4(Hp) = 1. Next, we show that Ho = 0. If we denote L; = / d <= =+ cos(¢;) then
from (1.12) we obtain
1 d 20472 d 1//
“”—‘@zﬂ%@ﬂzﬂ@ﬂ’ (3.19)

for any . It is to be observed that ¢} # 0. By using formula in (3.19) we have for any
A = (¥;) € D(Ho),

¢7(0)
970

P10

_ 2.2
(HoA, A) = A+ ciy1(0) ¢i (0)

(3.20)

where A 2 0 represents the integral terms. Next we show that P 2> 0. Indeed, since ¢}’ 0) =
0, for every j, ¢1(0) > 0, and q&} (0) < 0, for j = 2, 3, we obtain immediately P > 0. Then,
Ho = 0.

Due to Proposition A.3 (see Appendix A.1),n(L;) < 1.Next, for W, s = (—¢1, ¢2, ¢3) €
D(L,) (with a slight abuse of notation) we obtain

0
<m%%%w=/[ﬂmm+mwmwm

3 +00
+Z/O [—sin(@;) 4 cos(¢;)¢;lpjdx <0,  (3.21)
j=2

because of 0 < ¢;(x) < 7 and xcosx < sinx for all x € [0, 7]. Then from minimax
principle we arrive at n(£,) = 1. This finishes the proof. O

Remark 3.11 For the case A € (—o0, —% Z§=1 cj) in Proposition 3.7, the formula for P
in (3.20) satisfies P < 0. Therefore, it is not clear whether the extension theory approach
provides an estimate of the Morse-index of £, ; see also the related Remark 4.5 in [9].

For convenience of the reader, we establish the following theorem which is the link to
obtain nonlinear instability from a linear instability result (see Henry, Perez and Wreszinski
[26], Angulo and Natali [8], Angulo, Lopes and Neves [7]).

Theorem 3.12 (Henry et al. [26]) Let Y be a Banach space and Q C Y an open set containing
0. Suppose T : Q — Y has T(0) = 0, and for some p > 1 and continuous linear operator
L with spectral radius r (L) > 1 we have | T (x) — Lx|ly = 0(||x||€) as x — 0.Then0is
unstable as a fixed point of T

Corollary3.13 Let S : Q| C Y — Y be a C* map defined in an open neighborhood of a
fixed point ¢ of S. If there is an element u € o (S'(¢)) with || > 1 then ¢ is an unstable

fixed point of S.

Proof Forx € Q = {y — ¢ : y € Q1} we consider T(x) = S(x + ¢) — ¢ and define
Z = §'(¢). Then we have T(0) = S(¢) —¢ = 0and 1 < |u| < r(Z). So, from Taylor’s
formula T (x) = T(0) + T'(0)x + O(||x||%,) =Zx + 0(||x||§) for ||x|ly < 1. Therefore,
from Theorem 3.12 ¢ is an unstable fixed point of S. This finishes the proof. O

Proof of Theorem 3.5 (case —%5 Z _1¢j S A S - ijl c¢;) From Propositions 3.7 and
3.10 we have ker(£;) = {0} and n(ﬁ,\) = 1 Thus, from Theorems 3.2 and 2.4 there follows
the linear instability property of the stationary profile ¥ s = (—¢1, ¢2, ¢3,0, 0, 0).
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Let us define for X = H()) x L2()) (at least formally), S : X — X as S(¢) = wg (1),
where w (1) is the solution of (1.8) with w(x, 0) = ¢ (x). For Yo : X — C([0, T]; X) the
mapping data-solution related to Eq. (1.8), we have from Theorem 3.3 that Yy is at least
of class C2. Thus S is a C? map well defined on a neighborhood of W, 5. Furthermore
S(W;.5) = W, 5. Now, for b € X we have S'(¥; s)h = v (1), where v, (1) is the solution
of the linear initial value problem (see (2.3))

v, =JEV

{ v(0) = h,

evaluated in + = 1. Then, from Theorem 2.4 there is A > 0 and ¥ € X — {0} such that
JEY = Ayr. Hence for vy (t) = ey and u = e* we obtain §'(¥; s)¥ = vy (1) = pip.
Therefore u € o (S'(W;. 5)) with || > 1 and from Corollary 3.13 we obtain the nonlinear
instability in X of the profile W, 5. This finishes the proof. O

(3.22)

3.1.4 The spectral study in the case A € (—o0, — 7 st=1 )

In this subsection we study in more details the Morse index of £ forA € (—oo, — % Z?:] cj)
via analytic perturbation theory. Our analysis specializes to the case ¢; = ¢ = ¢3 in (3.12);
thus, we consider the following closed subspace of L2(}),

Co = {(uj)}—y € L*(V) : for u(x) = —uj(—x), x > 0,
we have u(x) = ur(x) = uz(x), x > 0}. (3.23)

We immediately note from (3.12) that the soliton-profile belongs to Cp, ¥, sy =
(—¢1, 92, $3) € C, with ¢; = ¢; 4,0) and —a;(X) = ax(A) = az(A), where ax(A) is
determined by (3.11). Our strategy here will be to apply the linear instability criterion in
Theorem 2.4 within the space (H L) N C) x Cy. Thus we start with the verification of
Assumption (S7).

Proposition 3.14 Let us consider the Co-semigroup {G(t)};>( on HYQ) x LE2) defined
by (3.4). Then, B

1) Forallt 2 0, the subspace (HY(Y) N C2) x Cy is invariant under G(t). Moreover, the
infinitesimal generator of G (t) is the operator A = J E with D(A) = (D(H;)NC2) X Ca.

2) Assumption (S1) is satisfied; more precisely, the operator JE is the generator of a Cop-
semigroup {S(t)},>q on (HYY) N Cy) x Co with D(JE) = (D(H,) NCa) x Ca.

Proof 1) By the representation formula for G(¢) in (3.4), it is sufficient to show that the
resolvent operator for A, R(n : A), satisfies R(n : AH () NEC) x C) C (D(H) N
Cy) X C;. Indeed, initially for . € R— {0} we can see, similarly as in the proof of Theorem 2.2
in [9], that for n € C such that —772 € p(H,) we obtain for U = (u,v) € H' () x L2(Y)
the representation

(3.24)

2.
R(n:A)\IJz( —R(=n" : H3)(u +v) )

—nR(—n* : H)(nu+v) —u

where R(—n? : Hy) = (—n*Is — Hy)~! : L2(}) — D(H,). Thus, we only need to show
that R(—n? : H,) satisfies R(—n? : H)(C2) C D(H,;) N Ca. It is not difficult to see that
Hy(D(H;) N Cy) C Cr. Now, a explicit representation for R(—r;2 : Hj) forany n > 0
(without loss of generality) and A > 0 can be obtained via the following formulas: for
u= (uj)ile € L%(Y) and (CIZ'j);:1 = (H) + n213)_1u (cj > 0 without loss of generality)
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(a) forx <0

2
_ d L
@) = (—e1— + ) ) (x) = aeﬂx
. /0 (e gy, (3.25)
1 .
2\/577 —00

(b) forx > 0and j =2, 3,

d? dj ——x
Pj(x) = (—cj—5 +n) ) = Le VI
J dez J Cj
e [ e 5 My (326)
2/einJo ’ '

where the constants d; = d;(n, (®;)) are chosen such that (®;) € D(H;). Moreover,
for A > 0, it is not difficult to see that for (u;) € C, we obtain (®;) € C;. Next, for
the case A < 0 we need to use Theorem 3.1. We note that the eigenfunction &, =
(—e_%x, e%x, e%x) for H; associated with the eigenvalue 6y = —9c%/}\2 and with
o = 3c;/A < 0, obviously belongs to C, (we recall that c; = ¢» = ¢3 > 0). Thus,
by using similar formulae to those in [9] (specifically, formulae (2.9) and (2.10) in that
reference) we immediately obtain that R(—1? : Hy)u = (¥ 1)§= | € C2 with n* £ —6p.

2) Consider J€ = JE 4+ M with

0 0
M= <(—cos(¢,)8.,<,k> 0) '

We know that M is a bounded operator on H'(Y) x LQ())). Now, for u € C, we can see
that (— cos(¢;)d; x)u € C2 and so M : (HQ)NEC) x C — (HYQ) NEC) x Ca is well
defined. Therefore, since J E generates a Co-semigroup on (H'()) N Cy) x Ca, it follows
from standard semigroup theory that J& also has this property (see Pazy [39]). O

Proposition 3.15 Letig = —75 Z;Zl cj and consider B = CoND(Ly,). Then Ly, : B — C>
is well defined and ker (L, |5) = {0} and n(L;,|5) = 1.

Proof Initially for ¢; = ¢; 4;(r)> @i(*0) = 0. Then we have (with a slight abuse of nota-
tion) Wy, s = (—¢1, 2, ¢3) € B. Next, suppose (uy, uz, u3) € BNker(Ly,). Then from
Proposition 3.8 there exist 6, i € R such that

(i, uz,u3) =0 + pnds.

Hence, since —u1(0—) = u3(04+) = u3(04+) we obtain & = —2u and u;(0—) =
—0¢1(0—) = —u3(04+) = u¢5(0+) = —uep|(0—). Therefore 6 = p andsou = 6 = 0.
This shows that ker(L;,|5) is trivial. Lastly, from (3.21) we have (L3, W¥y,.6', Wio.5) < O.
Therefore, in view of Proposition 3.10, we finish the proof. O

Remark 3.16 The spectral structure of the operator £, |5 given in Proposition 3.15 clearly
depends on the choice of the subspace C; in (3.23). For instance, if we consider the case
¢y = c3 (orstill c; = ¢ = ¢3) and the subspace C; = {(uj);:1 € Lz(y) T up = u3},itis not
difficult to see that for B1 = C1 N D(L;,) we have dim(ker(Ly,|5,)) = landn(Ly,l5,) = 1.
In this case, we cannot apply Theorem 2.4.

The following result is a natural consequence from Propositions 3.7, 3.10 and 3.15 .

@ Springer



J.A.Pava, R. G. Plaza

Proposition 3.17 Let A € (o0, =% Zj’:l cj) and consider B = C> N D(Ly). Then L, :
B — Cp is well defined and n(L; |p) = 1.

Proof The proof is based on Proposition 3.15, analytic perturbation theory around Ag, a
principle of continuation based in the Riesz-projection, as well as on the ideas in the proof
of Proposition 4.4 in [9] (see also Proposition 3.24 below). Details are left to the reader. O

Remark 3.18 We note that via analytic perturbation theory is possible to see that for
the case ¢ = c3, the subspace C; defined in Remark 3.16, B3 = C; N D(L;) and
L€ (—00, =% Z;:l cj), we have n(L;|5;) = 2. In this case we do not know what happens
with the stability properties of W, s, but we conjecture that they are unstable (see [3]). It is
to be noted that Proposition 3.14 is still true on the subspace (H Toyyne) x .

Proof of Theorem 3.5 (case —0o < A = —7% Z;zl cj, c1 = ¢ = c3) From Propo-
sitions 3.7, 3.15 and 3.17 we have ker(L,|p) = {0} and n(L,|z) = 1. Moreover,
Proposition 3.14 verifies Assumption (S7) in the linear instability criterion in Sect. 3.1.
Thus, from Theorem 2.4 follows the linear instability property of the stationary profile ®; s .
Lastly, by following a similar argument as in the case —7% Z?:] cj SAS — Zi’:l cj we
obtain the nonlinear instability property of &, s . This finishes the proof. O

3.2 Kink/anti-kink instability theory on a Y-junction of type |

In this subsection we study the existence and stability of the kink/anti-kink profiles defined
in (1.16). Since these stationary profiles do not belong to the classical H2()) Sobolev space,
we need to make precise the functional spaces suitable for our needs.

3.2.1 The kink/anti-kink solutions with specific profile on a Y-junction

Let us consider the specific class of kink/anti-kink solutions defined in (1.16) satisfying the
8’-condition in (1.13) with the continuity property ¢»(0+) = ¢3(0+) and, for simplicity,
subject to the condition

cir=cy=c3=1. (3.27)

Consequently we have a, = a3 and, therefore, ¢ = ¢3 on (0, +00). Next, the continuity
condition ¢ (0—) = ¢/ (0+) implies that cosh(a;) = cosh(az). As we are interested in non-
continuous profiles at the vertex v = 0 of the )-junction, we consider the case a; = —a>.
Now the Kirchhoff’s type condition in (1.13) implies the following equality for y = ¢~

2

1
F(y) =-— bl [2 arctan(y) — arctan(1/y)] = A. (3.28)
Thus, we obtain immediately the following behavior of the mapping F: (i) F'(y) < 0 for
all y > 05 (ii) F(y*) = 0 for a unique y* € (0, 1), and (iii), lim,_ o+ F(y) = +o0,
limy_, 4o F(y) = —oc. Then, from (3.28) we have the following specific behavior of the
A-parameter:

a) fora; =0,A=-7%,
b) fora; > 0,4 € (=%, +00),
¢) fora; <0, € (=00, =%).

@ Springer



Unstable kink and anti-kink profile...

(a))\e(—oo,—g (b))\e(—g,oo)

Fig.4 Plots of stationary solutions (¢1, ¢2, ¢3) defined in (1.16) in the case where cj=1forallj=1,2,3,
for different values of A € R. Panel (a) shows the stationary profile solutions (“bump-type” configuration) for
the case A = 100 € (—oo, —m/2). The shaded profile of the anti-kink on the edge E| = (—o00, 0) illustrates
the fact that the profile ¢ (x) has infinite mass as ¢ ¢ L2(—o<>, 0). Panel (b) shows the profile of “tail-type”
for the case A = 1 € (—m/2, 00). Notice the discontinuity at the vertex. Panel (¢) shows the profile solutions
when A = —m/2 (color online)

Henceforth, from (3.28) and the properties for F' we obtain the existence of a smooth
shift-map (also real analytic), A € (—o0, +00) > a1 (A) satisfying (3.28), and such that the

mapping
re (=00, 400) > My = B1an raains $2.020: 0, 0,0, @) = —a1(2)

represents a real-analytic family of static profiles for the sine-Gordon equation on a Y-
junction of first-type satisfying for all A € R, limy_, _o @1 4,(1)(x) = 27r. Hence we obtain,
for a; = a; (1) and ¢; = ¢; 4, (1), the following behavior:

1) for A € (=00, —%) we have a; < 0: therefore ¢, < 0 and ¢} (a;) = 0 = ¢5(—ay).
Moreover, ¢1(0) € (0, w) and ¢2(0) € (7, 27). Thus, the profile of (¢1, ¢, ¢2), looks
similar to the one shown in Fig. 4a below (bump-profile type);

2) for A € (=%, +00) we obtain a; > 0: therefore ¢{ < 0and ¢! > 0fori =2,3, Thus,
the profile of (¢1, ¢, ¢3) looks similar to that in Fig. 4b below (typical tail-profile);

3) the case A = —% implies a; = a» = az = 0: Therefore, ¢1(0) = ¢ (0) = ¢p3(0) ==
(continuity at the vertex of the graph), ¢(0) = 0, i = 1,2, 3. Thus, the profile of
(¢1, ¢2, ¢3) represents exactly two kink/anti-kink solitons profiles connected in the vertex
of the graph such as shown in Fig. 4c.

Remark 3.19 1t is to be observed that we have left open the description of other kink/anti-
kink-soliton profiles not satisfying the continuity property at zero for the components ¢, ¢3,
as well as the case where the constants ¢; are not all equal to each other. These other profiles
can be studied following the methods to be described in this section, even though we are not
certain whether the Morse index calculations are more involved; see also Remark 3.4 above.

Our instability result for the kink/anti-kink profiles IT) s = (¢1, ¢2, ¢2, 0, 0, 0) (with a
slight abuse of notation) with ¢; = ¢; 4,(;) defined in (1.16) is the following

Theorem 3.20 Let ) € (—7, 400) and the smooth family of stationary kink/anti-kink profiles
A — I, & determined above. Then I, s is spectrally and nonlinearly unstable for the sine-
Gordon model (1.7) on a Y-junction of first type.

@ Springer



J.A.Pava, R. G. Plaza

The proof of Theorem 3.20 will follow by combining the framework of extension theory
and the analytic perturbation theory. At this point, some observations about the stability
problem for values of A outside the range (—%, +00) are in order. Indeed, for A = —%
we show that the fundamental Schrodinger diagonal operator £ in (1.17) associated to the
kink/anti-kink profiles IT, s has a two-dimensional kernel and a Morse index equal to one.
For A < —% we do not know which is exactly the Morse index for £, but for completeness
and for future study, we established in Proposition A.7 in Appendix A.2 that, in this case, the
Morse index is at least two. Thus, for values of A outside (— % +00) the stability properties
of the kink/anti-kink profiles (1.16) remain open.

3.2.2 Functional space for stability properties of the kink/anti-kink profile

The natural framework space for studying stability properties associated to the kink/anti-
kink soliton profile ® = (¢ j)§:1 described in the former subsection for the sine-Gordon

model is X(Y) = H,. .(—00,0) @ H'(0, 00) @ H' (0, 00). Thus we say that a flow ¢ —
(), v(1)) € X(Y) x L*(Y) is called a perturbed solution for the kink/anti-kink profile ® €
X () if for (P(1), Q(t)) = (u(t) — @, v(t)) we have that (P (1), Q(t)) € H (Y) x L2(y)

andz = (P, Q)" satisfies the following vectorial perturbed sine-Gordon model

72, =JEz+ F|(z)
P(0) = u(0) — ® € H' (), (3.29)
0(0) = v(0) € L*(),

where for P = (p1, p2, p3) we have

0

0

0
sin(¢1) — sin(p1 + ¢1)
sin(¢2) — sin(p2 + ¢2)
sin(¢3) — sin(p3 + ¢3)

Then, by studying stability properties of the stationary anti-kink IT, s = (¢1, ¢2, ¢2, 0,0, 0)
by the sine-Gordon model on X' ()) x L2(Y) is reduced to study stability properties of the
trivial solution (P, Q) = (0, 0) for the linearized model (3.29) around (P, Q) = (0, 0).
Thus, via Taylor’s Theorem we obtain the linearized system in (2.3) but with the Schrodinger
diagonal operator £ in (2.4) now determined by the anti-kink profile ® = (¢;). We will
denote this operator by £, in (3.31) below, with the domain D(L£,) in (1.11). In this form,
we can apply ipsi litteris the semi-group theory results in subsection 3.1.1 to the operator
J E and to the local well-posedness problem in H L) x L2(Y) for the vectorial perturbed
sine-Gordon model (3.29). Lastly, we note that the kink/anti-kink profile ® € X'()’) but
o' € H2(Y).

F1(z) = (3.30)

3.2.3 The spectral study in the kink/anti-kink case

In this subsection we give the spectral informations for the family of self-adjoint operators
(L5, D(L;)) where

o=((- j—; +cos(@))djn). 1S k<3, (3.31)
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associated to the kink/anti-kink solutions (¢, ¢2, ¢») determined in the previous subsec-
tion. Here D(L;) is the §'-interaction domain defined in (1.11) (see also Proposition A.6 at
Appendix A.1).

We begin by proving a result that applies to all values of A under consideration.

Proposition 3.21 Let ) € (=00, +00). Then, ker(L;) = {0} for all » # —%. For A = —%
we have dim(ker(L,)) = 2. Moreover, for all A we obtain oess(L;) = [1, +00).

Proof Letw = (uy,u2,u3) € D(L;) and £u = 0. Then, since (¢}, ¢}, ¢}) € H2())
follows from Sturm-Liouville theory on half-lines

up(x) = 1) (x), x <0, wu;(x)=0a;¢;(x), x>0, j=2,3, (3.32)
for some oy and o, j = 2, 3, real constants. Next, we consider the following cases:

a) Suppose a; > 0 (1 € [0,400)): The conditions u}(0—) = u},(0+) = u;(0+) and
¢ = ¢3 imply that ap = a3, since ¢4 (0) # 0. Next, the jump-condition and ¢ (0—) =
¢5(0+) = ¢5(0+) imply

202 — a1)¢1(0) = 1197 (0). (3.33)

Now, since for all A # —% we have ¢{'(0) = —¢7(0) # 0. Thus, @; = —a> and
from (3.33) we arrive at the relation —3a1¢](0) = la1¢{(0). Suppose oy # 0, then
L = —=3¢1(0)/¢](0). Since ¢{(0) < 0 and ¢/ (0) < 0 we get A < 0, which is a
contradiction. So, we need to have 0 = o; = ap = 3 and therefore u = 0.

b) Suppose a; > 0 (1 € (—%, 0)): From item a) we still have the relation —3a1¢i(0) =
Aa1¢i’(0). Suppose &1 # 0. Then, by the formula for the anti-kink on (—o00, 0) in (1.16)
we obtain for a; > 0,

¢1(0) _ cosh(ap)
= >
#7(0)  sinh(ay)
Thus, we obtain A < —3 which is a contradiction. Therefore, 1 = 0 and sou = 0.
¢) Supposea; < 0 (r € (—o0, —%)): From item a) we still have the relation —3ot1q>i 0) =
A1y (0). Suppose o # 0. Since ¢1(0) < 0 and ¢](0) > 0 we get A > 0 whichis a
contradiction. So, we need to have 0 = o; = o = 3 and therefore u = 0.
d) Supposea; =0 (A = —%): In this case the Kirchhoff’s condition for u, d)i ) = ¢§ 0)
and ¢ (0) = 0 we get the relation o + a3 — a1 = 0. Therefore

(ur, uz, uz) = a2(py, 5, 0) + 39y, 0, ¢5).
Since (¢}, 5. 0), (¢1. 0, ¢}) € D(L;) we obtain that dim(ker(L£,)) = 2.

The statement oegs (L)) = [1, +00) is an immediate consequence of Weyl’s Theorem (cf.
[42]) because of lim_, _ o, cos(p1(x)) = 1 = limy_, o, cos(¢2(x)). This finishes the proof.
O

Proposition 3.22 Let & € [—%, 0). Then n(L;) = 1.

Proof From Proposition A.6in Appendix A.1 we have that the family (£, D(L£,)) represents
all the self-adjoint extensions of the closed symmetric operator, (H, D(H)), where

d2
= ((- —+ cos@))8jx), 1< j.k <3, DOH)=DH)  (3.34)

@ Springer



J.A.Pava, R. G. Plaza

and ny (H1) = 1. Next, we show that H; = 0. Indeed, by using a similar argument as in the
proof of Proposition 3.10 we have for any Ay = (¥;) € D(Ho),

PO o, DO
- 2(0 = A+ Py, 335
5O ;w,( ) s = Mth (3.35)

(HiA1, A1) = AL+ ¢E(0)

where A represents the non-negatives integral terms. Next for A € [—%, +00) (a; = 0) we
obtain immediately that P; = 0, so (H; A1, A1) = 0. Due to Proposition A.3 (see Appendix
A.1) we obtain n(£;) < 1.

In the sequel we show that n(£;) = 1for A € [—Z%, 0). Indeed, we consider the quadratic
form Q associated to (£, D(L;)) for A = () € H'()) by

/< 20
o) = (X v - 10) +/ W}
j=2 -

3 o
+cos(¢1) ¥ dx + Z/ (W))? + cos(ep) ¥} dx. (3.36)
j=270

Next, for A| = (¢}, ¢, 5) € H'(Y) we obtain from the equalities —¢>/,.” + cos(qﬁﬂ,)qb} =0,
#1(0) = ¢4(0) = ¢5(0), and integration by parts the relation

1
QA1) = X[(bi O + ¢ ()¢} (0) — 265 (0)]. (3.37)

Thus, for A = —7 we have qb}’(O) = 0 and therefore Q(A1) < 0.
Now, for A € (=%, 0) we consider Ay = (0, ¢}, ¢3) € H'(Y). Then

1
Q(A2) = X[2¢§(0)]2 —2¢5(0)¢3(0) <0 (3.38)
. ) . . #}(0) .
because of Q(A») < 0if and only if 2-3= < A if and only if —2-— < X. But, since
5(0) PO
—22},% < —2 <  we get (3.38). This finishes the proof. o
1

Remark 3.23 For the case A € [0, +00) in Proposition 3.22, it was not possible for us to
show in an easy way that the quadratic form Q in (3.36) has a negative direction. But we will
see below, via analytic perturbation approach, that we still have n(L£;) = 1. We note that the
formula for Py in (3.35) satisfies P| < O for all A € (=00, —%)

Proposition 3.24 Let A € [0, 400). Then n(L;) = 1.

Proof We use analytic perturbation theory. Initially, from Sect. 3.2.1 we have the real-analytic
mapping function A € (—oo, +00) — aj(}) satisfying

<0, for A e (—o0, —%),
a0y =1 =0, for x= —% (3.39)
>0, for A€ (—%, +00),

Thus, by denoting the stationary profiles in (1.16) as a function of A, Il; ) =
(P1,a,00)> P2.a00) > D200 (3)) (With az(A) = —ay (X)) also represents a real-analytic mapping.
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Moreover, 1,y — Ilg as A — 0 with Tlp = (@1,4,(0), $2,a2(0)» P2,42(0)) in the sense
that ¢/ .a,0) — #j.a0ll 10,4000 = 0 as A — 0 for j = 2,3, and limy—0 ¢1.4,0) —
1,4, 0) I g1 (—00,0) = 0. Thus, we obtain that £, converges to £y as A — 0 in the generalized

sense. Indeed, denoting W, = (COS((bj.al(A))Sj,k) we obtain

8(Ls. Lo) =8(Lo + (Wy. — Wo). Lo) < [Wx — Woll 2y = 0. as & — 0,

where 3 is the gap metric (see [29, Chapter IV]).

Now, we denote by N = n(Ly) the Morse-index for L. Thus, from Proposition 3.21 we
can separate the spectrum o (Lg) of Ly into two parts: og = {y : ¥ < 0} N o (Lp) and o
by a closed curve I' belongs to the resolvent set of £y with O € I' and such that o belongs
to the inner domain of I" and o} to the outer domain of I'. Moreover, o1 C [0y, +00) with
Bo = inf{f : 6 € 0(Ly), 6 > 0} > 0 (we recall that oegs = [1, +00)). Then, by standard
perturbation theory (see Kato [29, Theorem 3.16, Chapter IV]), we have that I' C p(L£,) for
A € [—61, 61] and 8; > O small enough. Moreover, o (L£,) is likewise separated by I' into
two parts so that the part of o(£,) inside I" consists of negative eigenvalues with exactly
total (algebraic) multiplicity equal to N. Therefore, by Proposition 3.22, n(£;) = N =1
for A € [—61,61].

Next, we use a classical continuation argument based on the Riesz-projection for showing
that n(£,) = 1 for all 1 € (0, 400). Indeed, define w by

o =sup{n:n > 0suchthat n(Ly) =1 forall A € (0,n)}.

The analysis above implies that w is well defined, and @ > 0. We claim that « = +o0.
Suppose that ® < +o00. Let M = n(L,), and I" be a closed curve such that 0 € I' C p(L,),
and all the negative eigenvalues of £, belong to the inner domain of I". Next, using that as a
function of A, (£,) is a real-analytic family of self-adjoint operators of type (B) in the sense
of Kato (see [29]) we deduce that there is € > 0 such that for A € [w — €, w + €] we have
' C p(L£y), and the mapping A — (£, —& )y~ lis analytic for & € I'. Therefore, the existence
of an analytic family of Riesz-projections A — P (1) given by

1
PGy = —%9%(& —5)la

implies that dim(range P (X)) = dim(range P(w)) = M for all A € [ — €, w + €]. Further,
by definition of w, there is 9 € (w — €, ) and £, has n(L,) = 1 for all A € (0, no).
Therefore, M = 1 and L+, has exactly one negative eigenvalue, hence £, has n(L;) = 1
for A € (0, w + €), which contradicts with the definition of w. Thus, w = +0o0. This finishes
the proof. O

Proof of Theorem 3.20 From Propositions 3.21, 3.22 and 3.24 we have ker(£;) = {0} and
n(L,) = 1. Moreover, Theorem 3.2 verifies Assumption (S7) in the linear instability criterion
in Sect. 3.1. Thus, from Theorem 2.4 follows the linear instability property of the stationary
kink/anti-kink soliton profile ITj s . Lastly, following the same strategy for showing Theo-
rem 3.3 we obtain the local well-posedness theory for (3.29) in H'()) x L?()). Applying
a similar argument to the one in the proof of Theorem 3.5 we obtain the nonlinear instability
property of IT, 5. This finishes the proof. O
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A Appendix
A.1 Extension Theory

For the sake of completeness, in this part of the appendix we develop the extension theory of
symmetric operators suitable for our needs. For further information on the subject the reader
is referred to the monographs by Naimark [35,36]. The following classical result, known as
the von-Neumann decomposition theorem, can be found in [41], p. 138.

Theorem A.1 Let A be a closed, symmetric operator, then

D(A") = D(A) @ N_; & N4, (A.1)
with Ny; = ker(A*Fil). Therefore, foru € D(A*) andu = x+y+z € D(A)ON_; DNy,
A'u = Ax + (=i)y +iz. (A.2)

Remark A.2 The direct sum in (A.1) is not necessarily orthogonal.

The following propositions provide a strategy for estimating the Morse-index of the self-
adjoint extensions and can be found in Naimark [36] (Theorem 16, p. 44) and Reed and
Simon, vol. 2, [41] (see Theorem X.2, p. 140).

Proposition A.3 Let A be a densely defined lower semi-bounded symmetric operator (that is,
A > ml) with finite deficiency indices, n+(A) = k < 00, in the Hilbert space 'H, and let A
be a self-adjoint extension of A. Then the spectrum of Ain (—o00, m) is discrete and consists
of, at most, k eigenvalues counting multiplicities.

Proposition A.4 Let A be a densely defined, closed, symmetric operator in some Hilbert
space H with deficiency indices equal n1-(A) = 1. All self-adjoint extensions Ay of A may
be parametrized by a real parameter 6 € [0, 2r) where

D(Ag) = {x +copy +¢e%¢_ :x € D(A), ¢ €T},
AO(X + §¢+ + {€i9¢_) = Ax +l§¢+ _ i{€i9¢_,
with A*¢i = :}:i(bi’ and ||¢+|| — ”¢_”

Next Proposition can be found in Naimark [36] (see Theorem 9, p. 38).

Proposition A.5 All self-adjoint extensions of a closed, symmetric operator which has equal
and finite deficiency indices have one and the same continuous spectrum.

The following result was used in the proof of Proposition 3.10.
Proposition A.6 Let Y be a Y-junction of type I. Consider the following closed symmetric
operator, (H, D(H)), densely defined on L*() by
, &
H=((=)8u). 12/.k=3,
D(H) = {(v,-);:1 e HX(Y) : c1v}(0—)
3

= c20h(04) = c303(04) =0, Y ¢ju;(0+) = 1wy (0-) =0},
j=2

(A.3)
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withcj > 0,1 £ j < 3, and §; i being the Kronecker symbol. Then, the deficiency indices
are ny(H) = 1. Therefore, we have that all the self-adjoint extensions of (H, D(H)) are
given by the one-parameter family (H;, D(H,)), » € R, with H,, = H and D(H,) defined
by
D) = [@)in € HX) : equf (0-) = caus (0+4)
3

= c3y(04), Y cjuj(00) — cru (0-) = xclu’l(O—)]. (A4)
=2

Proof We show initially that the adjoint operator (H*, D(H*)) of (H, D(H)) is given by
H =M., DH") = {u;)—; € H*Q) : c1uj(0-) = coup(0+) = c3u5(04)}. (A.5)
Indeed, formally for u = (u1, us, u3), v= (vy, v2, v3) € HQ()J) we have

(Hu, v) = cfu1(0-)v;(0-) = cfu (0-)v1 (0-)
3
+ ) I (040 (04) — uj (0+)v;(0-H)] + (u, Hv) (A.6)
j=2
= R + (u, Hv).

Hence, for u,v € D(H) we obtain R = 0 in (A.6) and so the symmetric property of H.
Next, let us denote D := {(uj)i=l e HXQ) : c1u} (0—-) = couhy(04) = c3uy(0+)}. We
shall show that D§j = D(H*). Indeed, from (A.6) we obtain for v € D and u € D(H) that
R = 0and sov € D(H*) with H*v = Hv. Let us show the inclusion D§ 2 D(H*). Take
u = (uy, uz, u3) € D(H), then for any v = (v1, v2, v3) € D(H*) we have from (A.6)

(Hu, v) = R + (u, H*v) = (u, Hv). (A7)

Thus, we arrive for any u € D(H) at the equality
3
> 304 (04) — cfvi (0—)u; (0—) = 0. (A8)
j=2

Next, let us consider u = (uy, u2,0) € D(H). Then cju}(0—) = cou,(0+) = 0 and from
Egs. (A.3) and (A.8), we obtain [c2v5(0+) — c1v] (0—)]ciu1 (0—) = 0. Thus, by choosing
u1(0—) # 0 follows c1v](0—) = c2v5(0+). Similarly, we have cjv)(0—) = c3v5(0+).
Therefore, v € Dj. This shows the relations in (A.5).

Now, from (A.5) we obtain that the deficiency indices for (H, D(H)) are n+(H) = 1.
Indeed, ker(H* +il) = [®4] with &4 defined by

ik ik =ik
S =(e1",—e 2", — 3 , (A.9)
x<0 x>0 x>0

kaF = Fi, Im (k—) < 0 and Im (k4) < 0. Moreover, [|[W_];2y) = Y+ 12(y)-

Next, from extension theory for symmetric operators we have that every self-adjoint
extension (ﬁ, D(ﬁ)) of (H, D(H)) is characterized by D(ﬁ) C D(H*), and u =
(w1, us,u3) € D(H) if and only if Z?:z cjuj(04) — ciuy(0—) = rciu)(0—), where,
for 0 € [0, 27) — {7 /2},

3

1+
— el /0

J
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Thus, the set of self-adjoint extensions (ﬁ, D(ﬁ)) of the symmetric operator (*, D(H)) can
be seen as one-parametrized family (H;, D(H,,)) defined by H, = H and D(H,; ) by (A.4).
This finishes the proof. O

A.2 Morse index calculations

The following result gives a precise value for the Morse-index of the operator £, in (3.31)
associated to the kink/anti-kink profile (¢;) obtained in Sect. 3.2.1, when we consider the
domain C; N D(Ly), C1 = {(u,-)?z1 € L%2()) : up = u3}. We establish this result in
order to possible future study related to the stability properties of kink/anti-kink profiles. We
conjecture that these profiles are in fact unstable (see Remark 3.18 and [3]).

Proposition A.7 Let A € (—o0, —%) and consider Bo = Ciy N D(L;). Then L; : By — C is
well defined and n(Ly|5,) = 2.

Proof The proof is based on analytic perturbation theory. By Proposition 3.21 we have for
CIDQLO = (29|, 95, ¢5) € Ci1.¢i = q}i,ko,thatspan{d);()} = ker(Ly,18,) (Ao = —%).Moreover,
by the proof of Proposition 3.22 we have for A; = (¢, 5, #5) € C1 N H(Y) that the
quadratic form Q in (3.36) satisfies Q(A1) < 0thusn(Ly,|5,) = 1. Let us denote by Yoo the
unique negative eigenvalue for £;|5,. We note in this point of the analysis that by using the
classical perturbation theory and the convergence £; — L;, as A — A¢ in the generalized
sense (Kato [29]) we obtain that given a closed curve I' such that og = {Xko , 0} belongs to
the inner domain of I, then we can only conclude that n(L,|3,) = 1 (by Proposition 3.21)
for A & Ag. So we will need to determine exactly how the eigenvalue zero will move, either
to right or to left . In this form, we divide our analysis into several steps:

i) The mapping A € (—00, 00) — W, = (¢; 4;(1)) is real-analytic and we have the conver-
gence W, — W, — 0,as A — A, in Hl(y). Then, it follows that £ converges to L;,
as A — Ag in the generalized sense (see proof of Proposition 3.24). Moreover, the family
{L,}rer represents a real-analytic family of self-adjoint operators of type (B) in the sense
of Kato (see [29]) on C;. Therefore, from Theorem 1V-3.16 from Kato [29] we obtain
I' C p(Ly) for |2 — Aol sufficiently small, and o (L)) is likewise separated by I" into two
parts, such that the part of o (£, ) inside I consists of a finite number of eigenvalues with
total multiplicity (algebraic) equal to two. Then, it follows from Kato-Rellich’s theorem
(see [40]) the existence of two analytic functions, 2 and I1, defined in a neighborhood of
M with Q: (Ao —8, A0 +8) > Rand IT: (A9 — 8, Ag + ) — Cj such that Q(Ag) =0
and I[1(Ag) = CDQ\O. For all A € (Mg — 8, 2o + &), 2(X) is the simple isolated second
eigenvalue of £,, and TT()) is the associated eigenvector for €2 ()1). Moreover, § can be
chosen small enough to ensure that, for A € (Ao — 8, Ao + §), the spectrum of £ in C;
is positive, except for, at most, the first two eigenvalues.

ii) Using Taylor’s theorem, we obtain for sufficiently small § the following expansions:

Q) =B — )+ 0(h — Ao, TR =P} +T1' (k) ( — 20)+O(I% — io D),
(A.10)

where B = €'(Lo). Moreover, by analyticity we also obtain the expansion

W, — Wy = (A — 20)8 Wi lrmsg + O(A — 2o[?). (A.11)
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iii)

Next, we determine the sign of 8. Thus, we compute (£, IT(A), <I>;0) in two different
ways. On one hand, using £, IT(1) = Q(X)II(X), (A.10) leads to

(L2T1(), @) = BO-— A) @}, 7 + O (% — rol). (A.12)

On the other hand, since QDQLO € D(L,)NCy forall A # Ag and L, is self-adjoint, we get
(L IT(N), @;0) = (IT(A), Ly, CDQ\O). Now, using the notation ¢; 5 = ¢; 4;(;.), we have from
(3.13) the relation L;, d)j\o = L3, ¢;0 + Ad>;0 = Afb’lo where A is the diagonal-matrix

A= ((Cos(qbi,k) — cos(¢,~,;\0))8,~,k), 1 =i,k < 3. Next, for G;(A) = cos(¢; ) we have
the expansion

Gi(h) = Gi(ho) = = sin(@1,10) (81,1113 ) O = 20) + O = 2o,

Then A = (= 5in(@i,20)1 11,y (- = 200081 ) +O(% = 20), 1 £ i,k < 3. Thus,
(LTI, @) = (TT(R), Lo®),) = (B, + T (o) O — ko) + O — ko), AP} )
= (@4 (= sin(ra0)0a 1],y (= 2000814 ) @} ) + O3 = 20)

= (A — 200+ O — Aol?),
(A.13)

with n = 4a](ro) [° (@] ;)7 sin(@1.20) dx + 2] (ho) [5° () ,,)° Sin(—¢ 1) dx.
Next, we obtain the sign of 5. Indeed, from the qualitative properties of the anti-kink
profile ¢; 5, we get immediately that the two integrals above are positive. Next, from
the relation in (3.28) we obtain that ai()\o) = % (indeed we always have a’l()L) > 0).
Then n > 0. Next, from (A.12) and (A.13) there follows g = HL + O(Jxr — Mol)-

N

Therefore, from (A.10) there exists §o > O sufficiently small suchothat Q) > 0 for
any A € (Ao, Ao + 80), and Q(A) < O for any A € (Ag — 80, Ao). Thus, in the space
C1, the Morse index n(Ly|p,) = 1 for A > Ap and A & A¢ (equality that is used in
Proposition 3.22), and n(L|3,) = 2 for A < Ag and A ~ Ao.

Next, since ker(£;) = {0} for » # —7Z, we obtain via a continuation argument based on
the Riesz-projection operator (see proof of Proposition 3.24) that for any A € (—oo, — %)
follows n(L;|5,) = 2 . This finishes the proof.
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