Int. J. Mod. Phys. A Downloaded from www.worldscientific.com
by UNIVERSIDADE DE SAO PAULO on 07/26/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

International Journal of Modern Physics A

(2023) 2341004 (17 pages) \\E‘% World Scientific

© World Scientific Publishing Company

www.worldscientific.com

DOI: 10.1142/S0217751X2341004X

Tsallis statistics and thermofractals: Applications

T Corresponding author.

to high energy and hadron physics

Eugenio Megias (21
Departamento de Fisica Atémica,
Molecular y Nuclear and Instituto Carlos
I de Fisica Tedrica y Computacional,
Universidad de Granada, Avenida de Fuente
Nueva s/n, 18071 Granada, Spain
emegias@ugr.es

Evandro Andrade IT

Departamento de Ciéncias Fzxatas e Tecnolégicas,
Universidade Estadual de Santa Cruz, Ilhéus,
CEP /5662-900 Bahia, Brazil
eoasegundoQuesc.br

Airton Deppman* and Arnaldo Gammal®

Instituto de Fisica, Universidade de Sao Paulo,
Rua do Matao 1371-Butanta, Sao Paulo-SP,
CEP 05580-090, Brazil
*deppmanQusp.br
T gammal@if.usp.br

Débora P. Menezest and Tiago Nunes da Silva¥

Departamento de Fisica, CFM-Universidade
Federal de Santa Catarina,
Florianopolis, SC-CP. 476-CEP 88.040-900, Brazil
tdebora.p.m@ufsc.br
§t.j.nunes@ufsc.br

Varese S. Timéteo

Grupo de Optica e Modelagem Numeérica,
Faculdade de Tecnologia GOMNI/FT - Universidade
Estadual de Campinas - UNICAMP 13484-332,
Limeira, SP, Brazil
varese@unicamp.br

Received 1 February 2022

Revised 15 February 2023

Accepted 31 March 2023
Published 8 June 2023

2341004-1


http://orcid.org/0000-0002-6735-9013
http://orcid.org/0000-0002-6735-9013
http://orcid.org/0000-0002-6735-9013
https://dx.doi.org/10.1142/S0217751X2341004X

Int. J. Mod. Phys. A Downloaded from www.worldscientific.com
by UNIVERSIDADE DE SAO PAULO on 07/26/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

E. Megias et al.

We study the applications of nonextensive Tsallis statistics to high energy and hadron physics.
These applications include studies of pp collisions, equation of state of QCD, as well as
Bose—Einstein condensation. We also analyze the connections of Tsallis statistics with ther-
mofractals, and address some of the conceptual aspects of the fractal approach, which are
expressed in terms of the renormalization group equation and the self-energy corrections to the
parton mass. We associate these well-known concepts with the origins of the fractal structure in
the quantum field theory.

Keywords: Tsallis statistics; pp collisions; hadron physics; quark-gluon plasma; thermofractals;
Bose-Einstein condensation.

PACS numbers: 11.10.Wx, 11.15.-q, 64.60.ae, 05.45.Df, 03.75.Nt

1. Introduction

Important advances in the study of the phenomenology of Quantum Chromody-
namics (QCD) in the hot and dense regimes, in particular in the quark-gluon plasma,
have been developed in recent years. These studies have motivated the introduction
of several approaches, including lattices studies,' chiral quark models,>* hadron
resonance gas (HRG) models,* " and holographic models,®? among others. Moti-
vated by the large amount of information that emerged from high energy physics
(HEP) and heavy-ion physics experiments, the consequences of those advances are
far-reaching. Let us summarize the three fundamental theories that will be used for
the developments that will be discussed as follows: the Yang-Mills field (YMF)
theory, the fractal geometry, and the nonextensive statistics proposed by Con-
stantino Tsallis.

YMF theory is a prototype theory that allows describing most of the physical
phenomena.'? It was incorporated in the electro-weak theory in the 1960s, and in
QCD in the 1970s. One of the fundamental properties of physics laws is the renor-
malization group (RG) invariance, an aspect that plays an important role in the
renormalization properties of YMF theories after the ultraviolet divergences are
subtracted.'!1?

Fractals are complex systems presenting a fine structure with an undetermined
number of components that are also fractals similar to the original system but at a
different scale.'® This property is known as self-similarity. Fractal geometry has been
used to describe many natural shapes that can be observed in everyday life. A direct
consequence of the self-similarity is the power-law behavior of distributions observed
for fractals.

Tsallis statistics was introduced as a generalization of Boltzmann—Gibbs (BG)
statistics by considering a nonadditive form of the entropy.'* Contrary to the ex-
ponential distribution of BG statistics, Tsallis distribution has a power-law behavior
which has led in the last few years to a wide range of applications apart from HEP,
see e.g. Refs. 15 and 16. However, the full understanding of this statistics has not
been accomplished yet, one of the open questions being the physical origin of the
power-law behavior in physical systems.
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The goal of this paper is to provide a review of the main applications of Tsallis
statistics to HEP and hadron physics, as well as to study the link between RG
invariance of YMF theory, fractals and Tsallis statistics. This paper is organized as
follows. In Sec. 2, we will introduce T'sallis statistics and explore the main properties
of fractals. We will also investigate the connection between thermofractals and
Tsallis statistics, and address the thermofractal description of YMF theory. We will
study in Sec. 3 some of the recent applications of Tsallis statistics to HEP, including
pp collisions, QCD thermodynamics and Bose—Einstein condensation (BEC). Fi-
nally, in Sec. 4, we present our conclusions.

2. Tsallis Statistics, Thermofractals and Yang—Mills Fields

In this section, we will provide an introduction to Tsallis statistics and the formalism
of thermofractals, and explore the link between these two descriptions.

2.1. Tsallis statistics

Tsallis statistics is a generalization of BG statistics, with entropy given by'*

S, ——k‘BZP qln ( i) (1)

where p(x) is the probability of z to be observed, kp is the Boltzmann constant and
q is the entropic index that quantifies how Tsallis entropy departs from the ex-
tensive BG statistics. Tsallis statistics is defined in terms of the g-exponential and
g-logarithmic functions, given by

xi(qfl) —1

e (@) =1+ (g D77, WiP(a) = +———,
=

q

(2)

respectively. A consequence of Eq. (1) is that the entropy of the system is non-
additive, i.e. for two independent systems A and B'*

Sayp=9S4+Sp+kp (1 —q)SaSp. (3)

Note that limqaleéﬂ(z) =e” and lim,_, 1n,(1i)(cc) = In(z), so that as ¢ — 1 the BG
statistics is recovered and the entropic form becomes additive.

The nonadditive statistics leads to a complete thermodynamical description of
systems, which is called nonextensive thermodynamics.'® The main feature of a
nonextensive system is the presence of heavy-tail distributions.!”'® A deformed
g-calculus has been proposed to reckon with the nonadditivity of the entropic for-
mula in a formal way.!” The emergence of the nonextensive behavior in physical
systems has been attributed in the literature to different causes: (i) long-range
interactions and correlations?’; (ii) temperature fluctuations®!; and (iii) finite size of
the system.??>* The mechanism that we will study below emerges from a fractal
structure of the thermodynamic system.
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2.2. Fractals and self-similarity

Fractals are defined by their self-similar properties at different scales. A scaling
transformation changes the size of a system by a scaling factor, A\. On the other hand,
a self-similar system is a system which is similar to a part of itself. A typical example
of a fractal is the Sierpinski triangle. If length is reduced by the scaling factor as
£(X\) = £y/ )\, then a system of dimension D can be filled by N(\) = NyAP smaller self-
similar systems. Then, one can define the fractal dimension as

D= lim In N(A)

A—oo  In A '

(4)

This definition is valid for both fractal and nonfractal systems. Another example of a
fractal is the length of coastlines, as it depends on the resolution. If Ly = Ny¥, is the
measured length at some initial resolution, £,, then the measured length at a better
resolution () = £,/ turns out to be

L\ = NN = Lo - AP, (5)

One can see that an increase of L with ) is indicative of a fractal dimension D > 1.
For the coastline of Great Britain, it is D ~ 1.25, but generically different shapes
induce a fractal spectrum of dimensions.

The mathematical foundations for dealing with fractals were established by
Haussdorff>® and are based on the box-counting technique to determine the fractal
dimension of fractal geometry. Several forms of fractal calculus have been proposed,
and some of them were applied for nonadditive statistics.? Here, we will not use
fractal derivatives, but we show that Tsallis statistics is obtained in QCD by showing
that thermofractal structures can be present in any theory based on YMF.

2.3. Thermofractals

We will explore below a natural derivation of nonextensive statistics in terms of
thermofractals. These are systems in thermodynamical equilibrium presenting the
following properties?®’:

e The total energy of the system is given by U = F + E, where F is the kinetic
energy and FE is the internal energy of N constituent subsystems, so that
b= Zf\:1 € z(l)'

e The constituent subsystems are thermofractals, which means that the energy
distribution Prp(E/F) is self-similar or self-affine, i.e. at level n of the hierarchy of
subsystems, Prp(,)(¢/f) is equal to the distribution in any other level,
L.e. Pry(n)(e/f) o< Preguin) €/ f)-

e At any level n of the fractal structure, the phase space is so narrow that one can
consider Prp(E,)dE, = pdE,. This means that the internal energy fluctuations
are small enough to be disregarded, and then the internal energy can be considered
to be equal to the component mass m.
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Using these properties, it is possible to show that thermofractals result in energy
distributions of the kind?" 2°

€
Pl (&) = Ay -l (— @) ; (6)
so that the energy distribution of thermofractals obeys Tsallis statistics. The positive
(negative) version of the g-exponential function corresponds to type-I (type-II)
thermofractals. The main difference between the two kinds of thermofractals is the
character of the distribution: type-I requires a cut-off because of the negative sign in
the argument, while type-II presents a distribution without a cut-off.

2.4. Fractal structures in Yang-Mills fields

We have seen in Subsec. 2.3 that thermofractals obey Tsallis statistics. On the other
hand, as we will see in Sec. 3, the phenomenology of QCD can be successfully de-
scribed by this statistics. Then, a natural question arises: Is it possible to obtain a
thermofractal description of YMF theories? We will address below this question.

Partons are considered fundamental particles without internal structure, there-
fore, in principle, they cannot be fractals. This statement holds until the QCD
vacuum is not considered, though. We know that vacuum polarization is an essential
part of the interaction not only in QCD but also in Quantum Electrodynamics and
YMF theories in general.?® The vacuum structure is an important component of
partons interactions and the parton self-energy.?! We will describe below how the
fractal structure appears in parton dynamics.

The YMF theory was shown to be renormalizable in Ref. 32, which means that
the regularized vertex functions are related to the renormalized ones, to which the

renormalized parameters, m and g, are associated by'!!1?

L(p,m,g) = A\""T(p,m, g), (7)

where A is the scale transformation parameter, i.e. p* — p'# = Ap#. This property is

described by the RG equation, also known as Callan—-Symanzik (CS) equation3?34
0 0

M2 15245 r=0 8

ont T Pigs T : (8)

where M is the scale parameter, the beta function is defined as 3; = M % and 7 is

the anomalous dimension. RG invariance in YMF theory means that, after proper
scaling, the loop in a higher-order graph in perturbative expansion is identical to a
loop in lower orders. This is a direct consequence of the CS equation, and it is
indicative of the self-similar properties of gauge fields. These properties have im-
portant consequences for the dynamics of partons, as we will see below.

The partonic dynamics can be described by a Dyson—Schwinger expansion,'!
leading to an effective parton which includes the self-energy interaction in the
propagation of the elementary parton. Then, RG invariance is responsible for a
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complex structure of the effective parton which is depicted in Fig. 1(a). In this figure,
the vacuum polarization is represented by the + and — signs surrounding the ele-
mentary parton, represented by the central circle. In this sense, we say that the
effective parton has an internal structure. The complexity of this structure can
be evaluated by the number of Feynman graphs necessary to describe the self-
interaction contributions even in low-orders of calculation. The proper-vertex in-
teraction is still more complex, as can be observed in Fig. 1(b). The interaction is
mediated by another parton (boson) which has its own self-energy contributions.
The detailed description of all possible configurations is a huge challenge to per-
turbative QCD. The present situation has led some authors to claim that the per-
turbative QCD approach will not be able to provide an accurate calculation of the
running coupling constant at low energies, and that the renormalization procedure
just exchanged the infinities of the vertex functions by an infinite number of para-
meters in the calculation of this constant.

By using the thermofractal ideas introduced in Subsec. 2.3, in Refs. 27 and 28 an
effective description of YMF theory has been derived. We will summarize below the
main results. Let us consider that the system with energy F, in which the parton with
energy ¢; is one among NN constituents, is itself a parton inside a larger system. Then,
the power-law distribution of Eq. (6) describes how the energy received by the initial
parton flows to its internal d.o.f., i.e. to partons at higher perturbative orders. This
suggests that at each vertex, this distribution plays the role of an effective coupling

¥ .
11 N 9)

where N is the number of particles created or annihilated at each interaction and G is
the overall strength of the interaction. Within this picture, the entropic index ¢ is
related to the number of internal d.o.f. in the fractal structure.

QI

O+ 0+
KY P

Fig. 1. Pictorial representation of the effective parton and their interactions. (a) The vacuum polariza-
tion represented as the internal structure of the effective parton. (b) In the effective parton interaction the
vacuum structure participates in a complex way.
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(p3) ay
gl
(p1) (p2) oy T/ V9
90 O (pg) 9°

Fig. 2. Vertex functions at scale A, (left) and A (right).

The renormalized vertex functions together with the CS equation were used to
derive the beta function of QCD, leading to the 1-loop result®

1 11 4 _3
5QCD = T [301 —302} g9, (10)

where ¢; = N, and ¢; = N;/2. The beta function can be derived as well by using the
effective thermofractal description introduced above. To do this, one should consider
a vertex at two different scales A\, and A. As it is depicted in Fig. 2, the vertex
function at scale A contains one additional loop, from which one can identify the
effective coupling g. By using Eq. (9) with A = \,/u, where p is a scaling factor, the
1-loop beta function turns out to be

dg 11
ﬂgi ~J N+1

= - 11
"o o g_19 (11)

with N =2 in YMF theory. Finally, from a comparison with the QCD result of
Eq. (10), one can relate the entropic index ¢ with the gauge field parameters,
leading to”%2°

3

S R E—
1= TN, Con;

(12)

This leads to ¢ >~ 1.14 when using N, = 3 and N; = 6, in excellent agreement with
the experimental data analyses as we will see in the following section.

3. Tsallis Statistics: Applications to High Energy and Hadron Physics

We will discuss in this section some of the recent applications of Tsallis statistics to
QCD phenomenology, including HEP, hadron physics and BEC.

3.1. Transverse momentum distribution in pp collisions

Hagedorn proposed a self-consistent thermodynamical approach to QCD formu-
lated in terms of BG statistics, known as the HRG approach, allowing a description
of the confined phase as a multi-component gas of noninteracting massive stable
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and point-like particles.”> When Hagedorn’s theory was applied to pp collisions, it
predicted the transverse momentum distribution of the particle production of
hadrons given by

2
dN pim e*ﬂml

— 13
T A (13)

where ¢ is a constant, 8 =1/(kgT), V is the volume of the system, m, =
(p? + m2)1/ 2 and y is the rapidity. However, this exponential distribution turned
out to be in disagreement with experimental data,?® as these behave instead as a
power-law, cf. Fig. 3 (left). This was the motivation to consider the extension of
Hagedorn’s theory to nonextensive statistics, within the so-called nonextensive self-
consistent thermodynamics (NESCT).?" In this formalism, the p, distribution of
particle species in pp collision turns out to be

d2N —g meJ_e(,>
dp,dy (2m)*

(_ﬁmﬂ- (14)

This extended theory allows to reproduce the distribution of all the hadron species
with high accuracy over 15 orders of magnitude, leading to ¢ = 1.14(1) and
T = 62(5) MeV.?%39 A second prediction of the NESCT is a power-law behavior for
the hadron spectrum, with a density of hadron species given by>”

p(m) = p, -7 (Bm). (15)

We display in Fig. 3 (right) the cumulative number of hadrons, defined as the
number of hadronic states below some mass m, i.e. N(m) = [,"dmp(m). It is found

TTTT—rrrr
AN | _ 4 -ExlkgT
Faplsha )
[A]=GeV7ic' T
[kyT]1=GeV %
1 E
o £
R L
N x
s L1501 NS :
) =(30,1.13,0.13) N =
) 32,1.12.0.13) ) \.\ ‘|. * 1"‘ ‘!
g | y i B L
. U ey N\ —— TACNE (2012)
9TeV v Vo Aen=081,013) "N H d 268
| eV © <= "Bolzmann-Gibbs | \ % —— Hagedorn (1 )
1.5 prry T T T T T T
£ dados/fit 8
1.0 f------9~ =M,gm(§&;,u o-a- “e3
E PrlGeVicl
05 ...u.lI P A.l\ul” ST P “.ml‘ - i . \ . L . \ .
- 2 4. .
10 10 10 3 35 4 5 5 55 em(GeE'Vﬁ

Fig. 3. (Color online) Left panel: Fitting of the experimental data for p, distribution of the abundance of
different hadron species in pp collisions, by considering the NESCT distribution of Eq. (14). Note that the
value for 7" can change according to the analysis, if the correlations between 7" and ¢ are considered or not.
Right panel: Cumulative hadron spectrum, as a function of the hadron mass. The dots stand for the PDG
result.’” We display also the result by using the NESCT (blue) and the result predicted by Hagedorn (red),
cf. Ref. 38.
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that the distribution of Eq. (15) leads to an excellent description of the hadron
spectrum taken from the review by the Particle Data Group (PDG),*? as compared
to the exponential distribution p(m) = p, - e™/T# proposed by Hagedorn, specially
for the lightest hadrons, cf. Ref. 38.

3.2. QCD thermodynamics

Tsallis statistics has been applied also to study the thermodynamics of QCD. The
grand-canonical partition function for a nonextensive ideal quantum gas is given by*!*2

3 ey —
nZ,(V,T,u) = —£V / (;ZTJ; > O(rz)m!™" (#) (16)
r==+

eq ()

where 2 = (¢, — ), the particle energy is €, = \/p? 4+ m?, p1 is the chemical potential,
& = +£1 for bosons(fermions) and ©(z) is the step function. The partition function for
bosons is defined only for the case p < m, therefore the term with » = — in the inte-
grand is applied only for fermions, and it only contributes if p > m.

The thermodynamics of QCD in the confined phase has been widely studied
within the HRG approach in which physical observables are described in terms of
hadronic degrees of freedom.” These are usually taken as the conventional hadrons
listed in the PDG.° In this approach, the partition function is given by

mZ,(V, T {pg )= Y. WmZ,(V,T,ug,), (17)

i€hadrons

where pg, = 11,Q,; refers to the chemical potential of charge Q, = {u,d, s} for the
ith hadron, while y, is the chemical potential associated to charge @,.* The use of
the natural logarithm function in the equations above follows the standard procedure
in quantum field theory, and the expressions above lead to the nonextensive entropy
for an ideal quantum gas.*> From that, one can compute the thermodynamic
quantities by using the standard thermodynamics relations. The thermal expectation
value for the charge @, is given by

1 0
<Qa> :Ea_ﬂalnzq‘ﬁ:Qa<Nq>v (18)

where (V) is the average number of particles. By using the baryon number for (anti)
quarks which is B s = 1/3 and Byygiguarks = —1/3, the baryon density turns out to be

B 1
PB = <—Vv> - W (<Nquarks> - <Nanti(lum‘k5>)' (19)

*While we are considering the flavor basis {u,d, s} of the N; = 3 flavor sector of QCD, where u refers to
the number of constituent quarks minus antiquarks of type u (and similarly for d and s), we could work
equivalently on the basis of conserved charges formed by the baryon number B, electric charge () and
strangeness S.
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The thermodynamical relations for the pressure P, energy density € and entropy
S, involve derivatives of In Z, with respect to V, up and (.*>** By using the
arguments of Refs. 44 and 45, the chemical freeze-out line T'= T'(up) can been
determined by the conditions (FE)/(N)~1GeV or s/T° ~5. The results, dis-
played in Fig. 4 (left), show an inflection for pp ~ M, related to a sharp
increase of the baryon density in this regime. The region below the freeze-out line
refers to the confined regime.

One important aspect to study is the limits of temperature and chemical po-
tential within which the proton can exist as a confined system. To address this
point, we can consider the MIT-bag model criterion, i.e. the proton exists only if
the total energy inside a volume V|, is smaller or equal to the proton mass,
€ - Viroton < Myproton- " Figure 4 (right) shows the number of baryons, antibaryons
and mesons normalized to the total number of hadrons, along the line
€ * Viroton = Mproton- According to this figure, the proton exists close to
KB ~ Mpyoon, and at this value of chemical potential, the proton is completely
baryonic in content.

In order to evaluate the effects of nonextensivity in the thermodynamic quanti-
ties, we present in Fig. 5 (left) a plot of the pressure as a function of up for different
values of the entropic index ¢. As it was discussed in Refs. 42 and 43, the equation of
state P = P(e) becomes harder for ¢ > 1 as compared to BG statistics. This has
important implications for neutron stars, in particular, the nonextensive effects turn
out to be enough to produce stars with higher maximum masses.*0 Finally, we dis-
play in Fig. 5 (right) the energy density in the (up,T) plane. The curve for which T
and pp result in total energy equal to the proton mass is indicated by red points. The
system seems to behave close to the conformal limit in this regime, so that the trace
anomaly is vanishing, i.e. € —3P ~0. Using € Vi,qi0n = Mproton together with
P ~ ¢/3, one finds

Mproton
P =P — (0.135 GeV)™ (20)
3‘/}31'0t0n
020 : : : : : 1.0F
Boltzmann—Gibbs 4 - G¢V
B (L p— 0.8} Noaryons/Ntotal
0.15 1
E/N=1GeV
_ q=1.14 gros e 0.6F
>
38 o.10f N RHIC/SPS/AGS/SIS 8+ -
= N RHIC/SPS/AGS 0.4t
HADES HH
FOPI T 7
oosk 02f - N o N Niesons/ N
— ———T} »,,,,,,i‘fm"w"\ total
- : 0.0%, ‘ e
0.00 ; ; : - : 0.0 0.2 0.4 0.6 0.8
0.0 0.2 04 0.6 0.8 1.0
1y [GeV] up [GeV]

Fig. 4. Left panel: Chemical freeze-out line T' = T'(up). We plot the result by using BG statistics and
Tsallis statistics. Right panel: Number of (anti)baryons/mesons inside a volume Vo, as a function of
1p. We have considered in both panels ¢ = 1.14.

2341004-10



Int. J. Mod. Phys. A Downloaded from www.worldscientific.com
by UNIVERSIDADE DE SAO PAULO on 07/26/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

Tsallis statistics and thermofractals: Applications to high energy and hadron physics

£/ Eideal

]

0.0 0.2 0.4 0.6 0.8
g [GeV]

Fig. 5. (Color online) Left panel: Pressure as a function of the baryonic chemical potential for different
values of q. The temperature T is chosen to keep the total energy ¢ - V.0n fixed to the value m,oon- Right
panel: Energy density (normalized to the massless ideal gas limit) in the (up,T) plane. The red dots
correspond to the region in which € - V4000 = Mproton- We have considered g = 1.14.

This value, which is interpreted as the bag constant of the model, is consistent with
the vacuum energy density obtained from QCD calculations: € = (0.161 GeV)*.*"
Common values in the literature of the bag constant lie in the range
(0.145 GeV)* — (0.250 GeV)*,*%19 5o that the result of Eq. (20) is in good agreement

with this range.

3.3. Bose-Finstein condensation and Tsallis statistics

The possible formation of a BEC in high energy collisions and hadronic systems has
been widely studied in the literature. In these studies, the critical temperature of the
phase transition from the confined to the deconfined quark regimes is associated to
the formation of a condensate, see e.g. Refs. 50-52. While the BEC has been
exhaustively studied under the light of BG statistics, the same does not hold for
Tsallis statistics. We will study below the BEC phenomenon in nonextensive
statistics (¢BEC). We will adopt the relativistic description, which can be
straightforwardly restricted to the nonrelativistic case, as it will be commented on
as follows.

By using the grand-canonical partition function of Eq. (16), and the thermody-
namical relation of Eq. (18), the total number of particles of a relativistic non-
extensive bosonic system is
1 V o0 1
5 to3 dee? 5
(e [Blec =] —1)7 =7 Jo (eq [Ble —p)] = 1)1

— 0
N,= N+ N; = . (21)

where N, g and IV are the numbers of particles in the ground-state and excited states,
respectively. If we consider p — 0, the singularity in the occupation number corre-
sponds to the ground-state, €. = 0. The BEC happens below some critical temper-
ature, T, and it is signaled by a nonnegligible value of IV 8. When p — 0, the
maximum number of particles in the excited states is reached at the critical
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temperature, and is

: vr?
Nq,maX(TC) = ?Cq(o)v Where Cq / dmx ) 1) . (22)

Below the critical temperature, however, the number of particles allowed in the
excited states becomes smaller than the maximum number of particles at the critical
temperature, i.e. Ng(T) < N (T5), so the excess of particles must be at the
ground-state. If one considers that the total number of particles is N, = N . (T7),
which means NJ(T,) = 0, then the critical temperature turns out to be™

= (%) .

We show in Fig. 6 (left) the behavior of (V/N,)!/*T, with the entropic index g.
Notice that the curve is independent of the values of V' and N,. The value of T,
decreases with ¢ up to the vicinity of the critical value g, = 3/2, which represents
the maximum value of ¢ for the formation of the BEC in nonextensive systems.
Below the critical temperature, the condensate ratio (fraction of particles in the
ground state) is given by

N <£) (T <T,). (24)

N, T,

For a nonrelativistic gas, we would have a similar equation with power 3/2 in the
temperature, instead of 3. We display in Fig. 6 (right) the results of N f; /N, as a
function of T'//T,. The results of Fig. 6 evidence an interesting behavior of the gBEC
that cannot be observed in BG statistics. We observe in the left panel the resistance

e - ‘
1.0 q=1 -]
q=12 —
q=14 — ]
3r 1 0.8 q=149 —
. =TTy =
:_‘ Z@ 0.6-
Kl
S = 0.4t
' ] 0.2}
ok ‘ ‘ L 0.0t : ? ‘
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 2.0
q T|T.

Fig. 6. Left panel: Critical temperature (x(V'/ Nq)l/ 3) as a function of the entropic index ¢. Right panel:
BEC ratio as a function of T'/T,. This plot is for fixed value of the number of particles, N, = 100, and
different values of q.
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of the system to form the condensate as g increases, which is manifested in the lower
critical temperatures. On the other hand, the right panel shows that the phase
transition to the condensate is sharper for systems with larger values of q. We display
in Fig. 7 (left) the dependence with the entropic index g of the condensate ratio at the
critical temperature. We observe a peak in the curve at a position ¢, which
depends on the number of particles in the system. The numerical analysis shows that
Gmax = 1.14 is obtained for N, = 409.

To investigate these features in more detail, we can study the fraction of particles
in the first excited state. While the system of Eq. (21) is supposed to have a con-
tinuum of states, one can obtain a discretization of the energy levels when consid-
ering it inside a large cubical box of length L. Then, the energy levels of the
relativistic massless particles are

e
[on 2 2 2
Enl.,ny,nz = Z ng + ny +nz, Ny nya n, > L (25)

The results of N ql /N, obtained with this method are plotted in Fig. 7 (right). We see
that there is a peak in this ratio close to the phase transition. The reduction of the
number of particles in the first excited state for higher values of ¢ is associated with
the fact that a larger fraction of the particles is in the ground state, leading to a
sharper phase transition. This confirms the conclusions obtained above.

We have studied other thermodynamical quantities, in particular, the total en-
ergy U, = (E) = ¢ -V, the specific heat

ou,
Cy,=—2 26
Vi oT qu’ ( )
and the variance of the condensate population
0
02 _ 0 0 - 0
ANq :<(Nq—<Nq>)2>:ﬁ 18—HNq. (27)
0.06F ‘ 0.10 ‘ R
T/T.=1.00 N=100 q—]l .
- Q=11 --
0.05F N =409 0.08! =12 —
q=14 --
0.04}
> 0.03f
Z:r
0.02}
0.01}
0.00k, ‘
0.0 0.5

q
Fig. 7. Left panel: Fraction of particles in the condensate at 7' = T, as a function of ¢. The maximum

value of N g /N, is obtained at g,,x = 1.14 for N, = 409. Right panel: Fraction of particles in the first
excited state for IV, = 100, and different values of q.
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Fig. 8. Total energy, normalized by the factor Fv =3 (+-) " (3)° (left panel), specific heat at con-
q q

stant volume (x N, ') (middle panel), and variance of the coridensate population (xN,') (right panel).
We display the results for different values of ¢ and N,.

The dependence of these quantities with T'/T, is displayed in Fig. 8. We see in the
middle panel of this figure that Cy, , o T3 up to the critical temperature, while there
is a change of regime for T' 2> T.. We have checked that, when considering the
thermodynamic limit, N, — oo, this smooth change becomes a discontinuity with
ACy (T,) =Cy (T 2 T,) = Cy (T <T.) <0, as it was observed in Ref. 54. Fi-
nally, let us mention that the variance tends to decrease with the value of ¢, as it is
shown in Fig. 8 (right). This is an interesting quantity since it can be measured
experimentally.?”

The physics of the nonrelativistic qBEC can be studied similarly. The range of
values for the entropic index ¢ where the qBEC can be obtained in this case is
0 < g < 3. The differences between the relativistic and nonrelativistic cases are due
to the topology of the phase space.

4. Conclusions

In this work, we have reviewed recent applications of nonextensive statistics in the
form of Tsallis statistics to HEP and hadron physics. These include the physics of
high energy pp collisions,?*°6°7 hadron models,***® hadron mass spectrum,*® QCD
thermodynamics and neutron stars,*® and BEC.?3>* Other applications not analyzed
in this paper include heavy-ion collisions,”® hadron structure,” lattice QCD,% and
many other aspects of nonextensive statistical mechanics.?”"> We have also inves-
tigated the structure of a thermodynamical system presenting fractal properties,
showing that it naturally leads to Tsallis nonextensive statistics. Based on the self-
similar properties of thermofractals, we have explained how a field theoretical ap-
proach for thermofractals can account for the dynamics of effective partons, and
correctly reproduces the beta function of QCD, leading to a value of the entropic
index ¢ ~ 1.14 which turns out to be in excellent agreement with phenomenological
analyses.?®2%:061 Aside from reviewing the main results concerning the thermofractal
approach to Tsallis statistics and the connections with QCD and YMF theory in
general, we include an original discussion on qualitative concepts related to the
formation of fractal structures in the dressed quarks.
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There are still many open questions. Regarding the description of HEP data by
power-law distributions, the main problem is to verify to what extent the idea of
fractal structure can describe experimental data, including analyses of the fractal
dimension that can be accessed through intermittency analysis.’>! These analyses
can be eventually extended also for heavy-ion collisions.%?

Beyond the phenomenological success of Tsallis statistics and the thermofractal
description, let us remark that self-similarity in gauge fields leads to interesting
properties such as self-consistency and fractal structure, recursive calculations at any
order, nonextensive statistics, reconciliation of Hagedorn’s theory with QCD, and
excellent agreement with experimental data for pp and heavy-ion collisions. The

study of all these features deserves further investigation.
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