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1 Introduction

The dynamics of a field-theoretical system takes the form of differential equations so it
is natural to ask under which conditions they can be completely solved. Formally, if this
happens, the system is called integrable. In its Hamiltonian description integrability is
ensured by showing the existence of an infinite number of conserved charges which are in
involution or, equivalently, by writing its Lax connection. The required involution of these
conserved charges leads to a particular form of the Poisson bracket of the Lax connection
in terms of a r-matrix [1-3]. It turns out that this construction is particularly useful when

discussing integrability in string theory which was originally applied to the AdSs x S°

s5u(2,2]4)
50?11,14)@50(5) [4’ 5]'

Since integrability is not an ordinary property the exploration of the whole plethora of

superstring treated as a sigma model on the supercoset

integrable models is a daunting task. As a consequence, techniques to deform integrable
theories while keeping its integrability have been developed. The first evidence of integrable
deformations was found for the SU(2) principal chiral model [6] and was then generalized
for any compact Lie group [7] being now known as Yang-Baxter (YB) sigma models. This
construction, which is based on a solution of the modified classical Yang-Baxter equation
(mCYBE), can be extended to symmetric coset spaces [8] and to semi-symmetric coset
spaces, as is the case of superstrings in AdS5 x S° [9, 10] leading to the so called 7-deformed

AdS5 x S° background [11, 12]. Recently, this kind of deformation was applied to the sigma
Besides that, some instances of integrable deformations of the AdSs x S° and AdSy x CP3
backgrounds were also given based on solutions of the classical Yang-Baxter equation
(CYBE) in [14-18].

More recently it was explored the possibility of starting with non integrable backgrounds

model on the supercoset which partially describes superstrings in AdSy x CP? [13].

and then finding a YB deformation in such a way that the new deformed backgrounds
are integrable. That would give us a powerfull tool to generate integrable models from



non-integrable ones. First results in this direction were given for the AdSs x T1! [19, 20]
and Wp 4 x T [21] cases. In particular, it was found that Wa 4 X Tht gave rise to
a somewhat exotic background that is part of a NSNS string background containing a
nonvanishing B-field [22, 23]. More recently, 1! type spaces were studied in the context of
new integrable Gaudin models, which can also be used to construct the W 4 spaces, leading
to a nonvanishing B-field [24]. However, integrability is lost since W54 can be realized as
the double Wick rotation of 71! which exhibits a chaotic behaviour [25]. In this paper we
will consider the Wy 4 x T and AdSs x TH! backgrounds in a first attempt to construct
n-deformations of non integrable spaces in their bosonic sector.
The n-deformed o-model on g is given by the action [9]!

1 +c
S=-sa _Zn /d2 77— ke) Str (Aa,d Jj). (1.1)
where A = —g7ldg € g, g € G, v*? is the string worldsheet metric with dety = 1, and
k? = 1. The Z4-grading of g allows us to split A as

A=A 4 AW £ A® £ A® 4B A € 4B mod 7, (1.2)

The operator d is defined as the following composition of projectors P; (i = 1,2,3) on the
subalgebras of gi

2
d:P1+1_ PQ—Pg (13)

The absence of Py is required in order to (1.1) be g©-invariant. The deformed current is

1
=— A 1.4
e T (1.4)

where the operator R, is given by
Ry (M)=Ad,'oRoAdy (M) =g 'R(gMg')g, g€G. (1.5)

The operator R is related to the r-matrix required for integrability so that the Yang-Baxter
equation (YBE) can be written as

c=0 CYBE

1.
¢ =41 mCYBE (16)

[RM, RN] — R([RM, N| + [M, RN]) = c[M, N], {
where M, N € g. In (1.1) and (1.6) the parameter c refers to either the CYBE equation or
to the mCYBE. The ¢ =1 case, known as the non-split case [26], has the R operator [11]

1 if i<
—’iﬁijMij, €ij = 0 ifi=45, Meg. (17)
1ifi>j

R(M)ij =

We have taken a factor of 1/6 in front of the action, instead of the usual 1/4, in order to obtain the
usual undeformed geometry.



This paper is organized as follows. In section 2 we review the W 4 x T11 space and its
coset construction as in [21]. In section 3 we reduce the theory to its bosonic degrees of
freedom and apply the n-deformation discussed above to the bosonic sector of the Ws 4 x Th1
background. In section 4 and section 5 we review the coset construction and apply the
n-deformation to the bosonic sector of AdSs x T!. In section 6 we conclude and discuss
our results.

2 Coset construction of the bosonic Wy 4 X T'! background

The Ws 4 space is the noncompact version of the Stiefel space Va4 [27]. It is defined by
the coset SO(2,2)/SO(2) or equivalently (SL(2,R) x SL(2,R)) /SO(2). The T"! space can
be understood as the intersection of a cone and a sphere in C* such that its topology is
5% x $3 and its metric is a U(1) bundle over S? x S2.

The isometry group of Wa 4 x TH! is the coset [21]

SL(2,R), x SL(2,R); x SO(2), y SU(2)a x SU((2)p x U(1)g
U(1), x U(1)y U(l)axU(l)p

Wy x TH = (2.1)

Due to the fact that Wa4 is a non-symmetric coset [21] and can be realized as the double
Wick rotation of the T1!, integrability of (2.1) can not be ensured. Besides that, since a
chaotic behaviour was found in TH1 [25] we could also expect it in Wa 4 so that the o model
on (2.1) would be non integrable. Notice that this coset has extra factors of SO(2), x U(1)r
in the numerator and two U(1)’s in the denominator in order to take into account all
isometries of the space [19, 20]

The Lie algebra that generates this space can then be written as

&)
g
4

3 (5[(2,R)2@so(2)@5“(2)2@u(1)> (22)

ap == s1(2,R)?®s0(2)®su(2)?du(l) = u(1)* @ WD)
Taking a superalgebra that would include gy, its elements can be written as a supermatrix as

M5)5)x (5]5) =

where the dashed lines divide the supermatrix into blocks corresponding to the subspaces
W 4 and T3, Q and Q belong to g = g™ @ g® and correspond to the generators of the
fermionic sector which will not be considered here.



We will use the same basis as in [21] to parametrize s[(2,R)? @ s0(2)

O5x5 05><5‘

I
T
02x2 I

where ¢ = 1,2, 3. Here,

1 1
Ly = 3<73, Ly = ——-o9, Lo o1,
2i 3 2’i (2'6)
= —501 = —502; I3 = —593;

where 0, 1 = 1,2, 3, are the standard Pauli matrices. The nonvanishing commutation rules
are then
[L( ),LS_L”)} _ i5an§Em)a {LS:'%)’L(:L)} _ 25angm)’
(m) p@(n) mn (m) (2.7)
[F F! } = " B,
where LSEW ) = Lém) :N:Lém). Notice that these commutation relations are those of two s[(2, R)
and two su(2) for m,n = 1,2. We also have

1 1
(M), (M) = _ = gmn mp)\ _ 2 smng.
Str(Lu Ly )- 25 e tr(F F. )_ 25 i,
1 (2.8)
Str (NN) = —Str (MM) = — 7.
where 1, = diag (—1,+1,+1). To parametrize (2.1) we follow [21] and define the basis
2,R)? ®s0(2 1 (m) ,gm
sl(2,R)? ®s0(2) ®su(2)?®u( ):Span | \/*W Pl \[H _{Ka}
u(1)?
2.9)
with 1
Str (KaKb) = —5(5@5, (210)
where m=1,2and a =0,...,9, and
w=L" L@ +N, H=F"_-FP M (2.11)
The four generators of u(1)* are
OO (1) (2)
T, =LY +1?. 1y =L - L? 14N,
1 0 0 2 0 0 (2.12)

Ty =Fy) +FY,  Ty=F) —FY +4M.



The undeformed metric of Wa 4 x T1! can be obtained by choosing the following coset
representatives for each subspace

gWs 4 = EXP (<P1Lél) + oL + 2€N) exp ((yl —imL{Y + y2L§2)) : 213)
g = exp (01FS) + 6oFY + 26M) exp (01 + m)FS) + 0,F5)

which will lead us to a suitable form for the background. The Maurer-Cartan one form
A = g~ 'dg, where g = 9w, 49711, allows us to get the metric from

1
ds? = —3Str (AP (4)) = dsfy, , + s (2.14)
To do that we take the projector P» on the coset to be
9 4
Str (KqX) Str (ToX)
P (X)= —— K, =X — ——T,, 2.1
2(X) ;::0 Str (K.K,) O; Str (ToTa) (2.15)

where K, and T, were defined in (2.9) and (2.12), respectively. We then obtain the
following expressions for the undeformed metric on Ws 4 X ThH!

1 1 1
dsiy, , = 5 (dy% +sinh? y%dgpf) ts (dy% +sinh? y%dgp%) ~3 (coshyrdepy + cosh yadipy +d€)? |
(2.16)
where y1,y2 € [0,00), @1, 92 € [0,27), and x € [0,47), and also
1

2
dSTl,l = =

: (467 + sin® 01de? ) + é (63 + sin® 62de3 ) + é (cos Oydey + cos Oadey + di)?,

(2.17)
where 601,02 € [0,7], ¢1,¢2 € [0,27) and ¢ € [0,47). Notice the similarity between the
subspaces. This happens because Wy 4 can be seen as a U(1)-fibration over the product of
two Euclidean AdS, spaces EAdSy x EAdS,, while T5! can be understood as an U(1)-fiber
over S? x S2.

3 Bosonic n-deformed W, 4 x T!

By switching off the fermionic degrees of freedom the deformed action (1.1) reduces to

s=—3 (1427) [ @ (40 =) Str (a, P2 (Jp)), =1, (3.1)
The action of P on A, Ry (K,,) and J are
Py (A) =E"K,,, Py(Ry(Kp))=AK,, P(J)=7i"Kp, (3.2)
where K,,, are the generators of g(2) and the coefficients j™ can be obtained from
i =K,C,™. (3.3)
The coefficients C,,”* and A, can be written in matrix form as

_ 2
C=(I-xA)", x=1_nn2. (3.4)




Then, usign (3.1) we can read off the metric and the B-field as

ds®> = Str (A Py (J)) = j™Str (AK,,,) = E™C,"Str (AK,,),
B =Str (AAPy(J)) = —j™ AStr (AK,,,) = E™C,™ A Str (AK,) .

Thus, in order to compute the deformed background with Lagrangian (3.1) we need first
to compute the non-zero components A, in (3.2) and then follow the same procedure as
in [18, 20]. We find that

A13 = —A31 = —coshy; = q1,

2
AP = A = —i\/;sinh Y1 = q2,

Ayt = =A% = coshys = g3,

2
Ay = =A% = —i\/;Sinh Y2 = qu,

Ag® = —Ag® = —cos b = gs,

A% = —Ay7 = cos by = gg,

2
10 9 2
A = =N = \/;511192 = ¢g.

This allows to write the 7-deformed background, where the W5 4 deformed is

ds%%A
(1+x?)

1
=F1(6 (G(q}‘fﬂﬁlo) dy? +G(qf +4310) dy3
+G (3 +43+47 | 303 ) sinb®y1diot + G (af + 63+ aF | a7} Sinh2y2d¢§>
1
- §G(Q% | 0) G(q?, | 0) (coshy1dipr + coshyadps +dX)2> ; (3.8)

while the deformed metric of T is

dsga 1 2., 2 2 2. 2 2
1+x2) =72 (6 <G<%‘ +a3 |0) oy +G<Q5 +q7 | 0) do;
+G @+ +a | ) sin*01d03 + G (i + 63 + i | ) sin292d¢§) (3.9)
1
+ §G<q52, \ 0) G(qg | 0) (cos B dpy + cos Oadga + dip)? ) ,
where
Fil=G(d+d+d+d|dd +dd +dd), 610
Fl=G(@+@+d+¢|dad+dad +add),
and
G(r|s) =14+ rx*+ sx?, (3.11)



with ;' = F5 ! = 1 when y = 0. Notice that when we set x = 0 the deformed metrics (3.8)
and (3.9) reduce to the undeformed ones.
The deformed NSNS B-field is then given by

BW2,4 _ ixF1 2 . 2 2 :
0123 + 9 ( (\/6qu((]3 |0) cosh 1, —3zq1G<q3 +q; |0) smhy1) dyy Ndipy

+q2 (\/GG (q§ \ 0) coshys — 3igzgax” sinh yz) dy1 Ndps
+qa (\/EG (fﬁ | 0) coshdy; +3iq1gax” sinh y1> dya Ndpr (3.12)
+ (\/6q4G (q% | O) coshyo +3igsG (q% + q% | 0) sinh yg) dys Ndps

+ \/quG(q?, | 0) dyy Ndx + \/5q4G((ﬁ | 0) dya N dx) ;

B, F. '
(1 I;IQ) =— Xg 2 < (\/éth(q(Z; \ 0) cos 0 +3Q5G(q§ +¢2| 0) sin 91) df, Ado,

+qr (\/GG (qg | 0) cos 02 + 3¢6gs X2 sin .92) 0y A debo
+qs (\/6‘6Y (qg | O) cos 01 — 3¢5q7x % sin 91> dfs Ndpy (3.13)
+ (\/éng(q?) | O) cosfy — 3q6G(q52, +¢2 | 0) sin 92) dfa N\ doo

+VB0rG(10) by o +BsG (10) b ),

which vanishes when we set x = 0.

4 Coset construction of the bosonic AdS5 X T1! background

We can now consider AdSs x T'! as a second example of non-integrable background [25]. Tt
was used in [19] and recently in [20] to build Yang-Baxter deformations based on solutions
of the CYBE. This background corresponds to the near horizon limit of N D3-branes on
the singularity of M1 4 x Yg where M 4 is the four-dimensional Minkowski space and Y5 a
Ricci flat Calabi-Yau cone C(X5) with base X5 [28]. In the limit the geometry becomes
AdS5 x X5, where X5 is a compact Sasaki-Einstein manifold which, in particular, can be
taken to be T'%! conifold.

In this case the isometry group is the extended coset [19, 20]

AdS5 X Tl’l =

S0(2,4)  SU(2)a x SU(2)p x U(L)n
1

SO(1, 4) UMaxUDp (4.1)

which leads to the following extended coset algebra:

a®=g/g
50(2,4) Dsu(2) Dsu(2) @u(l)R)
s0(1,4)Pu(l)du(l)

g©

50(2,4)®su(2) Dsu(2)du(l) = (so(1,4) du(l)du(l))® <

(4.2)



We can consider a slightly different supermatrix structure

M5y (a15) = (4.3)

where the dashed lines split the algebras corresponding to the subspaces AdSs and T!,
while the solid lines split the My«4 and M55 bosonic blocks.
The basis of su(2)? @ u(1) generators which parametrize T4 is the following

F;

FE” = 0252

O5x5 O5x5

where ¢ = 1,2,3 and F; are given in (2.6). On the other hand, we take the basis of s0(2,4)
in terms of y-matrices in a similar way as done in [20],

O4x4 ; O4x4 ;
T, = 0o |, Ls=1| 0, |,

M;w: AO‘ ) Mu5: ) AO‘ )

where v, v5, My = 1/4[vu, 7] and mys = 1/4[vy,, 75| are the fifteen 4 x 4 matrices for
the generators of isometries of AdSs.
To parametrize (4.1) we set the basis

su(2)?2 @ u(l) ®so(2,4

) _ _
u(1)2 @ so(1,4) ={Kn,}, m=0,...,9, (4.6)

where

1 1
Ko=_;Ty, Ki=;I1, Ky=_;I2, K3=_Is, Ky4=_I5,
2 2 (4.7)

T2
)
K=F  Ke=F? K =F K=FP, Ko= \/;H

The undeformed metric AdSs can be obtained by choosing the following coset representative

1 1 L
JAdSs = €Xp 3 (1H1 + oHy 4 tH3) exp (—(M 3) exp 3 (— sinh 1pl"1) , (4.8)

while the coset representative for g1, is given in (2.13). Using the projector (2.15) we
obtain the following expression for the undeformed AdSs metric

dp?
1+ p?

dshas, = — (14 p?)dt* + + p2(dC? + cos® ¢ dip? + sin® ¢ dy3), (4.9)

which agrees with that in [11, 12]. Finally, the undeformed T%! is written as in (2.17).



5 Bosonic n-deformed AdSs x T'!

In this section we obtain the n-deformation of AdSs x T based on the R operator (1.7).
As in section 3, we switch off the fermionic degrees of freedom to work only with the bosonic
sector. Firstly, we need to rewrite the components of the A matrix from (3.2), which in
this case takes the form

Ay’ = _A52 =1p = qi,

Ayt =A% = —p?sin¢ = g,

Ag® = =A% = —cos b = g3,

A79 = —A97 = +cosfy = qy, (5.1)

2
Aglo = —Alg = \/;Sin 91 = @5,
10 9 2 .
Ay =Ny = \/;SIH o = ge,

which allow us to construct the matrix C in (3.4).

This also allow us to write the n-deformed background with the AdSs deformed space

being
d82 1 2dt2 d2 d2 2 d 2
Adsg - +p2)2 2 L o T ‘ +C082<2 wl—i—sinQde% . (5.2)
(1 +x?) 1+x%q7 (14 p*)(1+ x%q7) 1+ x%g5

agreeing with the n-deformed AdSs space obtained in [11, 12]. The n-deformed 7! metric is

ds? 1
(1+T>1<;) =73 (6 <G(q§+q§\0) d9%+G<q§+q§‘o) 62

+G(ad + a2 +a} | ada?) sin01d6? + G (a3 + ¢ + a3 | a3 a?) Sin292d¢§) (5-3)

1
+ §G(q§ | 0) G(qi | 0) (cos 01dgy + cos Oadps +d¢)2 ) ,

where
Fl=G(d+d+ @+ |dad +da +dd), (5.4)

where we have used the definition (3.11). Notice that this latter deformation is the same as
in (3.9). Both (5.2) and (5.3) reduce to the undeformed spaces when xy = 0.

Due to the n-deformation a B-field is also present in each sector

Baas, _  2X0E 400, 2X42p€08C

(1+x%) 301+ x%q) 3(1+ x2¢3)

¢ A diy, (5.5)



which is proportional to the B-field with AdSs coordinates in [11, 12], and

B, F .
a ‘::1;2) = —X9 3 ( (\/6q5G(qZ ]O) cos 0y + 3q3G(qZ + ¢ ]O) sin 91) df1 A do

+ a5 (V6G (4310 cos s + 3qaqex* sin 2 doy A dory
+ g6 (\/66’ (qg | 0) cos 01 — 3q3gs x> sin 91) dfs A doy (5.6)
+ (\/éqGG(qg ] 0) cos By — 3q4G(q32, + q?, ] 0) sin 92) dfs N doo

+ x/6q5G(q§ | o) oy A dip + \/éqGG(qg | o) df N\ cw).

The B-field in (5.6) has the same form as the one found previously (3.13). As expected,
these B-fields vanish for y = 0.

6 Conclusions

In this paper we have obtained new bosonic 7-deformed W34 X TH! and AdSs x ThH!
backgrounds based on a solution of the mCYBE providing new integrable backgrounds
besides the one found in [21] for Wa 4 x TH1,

Recently new integrable models on T"! manifolds with non-vanishing B-fields were
found [24]. It was then shown that such B-fields are the only possible ones which avoid a
chaotic behaviour of TH! [29]. Since Wa 4 is closely related to T1! by two Wick rotations
we would expect that it gives rise to a B-field as in [24] and it would also be very interesting
to look for integrable deformations of Wa 4 x TH! along the lines of [24]. Besides that, it
would also be interesting to analyse whether our deformed W 4 X T and AdSs x Th!
backgrounds present chaotic behaviour.
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