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1. Introduction

The spectral theorem is one of the most fundamental theorems in linear functional analysis. It has a
tremendous impact due to the various applications that the powerful toolbox of spectral decomposition
is providing. Furthermore the description of physical systems and especially their organization and long-
range behaviour is encoded in the spectral values [12]. Especially in quantum physics and thermodynamics,
where the energy values are eigenvalues of a suitable Hamiltonian this particular importance becomes clear.
Spectral theory, however has its applications far beyond physics. To a large extent it is used to describe the
evolution according to a linear dynamics in a suitable space. It hence has direct interlinks into the classical
semi-group theory [13,4,9] and is therefore massively used in systems theory. A natural involvement via semi-
group methods can then also be found in stochastic analysis, in particular in the theory of Markov processes
and Markov chains as well as Dirichlet forms. In recent years spectral theory has also been used in machine
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learning and artificial intelligence, in particular in pattern recognition. A spectral decomposition allows
a principal component analysis [16] and hence simplifies the number of contributing modes in a pattern
by just considering the dominant ones. In face recognition one for example then talks about eigenfaces
[10]. In line of the early developments of Hilbert’s operator theory, see e.g. [3] in the early 30s of the last
century von Neumann made important contributions to the spectral theorem for normal operators [14,15].
Moreover it was used as the mathematical foundation of many progressing theories in that time from partial
differential equations to quantum physics. The spectral theorem itself is understood as a collection of results
on normal operators; see, e.g. [8]. These are generalizing the finite dimensional case of a diagonalizable or
triagonalizable matrix. The generalization to non-normal operators even beyond the compact case is much
more involved and less direct than in the standard case. First attempts were undertaken by Gonshor et
al. [6,7] for special classes of non-linear operators. For special perturbations of normal operators a spectral
theorem was given in [5].

In this paper we show variant of the spectral theorem using an algebraic Jordan-Schwinger map introduced
in [1] (Definition 7.2). The advantage of this approach is that we don’t have restriction of normality on the
class of operators we consider. On the other side, we have the restriction that the class of operators we
consider should be of weighted Hilbert-Schmidt class.

2. Preliminaries

Fix a separable infinite dimensional Hilbert space H. Let Sy, S; : H — H be generators of the Cuntz
algebra O2. We will assume that Sy is a shift operator in the sense of [2], that is

Nz So (H) = {0}

Note that then K := H — So(H) is a separable Hilbert space. Hence we can choose an orthonormal basis
{Eo,j};?‘;l of K and define

&= Si;, 1€ NU{0},jeN.

Then {&; ;} is an orthonormal basis of H. Denote by H?(T) the Hardy subspace of square integrable
functions on the unit torus T, denoted by L?(T) and define a unitary operator

V:H—-H (K)=HT)®K, V&;=2""®&,;, icNuU{0},jeN.

We identify the elements of H (K) with functions from T to K in such a way that

f € Hi(K) if and only if f(z) = if,ﬁ’ﬁ fn € K.
n=1

Then H (K) is a Hilbert space with scalar product

1 _ dz

()0 = D s g = 5 | (120,90

n=1 St

We will also make use of a Sobolev space based on H (K). To define it let us introduce the operator

HPE = [ fwydu.g e H(5)
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Notice that

o~ I fnllf
||Jp ||H+ z:: TL + 1 2p
Moreover, J is invertible with ( + 1)J = Id. Thus we can define a Hilbert space

HE(K) == {f: JP(f) € Hy(K), such that ||JP(f)||ln, (k) <0}, pe L.
Notice that Sar = V.SoV* is a multiplication operator, i.e.:

Sié(z) = 2£(2), € € Hy(K), (2.1)

and, correspondingly, S§ is unitary equivalent to

ori | w?
Sl

(SH)*€(2) = VSgV* = @ Ry )] ) dw = z€(2) — 2% /w2§(w)dw,§ € Hy(K). (2.2)
St

In order to establish a connection with Cuntz algebras, we recall the following definition of the Jordan-
Schwinger map (see [1], Definition 7.2):

Definition 2.1. Let V be a separable locally convex Hausdorff topological vector space in duality < -,- >
with V* and biorthogonal system {ey, fi}32 ;. Define the Jordan-Schwinger map as follows

D(A):= Y < Aea, fs>sash, AcLV,V), (2.3)
a,BeEN
of)=> <fifs>spfeV, (2.4)
BeN
9(g) =Y <e€ag>sageV” (2.5)
a€eN

where {sg, sy }%2, are generators of the Cuntz algebra O

We also recall the following result [2] (Lemma 6.1), which gives a one-to-one correspondence between
representations of the Cuntz algebras Oy, and Oy .

Lemma 2.2. There is 1-to-1 correspondence between representations s; — S;,i =0,...,N —1 of Oy on H
such that Sy is a shift, and representations of O on H such that the sum of the ranges of the isometries
is Id. If the representatives of the generators of O are denoted by T3, j=1,...,N —1, k € N, so that

(Tlgll)*lej - 5k1,k25j1712 Id,

and

N-1

—
=
Il

—

Jj=

then the 1-to-1 correspondence is given by
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T) =8k=18;,5=1,...,N -1,k €N,

and by
N—-1 oo ] ]
So=2_ > TinTi"
j=1 k=1
and

S;=T/,j=1,...,N -1,
where all infinite sums converge in strong operator topology.

We will apply Lemma 2.2 for N = 2. Since in this case we have j = 1, we omit the index j for the sake
of readability.

3. Spectral theorem

With the help of Lemma (2.2) for N = 2 together with the Definition 2.1 of the map D we can connect
every linear bounded operator to an analytic function in the variables Sy and S§. This can already be
considered as a version of the spectral theorem. We will show throughout the section that indeed D(A) and

A have the same spectrum and furthermore we have a representation of the quadratic form of the operator
A in terms of D(A).

Lemma 3.1.

D(A) = Y < Aem, fu> Sy S1ST(S5)

m,neN

or, equivalently (applying the identity SoSg + S1.57 = Id),

D(A) = > (<Aemir, fur1 > — < Aem, fn >)SF(S5)"

m,neN

+ > < Aepmir, f1 > ST+ Y. < Aeq, fuyr > (S§)™. (3.1)
m=0 n=1

Now we can apply formulas (2.1), (2.2) to deduce the following unitary equivalence of D(A) with an
analytic function of a shift operator on the Hardy space and its adjoint. As a result we obtain that D(A) is
unitary equivalent to a suitable integral operator.

Theorem 3.2. The operator D(A) is unitary equivalent to the operator F(Sq,(Sy)*) where F = F(z,w) :
C? — C given by

LS LS
F = Z (< A€m+1,fn+1 > —< Aem,fn >)zmw" + Z < A€m+17f1 > 2™+ Z < Ael,fn+1 > w",

m,neN m=0 n=1
and the operators Sy, (Sg)* are given by formulas (2.1) and (2.2) respectively. Moreover, we have

fw),

—Cd (3.2)

VD(A)V*f(z) = 2%” /K(A,z;w)
St
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with

o0

K(A z,w) = Z < Aem, fro > 2w

m,n=1

Furthermore, if A is an (r, p)-weighted Hilbert-Schmidt operator, i.e.

2 _ — | < Aem, fn > |2(n+1)2r
Al serm = mzn;l (m £ 1) < 00, (3.3)
then
VDAY B a0y e iy < Ao (3.4)

Proof. Let us show formula (3.2). We have

VDAV = Y < Aem, fo > ()" (1d=SF(S5) ") (7))

m,neN

Now it is easy to calculate that

2mi w2
Sl

(-85 (57)7)9(2) = 57 [ 2

Consequently, we have

[,

1
VDAV f(2) = 5~ Y < Aep, frn> 2" =

m,neEN St

Now the result follows from the representation

(S5 ) = L5+ Y 2

=1

where {;}/'~}! are certain linear functionals of f, and the observation that only the first term remains after

/(( )" /an

St

the integration, that is

The inequality (3.4) can be obtained as follows.

2 2
2
— prK (A, z,w) EU"’)dw = |5 [IPK(A,z€")f(e)do
H+(K) 0 H+(K)
2
—_ Z (;L‘Jrrnln Lm 1 f f z¢ e—ind de
= Mo (K)

2

m=1 \n=1

== (f mﬂ)pfn)

H4(K)
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2
| A" g,
= 2| X Ty Gy

K

m=1 |n=
[<Aem,fn>>(n+1)%" | £2
< X . (m11)2» |f|H1(K) ‘
m,n=

Which proves the assertion. O
Remark 3.3. Suppose that an operator A satisfies the following condition:
| <Aepm, fn>|<C, nmeN

for some constant C', and p > %, r < —%. Then the operator A belongs to the weighted Hilbert-Schmidt

space HS(P),

Remark 3.4. Suppose that an operator A satisfies the following conditions:

C 1
<Am; n> S—v l> a
| < Aem, fn> | TP T+
and
> -l-l
r+ —.
b 2

Then the operator A belongs to the weighted Hilbert-Schmidt space HS(?).

Example 3.5.

(a) Let A be the following infinite diagonal matrix

a 0 ... O
2
0% 0 ..
a”
A= 0 0 %5 0 ol < 1.
; oo

Then we can deduce from Theorem 3.2 that the corresponding operator D(A) is unitary equivalent to
the following operator

27
= 2i /ln (1-— aei(‘i’_w))f(ew)di/)
0

™

(b) If
1 0 0
0 L 0
1
A= 0 0 5 0 ol <1,
0 0 =4
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then similarly one deduces that D(A) is unitary equivalent to the operator

27
1 1 w
in;/at;@;mﬂe)w.
0

(c) If Ais an operator in the Jordan form with eigenvalues {a,, }5°_; and corresponding sizes {n;—ny_1}7>,
of the Jordan blocks (ng = 0 by definition), i.e.

A= Jp,(a1) ® Jny—n,(a2) - Tnp—npy (am) D
Then D(A) is unitary equivalent to the operator which maps f to

2
-/
2

0

i6-v)) & , , . i(9—1) , ,
¢ ing(p—p) _ ini_ (as—w)) i [ _© (i) i
ei(¢>*¢)) —1 — a (e e t+e 1_ ci(éo—9) k(e ) )| f(e™)dy,

oo
where k(z) = > 2"k. For instance, if all ny = k,k € N, that is the operator is diagonal, we get the
k=1

) .
kernel of the form > a;e?(¢=%)_ If A is not diagonal then the corresponding integral operator is not a

=1
convolution operator.

(d) Let A = {ai—;}: jez be the double sided Toeplitz operator then the integral operator corresponding to
D(A) will have kernel
i(¢p—v)
e iko
1_ eilo—v) > axe™.
keZ

(e) Let A = {a;—;}75_; be the Toeplitz operator. Then the integral operator corresponding to D(A) will
have kernel

)
Z aminei(mqb—nw) .

m,n=1

The following corollary gives a one-to-one connection between the bilinear form of the operator A and
its Jordan-Schwinger image.

Corollary 3.6. We have the following representation for A
< Af,g9>=0(f)D(A)d(g) = d(F)V*F(S5,(S3)")VO(g)-

For an operator A we denote o(A) (corr. o,(A), ores(A)) its spectrum (corr. point spectrum, residue
spectrum). The following Lemma will show how the spectra of A and its different parts connect to those of
D(A). Indeed we see that D(A) is rather related to A* from spectral point of view.

Lemma 3.7. For A € L(V,V) we have

0p(A) C ores(D(A)) Uoy(D(A)),0p(A%) C op(D(A)).

Moreover,
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0p(D(A)) C 0res(A) Uap(A).
If, in addition, V is a Frechet space then
o(A) = o(D(A)).
Furthermore, if V is a separable Banach space with separable dual then we have
D(A*) = D*(A).

Proof. (a) If A € 0,(A) and, consequently, Af = Af, f € V, then we have 9(f)D(A) = AJ(f) by Lemma
7.3 in [1]. Hence

f)(D(A) = AId) =0,f #0

and the image of the operator (D(A) — AId) is not dense in H.
(b) Similarly to (a), for A € 0,(A*) and a corresponding eigenvector g € V* we have by Lemma 7.3 in [1]
that

(D(A) — A Id)d(g) = 0.

Consequently, A € g,(D(A)).
(c) If X € 0p(D(A)) and ¥ is a corresponding eigenvector then for any f € V we have by Lemma 7.3 in [1]
that

ALY = A0(f)Y,

ie. 0((A—=AId)f)y =0, f € V. Thus an image of the operator (A — A Id) is not dense in V.

(d) Follows from Corollary 7.5 in [1].

(e) To show the equality D(A*) = D*(A) it is enough to notice that by the classical result of Markushevich
[11] there exists a shrinking Markushevich basis. O

Remark 3.8. In the theorems, lemmata and corollaries before, in which we discussed the spectrum, we did
not assume that the operator is normal, symmetric or has any other properties than being bounded in
locally convex topological separable Hausdorff space. In particular A just needs to fulfill that it is weighted
Hilbert-Schmidt operator on a space with a biorthogonal system, see the definition of the norm in (3.3).

Corollary 3.9. Assume that V is a separable Banach space. If A € L(V,V)N HS"P) s q compact operator,
then D(A) is compact. Furthermore, if A belongs to Schatten class with reqularity p > 1, then D(A) belongs
to Schatten class with the same regularity p.

Proof. Let A € HS(™P) be a compact operator. Then D(A) € L(H', (K), H’, (K))) and can be approximated
by finite rank projections in the same norm by inequality (3.4). Thus D(A) is compact. By Lemma 3.7
o0(D(A)) = o(A) = 0,(A) U {0} and, moreover, 0,(D(A)) C 0,(A) U 0res(A) = 0,(A) U {0}. Hence the
point spectrum of D(A) is discrete with the only possible accumulation point in {0} and subset of the
point spectrum of A (up to point {0}). Since Schatten class norms depends on the point spectrum only and
op(D(A)) C 0,(A) we get the second part of the result. O
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3.1. Homeomorphic embedding of a countable group G

Let G be a countable group of order |G| (which could be infinity), F(G) a space of all real valued functions
on G, H a separable Hilbert space of infinite dimension, O(H) the group of orthogonal operators on H and
{Sg,9 € G} the generators of Cuntz algebra O|g| of mutually orthogonal isometries of H. We enumerate
generators S. with elements of G. We can assume without loss of generality that

> SuS; =1d.
heG

Definition 3.10. Define D : G — O(H), 9,0 : F(G) — O\q), as follows

D(g) := Z SuSyn, 0(a) = Z a(h)Sy, 9(a):= Z a(h)SE, g€ G,ac F(QG).
hea hed heG

The next lemma shows the well-definedness of D on a group.
Lemma 3.11. The map D is a faithful homomorphism of groups:

D(g)D(f) = D(gf),D*(9) = D(g~"), D(e) = Id, g, f € G. (3.5)

Furthermore,

D(9)d(c) = d(a0 ), 8(B)D(9) = (B o g™"),0(8)d(a) = Y a(h)B(h), e, € F(G),g € G. (3.6)
heG

Proof. The result immediately follows from definitions of D, 9, . O

Since the operators D(g),g € G are orthogonal the spectral theorem for normal operators gives that

D(g) = ME\(g),
(9))

where E)(g), A € o(D(g)) are spectral projections of D(g). Consequently, for any f € L?(S') we can define

0@ = [ 1B

a(D(9))

In this way, we can expand the group G by adding, for example, all square roots of elements of G.

Remark 3.12. The representation in the Definition 3.10 can be written using the construction of Lemma (2.2)
as follows. Let G be an infinite countable group and K : G — N be an arbitrary enumeration of elements
of G and Sy : H — H be a shift operator on H then, in the same way as in the Lemma 3.1, we get the
following formula

D(g) =Y 857 (sp)Kem=1 — g (gyKtah) g e G (3.7)
heG

Every enumeration K can be written as K = 0 o Ky where K is some fixed enumeration and ¢ : N — N
is a transposition.

Thus the representation (3.7) is characterised by two parameters— shift operator Sy of H and an element
o of the group of transpositions.
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Example 3.13. Let G = Zy X Z>5 be the Klein group with generators a,b and S, S, Sp, Sqp be the mutually
orthogonal isometries of auxiliary infinitedimensional separable Hilbert space H generating Cuntz algebra
O4. Then we have the following faithfull representation of G:

D(e) = Id, D(a) := S.S: + S.S* + S,S5, + SunS;,
D(b) == S.S; + SpSF + SuSHy + SapSE,
D(ab) = S.S%, + SupS? + SaSi + SpS7.

Example 3.14. Let G = Z and K : Z — N given by

2m+1 , meNU{0}

K =
(m) —2m , m<0

Then D(0) = I and for m € N,
D(m) = > 83711 — SoS5)(Sg)>m "
k=1

bOSSENT - SySp) (S
k=m+1

+ 22 83T — SoSg)(S5)2 e, (3.8)
n=0

D(—m) = D(m)* or, direct calculation gives
m
D(=m) = 3 Sg"(I = SoS§)(Sg)*" !
n=0

+ 2 SE(I - SoSE)(S5)7 ™
n=m-+1

+ 2—31 S2™(I — SoSg)(Sg)2nt2m=1, (3.9)

Notice that, we have D(m) = D(1)™,m € N and Lemma 3.11 (identity (3.6)) implies that D(m) acts as
shift on the sequence oo = {a }rez (represented by operator d(«)).
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