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A B S T R A C T 

The goal of this work is to investigate under which circumstances the tidal response of a stratified body can be approximated 

by that of a homogeneous body. We show that any multilayered planet model can be approximated by a homogeneous body, 
with the same dissipation of tidal energy as a function of the excitation frequency, as long as the rheology of the homogeneous 
model is sufficiently comple x. Moreo v er we provide two straightforward methods for finding the parameters of the homogeneous 
rheology that would exhibit the same tidal response as the layered body. These results highlight the fact that the two models 
cannot be distinguished from each other only by the measurement of the second degree tidal Love number and quality factor, 
and that we do not need the complexity of the multilayer planet model in order to estimate its tidal dissipation. The methodology 

promises a great simplification of the treatment of multilayered bodies in numerical simulations because the treatment of a 
homogeneous body – even with a complex rheological model – can be computationally better handled than that of a multilayered 

planet. 

Key words: methods: analytical – Moon – planets and satellites: interiors. 
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 I N T RO D U C T I O N  

ince the disco v ery of the first exoplanet by Mayor & Queloz
 1995 ) o v er 5000 e xoplanets and almost 4000 e xoplanetary systems
ave been identified and cataloged, hence it is becoming necessary
o consider tidal interactions in exoplanetary systems. The tidal
esponse of a planet depends on the time-scale of the perturbation and
n the rheological properties of its interior (i.e. elasticity , density , and
iscosity) (Bagheri et al. 2022 ). Many moons and planets within the
olar system exhibit a stratified internal structure, as confirmed by
eismic and moment of inertia data. For the Earth, for example, the
ultilayered Preliminary Reference Earth model (PREM) is widely

ccepted (Dziewonski & Anderson 1981 ). Bodies like the Moon
Harada et al. 2014 ) and Mercury (Goossens et al. 2022 ) are also
nown to have a stratified structure. Some icy moons have clear
vidence of subsurface oceans and consequently stratified internal
tructure, e.g. Enceladus (Thomas et al. 2016 ), Europa (Carr et al.
998 ), and Titan (Iess et al. 2012 ). Several models that account
or the layered internal structure of these bodies were proposed
Matsuyama 2014 ; Bou ́e, Rambaux & Richard 2017 ; Folonier &
erraz-Mello 2017 ; Matsuyama et al. 2018 ; Bolmont et al. 2020 ;
agazzo et al. 2022 ). The stratified internal structure of the Solar

ystem bodies suggests complex internal structure for the extrasolar
lanets as well. While the observational data in our Solar system
s relatively abundant, we have few observational constraints for
xtrasolar planets. Stratified models are usually complex and require
 E-mail: ye v a@ime.usp.br 

 

r  

t  

Pub
o fit numerous parameters from the observational data. Models
ith few adjustable parameters can be a good alternative to study

xoplanets with scarcity of data, or to investigate rotational and
rbital evolution of nearby objects, since considering a multilayered
tructure does not significantly impact the rotational states of the
lanets (Walterov ́a & B ̌ehounkov ́a 2017 ). One possible approach is
o model the otherwise stratified body after an ef fecti ve homogeneous
heological model (Ragazzo & Ruiz 2017 ; Gevorgyan et al. 2020 ;
evorgyan 2021 ). The rheological models used are usually the ones
roposed based on visco-elastic behaviour of planetary materials in
aboratory conditions, such as Maxwell, Voigt, Burgers, and Andrade
Andrade 1910 ), Sundberg-Cooper (Sundberg & Cooper 2010 ), or
heir combinations. The natural question is to what extent stratified
odies can be modelled with homogeneous rheological models. 
The use of a homogeneous body to approximate the tidal response

f a multilayered structured body, was recently addressed in Bolmont
t al. ( 2020 ). The authors conclude that it is possible to approximate
he response of a multilayered planet by that of a homogeneous planet
or purely rocky bodies, but not for planets with both rocky and icy
ayers due to the large differences in material properties (in particular
he viscosity), which results in additional peaks in the frequency
ependence of tidal dissipation. Ho we ver, Ge vorgyan ( 2021 ) show
hat the tidal response of a planet with large viscosity variations
etween layers can in fact be approximated by a homogeneous body,
f the rheology of the homogeneous model is slightly more complex
han the one used in Bolmont et al. ( 2020 ). 

In this work, we revisit the problem of approximating the tidal
esponse of a stratified body by that of a homogeneous body. We show
hat any multilayered body can be approximated by a homogeneous
© 2023 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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Figure 1. Moon internal structure. 
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1 The quality factor is defined as minus the ratio between the real and the 
imaginary parts of the Lo v e number. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/523/2/1822/7170056 by guest on 01 M
arch 2024
ody, with the same dissipation of tidal energy as a function of the
 xcitation frequenc y, as long as the rheology of the homogeneous
odel is sufficiently complex. 
The paper is structured as follows: In Section 2 , we shortly

iscuss the dissipation models used in the paper. In Section 2.2 ,
e propose a way to associate a homogeneous rheology to a given

tratified celestial object. In Section 3 , we provide a recipe to simplify
he homogeneous rheology preserving the rheological behaviour in 
n interval of frequencies of interest. In a second step, we show
hat from the homogeneous model with complex rheology we may 
xtract a ‘minimal model’, which is much simpler but still reproduces 
he rheological behaviour of the multilayered body with accuracy. 
inally, In Section 4 , we summarize the main results and discuss the

mplications of our findings. 

 DISSIPATION  M O D E L S  

e consider a deformable body orbiting a point-like perturbing 
ody and experiencing tidal deformations under its influence. Tidal 
eformation of a celestial body results in both vertical and horizontal 
isplacement of its surface and in the ensuing perturbation of its
ravitational field, which is described in terms of Lo v e numbers.
he Lo v e numbers depend on the time-scale of the perturbation and
n the rheological properties of the interior (i.e. elasticity , density ,
nd viscosity). In particular, the degree-2 tidal Love number k 2 
Lo v e 1911 ) quantifies the ability of a celestial body to respond to
e gree-2 tidal forcing. F or a perfectly elastic body the deformation is
nstantaneous, and the tidal bulges are aligned with the direction 
f the perturbing body. There is no tidal evolution in this case.
o we ver, for a real body, the response is never perfectly elastic

nd part of the response is dissipative, resulting in a delay or lag in
he deformation. Here, we are interested in comparing the dissipative 
ehaviour of a body modelled assuming a homogeneous or stratified 
nterior structure. 

Gevorgyan et al. ( 2020 ) obtained an analytic formula for the tidal
nergy dissipation rate of a body in 1:1 spin–orbit resonance on a
lightly eccentric planar orbit in the presence of forced librations. 
gnoring forced libration contributions (here we are not interested in 
his contribution, which could be added to the problem if needed), 
e obtain the commonly used expression for the time- and volume- 

veraged tidal energy dissipation rate (e.g. Poirier, Boloh & Chambon 
 1983 ), equation ( 24 ); Segatz et al. ( 1988 ), equation ( 13 )) 

�E 

T 
= −� [ k 2 ( iω) ] 

( nR) 5 

G 

(
m 2 

m 1 + m 2 

)2 

× 21 

2 
e 2 , (1) 

here k 2 ( i ω ), ω , n , R , G , m 1 , m 2 , and e are, respectively, the second-
egree tidal Love number, tidal forcing frequency, mean rotation rate, 
ean radius, gravitational constant, mass of the deformable body, 
ass of the perturbing body, and orbit eccentricity. The frequency- 

ependent part of the dissipation rate is encoded in the imaginary 
art of the tidal Lo v e number, k 2 ( i ω), hence we will use it instead of
he dissipation rate in the paper. 

.1 Dissipation in a stratified body 

he tidal response of a stratified body and the corresponding Lo v e
umbers can be found by solving the mass conservation, momentum 

onservation, and Poisson equations. We use the classical propagator 
atrix method to solve these equations (e.g. Sabadini, Vermeersen & 

ambiotti 2016 ). The solid core is treated as in Matsuyama et al.
 2018 ; Appendix A ). Each layer is assumed to be either solid with
inear visco-elastic rheology or liquid and inviscid. Visco-elastic 
ayers are assumed to have a Maxwell rheology characterized by an
lastic shear modulus and a viscosity. Liquid layers can be treated
sing the method of Jara-Oru ́e & Vermeersen ( 2011 ), or by assuming
 visco-elastic layer with shear modulus approaching zero, which 
ields virtually the same results. 
We consider the specific case of the Moon to illustrate the

heoretical results below, assuming a five-layer interior structure in 
ig. 1 consisting of a solid core, liquid core, low viscosity layer,
antle and crust, based on mass, moment of inertia, and gravity

onstraints (Matsuyama et al. 2016 ), as summarized in Table 1 . The
olid core radius and density were adjusted to satisfy to mass and
oment of inertia constraints. The presence of a low viscosity layer

t the base of the mantle is consistent with the seismic constraints
btained by Weber et al. ( 2011 ); ho we ver, the seismic model of
arcia et al. ( 2011 ) does not include such a layer. Harada et al.

 2014 ) illustrated that a low viscosity layer at the base of the
antle can explain the frequency dependence of the tidal quality 

actor Q 

1 (Williams & Boggs 2015 ) assuming a simple Maxwell
heology. Nimmo, Faul & Garnero ( 2012 ) attribute the observed
requency dependence to an absorption band due to grain boundary 
liding. Although authors were able to fit the monthly Q and k 2 , the
odel that they used to obtained the correct sign of the Q ’s slope

id not match k 2 . Recently, Walterov ́a, B ̌ehounkov ́a & Efroimsky
 2023 ) concluded that the available selenodetic tidal parameters are
nsufficient to distinguish a weak basal layer abo v e the lunar core
rom the manifestation of elastically accommodated GBS in the 
antle. 
The tidal quality factor Q is constrained at multiple forcing periods

y lunar laser ranging (Williams & Boggs 2015 ): Q = 38 ± 4 at 1
onth, Q = 41 ± 9 at 1 yr, Q ≥ 74 at 3 yr, and Q ≥ 58 at 6 yr.
lthough the large uncertainties allow for a Q decreasing (i.e. more
issipation) with forcing period, the mean values of the empirical 
 seems to increase (i.e. less dissipation) with forcing period. We

djust the low viscosity layer rigidity and viscosity to satisfy the
idal Q constraints. This requires viscosities ∼10 16 Pa s, which is
ignificantly smaller than typical Earth’s mantle viscosities, as found 
n previous studies (Harada et al. 2014 ; Matsumoto et al. 2015 ). Red
otted lines in Fig. 2 show the imaginary and real parts of k 2 and the
uality factor Q as a function of frequency for the interior structure
ummarized in Table 1 . The points with error bars in Fig. 2 are the
bservational constraints. 
MNRAS 523, 1822–1831 (2023) 
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Table 1. Lunar interior structure parameters. 

The layer Outer radius (km) Density (kg m 

−3 ) Rigidity (GPa) Viscosity (Pas) 

Solid core 213.517 7720.16 40 10 21 

Liquid core 325 6700 10 −10 1 
Low viscosity 
layer 

500 3800 60 5 × 10 16 

Mantle 1697.15 3356 62.5 10 21 

Crust 1737.15 2735 15 10 23 

Note. We assume a five-layer interior structure based on the mass, moment of inertia, and gravity constraints 
(Matsuyama et al. 2016 , table 2). The core density is adjusted to satisfy the mass and moment of inertia 
constraints. All parameters are within the uncertainties in Matsuyama et al. ( 2016 ). The core and mantle 
viscosity of 10 21 Pa s is representative of the Earth’s mantle, and the crust viscosity of 10 23 Pa s is representative 
of the Earth’s lithosphere. 
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.2 Dissipation in a homogeneous body 

uppose we are given a spherically symmetric body with interior
tratification. Each layer of the body is homogeneous, incompress-
ble, and with Maxwell rheology. We will show the existence of
 hypothetical homogeneous body with the same response to tidal
orcing as the multilayered body. More precisely, we will show that
he Lo v e numbers k 2 of both the multilayer and the homogeneous
odies have the same dependence on the frequency of tidal forcing.
he rheology of the homogeneous body has to be sufficiently
omplex and it can be either given by a generalized Maxwell model
r by a generalized Voigt model. 
The degree-2 tidal Love number in the frequency domain (the

omain of the Laplace transform s ∈ C ) is related to a complex
ompliance C ( s ) of the whole system defined as [see Mathews,
erring & Buffett ( 2002 ) paragraph (21)] 

 2 ( s) : = 

(
3I ◦G 

R 

5 

)
C ( s ) , (2) 

here I ◦ is the mean moment of inertia (the dimension of 3I ◦G 

R 5 
is 1

ime −2 and the dimension of C ( s ) is time 2 ). A similar expression for
 2 ( ω) was obtained in Correia, Ragazzo & Ruiz ( 2018 ). If the inertia
f deformation is neglected, as assumed in this paper, then 

 2 ( i ω) = 

3 G I o 
R 

5 

1 

γ + 

ˆ J −1 ( i ω) 
, (3) 

here ˆ J ( iω) is the complex compliance of the visco-elastic element
nd γ is a gravitational rigidity parameter related to the fluid Lo v e
umber k f as (Ragazzo 2020 ; equation (1.8)) 

= 

3I ◦G 

R 

5 

1 

k f 
. (4) 

luid Lo v e number can be approximated by k f ≈ 3 
2 

(
R I 
R 

)5 
, where

nertial radius is defined by R I = 

√ 

5 
2 

I ◦
m 

. 

.2.1 The generalized Maxwell model 

he following is true for the complex compliance of the generalized
axwell model 2 in Fig. 3 : 
NRAS 523, 1822–1831 (2023) 

 The elastic parameters α, α1 , . . . αn have dimension of 1 time −2 and the 
iscosity parameters η, η1 , . . . ηn have dimension of 1 time −1 . To go to the 
sual dimensions of Pa and Pa · s, we should multiply them by the rescaling 
onstant 15 

152 π
m Mo o n 

R 
(for details see Correia et al. 2018 ). 

3

n
r
t
l

a) The complex compliance of the model is given by (Bland 2016 ) 

 

−1 ( s) = α + ηs + 

n ∑ 

i= 1 

(
1 

αi 

+ 

1 

ηi s 

)−1 

. (5) 

b) Straightforward algebraic manipulations allow us to rewrite the
omplex compliance in the form 

 ( s ) : = 

P 2 ( s ) 

P 1 ( s ) 
= 

( η1 . . . ηn )( s + ω 1 ) . . . ( s + ω n ) 

P 1 ( s ) 
, (6) 

here ω 

−1 
i = ηi /αi is the Maxwell time of the i th Maxwell element, 

 1 ( s) = ( η1 . . . ηn ) 

⎧ ⎨ 

⎩ 

( ηs + α) 
n ∏ 

i= 1 

( ω i + s) + s 

n ∑ 

i= 1 

αi 

n ∏ 

j �= i 

( ω j + s) 

⎫ ⎬ 

⎭ 

, 

(7) 

nd where for later convenience we consider the ω i ordered like 0 <
 1 < ω 2 < ··· < ω n . 
c) P 1 ( s ) is a polynomial of degree n + 1 with distinct real roots

nd can be written as 

 1 ( s) = η( η1 . . . ηn )( s − s 1 ) . . . ( s − s n + 1 ) , (8) 

here s i is the inverse of the relaxation time of mode i . 3 From expres-
ion ( 7 ), we see that sgn { P 1 ( −ω i ) P 1 ( −ω i+ 1 ) } = sgn { ( −1) i ( −1) i+ 1 }
s ne gativ e, P 1 (0) = α( ω 1 ω 2 ···ω n ) > 0 and sgn { P 1 ( −∞ ) } =
gn { ( −1) n + 1 } is opposite to sgn { P 1 ( −ω n ) } , meaning that P 1 ( s )
hanges sign n + 1 times along the ne gativ e real line. Since a
ontinuous function that changes sign inside an interval has a root
n that interval (Bolzano’s theorem), P 1 ( s ) has a root in each of the
ntervals ( − ∞ , −ω n ), ( − ω n , −ω n − 1 ),..., ( − ω 1 , 0), totaling n +
 distinct ne gativ e real roots. The roots of P 1 and P 2 are related by
see Fig. 4 ) 

 < −s 1 < ω 1 < −s 2 < ω 2 < · · · < −s n < ω n < −s n + 1 . (9) 

d) The decomposition in partial fractions of C ( s ) is given by 

 ( s ) = 

1 

η

(
A 1 

s − s 1 
+ · · · + 

A n + 1 

s − s n + 1 

)
, (10) 
 The compliance C ( s ) can be viewed as the transfer function of the homoge- 
eous linear system composed by the elements of the generalized Maxwell 
heology (Ragazzo et al. 2022 ; equation (5.31)). The poles s i of C ( s ) are, 
herefore, the roots of the characteristic equation, i.e. the eigenvalues of the 
inear system. 
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Figure 2. Tidal Lo v e number and quality factor dependence on frequency 
for the Moon. Red dotted lines show the imaginary and real parts of k 2 
and the quality factor Q as a function of frequency for the interior structure 
summarized in Table 1 . The red points with error bars are the observational 
constraints. Blue solid lines are obtained with homogeneous rheological 
models in Sections 3.1 and 3.2 . 

Figure 3. The generalized Maxwell model. 

Figure 4. Distribution of poles and zeros of the complex compliance. The 
figure depicts the case for n odd. 

Figure 5. The generalized Voigt model. 
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where 

 i = 

1 

1 /η
× P 2 ( s i ) 

P 

′ 
1 ( s i ) 

= 

( s i + ω 1 ) . . . ( s i + ω n ) 
n + 1 ∏ 

j �= i 

( s i − s j ) 

> 0 , (11) 

where the positivity of A i comes from equation ( 9 ), which gives
gn { P 2 ( s i ) } = sgn { ( −1) i−1 } = sgn { P 

′ 
1 ( s i ) } , and 

∑ 

i A i = 1, since
rom equations ( 6 ) and ( 8 ) we have lim s→∞ 

s P 2 ( s ) /P 1 ( s ) = 1 /η
nd from equation ( 10 ) we have lim s→∞ 

s C ( s ) = (1 /η) 
∑ 

i A i ,
urnishing the result. 

The second degree tidal Love number can be rewritten using 
quations ( 2 ) and ( 10 ), as 

 2 ( s) = 

(
3I ◦G 

R 

5 

)
× 1 

η

(
A 1 

s − s 1 
+ · · · + 

A n + 1 

s − s n + 1 

)
. (12) 

.2.2 The generalized Voigt model 

he following is true for the complex compliance of the generalized 
oigt model with the additional spring γ in parallel as in Fig. 5 : 

a) The complex compliance of the model is given by (Bland 2016 ) 

 

−1 ( s) = γ + 

{
1 

α
+ 

1 

ηs 
+ 

n ∑ 

i= 1 

1 

αi + sηi 

}−1 

(13) 

and 

 ( s ) : = 

1 

α + γ
+ C v ( s ) , (14) 

where C v ( s ) is the viscous compliance as defined in (Sabadini et al.
016 ; equation (1.192)). The following limits hold: 

lim 

s→∞ 

C ( s ) = 

1 

γ + α
and 

lim 

→∞ 

s C v ( s ) = 

α2 

( γ + α) 2 

( 

1 

η
+ 

n ∑ 

i= 1 

1 

ηi 

) 

(15) 
MNRAS 523, 1822–1831 (2023) 
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b) Straightforward algebraic manipulations allow us to rewrite the
iscous compliance in the form 

 v ( s ) : = 

P 2 ( s ) 

P 1 ( s ) 
, (16) 

where 

 2 ( s) = α2 ( η1 . . . ηn ) 

⎧ ⎨ 

⎩ 

( n ∏ 

i= 1 

( ω i + s) + ηs 

n ∑ 

i= 1 

1 

ηi 

n ∏ 

j �= i 

( ω j + s) 

⎫ ⎬ 

⎭ 

, 

(17)

 1 ( s) = ( α + γ )( η1 . . . ηn ) 

{ 

( αηs + γ ηs + γα) 
n ∏ 

i= 1 

( ω i + s) 

+ γαηs 

n ∑ 

i= 1 

1 

ηi 

n ∏ 

j �= i 

( ω j + s) 

⎫ ⎬ 

⎭ 

= ( α + γ )( η1 . . . ηn ) 

{ 

η( α + γ ) s 
n ∏ 

i= 1 

( ω i + s ) + 

γ

α
P 2 ( s ) 

} 

, 

(18) 

 

−1 
i = ηi /αi is the characteristic time of i th Kelvin −Voigt element,
nd for later convenience we consider the ω i ordered like 0 < ω 1 <

 2 < ··· < ω n . 
c) P 2 ( s ) is a polynomial of degree n with distinct negative real

oots and can be written as 

 2 ( s) = α2 ( η1 . . . ηn )(1 + η

n ∑ 

i= 1 

1 

ηi 

)( s − q 1 ) . . . ( s − q n ) . (19) 

The roots of P 2 ( s ) are related to the inverse characteristic times of
elvin −Voigt elements as 

 < −q 1 < ω 1 < −q 2 < ω 2 < · · · < −q n < ω n . (20) 

 1 ( s ) is a polynomial of degree n + 1 with distinct real roots and can
e written as 

 1 ( s) = ( α + γ ) 2 η( η1 . . . ηn )( s − s 1 ) . . . ( s − s n + 1 ) . (21) 

The roots of P 1 ( s ) are related to the inverse characteristic times of
elvin −Voigt elements as 

 < −s 1 < −q 1 < −s 2 < −q 2 < · · · < −s n < −q n < −s n + 1 . 

(22) 

d) The decomposition in partial fractions of C v ( s ) is given by 

 v ( s) = 

α2 

( γ + α) 2 

( 

1 

η
+ 

n ∑ 

i= 1 

1 

ηi 

) (
A 1 

s − s 1 
+ · · · + 

A n + 1 

s − s n + 1 

)
, 

(23) 

where 

 i = 

1 

α2 

( γ + α) 2 

(
1 

η
+ 

n ∑ 

i= 1 

1 

ηi 

) × P 2 ( s i ) 

P 

′ 
1 ( s i ) 

= 

( s i − q 1 ) . . . ( s i − q n ) 
n + 1 ∏ 

j �= i 

( s i − s j ) 

> 0 (24) 

and 
∑ n + 1 

i= 1 A i = 1. The facts presented abo v e can be obtained if we
roceed in a manner similar to that in Section 2.2.1 for the generalized
axwell model. 
NRAS 523, 1822–1831 (2023) 
The second degree tidal Love number can be rewritten using
quations ( 2 ), ( 14 ), and ( 23 ), as 

 2 ( s) = 

(
3I ◦G 

R 

5 

)( 

1 

α + γ
+ 

α2 

( γ + α) 2 

( 

1 

η
+ 

n ∑ 

i= 1 

1 

ηi 

) 

×
(

A 1 

s − s 1 
+ · · · + 

A n + 1 

s − s n + 1 

))
. (25) 

The only dynamical difference between generalized Voigt and
eneralized Maxwell models is the asymptotic behaviour at high
requencies, i.e. as | s | → ∞ . At high frequencies, a body with a
eneralized Voigt rheology behaves as a purely elastic body while
ne with a generalized Maxwell rheology behaves as a rigid body. 
Note that in the limit n → ∞ , a generalized Voigt rheology

s equi v alent to an Andrade or a Sundberg −Cooper rheology,
requently used to model otherwise stratified moons and planets
Gevorgyan et al. 2020 ; Gevorgyan 2021 ). 

.3 Normal modes of stratified incompressible rheological 
odels 

or a stratified body treated as in Section 2.1 the second degree tidal
o v e number k 2 ( s ) = N ( s )/ D ( s ) is a ratio of two polynomials. The

oots of the secular equation D ( s ) = 0 and the Lo v e number k 2 ( s )
ave the following properties (most of them can be seen in Sabadini
t al. 2016 , p. 38) and (Wu & Peltier 1982 , the paragraph between
quations (55) and (56))): 

a) All roots of the secular equation are on the real axis (Tanaka,
kuno & Okubo 2006 ). 
b) The secular equation has a finite number of roots, since D ( s ) is

 polynomial. 
c) All roots of the secular equation are simple and ne gativ e: 0 >

 1 > s 2 > . . . > s n , where n is the degree of D, unless for exceptional
ayered structures, e.g. when the density of a layer is lower than
hat of the neighbouring layer abo v e. The ne gativity of the roots is a
ecessary condition for the stability with respect to tidal forcing. 
d) The tidal Lo v e number k 2 ( s ) can be decomposed into partial

ractions, as in (Sabadini et al. 2016 , pg. 105 equation (3.67)): 

 2 ( s) = k E + 

n ∑ 

i= 1 

r i 

s − s i 
= k E + 

n ∑ 

i= 1 

τi r i 
1 

τi s + 1 
, (26) 

where k E is the elastic tidal Lo v e number that characterizes the
ehaviour of the body as s → ∞ , r i is the amplitude, and τ i = −1/ s i 
s the relaxation time of each mode i . 

e) The amplitudes r i of the modes are positive. Let s = i ω, where
 > 0 is the tidal forcing frequency. Each term in the partial fraction
xpansion ( 26 ) can be decomposed into real and complex parts as 

 j 

1 /τj − iω 

ω 

2 + 1 /τ 2 
j 

. (27) 

Since τ j > 0 and ω > 0, the real part is positive (inertial effects were
eglected) and the imaginary part is ne gativ e (energy is dissipated)
f, and only if, the amplitude r j is positive. 

We will say that a body has a simple layered rheology if it has
nite characteristic times and if its Lo v e number has the properties

isted abo v e, which are natural and plausible. A body with finite
omogeneous layers, each one with Maxwell rheology, is an example
f a body with simple layered rheology. Note that the Maxwell
heology of each homogeneous layer can be replaced by other
ommonly used rheologies, e.g. Kelvin–Voigt, Burgers, or Andrade.
f the number of normal modes is infinite, like for the Andrade model,
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Table 2. The inverse relaxation time, actual, and normalized amplitude of each mode i . 

i s i (s −1 ) r i τ i r i 

1 −0.1 2.3156243820 × 10 −17 2.3156243820 × 10 −16 

2 −0.1 9.8181642643 × 10 −17 9.8181642643 × 10 −16 

3 −0.1 5.2900155892 × 10 −17 5.2900155892 × 10 −16 

4 −0.1 8.9387037631 × 10 −16 8.9387037631 × 10 −15 

5 −9.4591261374 × 10 −7 8.1074541438 × 10 −10 0.86 × 10 −3 

6 −6.3419112927 × 10 −7 8.5289052773 × 10 −10 1.35 × 10 −3 

7 −5.0230520036 × 10 −10 2.8740137719 × 10 −14 0.57 × 10 −4 

8 −1.7092727755 × 10 −12 6.2186426095 × 10 −15 3.64 × 10 −3 

9 −1.3953038400 × 10 −12 1.5631724063 × 10 −12 1.05 
10 −1.2295875216 × 10 −13 3.4739850530 × 10 −14 0.283 
11 −2.4641040361 × 10 −14 8.1522986569 × 10 −17 3.31 × 10 −3 

12 −2.4038824848 × 10 −14 2.1438046989 × 10 −17 0.89 × 10 −3 

13 −7.9022589544 × 10 −17 4.0680469600 × 10 −20 0.52 × 10 −3 

Note. The elastic tidal Love number is k E = 0.024068. The terms 5, 6 and 9 in red are dominant and are the 
only ones needed to reproduce the tidal Lo v e number frequency dependence seen in Fig. A2 . 

w
V  

o
 

a  

f
 

e  

w
 

h
T  

c  

c  

M  

i
 

m

r

k

2

H
t  

o

�

t  

d  

a  

n
w  

s

3
R

H  

o
o  

r  

t  

n
w  

fi  

i  

t

3

T  

g
t  

t
m  

w  

r  

A  

d
c  

f  

c  

f  

o  

t  

V  

p  

a  

v  

t  

9  

1  

p
 

m  

o  

s  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/523/2/1822/7170056 by guest on 01 M
arch 2024
e would need an infinite number of elements in the generalized 
oigt rheology or, alternatively, we could use an ef fecti ve Andrade
r Sundberg–Cooper rheology as in Gevorgyan ( 2021 ). 
Since equations ( 26 ) and ( 12 ) have the same structure if k E = 0

nd equations ( 26 ) and ( 25 ) have the same structure if k E > 0, the
ollowing result holds: 

The Love number k 2 (s) of a body with simple layered rheology is
qual to the Love number k 2 (s) of a hypothetical homo g eneous body
ith generalized Maxwell or generalized Voigt rheology. 
To an y giv en simple layered rheology we can associate either a

omogeneous generalized Maxwell or generalized Voigt rheology. 
he choice of one or another is a matter of convenience since the
onditions k E = 0 (generalized Maxwell) or k E > 0 generalized Voigt
an be easily changed either by making η = 0 in the generalized
axwell rheology, see equation ( 5 ) and Fig. 3 , or by making α = ∞

n the generalized Voigt rheology, see equation ( 14 ) and Fig. 5 . 
The formulas to go from A i to r i are: for the generalized Maxwell
odel, 

 i = 

(
3I ◦G 

R 

5 

)
1 

η
× A i , (28) 

and for the generalized Voigt model 

r i = 

(
3I ◦G 

R 

5 

)
α2 

( γ + α) 2 

( 

1 

η
+ 

n ∑ 

i= 1 

1 

ηi 

) 

× A i , 

 E = 

(
3I ◦G 

R 

5 

)
1 

γ + α
. (29) 

.4 Normal mode solution for the stratified Moon 

ere, we present the normal mode decomposition for the stratifica- 
ion we chose for the Moon in Section 2.1 . Real and imaginary parts
f the second degree tidal Love number are 

 [ k 2 ] = k E −
N ∑ 

i= 1 

s i r i 

s 2 i + ω 

2 
, � [ k 2 ] = −

N ∑ 

i= 1 

ωr i 

s 2 i + ω 

2 
. (30) 

The normal mode amplitudes, inverse relaxation times, and elastic 
idal Lo v e number are given in Table 2 . The number of modes
epends on the stratification choice for the body (Sabadini et al. 2016 )
nd can be relatively lar ge. Lar ge the number of modes requires large
umber of building elements for the homogeneous rheology, hence 
e end up with a complex problem to fit the parameters. In the next

ection, we present a way to reduce the number of parameters. 
 SIMPLIFIED  H O M O G E N E O U S  

H E O L O G I C A L  M O D E L  

ere, we present and compare two procedures to reduce the number
f parameters and consequently to simplify the homogeneous rhe- 
logy: either we find and consider only the dominant modes, which
educes the number of parameters, hence the number of elements in
he generalized Maxwell or Voigt model, or we simply fit the Lo v e
umber frequency dependence curve by hand using a simple rheology 
ith few parameters. The second approach is al w ays feasible, the
rst one cannot be applied if there is not enough information on the

nternal structure of the body or if the number of dominant modes is
oo large. 

.1 Simplification by finding dominant modes 

he fact that 
∑ n 

i= 1 A i = 1 and A i > 0, which holds for both the
eneralized Maxwell and Voigt rheologies, indicates that some of 
he modes in Sections 2.2.1 and 2.2.2 must be dominant. The same is
rue for bodies with stratification even when they have infinitely 
any characteristic times. Indeed, in the limit as n → ∞ this
ould imply that A n → 0, and so the smallness of A i in physically

easonable situations must hold for n large but finite. We show in
ppendix A that ef fecti ve rheologies may be constructed with just
ominant amplitudes. Following the procedure in the appendix, we 
onclude that terms marked in red in Table 2 are dominant in the
requency interval from 2 × 10 −5 to 2 × 10 −10 rad s −1 , hence we
an omit rest of the terms, with no change in tidal Lo v e number
requency dependence, the result is illustrated in Fig. A2 . The number
f rele v ant modes in the chosen frequency interv al is reduced to
hree. Since we have three dominant modes, we need only two
oigt elements in the generalized Voigt model. We can now fit the
arameters of generalized Voigt rheology from the data points 5, 6,
nd 9 in Table 2 , and the equations ( 29 ). We obtain the following
alues for the parameters of generalized Voigt rheology (we will call
his rheology 1st rheology): γ = 1.02159 GPa, α = 60 GPa, η =
.05 × 10 20 Pa · s, α1 = 1050 GPa, η1 = 1.66 × 10 18 Pa · s, α2 =
662 GPa, and η2 = 1.76 × 10 18 Pa · s. The fit obtained with these
arameters can be seen in Fig. 2 . 
The discussion abo v e shows that a simplification of a rheological
odel depends on the choice of celestial object and the time-scale

ne is interested in. In this paper we chose the Moon, the second best
tudied object in the Solar system, to present a procedure to simplify
MNRAS 523, 1822–1831 (2023) 
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M

Figur e 6. Bur gers oscillator. The external force f ( t ) splits into the force s ( t ) 
that acts upon Burgers array plus the force f ( t ) −s ( t ) that acts upon the γ
spring. 
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he homogeneous rheology associated with a stratified body. The
ame procedure can be applied to other bodies. 

.2 Manual simplification 

n this section, we present a discussion on how to approximate tidal
o v e number frequenc y dependence giv en the plots in Fig. 2 or
like for any body. The simplest rheological model able to mimic
he dissipation curve in the first plot of Fig. 2 is the well-known
urgers rheology in Fig. 6 (Shoji et al. 2013 ), which we will use to
pproximate the multilayered Moon by a homogeneous body. 

We first see how the dissipation of Burgers model depends on the
heology parameters. The complex compliance for Burgers rheology
NRAS 523, 1822–1831 (2023) 

(a)

(c)

igure 7. Imaginary part of the degree-2 tidal Love number, which describes diss
urgers rheology; (a) effect of the Voigt element elasticity α1 ; (b) effect of the Ma

d) effect of the Maxwell element viscosity η. 
s (Bland 2016 ) 

 ( ω ) = 

1 

α
+ 

1 

iω η
+ 

1 

α1 + iω η1 
, (31) 

where α, α1 and η, η1 have the dimension of s −2 and s −1 , respectively
see footnote 2). Tidal Lo v e number is giv en by equation ( 3 ). In Figs 7
nd 8 , we illustrate how the imaginary and real parts of tidal Lo v e
umber change with variation of rheology parameters of Burgers
odel, hence they can be used to finely tune the parameters of
urgers rheology to mimic the dissipative behaviour of stratified
oon or any other body. 
It would be interesting to establish a straightforward connection

etween the parameters of a stratified body and that of the corre-
ponding homogeneous rheology. For the stratified Moon the dotted
ines in Fig. 9 are obtained varying the viscosity of the low viscosity
ayer from 10 16 Pa · s to 10 18 Pa · s. To mimic the variation in the
issipation rate of the stratified body we vary the viscosities η1 and
2 of Voigt elements of first rheology from 3.32 × 10 17 Pa · s to
.32 × 10 19 Pa · s and from 3.52 × 10 17 Pa · s to 3.52 × 10 19 Pa · s,
espectively, or the viscosity η1 of Voigt element of second rheology
rom 1.77 × 10 17 Pa · s to 1.77 × 10 19 Pa · s. We then conclude that the
hange of the viscosity of the low viscosity layer can be reproduced
y a change of the same order of magnitude in the viscosity of Voigt
lements of the simplified rheologies. 
(d)

(b)

ipation, as a function of frequency for a homogeneous body modelled with 
xwell element elasticity α; (c) effect of the Voigt element viscosity η1 ; and 

.com
/m

nras/article/523/2/1822/7170056 by guest on 01 M
arch 2024
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Figure 8. Real part of Lo v e number as a function of frequency for a homogeneous body modelled with Burgers rheology; (a) effect of the Voigt element 
elasticity α1 ; (b) effect of the Maxwell element elasticity α; (c) effect of the Voigt element viscosity η1 ; and (d) effect of the Maxwell element viscosity η. 

Figure 9. Moon dissipation rate variation due to low viscosity layer viscosity 
variation. Solid lines are obtained by varying the viscosity of low viscosity 
layer for the stratified Moon. Dotted lines are obtained by varying the viscosity 
η1 of Voigt element in Fig. 6 or the viscosities η1 and η2 of Voigt elements 
of first rheology. 
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 C O N C L U S I O N S  

e revisited the long standing problem of approximating the 
idal response of a stratified body by that of a homogeneous 
ody. We show that the frequency dependence of tidal dis- 
ipation and the quality factor of a multilayered body can 
e approximated by that of a homogeneous body with com- 
lex rheology. This result highlights the fact that we do not
eed the complexity of the multilayer planet model in or- 
er to estimate its tidal dissipation. On the example of the
oon we illustrate that stratified and homogeneous models 

annot be distinguished from each other only by the mea- 
urement of second degree tidal Love number and quality 
actor. 

We propose and compare two distinct approaches to as- 
ociate a simple homogeneous rheology to a given strat- 
fied moon or planet. The obtained homogeneous rheol- 
gy can then be used in tandem with the formalism pro-
osed and developed in Ragazzo & Ruiz ( 2017 ), Correia
t al. ( 2018 ), Gevorgyan et al. ( 2020 ), and Ragazzo et al.
 2022 ) to perform a fully three-dimensional numerical simu- 
ation of the dynamics of a system of many deformable 
odies. 

It is important to establish a straightforward connection between 
he parameters of the stratified body and that of the homogeneous
heology. Here we show, on the example of the Moon, that the
ariation of viscosity of partial melt layer results in the same order
ariation of the viscosity of the Voigt elements in generalized Voigt
odel used to approximate the stratified body. We will revisit the
MNRAS 523, 1822–1831 (2023) 
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Figure A1. The graphs of the real (red-dashed) and the imaginary (blue) parts 
of a term (mode) in the partial fraction expansion of k 2 ( i ω). The amplitude 
r j τ j was normalized to one and the angular frequency x = ωτ j was normalized 
by the relaxation time τ j of the mode. The maximum of the imaginary part, 
the point of maximum dissipation of energy, occurs at x = 1, which is also 
the half-width of the real part. 
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roblem to establish more general relations between the parameters
n future work. 
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PPENDI X  A :  D O M I NA N T  M O D E S  IN  T H E  

O R M A L  M O D E  S O L U T I O N  F O R  T H E  

TRATIFIED  M O O N  

he tidal force may be decomposed into harmonic components. Let
 > 0 be the angular frequency of one of these components. The

idal response of the body at frequency ω is determined by k ( i ω).
ach term in the expansion ( 26 ) has real and imaginary parts given,

espectively, by 

 [ k j ] = τj r j 
1 

1 + x 2 
, 

� [ k j ] = −τj r j 
x 

1 + x 2 
, where x = ωτj . (A1) 

he graphs of R [ k j ] and � [ k j ] are shown in Fig. A1 . 
Since the maximum of the imaginary part of a mode j is at ω = 1/ τ j ,

ifferent modes have their maxima at different points. The modes
ith larger normalized amplitudes r j τ j are dominant at frequency
 = 1/ τ j . 
If two modes s and g satisfy r s τ s /( r g τ g ) < 1, then the relative

mportance of the imaginary part of the modes at a point of maximum
 = 1/ τ s of the smaller mode is measured by the ratio 

 [ k s ]( τ
−1 
s ) / � [ k g ]( τ

−1 
s ) = 

r s τs 

2 r g τg 

1 + ( τg /τs ) 2 

τg /τs 

. (A2) 

For the Moon, in the interval from 2 × 10 −5 to 2 × 10 −10 rad s −1 ,
ost rele v ant modes are 5, 6, and 9 (see Table 2 ) and k 2 ( i ω) is mostly

etermined by the modes 5, 6, and 9 and by the elastic Lo v e number
 E (see Fig. A2 ). 

If two modes s and g satisfy r s τ s /( r g τ g ) 
 1 and τ s > τ g , then
 s τ s /( r g τ g ) = R [ k s ](0)/ R [ k g ](0) ≥ R [ k s ]( ω )/ R [ k g ]( ω ) for all ω ≥ 0,
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Figure A2. Tidal Lo v e number dependence on frequency for the Moon. The 
green solid line was plotted using all the terms and the red dotted line was 
plotted using only the terms highlighted in red terms in Table 2 . 
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 but τ s < τ g , then R [ k s ]( ω )/ R [ k g ]( ω ) is an increasing function of
 with its maximum at ω = ∞ given by r s τg 

r g τs 
. The smaller mode s

ight have some importance at high frequencies. 
To illustrate the discussion in the previous paragraphs, we will 

nalyse the effect of the mode 7 in Table 2 on the plots of the real
nd the imaginary parts of k 2 ( i ω) shown in Fig. A2 . The mode 7 has
 normalized amplitude r 7 τ 7 = 0.000057 and a relaxation time τ 7 =
 × 10 9 s. Compared to the dominant mode 9: r 7 τ 7 /( r 9 τ 9 ) = 0.000054
nd τ 7 / τ 9 = 1/357. At the frequency ω = 1/ τ 7 , where � [ k 7 ]( ω) is
aximum, the ratio in equation ( A2 ) is � [ k 7 ]( τ

−1 
7 ) / � [ k 9 ]( τ

−1 
7 ) =

 . 01. The effect of the mode 7 at frequency 5 × 10 −10 (rad s −1 ) is,
herefore, 100 times smaller than the effect of the mode 9. Compared
o the dominant mode 6: r 7 τ 7 /( r 6 τ 6 ) = 0.042 and τ 7 / τ 6 = 1268.4,
onsequently the effect of the mode 7 is at least 25 times smaller
han the effect of the mode 6 on the real part of k 2 ( i ω). This explains
hy mode 7 can be neglected. 
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