
Chapter 1
Thermodynamic Game and The Kac Limit in Quantum Lattices

J.-B. Bru, W. de Siqueira Pedra, K. Rodrigues Alves

Abstract A mathematically rigorous computation of the pressure and equilibrium states of important short-range
quantum models on lattices (like the Hubbard model) to show possible phase transitions is generally elusive,
beyond perturbative arguments, even after decades of mathematical studies. By contrast, such a question can be
solved for mean-field models. This is done by using some form of the Bogoliubov approximation, leading to the
thermodynamic game introduced in [1]. Here we illustrate this abstract result on a specific, albeit still general,
example. We then state recent results contributing a precise mathematical relation between mean-field and short-
range models via the long-range limit that is known in the literature as the Kac limit. This paves the way for
studying phase transitions, or at least important fingerprints of them like strong correlations at long distances, for
models having interactions whose ranges are finite, but very large as compared to the lattice constant. It also sheds
a new light on mean-field models. If both attractive and repulsive long-range forces are present then it turns out
that the limit mean-field model is not necessarily what one traditionally guesses.
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1.1 Introduction

Realistic effective interparticle interactions of quantum many-body systems are widely seen as being short-range,
not mean-field. However, the rigorous mathematical analysis of phase diagrams of short-range models turns out to
be extremely difficult, in general, with many important fundamental questions remaining open still nowadays. By
contrast, mean-field models come from different approximations or Ansätze, and are thus less realistic, in a sense,
but are technically advantageous, while capturing surprisingly well many real physical phenomena. In fact, the
study of phase diagrams of mean-field models can be performed by using what we call the thermodynamic game,
as well as the corresponding self-consistency equations, as proven in [1]. This is explained in Section 1.3.3.

Then, we discuss a precise mathematical relation between mean-field and short-range models, by using the
long-range limit that is known in the literature as the Kac limit. This relation was recently established [2] in an
abstract, model-independent, way. To be more pedagogical, however, we restrict our discussions to a specific, albeit
still general, example. This gives us the opportunity to illustrate unconventional results of [1, 2], for a mean-field
model with both repulsive and attractive mean-field interactions.

The paper is organized as follows: Section 1.2 presents the general mathematical framework, while Section
1.3 explains our pedagogical example. Finally, some historical observations on the Bogoliubov approximation, the
thermodynamic game and the Kac limit are given in Section 1.4.

Remark 1 (Quantum spin systems)
Our pedagogical example refers to lattice fermion systems, which are, from a technical point of view, slightly more
difficult than quantum spin systems, because of a non-commutativity issue at different lattice sites. However, all
the results presented in [1, 2] hold true for quantum spin systems, via obvious modifications.

Remark 2 (Periodic quantum lattice systems)
Our study focuses on lattice fermion systems that are translation-invariant (in space). However, all the results
presented in [1, 2] hold true for (space-)periodic lattice fermion systems, by appropriately redefining the spin set1.
A similar argument holds true for quantum spin systems.

1.2 Algebraic Formulation of Lattice Fermion Systems

1.2.1 Background Lattice

Fix once and for all the dimension d ∈ N of the (cubic) lattice Zd. In order to define the thermodynamic limit, we
use the cubic boxes

Λ`
.
= {(x1, . . . , xd) ∈ Zd : |x1|, . . . , |xd| ≤ `} , ` ∈ N , (1.1)

as a so-called van Hove sequence.

1.2.2 The CAR C∗-Algebra

U denotes the universal unital C∗-algebra generated by elements {ax,s}x∈Zd,s∈S satisfying the canonical anti-
commutation relations (CAR):{

ax,say,t + ay,tax,s = 0
a∗x,say,t + ay,ta

∗
x,s = δx,yδs,t1

, x, y ∈ Zd, s, t ∈ S , (1.2)

where 1 stands for the unit of the algebra, δ·,· is the Kronecker delta and S is some finite set (representing an or-
thonormal basis of spin modes), which is fixed once and for all to be S

.
= {↑, ↓}, in light of the example discussed

below. Observe that the CAR C∗-algebra U is separable. In fact, the unital C∗-algebra U is a so-called approx-
imately finite-dimensional (AF) C∗-algebra, i.e., it is generated by an increasing family of finite-dimensional
C∗-subalgebras.

1 In fact, one can see the lattice points in a (space) period as a single point in an equivalent lattice on which particles have an enlarged
spin set.
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1.2.3 States of Lattice Fermion Systems

States on the C∗-algebra U are, by definition, linear functionals ρ : U → C which are positive, i.e., for all elements
A ∈ U , ρ(|A|2) ≥ 0, and normalized, i.e., ρ(1) = 1. Equivalently, the linear functional ρ is a state iff ρ(1) = 1
and ‖ρ‖U∗ = 1. See, e.g., [3, Section 2.3]. The set of all states on U is denoted by

E
.
=
⋂
A∈U
{ρ ∈ U∗ : ρ(1) = 1, ρ(|A|2) ≥ 0} . (1.3)

Here, for any A ∈ U , |A|2 denotes the positive product A∗A ∈ U . The convex set E is compact with respect to the
weak∗ topology. Additionally, since U is separable, it is metrizable. See, e.g., [4].

1.2.4 Translation-Invariant States

Lattice translations refer to the group homomorphism x 7→ αx from (Zd,+) to the group of ∗-automorphisms of
the CAR C∗-algebra U of the (infinite) lattice Zd, which is uniquely defined by the condition

αx(ay,s) = ay+x,s , y ∈ Zd, s ∈ S . (1.4)

Via this group homomorphism we define the translation invariance of states: The state ρ ∈ E is said to be
translation-invariant iff it satisfies ρ ◦ αx = ρ for all x ∈ Zd. The space of translation-invariant states on U is
the convex set

E1
.
=

⋂
x∈Zd, A∈U

{ρ ∈ U∗ : ρ(1) = 1, ρ(|A|2) ≥ 0, ρ = ρ ◦ αx} , (1.5)

which is again metrizable and compact with respect to the weak∗ topology. Even if the structure of the set of
translation-invariant states is not really explicitly used below, it is still instructive to say a few words about E1

since some of its properties are pivotal for all the theory described in the rest of the paper.
For instance, thanks to the Krein-Milman theorem [4, Theorem 3.23],E1 is the weak∗-closure of the convex hull

of the (non-empty) set E (E1) of its extreme points, which turns out to be a weak∗-dense (Gδ) subset [1, Corollary
4.6]:

E1 = co (E (E1)) = E (E1) , (1.6)

where co(K) denotes the weak∗-closed convex hull of a setK. This fact is well-known and is also true for quantum
spin systems on lattices [3, Example 4.3.26 and discussions p. 464]. Meanwhile, since E1 is metrizable (because
U is separable), Choquet’s theorem applies: By [1, Theorem 1.9], for any ρ ∈ E1, there is a unique probability
measure2 µρ on E1 such that µρ (E (E1)) = 1 and

ρ (A) =

∫
E1

ρ̂ (A)µρ (dρ̂) , A ∈ U . (1.7)

In particular, E1 is a Choquet simplex. In fact, up to an affine homeomorphism, E1 is the so-called Poulsen
simplex [1, Theorem 1.12]. (Note in passing that µρ is an orthogonal measure, thanks to [5, Theorem 5.1].)

The unique decomposition of a translation-invariant state ρ ∈ E1 in terms of extreme translation-invariant states
ρ̂ ∈ E(E1) is called the ergodic decomposition of ρ because of the following fact: Define the space-averages of
any element A ∈ U by

A`
.
=

1

|Λ`|
∑
x∈Λ`

αx (A) , ` ∈ N0 . (1.8)

Then, by definition, a translation-invariant state ρ̂ ∈ E1 is said to be ergodic if

lim
`→∞

ρ̂(|A`|2) = lim
`→∞

1

|Λ`|2
∑

x,y∈Λ`

ρ (αy (A∗)αx (A)) = |ρ̂(A)|2 , A ∈ U . (1.9)

2 For E is a metrizable compact space, any finite Borel measure is regular and tight. Thus, here, probability measures are just the same
as normalized Borel measures.
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By [1, Theorem 1.16], any extreme translation-invariant state is ergodic and vice-versa. In other words, the (weak∗-
dense) set of extreme translation-invariant states is equal to

E(E1) = {ρ̂ ∈ E1 : ρ̂ is ergodic} =
⋂
A∈U

{
ρ̂ ∈ E1 : lim

`→∞
ρ̂(|A`|2) = |ρ̂(A)|2

}
. (1.10)

This last observation is not explicitly used in this paper, but it highlights the use of the space-averaging function-
als ∆± : E1 → R defined by Equations (1.18)–(1.19), which are key objects for the study of thermodynamic
properties of mean-field models.

1.3 From Short-Range to Mean-Field Models

1.3.1 The Short-Range Model

For two parameters γ−, γ+ ∈ (0, 1) and ` ∈ N, we define the translation-invariant local Hamiltonians

HΛ` (γ−, γ+)
.
= TΛ` −HΛ`,− +HΛ`,+ , (1.11)

where

TΛ`
.
=

∑
x,y∈Λ`, s∈{↑,↓}

ε (x− y) a∗x,say,s ,

HΛ`,−
.
=

∑
x,y∈Λ`

γd−f− (γ− (x− y)) a∗y,↑a
∗
y,↓ax,↓ax,↑ ,

HΛ`,+
.
=

∑
x,y∈Λ`,s,t∈{↑,↓}

γd+f+ (γ+ (x− y)) a∗y,tay,ta
∗
x,sax,s .

Here, ε is some reflection-symmetric real-valued function on Zd, i.e.,

ε(−z) = ε(z) ∈ R , z ∈ Zd .

It represents the kinetic part of the model. Usually, ε (x) = v (|x|) for some function v : R+
0 → R. Instead, one

could have used the condition
ε(−z) = ε(z) ∈ C , z ∈ Zd,

on the one-particle hopping strength with minor changes. This slightly more general situation allows, for instance,
for an external magnetic potential in the model. For simplicity we stick to the real case and assume additionally
that ε is finitely supported. This encompasses the case of the discrete Laplacian, which corresponds to the choice

ε (z) =

0 for |z| > 1
−1 for |z| = 1
2d for z = 0

, z ∈ Zd .

The reflection-symmetric real-valued function f+ is a (non-zero) pair potential encoding interparticle forces,
whose range is tuned by the parameter γ+ ∈ (0, 1). The (non-zero) reflection-symmetric real-valued function f−
encodes the hopping strength of Cooper pairs. This model thus implements a BCS interaction whose range is tuned
by the parameter γ− ∈ (0, 1). Similar to the one-particle hopping strength ε, with minor modifications in order to
include external magnetic forces, one could have used a complex-valued function f− satisfying

f−(−z) = f−(z) ∈ C , z ∈ Zd .

Again for simplicity we stick to the real case. As is usual in theoretical physics, f−, f+ are assumed to be fast
decaying and positive definite, i.e., the Fourier transforms f̂−, f̂+ of f−, f+ are positive functions on Rd. This
choice for f+ is reminiscent of a superstability condition, which is essential in the bosonic case [6, Section 2.2 and
Appendix G]. For simplicity, we assume that f−, f+ ∈ C2d

0

(
Rd,R

)
, that is, they are both compactly supported and
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sufficiently regular. For technical reasons, we also assume that the Fourier transform of the Cooper pair hopping
strength is scaling monotone, in the sense that

f̂−(γ−1k) ≤ f̂− (k) , k ∈ Rd , γ (0, 1) .

The definition of the Fourier transform of an integrable function f : Rd → C we use here is

f̂ (k)
.
=

∫
Rd
f (x) e−ik·xddx , k ∈ Rd . (1.12)

By [1, Theorem 2.12], the pressure of the model can be represented in the thermodynamic limit as a varia-
tional problem over translation-invariant states: First, for arbitrary parameters γ−, γ+ ∈ (0, 1), the energy density
functional

e(γ−, γ+) : E1 → R

is defined by

e(γ−, γ+) (ρ)
.
= lim
`→∞

1

|Λ`|
ρ (HΛ` (γ−, γ+)) <∞

for any translation-invariant state ρ ∈ E1. This limit exists, thanks to [1, Definition 1.31 and Lemma 1.32]. It can
be split into three parts:

e(γ−, γ+) = e+︸︷︷︸
repulsive interaction term (+)

− e−︸︷︷︸
attractive interaction term (−)

+ e0︸︷︷︸
kinetic term

, (1.13)

where, for any translation-invariant state ρ ∈ E1,

e± (ρ)
.
= lim
`→∞

1

|Λ`|
ρ (HΛ`,±) <∞ and e0 (ρ)

.
= lim
`→∞

1

|Λ`|
ρ (TΛ`) <∞. (1.14)

See again [1, Definition 1.31 and Lemma 1.32].
Then, for any inverse temperature β ∈ (0,∞) and γ−, γ+ ∈ (0, 1), the free energy density functional

fβ(γ−, γ+) : E1 → R is defined by

fβ(γ−, γ+)
.
= e(γ−, γ+)− β−1s , (1.15)

where s : E1 → R+
0 is the entropy density functional defined as the thermodynamic limit of the von Neumann

entropy S`(ρ) per unit volume:

s (ρ)
.
= lim
`→∞

1

|Λ`|
S`(ρ) , ρ ∈ E1 .

For more details, see [1, Definition 1.28 and Lemma 1.29]. With these definitions, by [1, Theorem 2.12], the
thermodynamic limit of the (grand-canonical) pressure equals

Pβ (γ−, γ+)
.
= lim
`→∞

1

β|Λ`|
ln Tr(e−βHΛ` (γ−,γ+)) = − inf fβ(γ−, γ+) (E1) <∞ (1.16)

for any inverse temperature β ∈ (0,∞) and parameters γ−, γ+ ∈ (0, 1). See also [7]. The free energy density
functional fβ(γ−, γ+) is weak∗-lower semicontinuous [1, Lemmata 1.29 and 1.32] and the (space homogeneous)
infinite volume equilibrium states of the short-range model are defined as being the minimizers of this functional.
They form thus the set

Ωβ (γ−, γ+)
.
= {ω ∈ E1 : fβ(γ−, γ+) (ω) = −Pβ (γ−, γ+)}

for any β ∈ (0,∞) and parameters γ−, γ+ ∈ (0, 1). By [1, Lemma 2.16], it is a (non-empty) convex weak∗-
compact subset of the space E1 of translation-invariant states. (It is even a face of E1.)

Last but not least, Ωβ(γ−, γ+) can be directly related to the limit of Gibbs states associated with the local
Hamiltonians HΛ`(γ−, γ+), ` ∈ N: The set of all states on U being weak∗-compact, the sequence of Gibbs states
of the local Hamiltonians, seen as periodic states on U , has weak∗-convergent subsequences. However, it is not clear
that such limits always belong to the set E1 of translation-invariant states. In fact, if a weak∗-convergent sequence
of Gibbs states has a translation-invariant state ω as its limit, then the state ω must belong to Ωβ(γ−, γ+). This
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condition can be ensured by imposing periodic boundary conditions, as explained in [1, Chapter 3]. In particular,
in this case, the weak∗-accumulation points of Gibbs states belong to Ωβ(γ−, γ+). See [1, Theorem 3.13].

1.3.2 The Mean-Field Model

The Kac, or long-range, limit refers to the limits γ± → 0+ of the short-range model that is already in infinite
volume, i.e., γ± → 0+ after the thermodynamic limit ` → ∞. For small parameters γ± � 1, the short-range
model defined in finite volume by (1.11) has interparticle (+) and BCS (−) interactions whose ranges (O(γ−1± ))
are very large as compared to lattice constant (here,O(1)), but the interaction strength is small as γd±, in such a way
that the first Born approximation3 to the scattering lengths of the interparticle and BCS potentials remain constant,
as is usual. One therefore expects to have some effective mean-field, or long-range, model in the limits γ± → 0+.

The effective local Hamiltonians for the long-range limit of the above short-range model should be

H]
Λ`

(η−, η+)
.
= TΛ` +

η+
|Λ`|

∑
x,y∈Λ`,s,t∈{↑,↓}

a∗y,tay,ta
∗
x,sax,s︸ ︷︷ ︸

mean-field repulsion (+)

− η−
|Λ`|

∑
x,y∈Λ`

a∗y,↑a
∗
y,↓ax,↓ax,↑︸ ︷︷ ︸

mean-field attraction (−)

(1.17)

for all natural numbers ` ∈ N and some positive parameters η−, η+ ∈ R+
0 . Compare these local Hamiltonians with

(1.11). They refer to a mean-field model and we can use the setting of [1]:
The space-averaging functionals ∆± : E1 → R associated with the mean-field repulsions (+) and attractions

(−) are equal to

∆± (ρ)
.
= lim
`→∞

1

|Λ`|2
∑

x,y∈Λ`

ρ
(
αy
(
A∗±
)
αx (A±)

)
∈
[
|ρ(A±)|2, ‖A±‖2U

]
, (1.18)

for any translation-invariant state ρ ∈ E1, where

A−
.
= a0,↓a0,↑ and A+

.
= a∗0,↑a0,↑ + a∗0,↓a0,↓ . (1.19)

Compare this functional with Equations (1.8)–(1.10) and recall the ergodic property of extreme points of the
convex weak∗-compact space E1 of translation-invariant states. Note that the space-averaging functionals ∆± are
well-defined, thanks to [1, Lemma 4.10].

For any inverse temperature β ∈ (0,∞) and η−, η+ ∈ R+
0 , the free energy density functional f]β(η−, η+) :

E1 → R is then defined by
f]β(η−, η+)

.
= η+∆+ − η−∆− + e0 − β−1s . (1.20)

Compare this definition with Equations (1.13)–(1.15), the corresponding one for the short-range model. Similar
to the short-range case, by [1, Theorem 2.12], the thermodynamic limit of the (grand-canonical) pressure of the
mean-field model equals

P ]β (η−, η+)
.
= lim
`→∞

1

β|Λ`|
ln Tr(e

−βH]Λ` (η−,η+)
) = − inf f]β(η−, η+) (E1) <∞ (1.21)

for any inverse temperature β ∈ (0,∞) and parameters η−, η+ ∈ R+
0 .

The free energy density functional f]β(η−, η+) is generally not weak∗-lower semicontinuous:

f]β(η−, η+) = η+∆+︸ ︷︷ ︸
upper semicont.

+
(
−η−∆− + e0 − β−1s

)︸ ︷︷ ︸
lower semicont.

.

See [1, Theorem 1.18, Lemmata 1.29 and 1.32]. The free energy density functional f]β(η−, η+) on the convex
weak∗-compact space E1 of translation-invariant states has thus a topological drawback. In particular, in contrast
with the short-range model, this functional does not necessarily have minimizers.

3 I.e.,
∫
Rd γ

d
±f± (γ±x) dx =

∫
Rd f± (x) dx

.
= f̂±(0).
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Observe that the situation is much simpler in absence of mean-field repulsions (η+ = 0), since in this special
case, exactly as for the short-range model, one can define equilibrium states as the minimizers of f]β(η−, 0), this
functional being weak∗-lower semicontinuous. In order to define the equilibrium states of the mean-field model
for general parameters η−, η+ ∈ R+

0 we consider approximating minimizers of f]β(η−, η+) instead of strict ones:

Ω ]
β(η−, η+)

.
=
{
ω ∈ E1 : ∃(ρn)n∈N ⊆ E1 weak∗ converging to ω

so that lim
n→∞

f]β(η−, η+)(ρn) = −P ]β (η−, η+)
}

for β ∈ (0,∞) and η−, η+ ∈ R+
0 . Recall that the space E1 of translation-invariant states is weak∗-compact and

metrizable and thus, any sequence (ρn)n∈N of approximating minimizers converges along subsequences. By [1,
Lemma 2.16], Ω ]

β(η−, η+) is a (non-empty) convex weak∗-compact subspace of E1.
Again, Ω ]

β(η−, η+) can be directly related to the limit of Gibbs states associated with the local Hamiltonians
H]
Λ`

(η−, η+), ` ∈ N: If a weak∗-convergent subsequence of Gibbs states has a translation-invariant state ω as
its limit, then the state ω must belong to Ω ]

β(η−, η+). Exactly as in the short-range case, this condition can be
ensured by imposing periodic boundary conditions, as explained in [1, Chapter 3]. In particular, in this case, the
weak∗-accumulation points of Gibbs states belong to Ω ]

β(η−, η+). See again [1, Theorem 3.13].

1.3.3 Thermodynamic Game

A mathematically rigorous computation of the pressure and equilibrium states of the short-range model to show
possible phase transitions is elusive, beyond perturbative arguments, even after decades of mathematical studies.
By contrast, such a question can be solved for the corresponding mean-field model. In fact, in the mean-field
case, one can use a suitable version of Bogoliubov’s approximation method, in order to compute pressures and
correlation functions (equilibrium states). It led in the eighties to the approximating Hamiltonian method [16–18],
which involves in general a variational problem made of a supremum and an infimum to compute the infinite
volume pressure. This method has been revisited for lattice fermions and strongly extended (even on the level
of the pressure) in [1], where the view point of game theory is used by interpreting the mean-field attractions
and repulsions of the mean-field model as players of a zero-sum game. This leads to the thermodynamic game,
introduced in [1, Section 2.7]:

To define the payoff function of the thermodynamic game we introduce so-called approximating (or effective)
local short-range Hamiltonians for the mean-field model:

H̃Λ` (η−, η+, c−, c+)
.
= TΛ` + η

1/2
+ (c̄+ + c+)

∑
x∈Λ`,s∈{↑,↓}

a∗x,sax,s (1.22)

+η
1/2
−

∑
x∈Λ`

(
c̄−a

∗
x,↑a

∗
x,↓ + c−ax,↓ax,↑

)
for two complex numbers c−, c+ ∈ C, natural numbers ` ∈ N and some positive parameters η−, η+ ∈ R+

0 .
Notice that the approximating model is only indirectly related to the original short-range model from which the
mean-field model is obtained via the long-range limit. Given an inverse temperature β ∈ (0,∞), we define P̃β :
C2 × (R+

0 )2 → R to be the function defined by the infinite volume pressure

P̃β (c−, c+, η+, η−)
.
= lim
`→∞

1

β|Λ`|
ln Tr(e−βH̃Λ` (η−,η+,c−,c+)) <∞ ,

for c−, c+ ∈ C and η−, η+ ∈ R+
0 , which exists, thanks to [1, Theorem 2.12]. Then, for fixed β ∈ (0,∞) and

η−, η+ ∈ R+
0 , the approximating free energy density hβ : C2 → R is defined by

hβ (c−, c+)
.
= − |c+|2 + |c−|2 − P̃β (c−, c+, η+, η−) , c−, c+ ∈ C .

Given an inverse temperature β ∈ (0,∞) and fixed parameters η−, η+ ∈ R+
0 , this function is seen as the payoff

function of a two-person zero-sum game, the thermodynamic game associated with the mean-field model:
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i.) The two players are denoted by (−) and (+). In fact, we interpret the mean-field attractions and repulsions as
two players that we respectively call the attractive and repulsive players.

ii.) The value hβ (c−, c+) ∈ R is the loss of the player (−) making the decision c− and the gain of the second one
making the decision c+:

(−) Without exchange of information, by minimizing

h]β (c−)
.
= sup
c+∈C

hβ (c−, c+) ,

the player (−) obtains her/his least maximum loss

F]β (η−, η+)
.
= inf
c−∈C

h]β (c−) .

(+) By maximizing
h[β (c+)

.
= inf
c−∈C

hβ (c−, c+) ,

the player (+) obtains her/his greatest minimum gain

F[β (η−, η+)
.
= sup
c+∈C

h[β (c+) ≤ F]β (η−, η+) .

F[β(η−, η+) and F]β(η−, η+) are called the conservative values of the thermodynamic game, while

[F[β(η−, η+),F]β(η−, η+)] (1.23)

is its duality interval.

iii.) The corresponding sets of conservative strategies are

C[β (η−, η+)
.
=
{
d+ ∈ C : F[β (η−, η+) = h[β (d+)

}
,

C]β (η−, η+)
.
=
{
d− ∈ C : F]β (η−, η+) = h]β (d−)

}
.

(1.24)

In the particular case of a purely repulsive mean-field model, i.e., when η− = 0, C]β = C, as hβ is independent of
c−. Similarly, if η+ = 0 then C[β = C. In both cases, we have

F[β (0, η+) = F]β (0, η+) and F[β (η−, 0) = F]β (η−, 0) (1.25)

for η−, η+ ∈ R+
0 . By [1, Lemma 8.4], the sets of conservatives strategies have the following important properties:

([) C[β (η−, η+) ⊆ C has exactly one element d+ when η+ ∈ (0,∞).
(]) C]β (η−, η+) ⊆ C is non-empty and bounded when η− ∈ (0,∞).

The relevance of the thermodynamic game results from the fact that the conservative values F[β(η−, η+) and
F]β(η−, η+) of the game can be written as variational problems over states, corresponding, in turn, to pressures
in some long-range limit. To state the precise assertions, we start by recalling [1] two free energy functionals
associated with the mean-field model at a given inverse temperature β ∈ (0,∞):

• The conventional free energy density functional f]β (η−, η+) : E1 → R is defined by

f]β (η−, η+) = η+∆+︸ ︷︷ ︸
affine upper semicont.

+
(
−η−∆− + e0 − β−1s

)︸ ︷︷ ︸
affine lower semicont.

.

• The non-conventional free energy density functional f[β (η−, η+) : E1 → R is defined by

f[β (η−, η+) (ρ)
.
= η+

∣∣ρ(a∗0,↑a0,↑ + a∗0,↓a0,↓)
∣∣2︸ ︷︷ ︸

convex cont.

+
(
−η−∆− (ρ) + e0 (ρ)− β−1s (ρ)

)︸ ︷︷ ︸
affine lower semicont.
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for any translation-invariant state ρ ∈ E1.

Note that f[β(η−, η+) ≤ f]β(η−, η+), by [1, Equation (1.11)]. Then, by [1, Theorems 2.12 and 2.36], the following
assertion holds true:

Theorem 1 Fix an arbitrary reflection-symmetric finitely supported real-valued function ε on Zd. For any inverse
temperature β ∈ (0,∞) and η−, η+ ∈ R+

0 , the conservative values of the thermodynamic game equal:

F[β (η−, η+)
.
= sup

c+∈C
inf
c−∈C

hβ (c−, c+) = inf f[β (η−, η+) (E1)
.
= −P [β (η−, η+) ,

F]β (η−, η+)
.
= inf

c−∈C
sup
c+∈C

hβ (c−, c+) = inf f]β (η−, η+) (E1) = −P ]β (η−, η+) .

We emphasize that P [β is defined by the above infimum, in contrast with P ]β which is, by definition, the thermody-
namic limit of the pressure of the mean-field model, see (1.21).

Notice that the approximating Hamiltonians (1.22) are quadratic in the annihilation and creation operators. It can
thus be diagonalized by a so-called Bogoliubov transformation and the pressures P [β and P ]β of Theorem 1, as well
as the payoff function hβ of the thermodynamic game, can be analytically and numerically studied. Additionally,
the sets Ω ]

β(η−, η+) and

Ω [
β (η−, η+)

.
=
{
ω ∈ E1 : f[β(η−, η+)(ω) = inf f[β(η−, η+)(E1)

.
= −P [β (η−, η+)

}
of equilibrium states can be explicitly determined, thanks to [2, Theorem 4.3]. In fact, we obtain a (static) self-
consistency condition for equilibrium states, which refers, in a sense, to Euler-Lagrange equations for the varia-
tional problems defining the conservative values of the thermodynamic game. In the physics literature on super-
conductors, these self-consistency conditions are named gap equations.

Note that the sup and the inf of Theorem 1 do not commute in general. See [1, p. 42]. A sufficient condition for
the sup and inf to commute is given through Sion’s minimax theorem [8] as follows:

Lemma 1 Fix an arbitrary reflection-symmetric finitely supported function ε on Zd. Let β, η−, η+ ∈ (0,∞). If, for
any fixed c+ ∈ C, the function hβ (·, c+) on C is quasi-convex, i.e., for all r ∈ R, the level set

{c− ∈ C : hβ (c−, c+) ≤ r}

is convex, then F]β(η−, η+) = F[β(η−, η+).

Proof This lemma refers to [2, Lemma 4.2]. �

1.3.4 The Kac Limit

Even if the Kac limit is relatively standard in classical statistical mechanics [23], until 2022 there were no result in
quantum mechanics after Lieb’s result [20] from 1966 for quantum particles in the continuum. It refers here to the
Kac, or long-range, limits γ± → 0+ of the short-range model which we study in this subsection. Note that Lieb’s
result is quite restrictive, in which concerns the computation of correlation functions, in contrast with the results
presented here which refer to the full equilibrium states, i.e., to all correlation functions.

First, using the cyclic representation of the C∗-algebra U induced by any arbitrary translation-invariant state
as well as the spectral theorem, one can prove [2] that the energy densities (1.14) associated with the short-range
attractions and repulsions converge pointwise to a mean-field one associated with the elements A± (1.19):

lim
γ±→0+

e± (ρ)
.
= lim
γ±→0+

lim
`→∞

1

|Λ`|
ρ (HΛ`,±) = f̂±(0)∆± (ρ)

.
= lim
`→∞

f̂±(0)

|Λ`|2
∑

x,y∈Λ`

ρ
(
αy
(
A∗±
)
αx (A±)

)
(1.26)

for any translation-invariant state ρ ∈ E1, where we have from (1.12) that

f̂± (0)
.
=

∫
Rd
f (x) ddx ≥ 0 .
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Recall that f−, f+ are assumed to be positive definite, i.e., the Fourier transforms f̂−, f̂+ of f−, f+, respectively,
are positive functions on Rd. Comparing (1.13)–(1.16) and (1.20)–(1.21) in light of (1.26), one infers that the
parameters η−, η+ ∈ R+

0 of the mean-field model to be taken as the limit γ± → 0+ of the short-range one are

η± = f̂±(0) ∈ R+
0 .

This is confirmed by [2, Theorem 5.15], which, in the example presented here, refers to the following statement:

Theorem 2 Fix an arbitrary reflection-symmetric finitely supported real-valued function ε on Zd. Let f−, f+ ∈
C2d

0

(
Rd,R

)
be reflection-symmetric, positive definite functions on Rd with f̂−(γ−1k) ≤ f̂− (k) for k ∈ Rd. Fix

an inverse temperature β ∈ (0,∞).

i.) Convergence of infinite volume pressures:

lim
γ+→0+

lim
γ−→0+

Pβ (γ−, γ+) = P ]β

(
f̂−(0), f̂+(0)

)
.

ii.) Convergence of equilibrium states: For any γ+ ∈ (0, 1), take any weak∗ accumulation point ωγ+ of any net
(ωγ−,γ+)γ−∈(0,1) ⊆ Ωβ(γ−, γ+) as γ− → 0+. Pick any weak∗ accumulation point ω of the net (ωγ+)γ+∈(0,1), as
γ+ → 0+. Then,

ωγ−,γ+ →
weak∗,γ−→0+

ωγ+ →
weak∗,γ+→0+

ω ∈ Ω ]
β(f̂−(0), f̂+(0)) .

Note that any net of translation-invariant states like the equilibrium states are weak∗-convergent, along subse-
quences, because E1 is weak∗-compact and metrizable.

This theorem demonstrates that the mean-field model is generally an idealization of the short-range one in the
long-range limit. In addition, [2] provides explicit error estimates from which one can deduce approximated phase
diagrams for the short-range model at sufficiently small parameters γ± ∈ (0, 1).

Note that Theorem 2 uses a particular order for the limits: first γ− → 0+ and then γ+ → 0+. It means that the
attractive range has to be much larger than the repulsive one. One can ask whether this is just a technical issue. As
a matter of fact, it is generally not so:

Proposition 1 Fix an arbitrary reflection-symmetric finitely supported real-valued function ε on Zd. Let f−, f+ ∈
C2d

0

(
Rd,R

)
be reflection-symmetric, positive definite functions on Rd with f̂−(γ−1k) ≤ f̂− (k) for k ∈ Rd. Fix

β ∈ (0,∞). If (γ−,n)n∈N and (γ+,n)n∈N converges to zero, then

P ]β

(
f̂−(0), f̂+(0)

)
≤ lim inf

n→∞
Pβ (γ+,n, γ−,n) ≤ lim sup

n→∞
Pβ (γ+,n, γ−,n) ≤ P [β

(
f̂−(0), f̂+(0)

)
.

Proof See [2, Proposition 5.14]. �

Recall that the sup and the inf in Theorem 1 do not commute in general. See [1, p. 42]. A sufficient condition
for the sup and inf to commute is given by Lemma 1. In fact, we generally have

F[β (η−, η+) 6= F]β (η−, η+) , i.e., P ]β (η−, η+) 6= P [β (η−, η+) ,

(see Theorem 1). Hence, Proposition 1 suggests that, depending upon how the double limit γ± → 0+ of the short-
range model is taken, one can get an effective long-range system that is different from the one described by the
conventional mean-field model, which is the thermodynamic limit the finite-volume system described from local
Hamiltonians (1.17). Applying [2, Theorem 5.17] to the model presented here, one can indeed reach what we call
the non-conventional mean-field system:

Theorem 3 Fix an arbitrary reflection-symmetric finitely supported real-valued function ε on Zd. Let f−, f+ ∈
C2d

0

(
Rd,R

)
be reflection-symmetric, positive definite functions on Rd with f̂−(γ−1k) ≤ f̂− (k) for k ∈ Rd. Fix

an inverse temperature β ∈ (0,∞).

i.) Convergence of infinite-volume pressures:

lim
γ−→0+

lim
γ+→0+

Pβ (γ−, γ+) = P [β

(
f̂−(0), f̂+(0)

)
.
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ii.) Convergence of equilibrium states: For any γ− ∈ (0, 1), take any weak∗ accumulation point ωγ− of any net
(ωγ−,γ+)γ+∈(0,1) ⊆ Ωβ(γ−, γ+) as γ+ → 0+. Pick any weak∗ accumulation point ω of the net (ωγ−)γ−∈(0,1), as
γ− → 0+. Then,

ωγ−,γ+ →
weak∗,γ+→0+

ωγ− →
weak∗,γ−→0+

ω ∈ Ω [
β(f̂−(0), f̂+(0)) .

Remark again that any net of translation-invariant states like the equilibrium states are weak∗-convergent, along
subsequences, because E1 is weak∗-compact and metrizable.

Recall that Lemma 1 gives a sufficient condition for the equality

Ω ]
β (η−, η+) = Ω [

β (η−, η+)

for any η−, η+ ∈ R+
0 . However, there is no reason for this equality to hold true in general. In particular, Theorems

2 and 3 generally describe essentially different situations. One can indeed prove that the limit of Kac pressures can
attain all the values in the interval

Iβ
.
=
[
P ]β(f̂−(0), f̂+(0)), P [β(f̂−(0), f̂+(0))

]
= −

[
F[β(f̂−(0), f̂+(0)),F]β(f̂−(0), f̂+(0))

]
,

which is minus the duality interval (1.23) of the thermodynamic game, by Theorem 1.

Theorem 4 Fix an arbitrary reflection-symmetric finitely supported real-valued function ε on Zd. Let f−, f+ ∈
C2d

0

(
Rd,R

)
be reflection-symmetric, positive definite functions on Rd with f̂−(γ−1k) ≤ f̂− (k) for k ∈ Rd. Fix

an inverse temperature β ∈ (0,∞). For any p ∈ Iβ , there are two sequences (γ+,n)n∈N and (γ−,n)n∈N of real
numbers in the interval (0, 1) converging to zero, such that

lim
n→∞

Pβ (γ−,n, γ+,n) = p .

Proof. See [2, Theorem 5.19]. �
This theorem shows that the long-range limit γ± → 0+ is possibly not what one would expect in a first guess. In
fact, the results referring to the above examples are highly non-trivial: As expected, any Kac or long-range limit
leads to mean-field pressures and equilibrium states. However, the limit mean-field model is not necessarily what
one traditionally guesses when one mixes repulsive and attractive long-range components (in contrast with (1.25)).
In fact, it strongly depends upon the hierarchy of ranges between attractive and repulsive interparticle forces. For
instance, if the range of repulsive forces is much larger than the range of the attractive ones, then in the Kac limit
for these forces one may get a mean-field model that is unconventional. See Theorems 3 and 4.

1.4 Historical Notes

A result like Theorem 1 justifies on the level of equilibrium correlation functions the replacement of specific op-
erators appearing in the Hamiltonian of a given physical system by constants which are determined as solutions
to some self-consistency equation or some associated variational problem. This refers to the Bogoliubov approxi-
mation, which was already used for (purely attractive mean-field) Fermi systems on lattices in 1957 to derive the
celebrated Bardeen-Cooper-Schrieffer (BCS) theory for conventional type I superconductors [9–11]. The authors
were of course inspired by Bogoliubov and his revolutionary paper [12]. A rigorous justification of this replacement
was given on the level of ground states by Bogoliubov in 1960 [13]. Then a method for analyzing the Bogoliubov
approximation in a systematic way – on the level of the pressure – like in Theorem 1 with both mean-field re-
pulsions and attractions was introduced by Bogoliubov Jr. in 1966 [14, 15] and by Brankov, Kurbatov, Tonchev,
Zagrebnov during the seventies and eighties [16–18]. As already mentioned, this method is known in the literature
as the approximating Hamiltonian method and leads – on the class of Hamiltonians it applies – to a rigorous proof
of the exactness of the Bogoliubov approximation on the level of the pressure, provided it is done in an appro-
priated manner. Note however that the results of [16–18] are much more restrictive than those of Theorem 1. The
main innovation of [1] is the fact that the Bogoliubov approximation is not only proven for pressure-like quantities
(for instance, the thermodynamic limit of the logarithm of canonical or grand-canonical partition functions), as
in previous works, but also for equilibrium states, i.e., for all correlation functions. See discussions in [1, Section
2.10] for more details.
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The analysis of long-range limits γ± → 0+ follows a rather old sequence of studies on the Kac limit, basically
starting from 1959 with Kac’s work on classical one-dimensional spin systems. The first important result [19] in
this period was provided by Penrose and Lebowitz in 1966, who proved the convergence of the free energy of a
classical system towards the one of the van der Waals theory. Shortly after that, the results of this seminal paper
were extended to quantum systems (Boltzmann, Bose, or Fermi statistics) by Lieb in [20]. In 1971, Penrose and
Lebowitz went considerably further than [19] with the paper [21]. See also [22] for a review of all these results of
classical statistical mechanics. These outcomes form the mainstays of the subsequent results on the Kac limit and
we recommend the book [23], published in 2009, for a more recent review on the subject in classical statistical
mechanics, including the so-called Lebowitz-Penrose theorem and a more exhaustive list of references.

Studies on the Kac limit are still performed nowadays in classical statistical mechanics, see, e.g., [24–26]. By
contrast, to our knowledge [2] is the unique recent study on the subject for quantum systems and the sole impor-
tant results before [2] are those of [20], which refer to quantum particles in the continuum, but may certainly be
extended to lattice systems. The main innovation of [2] is the fact that the convergence in the Kac limit is not
only done for pressure-like quantities, as in previous works, but also for equilibrium states, i.e., for all correlation
functions. These results on states were made possible by the variational approach of [1] for equilibrium states
of mean-field models. Additionally, also in contrast with previous results on Kac limits, this method allows for
coexistence of both attractive and repulsive long-range forces. This important extension is related to the game
theoretical characterization of equilibrium states of mean-field models (cf. thermodynamic game). This study thus
paves the way for studying phase transitions4, or at least important fingerprints of them like strong correlations at
long distances, for models having interactions whose ranges are finite, but very large as compared to the lattice
constant. It also sheds a new light on mean-field models by connecting them with short-range ones, in a mathe-
matically precise manner. Such studies can be important for future theoretical developments in many-body theory,
since long-range interactions are expected to imply effective classical background fields, in the spirit of the Higgs
mechanism of quantum field theory. This is shown in [5, 27, 28] for the infinite volume dynamics of mean-field
models.
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