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Abstract 

In this paper we investigate optimal prediction of the finite population regression 

coefficient fJN under a general linear regression superpopulation model. Optimal predictors 

of '1.I'e obtained under Gaus!.ian superpopulation models and also under weaker Gauss­

Markov type assumptions. We derive the optimum linear predictor of fJN under the general 

linear model with a nondiagonal covariance matrix and show that it reduces to the usual 

least squares estimator of the superpopulation regression coefficient. A linear Bayesian 

approach for predicting fJN is also proposed. 

1. Introduction 

Let 'P = {1, ..• , N} denote a finite population of N units, where N is known. As­

sociated with the k-th unit of 'P, there are p+ 1 quantities, 1/A:,ZU,••·•z•.,., where all 

but YA: are known, k = l, ••. ,N. Let y = .(?11, .. ,,yN)' and X = (X1 , ••• ,XN)', where 

X• = (zu, ... ,z,.,Y, k = l, ... ,N. Relating the two sets of variables, we consider the 

linear model 

(1) y = X/J+e, 

where e ~ N(0, V). Let 1/, = (P, V) denote the parameter in model (1). Note that mode! 

(1), as stated, is completely characterized by {X;V). Throughout the paper, model {1) is 

considered to be known. 
Let B(yi be a population quantity of interest. Examples of such quantities are: the 

population total, T = lNY = E:':1 ?Ii, where lN is a vector of ones of dimension /1.', and 

the finite population regression coefficient 

(2) 

Optimal prediction of T is considered in Pereira. and Rodrigues {1983) and Rodrigues et 

al. (1985). See also Bolfarine and Zacks, (1991). A sample & of size n is selected from 

'P according to some specitled sampling plan in order to obtain information on PN, the 

quantity we want to predict. Let r = 'P - • be the unobserved part of 'P. After the sample . 

• has been selected, we may reorder the elements of y so that we ha.ve the corresponding 

partitions of y, X and V; that is, 
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. £.c;timat)on of fJN has been thf' subject of several papers in th<' recent statistical literature. It is worth mentionii1g the work 'of Fuller (1975), where asymptotic properties of some predictors of fJN are studied in the diagonal case. Some other important references on the subject are Konijn (1962), Hidiroglou (1974) and Shah et al. (1977). In Section 2 we consider best unbiased prediction of the finite population regression coefficient fJN under the w:sumption that e in (1) is normally distributed with mean vector O and covariance matrix V, that w~ denote bye~ N(O, V), with V ,.. = 0. The prediction variance of the 
optimal predictor is also derived. In Section 3 the results of Section 2 are extended to the · case of nondiagonal covariance matrices, that is, V .,. 'F O. ~ection 4 is devoted to linear 
prediction of fJN, where we only make assumptions on the first and second moments of the distribution of y, as it follows from (1). As expected, the results are similar to the ones derived under normality. We also show that the optimal predictor in the nondiagonal case can take a simple and more intuitive form. Indeed, we show that it reduces to the weighted lP.ast squares estimator of the superpopulation regression coefficient fJ. In Section 5 we con:;ider Bayesian linear prediction of fJN, where we only make assur.iptions on the first and second moments of the joint distribution of/Jandy. 

(3) 

2. Optimal prediction of /JN under normality. Diagonal 
covariance matrices 

I • In the case of the superpopulation model (1) with V,.. = O, one can write fJN as 

fJN = A.iJ. + A,.fJ,., 

where iJ. is the weighted least 1quares estimator of fJ, namely, 

B = cx'v-1x ,-1x1v- 1 • • • • • • • 
A = (X'v-1 x)-1 X' v- 1 X • • • • 

and 

A,.= (X'v-1xr1x~v;1Xr, 
{3,. is the "weighted least squares estimator" of /J based on X,., Vr and Yr, that is, /Jr= (X~ V;:-1 X,.>-1 X~V;:-1y,.. Notice that A.+ Ar= 111, the identity matrix of dimension p. Since Y,. has not been observed, Pr is treated as an unknown vector valued quantity. A predictor of fJN, can be written in the form 

where iJ,. is a predictor of /Jr baaed on y •· 

Definition 2.1. A predictor PN of fJN i, unbiued if and o~l11 if 



for allt/1• 

Notice that PN is an unbiased predictor of fJN if and only if Pr is an unbiased predictor 

of /Jr, 

Lemma 2.1. iJ. i., an unbiued predictor of fJN• 

Definition 2.2. The generalized prediction me•n ,quared error (GMSE) of• predictor 

PN of fJN is 

for any pxl ~ vector ..\. 

Definition 2.3. PsuN i., the bed unbiued predictor of fJN if fJsuN i, unbi~ed a.nd 

for any other unbia,ed predictor PN anti for all v,. 

Theorem 2.1. U,.,ler the auperpopula.tion model (1) tuitl e ~ N(O, V), the bed unbiued 

predictor of fJN ia 

(4) /JauN = iJ •. 

Furthermore, 

(5) 

Proof. Let /J.N = A.fJ. + AriJ.,. be any unbiased predictor of fJN, According to Arnold 

(1981 ), if V is known, /J. is a complete and sufficient statistics. Moreover, since V r, = 0, 

y. is independent of Yn which implies that iJ. is also t6tally sufficient, according to the 

Definition 3 in Rodrigues et al. (1985). We may then write 

E"(..\'(iJ.N -/JN)(P.N -/JN)'..\) = Var.(..\'(P.N -/JN)] 

~ VarP'E.((P.N -fJN)IYr,/J.)} 

=_,\' A,.Var.,{E.[.8.rlYr,P.J - /Jr}A~..\. 

Hence, since p. is predictive. sufficient, 

E.IP■r!Yr,P•) = iJ •. . · 

This proves (4). Uniqueness follows from the completeness of fJ •. To compute the gener• 

alized prediction MSE of iJ., notice first that 

GM SE.,(P.) = >,.' Ar V ar[P. - /Jr)A~..\. 
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H<-ncc (5) follow11 from th<' !nC"t thnt 

3. Optimal prediction under normality. Nondiagonal 
covariance matrices 

In this section, we consider the case where the covarianc.e matrix V is not diagonal. 
After some algebraic manipulations, it can be shown that the we can write 

(6) 

where 

and 

B = X~ - X~V;1Vra, C = V. -V.rV;1Vr•, 

D = X~ - X~V;1Vm E = Vr - Vr.V;1Vm 

H = ac-1 x. + DE-1 Xr. 
It may be noted that if V r, = O, then /JN in (6) reduces to the simpler expression (3). 
Moreover, the GMSE of any predictor PN of PN may be written as 

(7) 

a result which makes it possible to derive the optimal predictor of PN in this more general context. The main result of this section is stated in the next theorem. We emphasize that 
the totally sufficient approach considered in the last section only applies to the case where 
Vr, = 0. Let Q, = u-1ac-1 and Qr= H-10E-1• so that we may write Q = (Q,,Qr)• 
Theorem 3.1. Under the auperpopulation model (1) vnth e ~ N(D, V), where V u not neceaaarilly diagonal, it follow, th_at the BUP of PN i, given 611 · 

(8) 

Furthermore, the GMSE of PsuN ia given br 

GMSE~[PsuNJ = l'H-1DE-_1D'H-1l 
(9) 

Proof. We may write 

+ l'QrD'(X~V;1X,)-1DQ~l 
= ,~~Qr[E + D'(X~V;1D]Q~l. 
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where Q = (X'v-1 X)- 1 x•v-1 • kt PN ht· 1111y ,111hin.,.;1•d J)rcdictor of /J,v. Ordiunry, but 

length algebraic manipu]ations yield the following result 

(10) 
Et{[,\'Qy- -\'PN]2

} = E.,{l.\'Qy- E.,[l'Qyly,]J2} 

+ E.,{[.\'PN - E.,[.\'Qyjy.)12} . 

From (10), it follows that the minimum mean squared error predictor of ,\'Qy is also the 

minimum mean squared error estimator of 

(11) 

Thus, if /J were known, the best predictor of Qy would be given by E(Qyly,). But, unfor­

tunately, this is not the case. Under the assumption that the error vector e is Gaussian, 

it follows that 

{12) 

Note that when no distributional assumptions is made for model (1), the computation o£ 

the expectation E.,[y,ly,.) will be extremely complicated. Using {11) and (12), it follows 

that the predictor of .\'Qy which minimizes (10) must be of the form 

where, under normality, 
P. = cx~v;1x.r1 x~v;1y. 

is the best unbiased estimator of /J. This proves (8). Furthermore, since PsuN is unbiased, 

, • -1 • ' 

= .\ Q,.Var..,(X,.,8. + V.,.v. (y, - X,/J.)-y,.]Q,.A. 

Hence, {9) follows from the fact that 

'(13) 

• 1 • 

Var.-,(X,./J, + V,.,v; (y. - X.fJ.)-y,.) 

= Var.,((X,. -V,..V;1'?(,..)iJ. + V,..V;1y, -y,.) 

= v,. -v,..v;1v.,. +(x,. -v,..v;1 x.)cx~v;1x.r1cx,. -v,..v;1 x,)'. 

4. Optimal Linear Prediction 

We now consider the more general situation where no assumption, besides that 

E[e) = 0 and Var(e) = V, 
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ii; made 11lm11t Lil(· clistriLutiou of the error vcrlor e. This urc the usu1J Ga11ss-M11rkov 
type assumptions. As mentioned ~11 the previous section, in this case, the computation of E.,[YrlY.] is extremely complicated. One way of countering this difficulty is to consider prc.-dictor!I of yr which ,u-e line,u- in y •. Let 

iJLN = M'y. 

be any linear predictor of fJN, where M is a pxn matrix of known entries. Further, 88 
before, let Q. = H-1 Bc-1, and Qr = H-1 DE-1• 

Lemma 4.1. A linear predictor ~LN = M'y. i.t unbiue4/or fJN if And onlv if 

M'X, =I,.. 

As a consequence of Lemma 4.1, we have that PsuN proposed in the previous section 
is a (tJ,-)unbiased predictor of fJN, Note also that the simple prewctor i:J., which is a linear 
predictor, is also wibiased. Let M'y. be any linear predictor of fJN, where M is an nxp matrix. The proof of the following result is merely based on algebraic manipulations and 
so, it is omitted. 

Lemma 4.2. Under the above tu.,umption,, for any pxl vector)., and any nxp matriz M, (14) 
E.,{[.~'M'y. - ).'Qy)2

} = Var~[).'(M -QrVr.v;1 )y,) 
+ ).'QrVrQ~A- ).'QrVr.V;1 VuQ~). + {).'(M'X. - I,.){J}2

• 

Notice further that if ).'M'y, minimizes (14), then M'y, minimizes the GMSE given in the Definition 2.2. The main result of this section is stated next. 

Theorem 4,1. Under the Gaw.,•MarJ:011 ""-'umption., .,tated above, the unbil&-'ed linear 
predictor with minimum GMSE, PBLN, i., "-' given in (8), that ia, PBLN = /JsuN, with GMSE a, given in (9). 

Proof. Let /JiN = M'y~ be any linear unbiased predictor of PN· According to Lemma 4.1, since PLN is unbiased, 
>.'M'X~P - ).'QXP = 0, 

for all). and {J, so that the last term on the right hand side of the expression (14) is zero 
and M'X. = QX. Note also that QX = I,.. Therefore, it follows from (7) and (14) that to find the linear unbiased predictor for fJN with minimum GMSE, it is equivalent to find a predictor which is unbiased for 
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and has minimum variance in thf class of all linear unbiased predictors. Hence, by the 

Cnu1111-M11rkov Tlwor,·111 (nn,,, )073), it follnw11 tlint. tl1r 1>f'llt linf'nr m,hin."f•d <-Rtimntor of 

the expectation (15) is given by 

(16) 

where P. is the usual least squares estimator of {J given in (3). From (16), it follows that 

, , • -1 • 

=). Q,y. +). Qr!Xr.B, + V r• V 1 (Yi - X./3.)}, 

minimizes the meam squared error (14), for all>. E 'R.'. Notice that QX = Q,X, + QrXr. 

Thus, 
• , • -1 • 

PBLN = M.y. = Q.y. + Qr[Xr/J. + vr.v. (y, - X.P.)]. 

is the predictor~! fJN with mini~um GMSE, that is, it minimizes E~{[>.'(.8LN -DN >r'J in 

the class of all linear unbiased predictors, as was to be proved. The proof that the GMSE 

o! PsLN is given by (9) is similar to the one presented in Theorem 3.1. 

Example 4.1. In this example, we consider the superpopulation model (1) where 

I,., is the identity matrix of order N and IN is a vector of ones of dimension N. It cnn be 

checked that 
. 

PN = ti, 

the population mean. Moreover, P. = ii,, the sample mean. After mildly tedious algebraic 

manipulations, it can be shown by using (8) that 

whicli coincides with the weighted least squares estimator iJ.. Indeed, we show next that. 

this result holds in general. 

In the next theorem, we show that the optimal predictor PsLN (or /JsuN) always 

coincides with the weighted least squares estimator /J,, that. is, the- optimal predictor 

always takes a simple form. Dolfarine 11.nd Rodrjgues (10S8) have shown that this is not 

the case with respect to the optimal predictor of the populatio~ total T under the general 
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Ji11~ar model co11sidcrcd above. Ouly in some spcci1J cases the optimul prcdicto1· of T can he. writtci:i as a simple ·projectio,n predictor. 

Theorem 4.3. Untler the general linear model tlefinetl hr (1) antl.(13), we have Uud 

Furthermore, 

(17) . . 

Proof. Since QX = I.,, we may write 

PBLN - iJ. = Q.y. + Qr[XrP. + Vr. v;1 (y. - X,,8.)) - QX,8). 
= (Q, + QrVr.V;1)(y. - X,,8,) 
= (X1v-1x)-1x~v;1(y, - x,iJ,)""' o, 

which proves the first pad of the result. On the other hand, (17) follQw• from the fact Ulat 

Var.,(,8,] = (X~V;1x,)-1 , 

Var.,{PN] = (X'v-1x)-1 

and 

The following result is a direct consequence of the above theorem. 

Corollary 4.1. Untler the u.tumptiona of Theorem ,1.3, ,ue have 

Example 4.2. Two stage sampling. In this example, we ~wne that the population is divided into H clusters of sizes N1 , .•• , NH. In the first stage a sample s of n clusters is 
&elected. In the second stage, a samples; of size m; is selected from cluster j, £or all j es. In the uotation of model (1), we have that 
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aud V = diug{V 1, ••• , V 11 }, wlacn• , 

• 
and JN. = lN.lN•• h = 1, ... ,H. The optimal predictor for the population total T has 

. been derived by Royall (1976), which is a somewhat complex expression. After some mild 

amount of computations, it follows that, in this case, 

Furthermore, after some extensive algebraic manipulations, it can be shown that the opti-

1:llal predictor of fJN is given by 

) iJ (~ N,. )_1 {'°' m1,fi.. + '°' (N1, - mh)(o-~mhfi • ., +al.ii.} 

(IS BLN = ~ af + N..,D~ ~ uf + N1aD! ~ (Df + m"o-~)(o-i + N1ao;) 

•=l •E• .. e, '" 

• "' N,. 
+/J, LJ 2 + N 2 • 

.,, "i. ,a-. 
which, according to Theorem 4.3, is equal to 

P
• - E1ae, w,.y.,. .- ~ ' 

~lE• WA 

where 

Moreover the GMSE of the two predictors, which accordir.g to (9) and (17) are given by 

and 

where 

also coincides. 

6. Bayes Linear Prediction 
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The main purpose of the pr~~nt section is to i~troducc a Bayesian least squares nppi·o:,rh for prr,lirt.inr, /IN: Thr n'ppronrh i11 rhnmrtrri1.rtl hy thr fnrt. thnt. nlt.lionlr:h IK•in,: a Bayesian approach it depends only oJI the first and second moments of the aistributions of y nnct /1. On th<' contrnry, lhC' otdinnry Dnycsinn 11ppronch drpcncls on the full joint distributio~ or°'y and {J. Our approach is different from the approach of Smouse (1984), in the i;cnse that the prcdictori; to be coni;iclr.rcd arc restricted to be unbiased with respect to the joint distribution of y and {J. Whereas this approach has been considered (La Motte, 1978) for estimating superparameters, the application here is on prediction of fJN, which is a function of the characteristics of the finite population. • We now rewritte model (1) u the conditional 8Uperpopulation model characterized by 

(18) E[ylP) = X{J 
Var[yl/J) = V, 

where, as before, V is a known matrix. Moreover, suppose that the investigators' prior knowledge about fJ provides 

(19) E(P) = µ 

Var[/JJ = E, 
where E is known. Hence, as emphasized above, Bayes linear prediction of fJN requires only the first and second momenta of y and /J. 

Let 

(20) 

where the pxl vector a and the nxp matrix Mare known, be any linear predictor of fJN. The model chacterized by (21) aud (22) is denoted by model '1/Js in the sequel. In the following lemma, we provide an expression for the Bayesian GMSE of any linear predictor fhN given in {20). The proof is based on standard calculations and so it is omitted. 
Lemma 5.1. Under model '1/Js, for cny pxl 11utor a end nxp matm M, t11e have 

E •• {,\'(.8N -fJN)]2 = Var •• (,\'a + F'-. P'P] 
+..\'Q,.V,.Q~,\ -,\'Q,.V,..V;1VerQ~,\ + (.\'a+..\'(M'X. _ ,·I,)µ) 2 , 

where 

and 
F = ,\'M' - ,\'Q,. V ,.. v-1 . . 

Note that Lemma 5.1 is indeed a generalization of Lemma. 4.2. Conditions for un­bisedness under model v, B are stated in the 7:1ext l~a.. The proof is also ommited. 
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· Lcuunn 5.2. U"dcr ,nodd 1/111, tiLN i., 1mbia.,cd if arid oril~ if 

' 
E~. [l'a + F'y • - P' Pl = l'[a + (M'X• - 11 )µ) = 0. 

From Lemmas 5.1 and 5.2, it follows that the problem of finding the predictor of f3N 

which is unbiased and minimizes the GMSE with respect to the model 'PD is equivalent to 

find a+ F'y • auch that 

(21) E"'• (a+ F'y. - P'P] = O 

· and 

(22) Var-.!>.[a+ F'y, -P'P] 

is a minimum. The problem of minimizing (22) subject to the condition (21) can be solved 

directly by using some results in Rao (1971 1 pg 234). By making use of those results, it 

follows that the optimum a and Fare given by 

and 

Further, 

(23) 

Thus, after some algebraic manipulations, it follows that the Bayes linear predictor of {J N 

with minimum GMSE with respect. to model Y,a is given by · 

(24) 

where 

(2.5) 

and 

~ = cp. + (I - C)µ, 

I 
C :r;::: [E-1 + X~ V;1 X.J-1(X~ v;1 X.). 

Furthermore, by using (23) it follows that the GMSE of predictor PBBLN with respect to 

m.....-iel VJ a is given by 

11 



In tlw pt.'<<' whc.r<• tlac prior 1~1c111i vt·ctor 1• i11 u11kuowu, it · c1m l,c shown, hy usiug nlso 
some results in Rao (1971), pg 234, that the Bayes linear predictor of fJN with minimum 
G11SE with respect to model t/Js is given by (8), with prediction GMSE (with respect to 
model t/.•a) given by (9). Note also that predictor (24) coincides with the optimal predictor 
PBLN when E is so large thatis not absurd to replace E-1 by the null matrix. This · 
situation is typically known as the noninformative case. The next simple example shows 
that with respect io an informative prior distribution predictor (24) and estimator (25} do 
not coincide. 

Example 5.1. Suppose that model (1) is such that X = lN. and V = '721N, This model 
is typically known as the simple location model. Consider the prior information E(PJ = p. 
and V ar[/J] = T 2• After some algebraic manipulations, it follows from (25) that 

Moreover, from (24), we have that 

• n n ,i 
PBBLN =NV•+ (1- N)p, 

which clearly does not coincides with P given above. 
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