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We consider a class of Markov processes with resettings, where at random times, the
Markov processes are restarted from a predetermined point or a region. These pro-
cesses are frequently applied in physics, chemistry, biology, economics, and in population
dynamics. In this paper, we establish the local large deviation principle (LLDP) for the
Wiener processes with random resettings, where the resettings occur at the arrival time
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of a Poisson process. Here, at each resetting time, a new resetting point is selected at
random, according to a conditional distribution.

Keywords: Wiener process with resetting; diffusive processes with resetting; local large
deviation principle.
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1. Introduction

Random processes with resettings have recently found their applications in various
fields outside of mathematics. We will list some but not all applications of these
processes: they are used in random search algorithms [9, [10, 14, [I§], in popula-
tion dynamics [ [8, 15, 20, 22], and in biological and chemical models [Tl 26, 27].
The majority of these applications used the Wiener processes with resettings. A
Wiener process with resettings is defined as a solution to the following stochastic
equation:

£(t) = w(t) - / E(s—)du(s), (L1)

where w(t) denotes a Wiener process and v(t) is a Poisson process with rate A\. The
processes w(t) and v(t) are assumed to be independent. Equation (II]) corresponds
to the case when at each Poisson arrival time, the Wiener process restarts at the
origin.

In most of the works where the processes of type (LI are considered, the
authors concentrate on the analysis of the corresponding stationary distributions
or additive and integral functionals. See [13] and references therein. To the best of
our knowledge, the paper of Meylahn et al. [21] stands out as the only work where
the large deviation principle (LDP) was established for integral functionals of the
diffusion processes with resettings.

The main objective of this paper is to establish a local large deviation principle
(LLDP) for the trajectories of this type of processes. We believe that prior to this
work there were no such results proved for the Wiener processes with resettings.
Moreover, we prove the LLDP for the case where the resetting point is selected at
random.

In what follows, we assume that all random elements considered here are in
the probability space (Q,§ = B U (U,>(5¢), P). Here, B is Borel o-algebra on
R, F; is the filtration induced by the trajectories of (w(t),v(t)), where w(t) is the
Wiener process, v(t) denotes the Poisson process with rate A, and the processes w(t)
and v(t) are assumed to be independent. We will examine the following stochastic
equation:

é(t)—w(t)/o C(v(s=),&(s=))dv(s), (1.2)
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where a collection of independent B-measurable random variables ((n,x), n €
Z* := {0} UN, z € R, independent from (w(t),v(t)).

Note that the Wiener processes with resetting satisfying (I1]) are a special case
of the processes evolving according to Eq. (L2]) with {(n,z) = «.

In the modern literature on the LDP, various conditions on random processes
are considered in order to obtain a rough exponential asymptotics for probabilities
of rare events (see [7, [I1]). In the studies where LDP have been proved for the
solutions of stochastic differential equations containing an integral with respect to
a Poisson process measure, a bound on the function {(n, x) is usually required, and
is frequently given in the form of the Lipschitz condition (see [19 23] 25, [16], [5] [6]).
In our case ((n,z) is the random function of x, which as we know, does not satisfy
the Lipschitz condition, and also is unbounded.

We are interested in establishing the LLDP for positive and negative excursions
of a process

fT(t) =——=, te [0,1],

where T is an unbounded increasing parameter. This paper extends the ideas of
our previous LLDP result for the random walk with catastrophes [17].

The trajectories of the process {r(-) almost surely belong to the set D[0, 1] of
cddldg functions (i.e. right continuous and with a left limit). For f,g € D[0,1]
let

p(f,g9) = sup [f(t) —g(t)].

t€[0,1]
We recall the definition of LLDP.
Definition 1.1. A family of random processes &7 (-) satisfies the LLDP on the set

G C D[0,1] with a rate function I = I(f) : D[0,1] — [0,00] and the normalizing
function ¥(7T) such that limy_ . ¢¥(T) = oo if for any function f € G, we have

. 1
i%h:][rn_?ip (D) IP(&r() € U(f))

= lim liminf o P (Er () € V() = 1), (1.3)

where U.(f) :={g € D[0,1] : p(f,g) < e}.
See 2 B] for more details on the concept of LLDP.

We let p¢(n,z)(y) be the density of the random variable ((n, ). Furthermore,
we assume that ((n,x) satisfies the following conditions:

Ay: if 2 =0, then P({(n,x) =0) =1 for alln € ZT;
A if x>0, then foz Pc(n,) (y)dy = 1 for all n € Z7F;
A_: if x <0, then fzo Pe(n,2)(y)dy =1 for all n € Z7F;
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B.: if x > 0, then there exists A > 1 such that ﬁ < pg(n)x)(y) < ﬁ holds true
for all n € ZT, and for almost all y € [0, z;

B_: if z < 0, then there exists A > 1 such that ﬁ < pg(n)x)(y) < ﬁ holds true
for all n € ZT, and for almost all y € [z,0].

Note that all of the above conditions hold in the case when ((n, ) is uniformly
distributed in the interval between 0 and x whenever x # 0, and ((n,0) = 0. In
this example, A = 1.

We use the following notations: Co[0, 1] is the set of continuous functions on the
interval [0, 1], originating from zero; VCq|0, 1] is the subset of functions in Cy[0, 1]
with finite variation; VCJ'[0,1] is the subset of all non-decreasing functions in
VCo[0, 1]; ACL'[0,1] is the subset of absolutely continuous functions in VC}[0, 1];
ACZ[0,1] (ACy[0,1]) is the subset of absolutely continuous functions in Cq|0, 1],
taking positive (negative) values for t € (0,1]; Vi (f) is the total variation of a
function f over the interval [a,b]; B is complement of the set B; 1p(-) is the
indicator function of the set B; |a] is the integer part of a number a.

Further, in Sec. 2, we formulate our main results; in Sec. Bl we prove the LLDP;
some auxiliary results are proved in Sec. [

2. Main Results

Note that if the conditions Ap, A4, A_ hold, then for any 7' > 0 Eq. (L2) has a
solution on the interval [0, 7], and it is unique. It is also easy to prove the following
result about an asymptotic upper bound for the maximum value of the process.

Theorem 2.1. Let the conditions Ay, A4, A_ hold and let the increasing function
o(T) satisfies

p(T)
T—oo \/In(InT)

Then for any e > 0

P lim sup
(T_’OOte[O,l]

&(Tt) B
ﬁwm‘ g ) -0

The proof of Theorem 2.1]is quite trivial, and we omit it.

To formulate our main result, we recall that any absolutely continuous function
starting from zero can be uniquely represented as a difference of functions f* €
ACY'[0,1] and f~ € ACL'[0,1] such that

Vo(f) = Vo) + Vol(£7).

The functions f* and f~ are called, respectively, positive and negative variations
of the function f, see for example [24] Chap. 1, §4].

Theorem 2.2. (LLDP) Let the conditions Ao, Ay, A_, B hold, then the family
of the random processes &7 (+) satisfies LLDP on the set AC{ [0, 1] with normalized
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function Y(T) =T and the rate function
Lt
1) =+ [ (Fro2a
0

Theorem 2.3. (LLDP) Let the conditions Ag, A, A_, B_ hold, then the family
of the random processes &r(-) satisfies LLDP on the set ACq [0, 1] with normalized
function Y(T) =T and the rate function

I
1) =+ [ @
0
Theorems and 2.3 implies the following form of the rate function on the set

ACo[0,1].

Remark 2.1. Let all the conditions Ay, Ay, A_, B4, B_ hold, then the family
of the random processes &7 (+) satisfies LLDP on the set ACg[0, 1] with normalized
function ¥(T) = T and the rate function

1/t .
1) =3+ [ GO0 0 + 0L g0 0P,
where f(t) = 0 at finitely many points in [0, 1].

Moreover, the proof of the theorems provides the LLDP and the corresponding
rate function for the Wiener processes with resetting to the origin. Note that in this
case the variables ((n, z) are deterministic functions {(n, 2) = x, and the conditions
B4 do not hold.

Remark 2.2. LLDP for positive and negative excursions of Eq. (ILT]) (case of the
deterministic resetting at zero) is a trivial task. In this case, the random process
¢7(-) will stay in the neighborhood of the function f € AC{[0,1] or f € AC;[0,1]
only if the normalized Wiener process will stay in this neighborhood, and the Pois-
son process will not have jumps on the interval [0, T']. Thus, thanks the independence
of w(t) and v(t) the rate function takes the form

IRAN
1) =+ [ oy
0
Note that we cannot obtain the LDP for the family {7 (-) in the metric space
(D[0, 1], ps), where pg is Skorohod’s metric. Because one can show that the corre-
sponding family of measures is not exponentially tight (see [7, Remark (a), p. 8]).

3. Proof of Theorems and
By (L2) the process &r(t) can be written as

S w(Tt) 1M

- = C(v(s—),&(s—))dv(s) == wr(t) — & (8). (3.1)

&r(t) T T J,
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Let us first bound P (&7 (+) € U-(f)) from above. For any ¢ > 0 and 6 € (0,1), we
have

P(&r() € Ue(f)) < P( sup &7 (t) — f(#)] < €,Ac>

te[s,1]

te(s,1]

+P< sup [¢r(t) — f(t)] < E»A_c>
= Pl + P27
where A; :={w : v(T) — v(6T) < ¢T'}. We bound P; from above. Denote
By = {g € VCu[0,1] : g7 (t) > f*(t) for almost all ¢ € [0,1]},

where g € V(Cg/[ [0,1] is positive variation of the function g. For any r > 0 the
following inequality holds:

P,

P( sup wr () — & () - £(8)] < A)

tels,1]

< P( sup |wr(t) — &7 (1) — f(t)] <&, Ac,wr € Kf) +P(wr € KY)
tels,1]

= P11 + Py,
where
K::=quveCy0,1]: inf sup |g(t) —v(t)| <ep, K,:={g:L(g) <r},
9K te(0,1]

and the functional

1
. %/0 (§(t)%dt, if g € ACo[0,1],

o0, otherwise.

(3.2)

Now, we bound Pi; from above. Since the random process & (t) does not
decrease on the interval [§, 1], and since the set K, is a compact, from Lemma [£.2]
it follows that there exists v(¢) > 0 such that y(¢) — 0 when £ — 0 and

P11 < P(wr € By N K: A < Plwr € BY'9, A,

where

B} = {weCol0,1]: inf sup |g(t) —v(t)| <(e) ¢
9€Bs te[s,1]
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Thanks of independence of the processes w(t) and v(t) we obtain
P11 < P(wr € B} A,) = P(wr € BY"9)P(A,).
Thus, for all » > 0
P, < P(wr € BY"9)P(A) + Pu
= P(wr € BY"9)P(A.) + P(ur € K7). (3.3)

We bound P from above. Denote 7,,..., 7k, the first [¢T'| jumps of the
process v(T't) which belong to the interval [d, 1]. Denote

le = {w : £<Tkz_) € [T<f<77€z) - 8);T<f<77€z) + 5)]}7 1<i< |_CTJ7
Hy, :={w: (ki —1,&(m,—)) < 2T}, 1<1<|eT].

If a trajectory of the process &r(t) does not leave the set Uc(f), then ((k; —
1,&(mk,—)) < 2T¢ for 1, € [6,1], 1 <1 < [¢T]. Therefore, the following inequality
holds true:

Py = P( sup [&r(t) — f(t)] < e,A_c>

tels,1]
o T | LT |
< Y P () Hy, [ G |v(T) = v(0T) =r | P(u(T) — v(6T) = 7).
r=|cT] =1 =1
Denote m; := minge(5,17 f(t). The following inequality holds:

LcT'] LcT'] 2eA N\ LT

P| () Hy, () Gi, |v(T) = v(0T) =7 | < (m 8) : (3.4)

5 —

1=1 1=1

We prove it separately in Sec. M, see Sec. [l Thus,

P,< Y ( 2e4 )LCTJP(V(T)—V((ST)ZT)§< 24 )LCTJ.

mes — & ms — &
r=|cT] o 0

For the sufficiently small ¢ the inequality ms > /¢ holds, therefore

LeT] LeT]
P, < ( 2eA ) < (2\/§A) . (35)
mes — & 1-— \/E
From [B.3) it follows that for any ¢ > 0:
1 2\/eA
;ii%li;nj;p T InPy < c;ii%ln (1 \/E\/g> = —o0. (3.6)
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It is known (see, for example, [I2] Theorems 2.1 and 2.2]) that Weiner process
satisfies the LDP on the metric space (D[0, 1], p), where p is the uniform metric,
with the rate function (8:2). It implies that for any € > 0

1 J—
lim limsup T InP(wr € Kg) = —cc. (3.7)

T—00 T—00

Thus, using (3.3), B6), B7) and the fact that the set B;’V(E) is the closed set for
any ¢ € (0,1), § € (0,1), we obtain

lim lim sup % InP&r(-) € U(S))

e~V T—oo

1
< lim lim sup T In(Py; + P12+ Py)
E—

T—o0

1
< lim lim sup T In(3 max{Py1, P12, P2})
E—

T—o0

< 111%(711(3?”(5)) —A1=0)+ A1 =6)c—clne)

= —1(B}) = M1 —=06) + A(1 = §)c — cInc,

where

B? =<v € Cpl0,1] : inf sup |g(t) —ov(t)]=0,,
9€By tes,1]

and in the last inequality we applied the following simple inequality:
PWw(T)—v(dT) < cT) <exp{—-A1-=8)T+ X1—10)cT —Tclne}.  (3.8)

Taking the limits 6 — 0 and ¢ — 0, we obtain

lim lim sup 7 InP(Er() € V(1)) < ~1i(By) ~ A= ~1(f%) ~

T—o00

To complete the proof, we bound now P (&7 (-) € U-(f)) from below. We have

Pj = P( sup |wr(t) — &7 (1) — f(t)] < 5)

t€[0,1]
> P(wr(-) € Us(f7),65() e U (fT = f)).
Note that f+ — f € ACY[0,1]. If f+ — f =0, then
P(wr(-) € Us(f1),&0() € Us(f* = f)) 2 P(wr(-) € Us(f1),v(T) = 0).
Therefore, since w(t) and v(t) are independent we obtain

Py > P(wr(-) € Us(f7))e . (3.9)

2050032-8
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where M := maxepo,1(f*(t) — f(t)) = (1) — f(1).

Since fT — f is continuous and non-decreasing function, then there exists a finite
set of points 0 = tg < f1 < -+ < #,() = 1 such that the following equalities hold
true:

frt) = f(t) =

Let fT — f # 0. Define

<

n(e) := min{n eN: M
n

oo ™

M
n(e)’
Therefore, if the random process v(T't) has no jumps on [0, ¢1] and has only one jump

in each of intervals [tp_1,tx], 2 < k < n(e), and if random variables ((k —1,&(7,—))
takes values from the interval

(% — 2T¢?; % — Ta3),

then for sufficiently small ¢ the inequality

sup [€7(t) — (1) — F(1)] < 5

te[0,1]

f+(t2)f(t2)z(—]\84)7"'7 f+(tn(a))7f(tn(a)):M

holds. Hence, for ssufficiently small ¢ the inequality
Py > P(wr(-) € Us(f7), &7 () € Ug(f+ - 1)
n(e) n(e)—
>P | wr(-) € Us(f ﬂ A, ﬂ B |, (3.10)
holds, where

Ay ={w:v(Tt1) =0}, Ap:={w:v(Tty) —v(Tty—1) =1}, 2 <k <n(e),

T™ T™
Br:={w:((k—-1 - —— —2Ted —— —T¢&P 1<k< —1.
pm{w - vemon e (S5 - S5 -1 ) 1<k sa)
From the inequality (3I0) it follows that
n(e)-1 n(e) n(e)
P, >P ﬂ By |wr(-) € Uss(f7), () Ak | P wr() € Uas(f ﬂAk
k=1

The following inequality we prove in Sec. [}

n(e)—1

P ﬂ B
k=1

3

. n(e) - n(e)—1
wr () € Uss(f )vkrlek > (W) . (3.11)

2050032-9
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Thanks (BI1) it follows that

n(e)

23 (e)—1
) P wT( S U63 ﬂ Ay

Ps = <A<f+<1> =)

Since wr(t) and v(T't) are independent, then

&3 n(e)

n(e)—1
PBZ(W) P(wr(-) € Us(fT))P ﬂAk

B 23 n(e) 1P N

= (W) (wr(-) € Uss(fT))
n(e)

x (AT A T (t — 1) (3.12)
k=2

Using inequalities (89), (812]), we obtain
1
lim inf — InP(&r() € Us(f)) = —A— L(Us(f1)).
Since Weiner process satisfies LDP with rate function ([B.2]) we obtain

lim lim inf lhrlP(fT( ) eUf)) > ii_l)r(l)(—)\ —LUs(fM) =-X=L(f").

e—0 T—oo

The proof of Theorem is similar, where instead of the condition B, we work
with the condition B_.

4. Auxiliary Results

The next technical lemma will be useful for the proof of Lemma The proof of
Lemma [£.]]is quite trivial and will be omitted.

Lemma 4.1. Let the function f € AC{ |0, 1] is represented in the form

ft) = g1(t) — g2(1), (4.1)
where g € Col0,1] and gy € VC'[0,1]. Then the function gi(t) has the finite
variation and for almost all t € [0, 1] the inequality

gi () = f1 ), (4.2)

holds true, where gi (t) is the positive variation of the function g (t).
Denote (C[0, 1], p) the space of continuous functions on the interval [0, 1] with
given uniform metric p. Let D)?[0,1] be the set of cddlag functions (continuous

from the right and has a limit from the left) starting from the zero which are
non-decreasing on the interval [0, 1].

2050032-10
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Consider the family of functions ur(t), ¢ € [0,1], T > 0 which can be represented
in the form ur(t) := ar(t) — ar(t), where ar € DY[0,1], and ar € Col0,1] N
Kcpo,1],0) and K(cpo,11,0) C (C[0,1], p) is some compact set.

Lemma 4.2. Let for a function f € ACJ[0,1] the following holds true:

lim sup |up(t) — f(t)] =0. (4.3)
T—00¢e0,1]

)

Then

lim inf sup |ar(t) —g(t)| =0.
T_}()ogerte[O,l]l () —g(t)]

Proof. Proof by contradiction. Suppose not. Then, there exists v > 0 such that
for any M > 0 there exists T' > M and

inf sup |ar(t) —g(t)] > 7. (4.4)
9€By te0,1]

Since the family @ is contained in some compact set, then, if the inequality (€.4])

holds, then there exists subsequence T3, and continuous function g such that

lim —sup iz, (t) —g(t)] =0, inf sup [g(t) —g(t)| = .
M—001¢(0,1] 9€By te[0,1]

Therefore, from (4.3) it follows that

Jim - sup far, (1) = (9(t) = f(8)] = 0.
—tel0,1]

Wherein due to a7 € DJ![0,1] the function §(¢) := §(t) — f(t) should belong to
the set VC'[0,1]. Thus, f(t) = §(t) — §(t), where § & By, g € VCy'[0,1], which
contradicts Lemma [.T] m|

4.1. Proof of inequality (3.4
Let G, := Q, Hy, := Q. We show that the inequality

-1 -1
2e A
P, =P (Hkl,le |(T) = v(0T) =7, () Giy. [ Hk> < (4.5)

ms — &
d=0 d=0

holds for 1 <1 < [¢T']. We estimate from above P;.

We note that, by definition, a family of random variables {(k; — 1, mg, ), my, € R
not depends on w(t) and v(t), ((ki—1 — 1,mp,_,), mk,_, € R,....C(k1 — 1,my,),
myg, € R, and hence on (7, —), ..., &(mk, —). Therefore, the next inequality

-1 -1
P(Hkl,le |v(T) —v(6T) =, ﬂ Gy, ﬂ de>

d=0 d=0

2Te T(Mi+e) B
<[ (] P @if@ ) dy
0 T(m5 —E)

2050032-11
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holds, where M; := maxye(o1] f(t),

! -1
F(zx) := P(f(ﬂﬂ—) <z|v(T)—-v(T) =r, ﬂ G, ﬂ de>.
d=0 d=0

Using the condition B, we get for sufficiently small €

2Te T(M+¢) ~
P, S/ / Pc(k—1,2)(y)dF (z) | dy
0 T(mg—&‘)
2Te T(My+e) A .
g/ / —dF(x) | dy
0 T(ms—e) |$|

2Te T(M;+e) A 5
< ——dF(x) | dy
/o /T(mg—a) T(ms —¢) (@)

2TeA 2e A

=~ T(ms—¢) ms—¢
Thus, the inequality (1)) is proved. Using the inequality (LX), we obtain

leT | leT |

() Hi [ G |v
1=1

=1

LT

2eA N\ LT
v(T) — v(6T) = HPl (m6_5> .

4.2. Proof of inequality (3.11))
We show that, for 1 < k < n(e) — 1 the inequality
n(e) 3

Py :=P | By |wr() € Us(f ﬂAT,Bl,..., = -

AFmre A0

holds. If events {w : wy(-) € Us(fT)}, ﬂ;fl) A, Bi,...,Bi_1 have occurred, then
T(fr(1) +€%) > T(fF (1) + %) > &(m—)
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LLDP for Wiener process with resetting

We note that, by definition, the family of random variables ((k — 1,mg), my € R
not depends on w(t) and v(t), ((k — 2,mi_1), me—1 € R,...,{(0,m1), m1 € R,
and hence on &(7,—),...,&(m1—). Therefore, using inequality (@), we obtain

n(e)
P, =P| By|wr(-) € Us(f ﬂAT,Bl,..., _
- P(C(k 1 E(m)) € (% o7, % - Ts?’) wr() € Ua(f),

n(e) k—1

NN
r=1 r=1

DT [ T(fH(1)+e%)
= / / Pc(k—1,0)(Y)dF () | dy,
—2Te3 L

M
n(s) n(e) —Te?

where

n(e) k—1
F(z):=P|&(m—) <z|wr(-) € Us(f ﬂ A,, ﬂ B,

Using the condition By, we get for sufficiently large T’

AT TET W+ M e 1
P ——dF(x) | dy > ——d
2 o e @ y—/_)T AT+

n(e) n(e)

Y

= g3

T(fH(1) +e3)  A(fF(1)+e3)

Thus, the inequality () is proved. Using the inequality (6], we get

n(e)—

n(e n(e)—1 83 n(e)—1
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