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Abstract

In this paper we investigate optimal prediction of the finite population regression
coefficient Sy under a general linear regression superpopulation model. Optimal predictors
of are obtained under Gaussian superpopulation models and also under weaker Gauss-
Markov type assumptions. We derive the optimum linear predictor of Bn under the general
linear model with a nondiagonal covariance matrix and show that it reduces to the usual
Jeast squares estimator of the superpopulation regression coefficient. A linear Bayesian
approach for predicting Sn is also proposed.

1. Introduction

Let P = {1,...,N} denote a finite population of N units, where N is known. As-
sociated with the k-th unit of P, there are p+ 1 quantities, Y&, Tk1,---+Tkp, Where all
but y, are known, k = 1,...,N. Lety = (¥1y.-- yn) and X = (X1,..-yXn)'s where
Xy = (ZTh1y--1Zhp) s K= 1,...,N. Relating the two sets of variables, we consider the
linear model

1) y=XB+e,

where e ~ N(0,V). Let ¥ = (B, V) denote the parameter in model (1). Note that model
(1), as stated, is completely characterized by (X; V). Throughout the paper, model (1) is
considered to be known.

Let 6(y) be a population quantity of interest. Examples of such quantities are: the
population total, T' = vy = )::V___, yi, where 1y is a vector of ones of dimension N, aud
the finite population regression coefficient

2 By = (X'VIX)TIX'V7ly.

Optimal prediction of T is considered in Pereira and Rodrigues (1983) and Rodrigues et
al. (1985). See also Bolfarine and Zacks, (1991). A sample s of size n is selected from
P according to some specified sampling plan in order to obtain information on B, the
quantity we want to predict. Letr =P -3 be the unobserved part of P. After the sample
s has been selected, we may reorder the elements of y so that we have the corresponding
partitions of y, X and V; that is,

() ()= (v V)
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- Estimation of B has been the subject of several papers in the recent statistical literature.

It is worth mentioning the work ‘of Fuller (1975), where asymptotic properties of some
" predictors of By are studied in the diagonal case. Some other important references on
the subject are Konijn (1962), Hidiroglou (1974) and Shah et al. (1977). In Section 2 we
consider best unbiased prediction of the finite population regression coefficient Sy under
the assumption that e in (1) is normally distributed with mean vector 0 and covariance
matrix V, that we denote by e ~ N(0, V), with V,, = 0. The prediction variance of the
optimal predictor is also derived. In Section 3 the results of Section 2 are extended to the
case of nondiagonal covariance matrices, that is, V,, # 0. Section 4 is devoted to linear
prediction of 8y, where we only make assumptions on the first and second moments of
the distribution of y, as it follows from (1). As expected, the results are similar to the
ones derived under normality. We also show that the optimal predictor in the nondiagonal
case can take a simple and more intuitive form. Indeed, we show that it reduces to the
weighted least squares estimator of the superpopulation regression coeficient 8. In Section
9 we consider Bayesian linear prediction of Sy, where we only make assumptions on the
first and second moments of the joint distribution of 3 and y-

2. Optimal prediction of Sy under normality. Diagonal
covariance matrices

In the case of the superpopulation model (1) with V,, = 0,’one can write Sy as
(3) ﬂN = Anﬁa + Arﬁn
where §, is the weighted least squares estimator of B, namely,

Ba = B,y,,
B, = (XZV." X,)-IX',V:’,
A= (X’V“‘X)"X',V,"x,

and

A, = (X'V"X)"X:,V,“X,.
B is the "weighted least squares estimator” of 8 based on X;, V, and Yr, that is, 8, =
(XTVZIX, ) 1X!V;ly,. Notice that A, + A, = I,, the identity matrix of dimension p.
Since y, has not been observed, B, is treated as an unknown vector valued quantity. A
predictor of Sy, can be written in the form )

Bn = Ay + Achy,
where 3, is a predictor of 8, based on y,.
Definition 2.1. A predictor Ay of By is unbiased if and only if
EylBn - Bn] =0,
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for all .

Notice that By is an unbiased predictor of A if and only if B, is an unbiased predictor
of ..

Lemma 2.1. B, is an unbiased predictor of fn.

Definition 2.2. The generalized prediction mean squared error (GMSE) of a predictor

Bn of Bw s . . i
GMSE[Bn] = E¢[N'(Bn — BN) BN — BN) AL,

for any px1 real vector A
Definition 2.3. Asun is the best unbiased predictor of By if Bpun is unbiased and

GMSEy|Baun] < GMSEy[Bn],

for any other unbiased predictor BN and for all .

Theorem 2.1. Under the superpopulation model (1) with e ~ N(0,V), the best unbiased
predictor of BN s .

4 Baun = B..
Furthermore,
&) CMSE 8.} = M(X'VIX) XLV X (X, VX)) T

Proof. Let fun = A.B‘, + A,B., be any unbiased predictor of Bn. According to Arnold
(1981), if V is known, B, is & complete and sufficient statistics. Moreover, since V., = 0,
Y. is independent of yr, which implies that B, is also totally sufficient, according to the
Definition 3 in Rodrigues et al. (1985). We may then write

Ey[X'(Bun - Bn)(Bun — Bu)Y A = Vary[X(Bun — BN))
2 VGT{A’EW((ﬁ-N - ﬁN)IYra ﬁcl}
=_A'A,-VGT¢{E‘.[B.,')'" ﬁa] — ﬁr}A:.A.
Hence, since B, is predictive sufficient,
Ew[ﬂ?-rl}"n ﬁl] = Bl* . i

This proves (4). Uniqueness follows from the completeness of B.. To compute the gener-
alized prediction MSE of §,, notice first that ‘

GMSEy[B,) = XA Var[B, — BJAA
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chcc. (5) follows from the fact thnt

VarglB, - 8] = (XLVIIX,)T 4 (XLVIX,),

3. Optimal prediction under normality. Nondiagonal
- covariance matrices

In this section, we consider the case where the covariance matrix V is not diagonal.
After some algebraic manipulations, it can be shown that the we can write

(6) An =H™'BC-ly, + H-'DEy,,

where
B=X,-X/V;'V,,, C=V,-V,V:lv,,

D=X,-X,V;'V,, E=V,- Ve ViV,

and
H =BC™'X, + DE"'X,.

It may be noted that if V,, = 0, then fx in (6) reduces to the simpler expression (3).
Moreover, the GMSE of any predictor A of BN may be written as

(7 Ey[N(Bn — Bn)Bn — Bn YAl = Eo{[N(Bn - BN},

a result which makes it possible to derive the optimal predictor of Sy in this more general
context. The main result of this section is stated in the next theorem. We emphasize that
the totally sufficient approach considered in the last section only applies to the case where
Vrs=0. Let Q, = H"'BC™" and Q, = H-'DE", 50 that we may write Q = (Q., Q.).

Theorem 3.1. Under the superpopulation model (1) with e ~ N(0,V), where V is not
necessarilly diagonal, it follows that the BUP of By is given by '

(8) BBUN =Q,y, + Qr[xrén + v"v‘—l (v, ""xcéa)]-
Furthermore, the GMSE of fgyn is given by

GMSEylBpyun) = YH-'DE-'D'H-'A
(9) +XVQ,D'(X|V;'X,)"'DQ/A
= NQ,[E + D'(X,V,;'D]Q.\.

Proof. We may write
'\'ﬂN - A'Qy ’
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where Q = (X'V™! X)-'X'V-i Let AN be any unbiased predictor of Bn. Ordinary, but
length algebraic manipulations yield the following result

Eo{[NQy - MAn)'} = Eo{NQy - EJ[NQyly,)I*}

10 5 '
(10) + Ey{[NBn - E(:[/\'QYlY-]]z}

From (10), it follows that the minimum mean squared error predictor of M'Qy is also the
minimum mean squared error estimator of

(11) Evb[xQYb'-] =NQ,y. + '\'QrEi’b'rlyo]-
Thus, if § were known, the best predictor of Qy would be given by E[Qyly.}- But, unfor-

tunately, this is not the case. Under the assumption that the error vector e is Gaussian,
it follows that

(12) Eylyrlys] = X8+ V.V (Y. - XuB)
Note that when no distributional assumptions is made for model (1), the computation of

the expectation Eyly.lyr] will be extremely complicated. Using (11) and (12), it follows
that the predictor of A'Qy which minimizes (10) must be of the form

xﬁBUN = A'Qlyl + )"Qr[xréa + V,,V:‘(Y. = xlBl)]t

_ where, under normality,

By = (X,VII X)XV,
is the best unbiased estimator of B. This proves (8). Furthermore, since 53u N is unbiased, -
GMSEy|Bsun] = E{[N(Baun — BN} = Vary|N(Bsun — )

= '\'Qrvar\b[xrﬁ- + V. VY. - X.8,) - ¥ QA
Hence, (9) follows from the fact that

VarglXeha + Ves Vi (ve = XuBo) = 7]
= Varg[(Xs - Ve Vi X8, + V.. VoY, -y
=V, =V ViV + (X, = V. VX)X, VX)X - V.. V:'X.).
4. Optimal Linear Prediction
We now consider the more general situation where no assumption, besides that
(13) Ele] =0 and Varlel =V,
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is made about the distribution of the error vector e. This are the usua Gauss-Markov
type assumptions. As mentioned in the previous section, in this case, the computation of
Eyly,ly.] is extremely complicated. One way of countering this difficulty is to consider
predictors of y, which are linear in y,. Let

BLN = Mly.

be any lincar predictor of Sy, where M is a pxn matrix of known entries. Further, as
before, let Q, = H™'BC™!, and Q, = H-!DE"!,

Lemma 4.1. 4 linear predictor fy = M'y, is unbiased for By if and only if

M'X, = I

As a consequence of Lemina 4.1, we have that BBUN proposed in the previous section
is a (-)unbiased predictor of 8y. Note also that the simple predictor §,, which is a linear
- predictor, is also unbiased. Let M'y, be any linear predictor of 8y, where M is an nxp
matrix. The proof of the following result is merely based on algebraic manipulations and
s0, it is omitted.

Lemma 4.2. Under the above assumptions, for any px1 vector A, and any nxp matriz M,
(14) =
Eu{XM'y, - X¥QyJ’} = Vary[M(M - Q,V,,V 1)y,

+AQV, QA - NQ,V,, VIV, QL) + {M(M'X, - 2B}

Notice further that if A’M'y, minimizes (14), then M'y, minimizes the GMSE given
in the Definition 2.2. The main result of this section js stated next.

Theorem 4.1. Under the Gauss-Markov assumptions stated above, the unbiased linear
predictor with minimum GMSE, BBLN, is as given in (8), that is, Bp1n = Bpyn, with
GMSE as given in (9).

Proof. Let BLN = M'y; be any linear unbiased predictor of By . According to Lemma
4.1, since B is unbiased,
IM'X,8 - NQXS = 0,

for all A and B, so that the last term on the right hand side of the expression (14) is zero
and M'X, = QX. Note also that QX = I,. Therefore, it follows from (7) and (14) that
to find the linear unbiased predictor for 8y with minimum GMSE, it is equivalent to find
a predictor which is unbiased for i

(15) EW[‘\'M'JU == ;\'Q,-V.-.V,"ly,] - ('\'Qx i A'Q,V,,V:lx,)ﬂ
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and has minimum variance in the class of all lincar unbiased predictors. Hence, by the
Causs-Murkov Theorem (Rao, 1073), it follows that the beat linenr unbinsed estimator of

the expectation (15) is given by

(16) NMly, - ¥Q,V,.Vily, = ¥(QX - Q- Va VI X)A.,

where §, is the usual least squares estimator of B given in (3). From (16), it follows that
MMy, = NQ, V., V. + X(QX - Q.V..V;'X,)B.

= NQuy, + NQX B + Ve VY. - XL

minimizes the meam squared error (14), for all A € R?. Notice that QX = Q,X, +Q.X,.
Thus,
BBLN = M'.)’- = QaYl + Qr[xrﬂa + an:l(y. = xlﬂl)]v

is the predictor of By with minimum GMSE, that is, it minimizes Eo{IN(BLn - )P} in
the class of all linear unbiased predictors, as was to be proved. The proof that the GMSE
of ApLn is given by (9) is similar to the one presented in Theorem 3.1.

Example 4.1. In this example, we consider the superpopulation model (1) where
X=1y and V=(1-p)In + p1n1N.

I is the identity matrix of order N and 1y is a vector of ones of dimension N. It can be
checked that

Bn =19,
the population mean. Moreover, B. = §a, the sample mean. After mildly tedious algebraic
manipulations, it can be shown by using (8) that

5 _ 1+ (NV-1)p) 1 . S
BeLn = N {1+(N_n_1)p[1 T =19 7ol
1 p(N—-n) ., 1

TP T a - D]
_1+WV-1)p n o, (N-m) _1_.
- N [1 T oD TR - 1),;”'] wins

which coincides with the weighted least squares estimator B.. Indeed, we show next that
this result holds in general.

In the next theorem, we show that the optimal predictor Bein (or Bpun) always

coincides with the weighted least squares estimator f,, that is, the optimal predictor
always takes a simple form. Bolfarine and Rodrigues (1988) have shown that this is not
the case with respect to the optimal predictor of the population total T under the general
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linear model cousidered above. Ouly in some special cases the optimal predictor of T can
" be written as a simple projection predictor.

Theorem 4.3. Under the general linear model defined by (1) and (13), we have that
BBLN==ﬁr
Furthermore,

(17). GMSE[B,] = N[(X\V'X,)™ - (X'V-IX)~)A,

Proof. Since QX = I,, we may write

ﬁBLN = ﬁu == Ql)'a + Qr[xrﬁo + V,-,V,-) (Y. = xaﬁa)l - QxB)-
. =‘ (QJ + Qrvrnv:l)(y.l = xlﬁl)
=(X'VIIX)T' XV (y, - X.4,) =0,

which proves the first part of the result. On the other hand, (17) follows from th;: fact
that
Varylf] = (X, V;1X,)7,

Vary[Bn]) = (X'VIX)™?
and .
Covy(Bu; Bn) = (X'VIX)™1.
The following result is a direct consequence of the above theorem.

Corollary 4.1. Under the assumptions of Theorem 4.3, we have

NQr[E + DX,V X,) ' DIQIA = N[(X,VTX,)™! — (X'VTIX) A,

Example 4.2. Two stage sampling. In this example, we assume that the population is
divided into H clusters of sizes N, ... +Ng. In the first stage a sample s of n clusters is
selected. In the second stage, a sample s; of size m; is selected from cluster j, for all j € s.
In the notation of model (1), we have that

Y1 IN;

YH Ing



and V = ding{V1,....Vu} where
V= OEIN. + UEJNN

and Iy, = 1IN 1N, A =1, , H. The optimal predictor for the population total T has
been derived by Royall (1976), which is a somewhat complex expression. After some mild
amount of computations, it follows that, in this case,

H Nyda
2!:] ’a"'Nl’-

By == .
N,
pDre TNl

Furthermore, after some extensive algebraic manipulations, it can be shown that the opti-
mal predictor of By is given by

- H = _ 2 _ 25
(18) ﬁBLN = (Z —2'&—_2‘)-1 { MaYau + Z (N" mh)(aumhyu + oy, ﬁs }
A=1 h AEs

o} + Nyo? 7 ol + Npo? (02 + mao2)(0} + Nuo?)

- N
+8 = e L
A & ok + Nao
which, according to Theorem 4.3, is equal to
B. . Ehgs Wi s,
Elea Wa

where .

7] -——1 Z and w LT
n = VAj A= 3 7
my o ol + mao}

Moreover the GMSE of the two predictors, which accordirng to (9) and (17) are given by

H
) ma B Ny =
GMSEylf,] = '\"'{(; T (.Zn e
ics v = v

and
H
. N L m =
GMSEylfsn) = YL s mer) S X rrme?) Sk
h=1 ¥ hEs U
{
where ;
) S=E_N_A—+z U?I(Nh-mh)
La+ Nl " Ll mao2)(of + Nacd)’
also coincides.

5. Bayes Linear Prediction
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The main purposc of “the present scction is to introduce a Bayesian least squares
approach for predicting Axy. The appronch is chavacterized by the fact that nlthenlgh being
a Bayesian approach it depends only on the first and second moments of the distributions
of y and 4. On the contrary, the ordinary Baycsian approach depends on the full joint
distribution of y and 8. Our approach is different from the approach of Smouse (1984), in
the sense that the predictors to be considered are restricted to be unbiased with respect to
the joint distribution of y and B. Whereas this approach has been considered (La Motte,
1978) for estimating superparameters, the application here is on prediction of 8y, which
is a function of the characteristics of the finite population,

We now rewritte model (1) as the conditional superpopulation model characterized
by

Ely|s) = X8

(18) Varlylg) = v,

where, as before, V is a known matrix. Moreover, suppose that the investigators’ prior
knowledge about 8 provides

E[f] = u
2 Var|f] =X,

where ¥ is known. Hence, as emphasized above, Bayes linear prediction of Sy requires
only the first and second moments of Yy and 5.
Let

(20) Bin =a+My,,

where the px1 vector a and the nxp matrix M are known, be any linear predictor of fy.
The model chacterized by (21) aud (22) is denoted by model 5 in the sequel. In the
following lemma, we provide an expression for the Bayesian GMSE of any linear predictor
BLn given in (20). The proof is based on standard calculations and so it js omitted,

Lemma 5.1. Under model Y, for any px1 vector a and nxp matriz M, we have
Eos[N(BN — BN)]* = Vary, [Na + F' - P'g)
+A'Q,V,Ql\ ~ NQ: V. VIV, QLA + [Na + N(M'X, - L)u?,

where

F=\M -Xq,V,,V;!

and
P=X- ,\'Q,V,.,V;"X,.

Note that Lemma 5.1 is indeed a generalization of Lemma 4.2, Conditions for un-
bisedness under mode] Y5 are stated in the next lemma. The proof is also ommited.
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Lemma 5.2, Under model ¢, fh,N is unbiacd if and only if

E,y[Na+Fy, - P'fl = X[a+(MX, - L) =0.

From Lemmas 5.1 and 5.2, it follows that the problem of finding the predictor of Sy
which is unbiased and minimizes the GMSE with respect to the model ¥ is equivalent to
find a + Fy, such that

@ Eyala+ Py, ~P'f]=0
- and
(22) Varg,la+ F'y, - P'8)

is a minimum. The problem of minimizing (22) subject to the condition (21) can be solved
directly by using some results in Rao (1971, pg 234) By meking use of those results, it
follows that the optimum a and F are given by

a), = u'P — y'X,F.,

and

F.= V‘:lx‘(z'—l + xl.v'—l x')-lp-
Further,
(23) Vares[ae + Foyo — Pl = P/(E7 + XVIIX,) TP

Thus, after some algebraic manipulations, it follows that the Bayes linear predictor of Sn
with minimum GMSE with respect to model ¥ is given by

(24) Bosin = QuYs + QelXtB+ Ve Vi (va - X,B)
where
(25) j=Ch, +(1-Cp,

/

and .
c=[1+ X',V,“X.]"‘(X',V,“X,).

Furthermore, by using (23) it follows that the GMSE of predictor BepLn With respect to
mudel ¥ is given by

'E¢. [x(ﬁBBLN a _ﬂN )]2 = Pl(xl.v‘-l X, +E—‘ )_’ P +x Q:-VrQ'rA 3. /\'Q,-V,.,V:l varQ'r/\-
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In the case where the prior mean vector gy is unknown, it can be shown, by using also
some results in Rao (1971), pg 234, that the Bayes linear predictor of BN with minimum
GMSE with respect to model $p is given by (8), with prediction GMSE (with respect to
model ¢'5) given by (9). Note also that predictor (24) coincides with the optimal predictor
B v when X is so large thatis not absurd to replace £~! by the null matrix. This
situation is typically known as the noninformative case. The next simple example shows
that with respect to an informative prior distribution predictor (24) and estimator (25) do
not coincide.

Example 5.1. Suppose that model (1) is such that X =1 yand V = o?Iy. This model
is typically known as the simple location model. Consider the prior information E[f] = 8,
and Var[f] = r2. After some algebraic manipulations, it follows from (25) that

plrt

= ——-;'_‘, s
Moreover, from (24), we have that
5 n n
BeaLy = 57 +(1- ﬁ)ﬁ;

which clearly does not coincides with E given above.
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