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Abstract: Regression methods play an important role in many real-world applications such as econometric, pattern
recognition, and prediction of protein chains to cite a few tasks. Although some studies have been exploring graph-
based prediction of continuous values also called regression problems, in the semi-supervised context, they have not
yet explored the formalism and potential of complex network theory and usually, they address only the classification
problem (discrete labels). Beyond that, those graph-based approaches do not address factors such as the impact of
using different graph construction methods on the regression result, exploration of topological features of the adopted
graph representation, how the inference is carried out, and what type of graph-based label propagation strategy is
adopted. Here, in the proposed approach, all the relevant dimensions of the technique, such as knowledge and data
representations, inference strategy, and evaluation criteria are addressed. First, we combine two well-known network
construction models, spectral and k-NN. Separately, the k-NN network generates a regular degree connected network
and the spectral network generates a network with groups of vertices densely connected internally, however, it leads to
several unconnected groups (or sub-networks), which harms methods such as Random Walks and label propagation.
Therefore, we combine spectral and k-NN to ensure a hybrid connected network. Second, as the inference strategy,
we use a transductive method for label propagation by using a robust network technique combining Random Walks for
the regression task, which turns forward the propagation of values by the network in unlabeled objects using the least-
squares regression method. An empirical analysis of different data sets shows that our strategy surpasses traditional
approaches considering the measures used in the evaluation.
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1. Introduction
For any new Artificial Intelligence technique proposal, at least 4 interdependent dimensions must be addressed.

They are: (1) how data, and (2) knowledge are represented, (3) how the inference is carried out considering the
chosen data and knowledge representations, and last but not least (4) how to evaluate the new technique. Indeed,
Other dimensions can be analyzed depending on the domain and application involved. Here we propose a graph-
based approach for the regression problem and all those dimensions are discussed.

Usually, propositional data, i.e., attribute-value (AVL) tables are used to represent data in the regression tasks.
Such a representation is effective for representing objects by their characteristics, but it does not, naturally, represent
relationships between objects. Graphs on the other hand effectively represent objects and the relationships between
them. It is important to make clear that some problems in which parts interact with each other are simply and
straightforwardly represented by graphs. In these cases, parts are represented by vertices and interactions by edges
between vertices. In other problems, there is only the information of the instances and eventually their labels,
however, even in this second case, graphs can be constructed from these data so that vertices represent data
instances and edges represent similarity between these instances, i.e., in this graph, edges will connect similar
instances. Once this representation is obtained it is important to note that graph representation can easily capture
(i) the topological structure of connectivity among data leading to an interesting approach for dealing with
clustering and community detection tasks; (ii) hierarchies, i.e., groups and subgroups of vertices can be identified;
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(iii) density in the vertices connections, enabling detection of groups with arbitrary shapes; and (iv) manifold in
data, i.e., vertices in the graph can be connected via a path through high-density regions in the data manifold [1].
When building the network (In this study, henceforward, the terms network and graph are considered synonymous).
from AVL data, there exist different techniques for connecting the nodes (see Berton et al. [2]), but usually, the
rationale behind them is that the probability of connection between two vertices is proportional to the similarity
between them. Therefore, close instances tend to be more densely linked together than to the rest of the data. Hence,
this justifies the number of complex network approaches for clustering and community detection problems [3–5].

Another common graph-based application is semi-supervised classification. In this case, edges are used to
propagate information from labeled to unlabeled vertices through the entire network [6,7]

This wide usage of complex networks in unsupervised (clustering or community detection problems) and semi-
supervised learning does not reflect its use in the regression tasks. To minimize this gap and be motivated by the
richness of graph representation as well as the formalism provided by complex networks theory, this paper presents a
new graph-based regression method.

Regression is a technique originating from statistical theory and used mainly to analyze practical problems in
several areas such as economics, physics, and computing. The main characteristic of the models that apply this
technique is that a deterministic function does not build the relationship between the target variables and the covariates;
instead, they are based on random errors. This implies that the target variable is a random variable, the distribution
of which depends on interpretative variables [8]. This technique was initially formulated for supervised learning with
data represented as attribute-value tables or propositional representations [9].

Regression is commonly adopted when the nature of the problem has characteristics of continuous value data, i.e.,
real values in the labels. By working with covariates, this technique is molded for supervised learning, since it needs
labeled data for its functioning. In hypotheses with labels with unknown values, some approaches are necessary to
perform a regression, such as: eliminating unknown values, correlation between variables, and definition of similarity
measure, among others [10]. These additional tasks make the semi-supervised approach a complicated environment
for regression techniques.

Berton et al. [2] studied how the graph’s construction has a direct impact on the classification task. This study
used a specific network topology to perform the classification. This approach can be advantageous in using regression
in semi-supervised learning compared to propositional methods since it is possible to select specific data through
connections between them to make the regression.

Although some works have used graphs in regression problems, such as [11–13], they have not yet explored the full
potential and robustness of complex network theory. Current works only use the adjacency matrix, which represents
the graph, but they do not address the impact of using different graph construction methods (such as epsilon, spectral,
k-NN, Mk-NN, to cite a few methods) in the regression. Moreover, current methods, while modeling data from the
adjacency matrix, use traditional regression strategies. Therefore, the inference does not explore the structural and
topological features of the graph which model the problem. For example, label propagation or techniques for label
diffusion, widely used in networks, that operate directly on the network structure and explore vertex neighborhood
and connectivity.

We propose a transductive semi-supervised approach for regression with the following characteristics. The data
representation is graph-based combining two topologies (k-NN network and spectral network) in order to better handle
the volume of data. Inference by label propagation is realized by a combination of Random Walks [14] and linear
regression. The Evaluation of the proposed approach follows the commonly adopted measures for regression tasks:
MAE and RMSE.

The paper’s contributions can be summarized as follows.
1. Proposal of a hybrid network approach for solving transductive regression problems.
2. New transductive inference technique based on Random Walks for regression issues.
3. Direct use of network features, such as vertices, edges, and neighborhoods in the inference process.

The remainder of the paper is organized as follows. Section 2 introduces the basic concepts and definitions.
Section 3 presents related work. Section 4 presents our semi-supervised regression framework. Section 5 describes
the empirical results. Finally, Section 6 summarizes our findings and discusses future work.

2. Background and Fundamental Concepts
Regression is a set of statistical techniques for estimating the relationships between a dependent variable (often

called an explanatory variable) and one or more independent variables (called explained variables). The technique
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commonly used is linear regression, in which the intersection that best fits the data following a chosen criterion. For
example, the method of ordinary least squares calculates a single intercept that minimizes the sum of the square
differences between the data and the intercept. Regression is mainly adopted in two situations. The first is for the
prediction of values, which is used in the field of machine learning and artificial intelligence. The second is to infer
causal relationships between independent and dependent variables [15]. In the machine learning area, regression
is considered a supervised technique because it is highly dependent on the values mapped between the explanatory
variables and the explained variables, much adopted for the economic field for forecasting values or percentage [10],
and in chemistry and biology fields, in protein chains [13]. Its evaluation is usually given by approximation metrics
such as MSE, RMSE, and MAE, presented in Section 2.7.

For the initial organization of the data, two dimensionality reduction techniques are presented in Section 2.1, the
principal component analysis (PCA) and, the t-distributed stochastic neighbor embedding (t-SNE).

In the data representation approach two different network types are defined: the k-NN network, in Section 2.2, a
network with uniform features; and the spectral network, in Section 2.3, a weighted fully-connected network.

In the inference, three methods are described, which are: Random Walks, presented in Section 2.5, and least
squares regression, presented in Section 2.6. In addition to the method of transductive learning, presented in
Section 2.4.

2.1. Dimensionality Reduction
Dimensionality reduction is a technique that seeks to select or extract features, visualize spaces, or simplify a

problem. The method commonly used is principal component analysis (PCA). This method generates a projection
given by a linear transformation based on second-order spectral analysis, called a correlation matrix. To carry out the
PCA it is necessary to create a covariance matrix [16]. So given a X dataset, the covariance matrix is generated by:

C =
1

n − 1
MT M (1)

where M is given by:

M = [m1, m2, mj, · · · , mn] (2)

where mj is the mean of each column of X. Thus the main components are:

pca(X) = det(C − ΛI) (3)

where each eigenvalue corresponds to the importance of information contained in each dimension of the dataset X
and the eigenvectors (σi) generate the projection matrix P:

P = ⟨σ, C⟩ (4)

where it will be possible to select only the main components designed in small dimensions.
Another dimensionality reduction technique is the t-distributed stochastic neighbor embedding (t-SNE). This

technique has the characteristic of minimizing the divergence between two distributions: a distribution that
measures the similarity between pairs of objects given as input and a distribution that measures the similarity
between corresponding pairs in low dimensional points of the embedding. Assuming that a set is given as input
(high dimensionality), the objects D = {x1, x2, · · · , xN} and a function d(xi, xj) which calculates the distance
between a pair of objects. The goal is to learn a s-dimensional integration, where each object is represented by a
point, ϵ = {y1, y2, · · · , yN} in which yi ∈ Rs (s is commonly defined as 2 or 3). In embedding s-dimensional ϵ,
the similarities between two points yi and yj (that is, the low dimensional models of xi and xj) are measured using a
standardized kernel. Specifically, the qij embedding similarity between the yi and yj points is computed as a
normalized kernel t-Student with a single degree of freedom [17]:

qij =
(1 +

∥∥∥yi − yj

∥∥∥2
)−1

k(1 +
∥∥∥yi − yj

∥∥∥2
)−1

. (5)

The t-SNE is highly complex and it is highly recommended to use another method of dimensionality reduction,
such as the PCA for situations where the data have dense characteristics [17]. The PCA technique is characterized by
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the transformation of space while maintaining the global structure of the data, generating characteristics of dispersion
in the data.

2.2. k-NN Network
Given a dataset X, where each instance of that set is given by x such that x ∈ X, the nearest neighbors of an

instance are defined in terms of the Euclidean distance [18]. Commonly, the distance between two instances xi and
xj is defined as d(xi, xj), which:

d(xi, xj) ≡
√
(ar(xi)− ar(xj))2, (6)

which x1 and x2 are instances of the set X. However, other distance metrics can be used [18]. Thus, the second
step of the algorithm is performed using the parameter k chosen arbitrarily. This parameter defines which instances
affect a given instance, if xi is the selected instance then the nearest k instances, following the distance, given by the
Equation (6), making these instances the k-nearest neighbors of xi.

A low value of k can generate a disconnected network, as shown in Figure 1a, while when the value of k increases
the density of edges in the network is also increased, as shown in Figure 1b [2].

3 Abbreviated Family Names

In the inference, three methods are described, which are:
Random Walks, presented in Section II-E, and least squares
regression, presented in Section II-F. In addition to the
method of transductive learning, presented in Section II-D.

A. Dimensionality Reduction

Dimensionality reduction is a technique that seeks to select
or extract features, visualize spaces, or simplify a problem.
The method commonly used is principal component analysis
(PCA). This method generates a projection given by a lin-
ear transformation based on second-order spectral analysis,
called a correlation matrix. To carry out the PCA it is neces-
sary to create a covariance matrix [16]. So given a X dataset,
the covariance matrix is generated by:

C =
1

n− 1
MTM (1)

where M is given by:

M = [m1,m2,mj , · · · ,mn] (2)

where mj is the mean of each column of X . Thus the main
components are:

pca(X) = det(C − ΛI) (3)

where each eigenvalue corresponds to the importance of in-
formation contained in each dimension of the dataset X and
the eigenvectors (σi) generate the projection matrix P:

P = ⟨σ,C⟩ (4)

where it will be possible to select only the main components
designed in small dimensions.
Another dimensionality reduction technique is the t-
distributed stochastic neighbor embedding (t-SNE). This
technique has the characteristic of minimizing the divergence
between two distributions: a distribution that measures the
similarity between pairs of objects given as input and a dis-
tribution that measures the similarity between corresponding
pairs in low dimensional points of the embedding. Assuming
that a set is given as input (high dimensionality), the objects
D = {x1, x2, · · · , xN} and a function d(xi, xj) which cal-
culates the distance between a pair of objects. The goal is to
learn a s-dimensional integration, where each object is repre-
sented by a point, ϵ = {y1, y2, · · · , yN} in which yi ∈ Rs (s
is commonly defined as 2 or 3). In embedding s-dimensional
ϵ, the similarities between two points yi and yj (that is, the
low dimensional models of xi and xj) are measured using a
standardized kernel. Specifically, the qij embedding similar-
ity between the yi and yj points is computed as a normalized
kernel t-Student with a single degree of freedom [37]:

qij =
(1 + ∥yi − yj∥2)−1∑
k(1 + ∥yi − yj∥2)−1

. (5)

The t-SNE is highly complex and it is highly recommended
to use another method of dimensionality reduction, such as
the PCA for situations where the data have dense character-
istics [37]. The PCA technique is characterized by the trans-
formation of space while maintaining the global structure of
the data, generating characteristics of dispersion in the data.

B. k-NN network

Given a dataset X, where each instance of that set is given by
x such that x ∈ X, the nearest neighbors of an instance are
defined in terms of the Euclidean distance [23]. Commonly,
the distance between two instances xi and xj is defined as
d(xi, xj), which:

d(xi, xj) ≡
√∑

(ar(xi)− ar(xj))2, (6)

which x1 and x2 are instances of the set X . However, other
distance metrics can be used [23]. Thus, the second step
of the algorithm is performed using the parameter k chosen
arbitrarily. This parameter defines which instances affect a
given instance, if xi is the selected instance then the nearest
k instances, following the distance, given by the equation 6,
making these instances the k-nearest neighbors of xi.
A low value of k can generate a disconnected network, as
shown in Figure 1a, while when the value of k increases the
density of edges in the network is also increased, as shown
in Figure 1b [2].

(a) k=1 (b) k=3

Figure. 1: Visualization of a k-NN network with 100 in-
stances by changing the parameter to (a) k=1 and (b) k=3.

C. Spectral network

Among the traditional models in the literature, the model that
stands out in regression inference is the spectral topology de-
scribed in [16]. The network used is built as follows.
Given the dataset:

X = {xi}Ni=1 (7)

with N input data, both labeled and unlabeled, a weighted
non-directed graph is constructed that consists of N vertices,
in which each vertex represents an instance of the input data.
The link between vertices is as follows. Each pair of ver-
tices i and j are connected, as long as the Euclidean distance
between xi and xj satisfies the given condition:

wij = exp(
−∥xi − xj∥2

2σ2
), (8)

Figure 1. Visualization of a k-NN network with 100 instances by changing the parameter to (a) k=1 and
(b) k=3.

2.3. Spectral Network
Among the traditional models in the literature, the model that stands out in regression inference is the spectral

topology described in [16]. The network used is built as follows.
Given the dataset:

X = {xi}N
i=1 (7)

with N input data, both labeled and unlabeled, a weighted non-directed graph is constructed that consists of N vertices,
in which each vertex represents an instance of the input data. The link between vertices is as follows. Each pair of
vertices i and j are connected, as long as the Euclidean distance between xi and xj satisfies the given condition:

wij = exp(
−∥xi − xj∥2

2σ2 ), (8)

which σ2 is an arbitrarily defined constant. The interesting features about the adjacency criterion are: geometric vision
and a naturally symmetric metric [16]. However, choosing the value for the constant σ is difficult since it impacts
directly the number of connections. The value wij is the weight of an undirected edge connecting the vertices i and j.
The weights in the graph as a whole are usually real numbers, the selection of which must satisfy three conditions:

1. symmetry, in which wij = wji for all pairs (i, j);
2. connectivity, in which the weight wij is different from zero if the vertices i and j are connected and zero

if not;
3. non-negative, that is, wij ≥ 0 for all pairs (i, j).

Therefore, an array of weights N × N is given as:

W = wij (9)
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which, by definition, is a symmetric and non-negative matrix, with all its elements being non-negative. The rows and
columns of the W matrix are indexed to the vertices of the graph and their order is not important [16]. Since a small
value of σ leaves the network unconnected, as shown in Figure 2a, for a connected network a much larger value of
σ is necessary (according to the scale of the algorithm), generating a network with regions very dense, as shown in
Figure 2b.
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which σ2 is an arbitrarily defined constant. The interesting
features about the adjacency criterion are: geometric vision
and a naturally symmetric metric [16]. However, choosing
the value for the constant σ is difficult since it impacts di-
rectly the number of connections. The value wij is the weight
of an undirected edge connecting the vertices i and j. The
weights in the graph as a whole are usually real numbers, the
selection of which must satisfy three conditions:

1. symmetry, in which wij = wji for all pairs (i, j);

2. connectivity, in which the weight wij is different from
zero if the vertices i and j are connected and zero if not;

3. non-negative, that is, wij ≥ 0 for all pairs (i, j).

Therefore, an array of weights N×N is given as:

W = wij (9)

which, by definition, is a symmetric and non-negative ma-
trix, with all its elements being non-negative. The rows and
columns of the W matrix are indexed to the vertices of the
graph and their order is not important [16]. Since a small
value of σ leaves the network unconnected, as shown in Fig-
ure 2a, for a connected network a much larger value of σ is
necessary (according to the scale of the algorithm), generat-
ing a network with regions very dense, as shown in Figure
2b.

(a) σ=0.5 (b) σ=2

Figure. 2: Visualization of a Spectral network with 100 in-
stances by changing the parameter σ: (a) σ = 0.5, and (b) σ
= 2.

D. Transductive Learning

The goal of transductive inference is to estimate values of
unknown functional dependencies in data points of interest
without necessarily having to estimate the functions them-
selves. The consequence of the process is not only solving
a problem but also using all the information available at the
points of interest, information that is ignored in the inductive
inference. In this machine learning process, the generaliza-
tion step imposed by inductive inference is unnecessary to
generate the same information as given by transductive in-
ference [31], i.e. no model that could be employed in unseen
data is built.
There are two transductive learning models: the first is based
on a space-vector model and the second is network-based.
A condition for algorithms based on the space-vector model
with good performance, is to have well-separated classes

in which the separating hyperplane is in a low-density re-
gion [27]. If these non-main conditions are met, the al-
gorithms may have an unsatisfactory classification perfor-
mance [27]. Network-based transductive learning algorithms
have emerged as an alternative to algorithms based on the
space-vector model and have been shown to remedy the
aforementioned deficiencies. Transductive classification us-
ing networks aims to classify unlabeled objects considering
information from neighboring objects, such as the attributes
[3, 18] or the class information itself [4, 41].
Among the network-based transductive learning strategies,
collective classification can significantly increase classifica-
tion accuracy when compared to supervised inductive classi-
fication based on the space-vector model. This strategy was
taken from Relational Learning [12], and normally considers
networks generated by explicit information, such as hyper-
links and citations [27].

E. Random Walks

The algorithm based on label propagation in graphs is the
Random Walks. Initially designed by Szummer & Jaakkola
[33] applying Markov’s random walks into a graph with a
probability of transition between the instances i and j, given
by:

pij =
Wij∑
k Wik

, (10)

with the objective of estimate probabilities of labels. Wij is
build by a Gaussian kernel for neighbors and 0 otherwise.
Each data point xi is associated with a probability P (y = 1 |
i) of being class 1. Given a point xk, the probability P t is
calculated (ystart = 1 | k) that started from a labeled point
(of the class ystart = 1) until it reaches xk after t steps of
random walks, given by:

P t = (ystart = 1 | k) =
n∑

i=1

P (y = 1 | i)P0|t(i | k), (11)

where P0|t(i | k) is the initial probability of xi given until it
reaches k after t step of random walks. xk is then classified
as 1 if P (t)(ystart = 1|k) > 0.5 and -1 otherwise [4].

F. Least Squares Regression

The inference given as least squares regression (LSR) con-
siders the sum of squares of errors made by a model in which
any two values are chosen for υ0 and υ1, given in the equa-
tion:

Υ =
n∑

i=1

(ϵ)2 = (yi − υ0 − υ1xi)
2, (12)

Deriving the expression given by the equation 12, in relation
to υ0 and υ1, and equaling zero, the equations are given:

υ̂0 + υ̂1

n∑
i=1

xi =
n∑

i=1

yi (13)

Figure 2. Visualization of a Spectral network with 100 instances by changing the parameter σ: (a) σ = 0.5,
and (b) σ = 2.

2.4. Transductive Learning
The goal of transductive inference is to estimate values of unknown functional dependencies in data points of

interest without necessarily having to estimate the functions themselves. The consequence of the process is not only
solving a problem but also using all the information available at the points of interest, information that is ignored in
the inductive inference. In this machine learning process, the generalization step imposed by inductive inference is
unnecessary to generate the same information as given by transductive inference [19], i.e., no model that could be
employed in unseen data is built.

There are two transductive learning models: the first is based on a space-vector model and the second is network-
based. A condition for algorithms based on the space-vector model with good performance, is to have well-separated
classes in which the separating hyperplane is in a low-density region [20]. If these non-main conditions are met,
the algorithms may have an unsatisfactory classification performance [20]. Network-based transductive learning
algorithms have emerged as an alternative to algorithms based on the space-vector model and have been shown to
remedy the aforementioned deficiencies. Transductive classification using networks aims to classify unlabeled objects
considering information from neighboring objects, such as the attributes [21,22] or the class information itself [6,23].

Among the network-based transductive learning strategies, collective classification can significantly increase
classification accuracy when compared to supervised inductive classification based on the space-vector model. This
strategy was taken from Relational Learning [24], and normally considers networks generated by explicit
information, such as hyperlinks and citations [20].

2.5. Random Walks
The algorithm based on label propagation in graphs is the Random Walks. Initially designed by Szummer &

Jaakkola [25] applying Markov’s random walks into a graph with a probability of transition between the instances i
and j, given by:

pij =
Wij

k Wik
, (10)

with the objective of estimate probabilities of labels. Wij is build by a Gaussian kernel for neighbors and 0 otherwise.
Each data point xi is associated with a probability P(y = 1 | i) of being class 1. Given a point xk, the probability Pt

is calculated (ystart = 1 | k) that started from a labeled point (of the class ystart = 1) until it reaches xk after t steps
of random walks, given by:

Pt = (ystart = 1 | k) = n
i=1

P(y = 1 | i)P0|t(i | k), (11)

where P0|t(i | k) is the initial probability of xi given until it reaches k after t step of random walks. xk is then classified
as 1 if P(t)(ystart = 1|k) > 0.5 and −1 otherwise [6].
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2.6. Least Squares Regression
The inference given as least squares regression (LSR) considers the sum of squares of errors made by a model in

which any two values are chosen for υ0 and υ1, given in the equation:

Υ = n
i=1

(ϵ)2 = (yi − υ0 − υ1xi)
2, (12)

Deriving the expression given by the Equation (12), in relation to υ0 and υ1, and equaling zero, the equations
are given:

υ̂0 + υ̂1
n

i=1
xi =

n
i=1

yi (13)

and

υ̂0
n

i=1
xi + υ̂1

n
i=1

x2
i = n

i=1
xiyi (14)

which corresponds to the system of normal equations, in which the solution of this system of equations provides the
least squares estimators for the parameters υ0 and υ1, given by:

υ̂0 = y − υ̂1 − x (15)

and

υ̂1 =
n
i=1 xiyi + nxy
n
i=1 x2

i − nx2 (16)

reaching the approximation of the parameters, enabling the prediction of the response through the model [8]:

ŷx = υ̂0 + υ̂1x. (17)

There are many other types of regression, but for classification problems, one type of regression used is the
conditional probability regression [11,26]. The classification is performed using the conditional probability given by
Equation (18):

ξij =
exp(−∥yi − yj∥2)

j≠i exp(−∥yi − yj∥2)
, (18)

2.7. Evaluation Measures
The error generated between the predicted values and the labeled values follows certain measures depending on

the learning method applied. For supervised and semi-supervised classification methods, the commonly adopted
measure is accuracy, given by the Equation (19):

acc =
tp + tn

tp + tn + f p + f n
, (19)

where tp, true positive, tn true negative, f p, false positive and f n false negative, and all variables presented in
the Equation (19) must contain integer values.

For the regression methods, the metrics commonly adopted are: the absolute mean of the error (MAE), given by
Equation (20) and the root-mean-square error (RMSE), presented in the Equation (21):

MAE =
n
i |ŷi − yi|

n
, (20)

where ŷi is the predicted value, yi is the correct value and n the number of elements.

RMSE =

√
n
i=1(ŷi − yi)2

n
, (21)
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3. Related Work
The concept of semi-supervised graph-based learning was first presented in 2005 by Zhu, X. [27]. This paper

introduces a neighborhood-based propagation method for classification, and shortly afterward the main challenges
tasks in the area [28], such as transformation from propositional representations to graph-based representations, model
generation, kernel generation, vertices connection methods, regression, regularization, and graph construction.

Studies addressing semi-supervised learning are mainly driven by the fact that in many problems, the cost to
acquire labeled data can be quite high, and semi-supervised learning needs only a small set of labeled data to achieve
results as good as supervised approaches [29]. However, regression, in the context of machine learning, is usually
considered as supervised learning. By using covariates to predict results. Regression suffers a drawback in the
semi-supervised context when it is performed using propositional representation since the information on the labels
is almost absent. Graph-based methods on the other hand can mitigate this disadvantage by using strategies that
take advantage of the structure of relationships between objects, i.e. by using the information about relationships
among objects.

Ni, B. et al. [11], in 2012, presented one of the main graph-based regression approaches for the regression
problem. The work presented was a framework based on propagation learning, for two essential data mining tasks:
classification and regression. First, it transforms the space using Principal Component Analysis (PCA) to decrease
the dimensions of the space. The information propagation was performed using conditional probability regression.
A limited evaluation was carried out on three different data sets, two of them are for classification purposes: Wine
and Iris; and one for regression purposes: FG-NET. The regression problems predict real values instead of discrete
classes represented by integer values. The FG-NET contains the faces of several people, and for each person, there
are several images representing that same person with different ages in his life. The performance measure used was
the mean absolute error (MAE), presented in Section 2.7, Equation (20).

Kraus et al. [12] presented an approach for semi-supervised regression problems. The method uses the
Laplacian method to create the graph using an exponential function, which is the network following the spectral
topology, presented in Section 2.3. The function used to predict the values was Laplacian regularization. The work
was also divided into two parts, the first using simpler data sets such as Wine and Concrete data sets [30] set. He
made comparisons of the method presented with propositional methods, found in the literature, that work with
semi-supervised regression such as SVR and Random Forest. The metric adopted was the root-mean-square error
(RMSE), presented in Section 2.7, Equation (21). The second part was attributed to the effectiveness of the
algorithm presented to reconstruct the installation data of the Lyon Metropolis network sewer pipes.

Sheikhpour, R. et al. [13], in 2018, proposed a framework that makes a selection of semi-supervised characteristics
using normalization to calculate the sparse transformation vector for regression problems. The work used two semi-
supervised dispersion matrices based on the Laplacian matrix model to represent the labeled and unlabeled data for
the regression problem. The performance of the framework was evaluated using regression data sets for QSAR [31]
problems. The metric used was RMSE given in the Equation (21). The framework used three sets of protein network
data to attest its effectiveness: ROCK, FYN, and PLK3, in which the values of the labels to be predicted were active
values of a given protein represented by real values.

Zhang et al. [32] proposed a matrix-based regression algorithm for classification, in which the input matrices to be
classified are used directly to learn two regression matrices for each input matrix order. The network was built using
the k-NN network topology. The method used a ranking criterion to select which object will perform the inference
first, the objects that have a neighborhood with a greater number of labeled objects have the inference priority. The
performance measure used was the accuracy, presented in the Section 2.7, Equation (19).

In our research, the works presented in the literature commonly apply the dimensionality reduction PCA to data
visualization and reducing the dimensions complexity for using solutions based on vector-space [11,32–36] and the
Laplacian similarity method, (pure or variations) [12,31,37–39]. The method shows good results, but when used as
a network generates a fully connected topology, with more connections than necessary to perform the inference of
a given object, which can represent each element connected on average to 25% of all other elements. This scenario
impairs the regression in the semi-supervised context since almost all of the elements do not contain labels, i.e. most
of the connected elements do not have labels.

These previous graph-based regression works did not discuss important dimensions that such relational
representation influences. The papers cited do not address relevant aspects which has a deep influence on the
performance of the algorithms such as how networks are built, how inference (label propagation) is made or how the
network is used, and how the convergence of the optimization process of information propagation is achieved.

105



Some studies used inductive inference strategies [11,13,31]. To the extent of our knowledge previous studies have
not yet explored transductive graph-based inference strategies, neither inference considering Random Walks [40],
presented in Sections 2.4 and 2.5. Furthermore, the Random Walks have the characteristic of being retained in
neighborhoods with dense connectivity, traversing them in a complete way and then passing them to other regions in
the network.

Another feature not explored by the related works is the reliability using network methods. For this problem, it is
necessary to determine if the variance of the method remains low even with different initializations of the network. In
this way, this work focuses on the construction of a method graph-based for the regression problem in semi-supervised
environments using two different network topologies and the use of robust methods to prioritize the inference of
the method.

4. Proposal: Semi-Supervised Transductive Graph-based Regression (TGBR)
In this section, we present a semi-supervised transductive graph-based regression (TGBR) method. Firstly, we

describe a ‘hybrid’ method for network construction, Section 4.1, and then a label propagation method, Section 4.2.
A summary of the TGBR method is depicted as a flowchart in Figure 3. First, the PCA or t-SNE dimensionality

reduction is applied to the data. Then, the Hybrid Network is built, connecting vertices according to similarities
between them, and a spectral weight is associated with each edge. The second stage, the Label Propagation addresses
issues related to inference by using the Random Walks method to walk over the network and then the LSR regression
to assign values to the vertices. In this step, labeled vertices are initialized in random order. After all objects are
labeled, the results are stored. The Label Propagation process is repeated γ times. After all the stored results, the
evaluation is carried out, using the metrics defined in Section 4.3.

Figure 3. flowchart of the proposed method TGBR.

4.1. Hybrid Network Construction
The first step of TGBR is the reduction dimensionality transformation. For this task, we adopt two different

techniques, PCA and t-SNE, and compare both since, as commented in Section 2.1.
The PCA technique, by definition [17], is characterized by the transformation of space while maintaining the

global structure of the data, generating characteristics of dispersion in the data as presented in Figure 4a. In contrast,
the t-SNE has the characteristic of maintaining the local structure of the data, generating clusters or community
structures, as shown in Figure 4b.
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7 Abbreviated Family Names

(a) PCA (b) t-SNE

Figure. 4: Visualization of the built network of the Concrete
set using dimensionality reduction. The colors on the ver-
tices are defined by the activation of the nodes.

After the transformation of the propositional data, usual
models seek to generate a n×n similarity matrix, which will
be used to connect the elements of the graph. These connec-
tions will be determined by the topological model used, each
topological model generally containing a parameter that con-
trols the degree of connections of each vertex. Among these
models, the spectral model topology stands out in regression
inference described in [16], presented in Section II-C.
The spectral model leads to good results, considering that σ
is set to a minimum value that guarantees a connected net-
work. Nonetheless, this value can lead to a densely con-
nected network. The semi-supervised propagation strategy
may be impaired due to the lack of labeled vertices in the
neighborhood of the target variables, forcing the inference to
work with little data to infer the correct prediction, affecting
the performance of the algorithm.
Among the topological models, one that generates a network
with a balanced distribution of connections is the k-NN net-
works, presented in Section II-B. In this network the vertices
i, j are connected by an edge if i is one of k - neighbors clos-
est to j or vice versa. k is a hyperparameter that controls the
density of the network. k-NN has the property of adaptive
scales, as the neighborhood radius is different in regions of
low and high data density. A small k can result in a discon-
nected graph. For label propagation, this is not a problem if
each connected vertex has some labeled vertices, in the semi-
supervised transductive context [43]. Thus, the rationale be-
hind the proposed framework was to combine the topologies
of the k-NN and spectral networks, in which connections are
generated using the k-NN model weighted using the spectral
model.
For instance, if the set has 4000 vertices, if we adopt only
the spectral network, considering that σ is configured for a
minimum value that guarantees a connected network, as pre-
sented in Fig. 2b, we will take a vertex as an example. Firstly
the calculation of the weights between all vertices with the
chosen vertex, each calculation contains two operations with
powers, as presented in the Equation 8, Section II-C. At the
end of this operation, an average of 3000 of these calculated
weights will be equal to zero and are discarded, according
to the system given in Section II-C, while the 1000 that are
different from zero will be connected to that chosen vertex.
Assuming that k is defined as k = 30, although the number
of operations is the same, the complexity of the calculation is
lesser since the weight of that defined in k-NN is contained
in the calculation of the spectral network. In this way, after

executing the k-NN, the auxiliary structure will have a size
of 30× 4000, and when applying the spectral weight we take
advantage of the values already stored in this auxiliary struc-
ture and all the calculated weights are used and connected at
the chosen vertex. This model also assists the realization of
the choices of the vertices in the inference that will be k = 30
instead of 1000.

B. Label Propagation

In this Section, we show the great differential of the proposed
approach because this inference methodology is only possi-
ble for a graph-based model and differs from all previous
works presented previously. We propose a robust network
walking technique for propagating values and a method for
attesting the reliability of the generated result for compari-
son with the results generated by the works contained in the
literature.
To determine the order of propagation of the vertices, an
adaptation of the Random Walks [4, 24], presented in Sec-
tion II-E, was adopted.Initially, a labeled vertex is selected,
and then one of its neighbors unlabeled is selected at random,
with probability given by the equation 22:

pij =
wij

ϱi
, (22)

which wij is the associated weight and ϱi the associated de-
gree for each vertex selected. After the choice of the vertex is
performed and the LSR, considering only the labeled neigh-
bors, as presented in Section II-F, repeating this process until
the entire network is labeled, as shown in Fig. 5, where the
gray vertices are vertices unlabeled, the red and blue vertices
are initially labeled and the vertices of other colors is labeled
by LSR. If all the analyzed neighbors of the labeled vertex
are also labeled, a new labeled vertex is randomly selected
and the process is restarted until the network is fully propa-
gated. The TGBR algorithm is presented in the algorithm 1.

Figure. 5: Randon Walks propagation.

Figure 4. Visualization of the built network of the Concrete set using dimensionality reduction. The
colors on the vertices are defined by the activation of the nodes.

After the transformation of the propositional data, usual models seek to generate a n × n similarity matrix, which
will be used to connect the elements of the graph. These connections will be determined by the topological model
used, each topological model generally containing a parameter that controls the degree of connections of each vertex.
Among these models, the spectral model topology stands out in regression inference described in [16], presented in
Section 2.3.

The spectral model leads to good results, considering that σ is set to a minimum value that guarantees a connected
network. Nonetheless, this value can lead to a densely connected network. The semi-supervised propagation strategy
may be impaired due to the lack of labeled vertices in the neighborhood of the target variables, forcing the inference
to work with little data to infer the correct prediction, affecting the performance of the algorithm.

Among the topological models, one that generates a network with a balanced distribution of connections is the
k-NN networks, presented in Section 2.2. In this network the vertices i, j are connected by an edge if i is one of
k-neighbors closest to j or vice versa. k is a hyperparameter that controls the density of the network. k-NN has the
property of adaptive scales, as the neighborhood radius is different in regions of low and high data density. A small
k can result in a disconnected graph. For label propagation, this is not a problem if each connected vertex has some
labeled vertices, in the semi-supervised transductive context [41]. Thus, the rationale behind the proposed framework
was to combine the topologies of the k-NN and spectral networks, in which connections are generated using the k-NN
model weighted using the spectral model.

For instance, if the set has 4,000 vertices, if we adopt only the spectral network, considering that σ is configured
for a minimum value that guarantees a connected network, as presented in Figure 4a, we will take a vertex as an
example. Firstly the calculation of the weights between all vertices with the chosen vertex, each calculation contains
two operations with powers, as presented in the Equation (8), Section 2.3. At the end of this operation, an average of
3,000 of these calculated weights will be equal to zero and are discarded, according to the system given in Section 2.3,
while the 1,000 that are different from zero will be connected to that chosen vertex. Assuming that k is defined as
k = 30, although the number of operations is the same, the complexity of the calculation is lesser since the weight of
that defined in k-NN is contained in the calculation of the spectral network. In this way, after executing the k-NN, the
auxiliary structure will have a size of 30 × 4,000, and when applying the spectral weight we take advantage of the
values already stored in this auxiliary structure and all the calculated weights are used and connected at the chosen
vertex. This model also assists the realization of the choices of the vertices in the inference that will be k = 30 instead
of 1,000.

4.2. Label Propagation
In this Section, we show the great differential of the proposed approach because this inference methodology is

only possible for a graph-based model and differs from all previous works presented previously. We propose a robust
network walking technique for propagating values and a method for attesting the reliability of the generated result for
comparison with the results generated by the works contained in the literature.

To determine the order of propagation of the vertices, an adaptation of the Random Walks [6,42], presented in
Section 2.5, was adopted.Initially, a labeled vertex is selected, and then one of its neighbors unlabeled is selected at
random, with probability given by the Equation (22):

pij =
wij

ϱi
, (22)
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which wij is the associated weight and ϱi the associated degree for each vertex selected. After the choice of the vertex
is performed and the LSR, considering only the labeled neighbors, as presented in Section 2.6, repeating this process
until the entire network is labeled, as shown in Figure 5, where the gray vertices are vertices unlabeled, the red and
blue vertices are initially labeled and the vertices of other colors is labeled by LSR. If all the analyzed neighbors of
the labeled vertex are also labeled, a new labeled vertex is randomly selected and the process is restarted until the
network is fully propagated. The TGBR algorithm is presented in the Algorithm 1.

Algorithm 1 : TGBR

How to Format Your Paper for IJCISIM 8

Algorithm 1: TGBR
Input: ℓ, k,D
/* D is the similarity matrix of

the distance between the pairs, k
is the hyperparameter that
controls the number of
connections between vertices, and
ℓ is the array with discretized
(labeled) values initially. */

Output: φ
/* is the array with the predicted

values. */
1 V ← ℓ
2 E ← GL1(D, k)
3 W ← GL2(E,D)
4 G← (V,E,W )
/* V is the vertices, E is the

edges, W is the weights
associated with the edges, and ℓ
is the array with discretized
(labeled) values initially. */

5 φ← RandonWalksLSR(G)

In line 1, the initial set of values is assigned to the vertices.
In line 2, the connections are defined according to the hyper-
parameter k and the distances between the pairs. In line 3
the second network layer is built, defined as the spectral net-
work. In line 4 the two networks are combined into a single
network. Finally, in line 5, inference is performed, using a
combination of Random Walks to select the object and lin-
ear regression to predict this object (vertex). At the end, the
values are stored in φ.
To certify the reliability in the graph-based environment, in
which the initializations (labeled elements) are carried out at
random, several times defining the probability of certainty in
that each element has a certain label. To certify the relia-
bility γ must be defined at least γ ≥ 500 [19], however in
networks with many elements, for example, 5000 elements,
the execution time is a drawback. After a prediction, the val-
ues are stored and released so that the entire procedure can be
carried out again, choosing new values randomly. After the
end of the predictions, the average of all stored predictions is
calculated, according to the adopted metric, as presented in
Section IV-C.

C. Evaluation

Works with prediction of continuous values or regression
tasks adopt approximation metrics instead of accuracy or pre-
cision measures. The evaluation can be obtained by compar-
ing the values generated by the prediction with the real val-
ues of the target variables, and calculating some average error
measure from this comparison [34]. The evaluation measures
commonly adopted, presented in Section III, for regression
tasks are MAE [25,30] and RMSE [21], presented in Section
II-G.
Both measures express the average error of the predictive
model, relative to the original data. The difference between
MAE and RMSE is in the situation where the errors have a
greater variance, such as the presence of outliers, for exam-
ple, the RMSE has a greater error growth in relation to the

Table 1: Performance comparison of different methods on
WineQuality dataset with 5% of discretized values (labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0801 0.2831 0.0118 0.1085 0.011
TGBR-PCA 0.0615 0.2481 0.0065 0.0806 0.0008
S3FSGL-2 0.5773 0.7598 0.341 0.584 4.18E-05
LapS3L 0.5434 0.7371 0.3074 0.5545 0.0102
FLP 0.5433 0.7371 0.3074 0.5544 0.0102
LR 0.5775 0.7599 0.3412 0.5842 4.84E-06
SVR 0.545 0.7382 0.3048 0.5521 1.37E-05

Table 2: Performance comparison of different methods on
WineQuality dataset with 10% of discretized values (la-
beled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0967 0.3109 0.0179 0.1337 0.018
TGBR-PCA 0.0601 0.2451 0.0061 0.0781 0.0009
S3FSGL-2 0.5676 0.7534 0.3301 0.5745 7.80E-05
LapS3L 0.4997 0.7069 0.2653 0.515 0.0181
FLP 0.4999 0.7071 0.2655 0.5153 0.0181
LR 0.5676 0.7534 0.3301 0.5745 1.06E-05
SVR 0.5448 0.7381 0.3047 0.552 1.32E-05

MAE that maintains the presented error in absolute terms.

V. Results

The tested datasets are: WineQuality(white part) [21], a
dataset with quality characteristics of white wines, contain-
ing 4898 instances and 12 variables; FG-Net [25], the dataset
of faces of people at different times of their lives, containing
1002 instances with 784 variables; Concrete [21], a dataset
with the elements to form the concrete mixture, containing
1030 and 9 variables; FYN [29], a protein chain set, with
207 instances and 7 dimensions; and Wind(78 part) [5], a
wheater forecast set, with 365 instances and 14 dimensions.
The experiments follow this pattern: The k hyper-parameter,
which controls the degree of use between the vertices, was
defined with an arbitrary k = 30. The datasets are tested
in three different scenarios by changing the number of ob-
jects with initially discretized (labeled) values. In the first
scenario, objects with initially discretized values correspond
to 5% of the dataset. For the second scenario, the value of
objects with discretized values initially corresponds to 10%
and in the last scenario, this value is 15%. Each dataset
is tested with PCA and t-SNE dimensionality reductions.
The method also is compared with the following methods:
FLP [25], which uses PCA dimensionality reduction, spec-
tral graph, and linear regression; S3FSGL-2 [30], which uses
the Laplacian graph and the k-nn graph and L2 regulariza-
tion; LapS3L [21], which uses spectral graph and Ridge re-
gression, local regression [6] and transductive SVR regres-
sion. The results of the proposed method in the present study
compared with the other methods present in the literature
are presented in the results: Tabs. 1, 2, and 3, using the
WineQuality dataset; Tabs. 4, 5, and 6, using the Concrete
dataset; Tabs. 7, 8, and 9, using the FG-Net dataset; Tabs.
10, 11, and 12, using the FYN dataset; and Tabs. 13, 14, and
15, using the Wind dataset.
The results show smaller errors compared to the methods
found in the literature, especially the results of datasets

Figure 5. Randon Walks propagation.

In line 1, the initial set of values is assigned to the vertices. In line 2, the connections are defined according to
the hyper-parameter k and the distances between the pairs. In line 3 the second network layer is built, defined as
the spectral network. In line 4 the two networks are combined into a single network. Finally, in line 5, inference
is performed, using a combination of Random Walks to select the object and linear regression to predict this object
(vertex). At the end, the values are stored in φ.
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To certify the reliability in the graph-based environment, in which the initializations (labeled elements) are carried
out at random, several times defining the probability of certainty in that each element has a certain label. To certify
the reliability γ must be defined at least γ ≥ 500 [14], however in networks with many elements, for example,
5,000 elements, the execution time is a drawback. After a prediction, the values are stored and released so that the
entire procedure can be carried out again, choosing new values randomly. After the end of the predictions, the average
of all stored predictions is calculated, according to the adopted metric, as presented in Section 4.3.

4.3. Evaluation
Works with prediction of continuous values or regression tasks adopt approximation metrics instead of accuracy

or precision measures. The evaluation can be obtained by comparing the values generated by the prediction with
the real values of the target variables, and calculating some average error measure from this comparison [10]. The
evaluation measures commonly adopted, presented in Section 3, for regression tasks are MAE [11,13] and RMSE [12],
presented in Section 2.7.

Both measures express the average error of the predictive model, relative to the original data. The difference
between MAE and RMSE is in the situation where the errors have a greater variance, such as the presence of outliers,
for example, the RMSE has a greater error growth in relation to the MAE that maintains the presented error in
absolute terms.

5. Results
The tested datasets are: WineQuality(white part) [12], a dataset with quality characteristics of white wines,

containing 4,898 instances and 12 variables; FG-Net [11], the dataset of faces of people at different times of their
lives, containing 1,002 instances with 784 variables; Concrete [12], a dataset with the elements to form the concrete
mixture, containing 1,030 and 9 variables; FYN [31], a protein chain set, with 207 instances and 7 dimensions; and
Wind(78 part) [43], a wheater forecast set, with 365 instances and 14 dimensions.

The experiments follow this pattern: The k hyper-parameter, which controls the degree of use between the
vertices, was defined with an arbitrary k = 30. The datasets are tested in three different scenarios by changing the
number of objects with initially discretized (labeled) values. In the first scenario, objects with initially discretized
values correspond to 5% of the dataset. For the second scenario, the value of objects with discretized values initially
corresponds to 10% and in the last scenario, this value is 15%. Each dataset is tested with PCA and t-SNE
dimensionality reductions. The method also is compared with the following methods: FLP [11], which uses PCA
dimensionality reduction, spectral graph, and linear regression; S3FSGL-2 [13], which uses the Laplacian graph
and the k-nn graph and L2 regularization; LapS3L [12], which uses spectral graph and Ridge regression, local
regression [44] and transductive SVR regression. The results of the proposed method in the present study compared
with the other methods present in the literature are presented in the results: Tables 1–3, using the WineQuality
dataset; Tables 4–6, using the Concrete dataset; Tables 7–9, using the FG-Net dataset;Tables 10–12, using the FYN
dataset; and Tables 13–15, using the Wind dataset.

Table 1. Performance comparison of different methods on WineQuality dataset with 5% of discretized
values (labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0801 0.2831 0.0118 0.1085 0.011
TGBR-PCA 0.0615 0.2481 0.0065 0.0806 0.0008
S3FSGL-2 0.5773 0.7598 0.341 0.584 4.18 × 10−5

LapS3L 0.5434 0.7371 0.3074 0.5545 0.0102
FLP 0.5433 0.7371 0.3074 0.5544 0.0102
LR 0.5775 0.7599 0.3412 0.5842 4.84 × 10−6

SVR 0.545 0.7382 0.3048 0.5521 1.37 × 10−5
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Table 2. Performance comparison of different methods on WineQuality dataset with 10% of discretized
values (labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0967 0.3109 0.0179 0.1337 0.018
TGBR-PCA 0.0601 0.2451 0.0061 0.0781 0.0009
S3FSGL-2 0.5676 0.7534 0.3301 0.5745 7.80 × 10−5

LapS3L 0.4997 0.7069 0.2653 0.515 0.0181
FLP 0.4999 0.7071 0.2655 0.5153 0.0181
LR 0.5676 0.7534 0.3301 0.5745 1.06 × 10−5

SVR 0.5448 0.7381 0.3047 0.552 1.32 × 10−5

Table 3. Performance comparison of different methods on WineQuality dataset with 15% of discretized
values (labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.1114 0.3338 0.0232 0.1524 0.0247
TGBR-PCA 0.0566 0.2380 0.0055 0.0744 0.0010
S3FSGL-2 0.5567 0.7461 0.3177 0.5637 0.0001
LapS3L 0.4593 0.6777 0.2286 0.4781 0.0236
FLP 0.4593 0.6777 0.2285 0.4781 0.0236
LR 0.5567 0.7461 0.3176 0.5636 2.02 × 10−5

SVR 0.5446 0.7380 0.3045 0.5518 3.03 × 10−5

Table 4. Performance comparison of different methods on Concrete dataset with 5% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.1138 0.3373 0.0204 0.1428 0.0062
TGBR-PCA 0.1142 0.3379 0.0203 0.1425 0.0049
S3FSGL-2 0.3563 0.5969 0.1548 0.3934 2.36 × 10−6

LapS3L 0.3376 0.5811 0.1408 0.3752 0.0056
FLP 0.3376 0.5811 0.1408 0.3752 0.0056
LR 0.3563 0.5969 0.1548 0.3934 8.91 × 10−7

SVR 0.3540 0.5950 0.1532 0.3914 1.47 × 10−8

Table 5. Performance comparison of different methods on Concrete dataset with 10% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.1126 0.3355 0.0208 0.1443 0.0092
TGBR-PCA 0.1114 0.3338 0.0199 0.1411 0.0036
S3FSGL-2 0.3543 0.5953 0.1535 0.3918 4.95 × 10−6

LapS3L 0.3188 0.5646 0.1280 0.3578 0.0098
FLP 0.3188 0.5646 0.1280 0.3578 0.0098
LR 0.3544 0.5953 0.1534 0.3917 1.51 × 10−6

SVR 0.3539 0.5949 0.1531 0.3913 1.48 × 10−8
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Table 6. Performance comparison of different methods on Concrete dataset with 15% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.1158 0.3403 0.0218 0.1478 0.0115
TGBR-PCA 0.1056 0.3250 0.0176 0.1325 0.0044
S3FSGL-2 0.3514 0.5928 0.1511 0.3887 1.35 × 10−5

LapS3L 0.2980 0.5459 0.1129 0.3360 0.0140
FLP 0.2980 0.5459 0.1129 0.3360 0.0140
LR 0.3517 0.5930 0.1512 0.3888 4.52 × 10−6

SVR 0.3539 0.5949 0.1531 0.3913 6.14 × 10−8

Table 7. Performance comparison of different methods on FG-NET dataset with 5% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0972 0.3118 0.0173 0.1315 0.0023
TGBR-PCA 0.0946 0.3075 0.0153 0.1239 0.0020
S3FSGL-2 0.1566 0.3958 0.0410 0.2025 1.1 × 1010

LapS3L 0.1494 0.3865 0.0378 0.1943 0.0014
FLP 0.1479 0.3846 0.0373 0.1931 0.0014
LR 0.1501 0.3875 0.0380 0.1949 1.41 × 10−3

SVR 0.1522 0.3902 0.0394 0.1986 7.5 × 1010

Table 8. Performance comparison of different methods on FG-NET dataset with 10% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0984 0.3136 0.0187 0.1366 0.0019
TGBR-PCA 0.0893 0.2988 0.0154 0.1242 0.0013
S3FSGL-2 0.1555 0.3943 0.0406 0.2016 3.20 × 1010

LapS3L 0.1425 0.3775 0.0354 0.1882 0.0021
FLP 0.1403 0.3746 0.0347 0.1863 0.0020
LR 0.1438 0.3792 0.0359 0.1893 2.11 × 10−3

SVR 0.1500 0.3872 0.0387 0.1967 1.52 × 10−4

Table 9. Performance comparison of different methods on FG-NET dataset with 15% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0973 0.3120 0.0183 0.1352 0.0024
TGBR-PCA 0.0847 0.2910 0.0136 0.1165 0.0017
S3FSGL-2 0.1543 0.3928 0.0402 0.2006 2.82 × 1010

LapS3L 0.1343 0.3664 0.0319 0.1787 0.0033
FLP 0.1306 0.3614 0.0308 0.1756 0.0032
LR 0.1361 0.3690 0.0325 0.1803 3.35 × 10−3

SVR 0.1472 0.3837 0.0377 0.1941 2.63 × 10−4
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Table 10. Performance comparison of different methods on FYN dataset with 5% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0928 0.3046 0.0130 0.1141 0.0156
TGBR-PCA 0.0918 0.3029 0.0120 0.1096 0.0047
S3FSGL-2 0.5324 0.7297 0.3042 0.5515 5.9 × 10−5

LapS3L 0.5025 0.7089 0.2718 0.5213 0.0126
FLP 0.5026 0.7089 0.2719 0.5214 0.0126
LR 0.5283 0.7269 0.2980 0.5459 4.46 × 10−3

SVR 0.5005 0.7075 0.2712 0.5207 2.6 × 10−7

Table 11. Performance comparison of different methods on FYN dataset with 10% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance

TGBR-t-SNE 0.0846 0.2908 0.0131 0.1144 0.0243
TGBR-PCA 0.0620 0.2490 0.0061 0.0782 0.0040
S3FSGL-2 0.5243 0.7241 0.2948 0.5430 1.26 × 10−4

LapS3L 0.4651 0.6820 0.2341 0.4838 0.0212
FLP 0.4651 0.6820 0.2339 0.4836 0.0213
LR 0.5128 0.7161 0.2801 0.5293 8.94 × 10−3

SVR 0.5003 0.7073 0.2709 0.5205 5.60 × 10−8

Table 12. Performance comparison of different methods on FYN dataset with 15% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0878 0.2964 0.0151 0.1230 0.0305
TGBR-PCA 0.0617 0.2483 0.0062 0.0789 0.0035
S3FSGL-2 0.5150 0.7176 0.2842 0.5331 2.38 × 10−4

LapS3L 0.4201 0.6482 0.1908 0.4368 0.0302
FLP 0.4210 0.6488 0.1913 0.4374 0.0307
LR 0.4959 0.7042 0.2601 0.5100 1.52 × 10−2

SVR 0.5003 0.7073 0.2709 0.5205 1.32 × 10−7

Table 13. Performance comparison of different methods on Wind dataset with 5% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0336 0.1833 0.0021 0.0458 0.0021
TGBR-PCA 0.0329 0.1815 0.0018 0.0430 0.0008
S3FSGL-2 0.1662 0.4077 0.0324 0.1799 1.38 × 10−6

LapS3L 0.1572 0.3965 0.0290 0.1703 0.0015
FLP 0.1572 0.3965 0.0290 0.1703 0.0015
LR 0.1661 0.4076 0.0323 0.1798 2.87 × 10−6

SVR 0.1635 0.4043 0.0315 0.1774 8.56 × 10−8
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Table 14. Performance comparison of different methods on Wind dataset with 10% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0351 0.1874 0.0023 0.0479 0.0026
TGBR-PCA 0.0307 0.1753 0.0016 0.0401 0.0006
S3FSGL-2 0.1646 0.4057 0.0318 0.1783 3.29 × 10−6

LapS3L 0.1471 0.3836 0.0255 0.1598 0.0026
FLP 0.1471 0.3835 0.0255 0.1597 0.0026
LR 0.1645 0.4055 0.0317 0.1781 6.85 × 10−6

SVR 0.1634 0.4043 0.0316 0.1774 6.00 × 10−7

Table 15. Performance comparison of different methods on Wind dataset with 15% of discretized values
(labeled).

MAE RMAE MSE RMSE Variance
TGBR-t-SNE 0.0374 0.1934 0.0025 0.0502 0.0033
TGBR-PCA 0.0291 0.1706 0.0014 0.0380 0.0005
S3FSGL-2 0.1628 0.4035 0.0312 0.1766 6.16 × 10−6

LapS3L 0.1371 0.3703 0.0223 0.1492 0.0036
FLP 0.1372 0.3704 0.0222 0.1491 0.0036
LR 0.1626 0.4032 0.0311 0.1762 1.31 × 10−5

SVR 0.1634 0.4042 0.0314 0.1773 2.42 × 10−6

The results show smaller errors compared to the methods found in the literature, especially the results of datasets
WineQuality and Wind. Comparing only our method, the variance of the results with 10 and 15% of valued elements
are much smaller compared to the test done with only 5%. Dimensionality reduction methods have very close results,
which benefits the PCA method by having a faster process to be generated.

6. Conclusions
In this work, we address the problem of transductive regression in a semi-supervised context. In recent years, some

graph-based methods have emerged to treat regression, but they do not discuss aspects such as: how the inference
was performed, what type of learning is covered, how the initialization in the network is handled, and how to choose
the elements that will be valued.

The dimensionality reduction factors, robust graphical walking techniques, and the construction of the network
are good solutions to the regression problem in a semi-supervised context. Among these, the construction of the
network and the selection of elements become interesting subjects to be further explored. The construction of the
connections was a factor that improved the method operation, emphasizing that the reduction of dimensionality is
important to reduce cost complexity.

We now intend to employ the TGBR in practical applications such as geolocated indicators. In addition, in future
work, we plan to extend the TGBR in real networks, such as freshwater sensing networks in rivers. Another issue
that deserves further attention is its application to real state valuation. There is room for further investigation. For
instance, graph-based regression methods did not address the impact of different network construction strategies on
the regression process.
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