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The background gauge renormalization of the first order formu-
lation of the Yang-Mills theory is studied by using the BRST
identities. Together with the background symmetry, these identi-
ties allow for an iterative proof of renormalizability to all orders

Keywords:
Gauge theories
Background gauge renormalization

in perturbation theory. However, due to the fact that certain
improper diagrams which violate the BRST symmetry should be
removed, the renormalizability must be deduced indirectly. The
recursive method involves rescalings and mixings of the fields,
which lead to a renormalized effective action for the background
field theory.
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1. Introduction

Computing higher order radiative corrections in Yang-Mills theory is currently of great im-
portance in order to test phenomenological models using precision experiments. Usually these
computations are done using the second order form of Yang-Mills theory with its complicated
three and four-point vertices. Background field quantization has long been known to streamline
such calculations as gauge invariance in the background field is unbroken by gauge fixing [1-11].
What is less appreciated is that many of these calculations become more compact if the first order
formalism for Yang-Mills theory is used [ 12-18]; this is because in this case there is only one simple
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cubic vertex involving the gauge fields and this vertex is independent of momentum. In this paper
we demonstrate how to renormalize the first order form of the Yang-Mills field when background
field quantization is used. Some interesting and unexpected subtleties arise when doing this. After
providing a general analysis of this problem we illustrate our results by a calculation of the two
point function for the background field using the first order formalism, which leads to the correct
result for the S-function.

The background field method [1-11] is a formulation which allows to fix a gauge and evaluate
the quantum corrections without breaking the background gauge symmetry. This is an efficient
method for calculating the B-function and it has also been used in perturbative gravity [19,20],
The main idea of this method is to write the gauge field A}, which occurs in the Yang-Mills (YM)
Lagrangian

9 = 1 (8HA‘3 — 3,A% +gf A A)? = 1 (re,(4))° (1.1)

iy 4 Yy

as B, +Qg, where B}, is a background field and Q is the quantum field. Then a gauge is chosen
which suppresses the gauge invariance of the Q,‘j field, but maintains the gauge invariance in terms

of the B, field. The gauge-fixing term is made dependent upon Bj, as
1
2%

where £ is a gauge fixing parameter and Df}’( ) is the co-variant derivative.
The above terms are invariant under the gauge transformations

5B% = DP(B)w(x); 8Q¢ = gf ™ Qlw (x); (1.3)

where w°(x) is an arbitrary infinitesimal parameter.

Vertices involving Q -fields are used inside diagrams while vertices involving B-fields are used for
external lines. There are only Q-propagators since the B-field invariance has not been broken. Thus,
quantum calculations of Green’s functions can be performed and explicit gauge invariance in the
background field is maintained. To evaluate the effective action which generates these functions to
one-loop order, no source J is needed (although this is necessary at higher loops as discussed below).
This may be done by carrying out the path integral over Q in the Lagrangian £(B, Q). But, by shifting
Q back to A, this would give a trivial result unless the graphs resulting from vertices which are linear
in Q are omitted [8]. In general, the effective action calculated by keeping all vertices would not be
the appropriate one for the background field because this leads to unwanted one-particle reducible
(1PR) graphs. As has been argued in [3,4,10], in order to get the proper effective action which
generates the one-particle irreducible (1PI) diagrams, it is necessary to omit the graphs resulting
from vertices which are linear in Q. This may be implemented by subtracting from £(B+Q)in (1.1),
the terms linear in Q. We point out that the omission from the effective action of vertices with
only one outgoing Q line is also required in order to obtain the correct S-matrix in the background
gauge [5].

When the background method is used to two-loop order or higher, the sub-graphs are functionals
of B}, as well as of Q;. We may introduce a current J; interacting via J;Q®, thus defining a
functional Z[B, J] which yields a generating functional W[B,J] = —ilnZ[B,]] for the connected
Green functions. This leads, by a Legendre transformation, to an action I"[g, B, Q] which has a
background symmetry under (1.3). This symmetry is not sufficient to fix the renormalization of
I'[g, B, Q]. In addition, one must also use the BRST symmetry [21] of this action. Although the
omission of the linear terms in Q preserves the background symmetry under (1.3), this operation
breaks the BRST symmetry. Consequently, the effective action I'[g, B, Q] is no longer invariant
under the BRST transformation.

The background gauge renormalization through the BRST identities has been studied in a
wide class of gauge theories by Barvinsky et al [9]. But as we have argued, the exclusion of the
contributions linear in the quantum fields, leads to a breakdown of the BRST symmetry. This
fact poses a problem in applying the BRST formulation in the background gauge, a point which
has not yet been addressed in the general work of [9]. The outcomes of this relevant issue for

Lop = _2%- [( Sab gfachc)Qbu] = (Dab( )Qbu)z (12)
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renormalizability have been examined in [10], in the second order formalism. The main purpose
of the present paper is to extend this analysis to the first order formalism, which might further
clarify the reasoning behind the use of the BRST symmetry in the background gauge.

Calculations of quantum corrections in the standard second-order YM theory are generally
involved, due to the presence in (1.1) of momentum-dependent three-point as well as four-point
vertices. It is well known [12-18] that one may replace (1.1) by a simpler first order Lagrangian,
provided one introduces in the theory another auxiliary field Fl‘jv. The corresponding first order
Lagrangian may then be written as (see Section 2)

(A F) = %ngwa - %F:jvf"“”(A). (1.4)
This simplifies the computations since the interaction term involves only a single cubic vertex
(FAA) which is momentum-independent. (This formulation is also useful in quantum gravity, where
it allows to replace complicated multiple graviton couplings by simple cubic vertices.) We now
substitute in (1.4) AZ by Bi + Q;j and introduce a classical background }‘ﬁu for the quantum field
F° . Proceeding along the lines indicated above, one gets an action I'[g, B, Q, F, F] which is BRST

uv*

invariant and has a background symmetry under

8B) = DY(B)o"(x); 8Q =gf" Q) (x); 8F,, =gf ™ F), o (x); SF), = g™ F), o (x).
(15)

These symmetries are sufficient to ensure the renormalizability of I"[g, B, Q, F, F]. But the subtrac-
tion of the terms linear in Q, which leads to the correct effective action I'[g, B, Q, F, F] breaks the
BRST symmetry. Nevertheless, as discussed in secs. 3 and 4, the renormalizability of I'[g, B, Q, F F]
can be used in an indirect way to renormalize to all orders the effective action 1_"[g, B,Q, F,F],
which generates the one-particle irreducible graphs. To this end, we employ a similar approach to
that used in [10] for the second-order YM theory. In Section 5, we give a short discussion of the
results and point out a possible application of this method to the quantum gauge theory of gravity.
In Appendix A, a functional equation for the one-particle irreducible generating functional is derived.
In Appendices B and C we explicitly show, by computing the BB self-energy, that one must remove
the terms linear in Q in order to obtain the correct 8-function which leads to asymptotic freedom.
In Appendix D we discuss the renormalization of the background field }—;‘iv which, similarly to the
quantum field Ffw, involves rescalings and mixings.

2. The first order background field formulation

In going over from the second order to the first order formulation, one must ensure that these
approaches are equivalent [12,16] in the sense that they lead to the same Green functions when
all external lines are B-fields. Our procedure preserves this condition, which is also attested by the
fact that we obtain the same gauge-invariant result for the BB self-energy.

The generating functional of Green functions in the second order background formalism is

1

Z[B,J1 =N / DQDcDC expi/ d*x {CVM(B +Q)— E [D/L(B)QM]Z

— [€Du(B)] - [D*(B+Q)c] + . - Q"} (2.1)

where ¢ and c are ghost fields and we have suppressed the colour indices by using the notation
B, -Q = BZQU“ and (B, AQ,)* Ef””CBZQ]f. To convert (2.1) to the first order form, we introduce in
the normalization constant N the factor

fDF exp % / d*xF,, - F* = /DF exp i / d*x [Fuy — fn(B+ Q)]2 (2.2)



4 ET. Brandt, J. Frenkel and D.G.C. McKeon / Annals of Physics 409 (2019) 167932

where we made a shift in the integration variable. Substituting this factor in (2.1), leads to the
cancellation of Lyy (B + Q), with the result

_ . 4 1 v 1 v 1 v
ZIB, F,],Kl = N | DQDcDCDFexpi [ d*x Z]—',w-]-"‘ +ZFMU-F“ —EF” fu(B+Q)

1
2%

where we have introduced a gauge invariant background term Lyy(F) and a source K,,, for the
field F*'. This leads to a generating functional for connected Green functions W[B, F,]J,K] =
—ilogZ[B, F,], K] and hence, by a Legendre transform an action I"[g, B, Q, F, F]. But this action
is not the appropriate one for the background method, since it contains some 1P-reducible graphs.
This shortcoming may be avoided by subtracting from £(B+4Q) in (2.1), the terms linear in Q, which
yields the generating functional in the second order formalism

[DM(B)Q“]Z — [eDu(B)] - [D*(B+ Q)c] +Ju - Q" + Ky - F, } . (2.3)

Z[B,J1=N / DQDCcDC expi / d*x {cYM(B +Q)—Q, - Du(BYf*"(B) — Lym(B)
1
28

where we have subtracted also the Lyy(B) term, which is not relevant for our purposes. To convert
(2.4) into a first order form, it is convenient to introduce in N the factor (compare with (2.2))

[D.(B)Q"]” — [€D,(B)] - [D*(B+ Q)c] +1, - Q“} : (2.4)

fDF exp % / dx {Fuy — [8,Q — 9,Qu +8 (Qu A Qo +Qu AB, +B, A Q)] (2.5)

Here it is useful to make a shift F,, — F,, + F,,, where 7, is a background for the quantum field
F,.,. This yields a non-trivial result when one subtracts the term F,,D*(B)Q", which is linear in Q.
Such a subtraction preserves the background gauge-invariance under (1.5). Then, substituting the
corresponding expression obtained from (2.5) into (2.4) leads to several cancellations, giving

_ 1 1 1
Z'[B, F,]1 = N/DQDCDEDF expi/ d4x{4fw N EF“” o ZF’” - FW

1 1
_EFMV : [MU(Q) +g(3u A Qv + Qu A Bv)] - Eg(f;w(B) +]:/w) : (Qﬂ A Qv)

1
_E[

We note that in (2.6), the bilinear terms FF, FQ and QQ could lead to a mixed matrix-propagator
involving the fields 7, F and Q. But in order to get a proper background field F that occurs only in
external lines, this mixing must be avoided, which may be ensured by removing the bilinear term
F"F,,. This omission is allowed since it maintains the background gauge invariance under (1.5).
Thus, introducing a source K, we get for the appropriate generating functional in the first order
formulation, the result

D.(B)Q"]* — [eD,(B)] - [D*(B + Q)c] +J, - Q"} : (2.6)

. ) 1 1
Z[B,F,],K] =N / DQDCDCDF expi / d*x {Zf,w F T g F

1 1
_EFMV : [f;w(Q) +g(Bp, A Qv + QM A Bv)] - Eg(f;w(B) + ]:,uv) N (Q'u N Qv)
1

T2 [D;L(B)Q“]2 — [eDu(B)] - [D*(B+Q)c] +Ju - Q" + Ky -F‘”} . @7

Using the generating functional W([B, F.J, Kl = —ilnZ[B, F,J,K] and making a Legendre
transform, leads to the correct effective action I"[g, B, Q, F, F] in the background gauge. Let us now
compare the Lagrangians which appear in the exponentials of Egs. (2.3) and (2.6). We get, setting
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J = K = 0, respectively

/ 1 LY 1 v 1 v 1 12
,C(g,B,Q,]:,F) = Z]:/w ']:! +ZF/w 'FM - EFM f/w(B"'Q)_ E [D/L(B)Ql]
—[eD.(®)] - [D*(B+Q)c] (2.8)
and
_ 1
7&BQ.F.F) E’(g, B,Q, F,F)+ 2Flw - fr(B) — 7g(Q,,4 A Q) (F™ + f™(B)). (2.9)

The difference between these Lagrangians involves terms which are invariant under the background
transformation (1.5). The second contribution on the right side of (2.9) subtracts from £’ a term
which would lead to 1P-reducible graphs. Moreover, the last term in (2.9), which is induced by the
subtraction of linear terms in Q, is also necessary to obtain correct physical results. For example,
using the Feynman rules derived in Appendix B, we have evaluated in Appendix C the divergent part
of the background field self-energy. In a space-time of dimension d = 4 — 2¢, we get to one-loop
order

1 g0 _N®
3 1672¢
This transverse form is independent of the gauge-fixing parameter and leads to the expected result
for the S-function
g 11 Ng3
3 1672°

We note here that the unsubtracted Lagrangian (2.8) would lead instead to a transverse, but gauge
dependent self-energy for the background field (see Appendix C).

)|, = - (kuky — K2n,0,) . (2.10)

(2.11)

3. The actions I" and I

We remark that £'(g, B, Q, F, F) in (2.8) with the gauge-fixing term left out, is also invariant
under the BRST transformations

1 _
AB=0; AF,, =0; AQ, =D,(B+Q)ct; Ac = —Egc AcCT; AC =0; AF,, =gF,, AcT,
(3.1)

where 7 is an infinitesimal anti-commuting constant. Let us now add to £'(g, B, Q, F, F) in (2.8)
the Zinn-Justin source terms U, V, W, which are useful for setting up the BRST equations [22] and
omit the gauge-fixing term (1.2). This leads to the zeroth order action

r'eg,B,Q,c,¢c, F,F;U,V,W)= / d*xc (3.2)

where c, ¢, U, V, W transform under the background transformations (1.5) in the same way as Q,
and

1 1 1
L= P Fuy o+ g Fuy = SF" - fun(B+ Q) + gW™ - (Fuw A €)

+[U. + Du(B)] - [D*(B+ Q)c] — %gV “(cAc) (3.3)

It may be verified that £ is invariant under the BRST transformations (3.1), provided that the sources
remain unchanged, so that I"(©) obeys the BRST equations (where Q actually stands for the mean
value of the quantum field)
sr@ sr® sr® sr® sr@ s
/ d4x|: + + . } =0
8F,, OSWH ' 8Q, sU~ sc 8V

(3.4)
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Fyall by all
—— —D,(B)—— =0. (3.5)
dc sU,
Eq. (3.5) is a consequence of the fact that the Lagrangian (3.3) depends on U, only through the
combination U, + D,(B)c. Moreover, Eq. (3.4) may be understood by rewriting it, with the help of
(3.1), in the alternative form

4 s Fyall Fyall
d*x SF -AFHV+E~AQ,4+ s -Ac=0 (3.6)
wv

which reflects the invariance of I"®) under the BRST transformations (3.1).
By using an analogous method to that employed in the usual first order formulation of the YM
theory [16] one can show that the action I” satisfies to all orders the BRST equation

s | 8T oI oI 6r oI 8r
d*x . +— W — 4+ — . —|=0 (3.7a)
0F,, swwv — 5Q, SUH éc 8V
or oI
— —D,(B)— =0. (3.7b)
dc sU,

The identities resulting from (3.7) are different from the usual ones in the Yang-Mills theory due
to the dependence on the background field B(x). We have explicitly verified, to order g3, some
examples of these identities.

But as we have explained, I" is not the correct action for the background method. In order to
get the appropriate action I", one must instead start from the Lagrangian (2.9), where the last two
terms are not BRST invariant, and use a similar procedure to that which led to the action (3.2). We
then find that I"® may be obtained from I"(®) by the operation £2(9

ro = _Q(O)(g7 Q, F, F)F(O) =1
8 8 8
+/d4x{[g( AQ).(——i)—FU ]r“”} ) (3.8)
WAL 8Fu  8Fu T F_0—c—o

In Eq. (3.8), only the derivatives should be taken at the particular point F = Q = ¢ = 0. Moreover,
a x-dependence of the fields Q, F and F in the operator £2(9 is to be understood. We note that this
operator preserves the background gauge invariance under (1.5), but breaks the BRST symmetry
under (3.1). It follows that 7"© does not satisfy the BRST equations. The generalization of the above
relation, to higher orders, will be examined in the next section.

4. Renormalization

As we pointed out, we study first the renormalization of I, which requires both the background
invariance as well as the BRST symmetry. Since the background field B appears explicitly in the BRST
Eq. (3.7b), we need to fix its renormalization. To this end we remark that in consequence of the
background symmetry under (1.5), the renormalized action which is got by functionally integrating
over Q, ¢, ¢, F and setting the sources to zero, must have the form

1
Tile. B =~ 2 [ 40,8~ 0.8, + 8B, A B (41)
This may be obtained from the bare action I"@(g(®, B©®), by the re-scalings
g% =Zz,g; BY =27,B, = 2, 'B,. (4.2)

Thus the background invariance ties these two renormalizations by the relation Z;/ 2Zg = 1, which
is an important virtue of the background field method.
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One must also re-scale in I'@(g(® B©) QO @ ¢©@ x0) . yO) yO w0 the fields
QISO) — Zé/zQ,LZ o — 21/2(.; ¢ — Z1/2¢ (4.3)

As shown in [16], the renormalization of the first order formulation of the YM theory requires a
re-scaling as well as a mixing of the F,, field

F;(gz) = Z[-}/ZF;LU + ZFQf//.v(Q) (4.4)

where f,, is defined in (1.1) and both ZF”2 — 1; Zgg are of order h. Similarly, the renormalization of
the background field 7, involves both a rescaling and a mixing of this field
FO = 232 Fu + Zrpfun(B), (4.5)

where — 1 an Ff dlreé gauge depen ent quantltles Ol order see Appendix .
here Z}/*> — 1 and Zzf depend ities of order h (see Appendix D)

In the renormalization process, the bare sources U, V(® and W® will also undergo appropriate
re-scalings and mixings which relate these to the renormalized sources U, V and W [16]. All such
transformations preserve the BRST invariance. Using this gauge symmetry together with the Lorentz
invariance, one can show recursively [23,24] that the renormalized action Iz must be similar to /7
in Eq. (3.2), but it must include all the allowed re-scalings and mixings. Thus, it should have the
form

I¥(g,B,Q,c,C, F,F; U, V,W) =g B QO 0 0 7O g0y yO o)
(4.6)

where the bare quantities can be expressed in terms of the renormalized ones as indicated above.

Finally, we must relate the renormalized action I for the background field to I';. To this end,
we note that all the above transformations preserve as well the background gauge symmetry. Thus,
one may define a renormalized operator by

(g, Q. F.F) = 20(g®, O, 7O, F) = 2O0(z,g: 7, Q,: Z}* o
+Zr1fun(B): Zi*Fuy + Zrgfun(Q)] (47)

which reduces to lowest order to £2(°(g, B, F) in Eq. (3.8) and maintains to all orders the background
gauge invariance. Hence, to higher orders, the appropriate generalization of Eq. (3.8) may be written
in the form

FR:QR(gaQ7-F7F)FR (4'8)

which allows to deduce the renormalized effective action Iy by the application of the operation $2g
to Ik.

5. Conclusion

Background field quantization has some appealing features, especially when considering the
renormalization of gauge theories. The relation between the coupling constant and the background
field renormalization (4.2), has been exploited in explicit calculations in the Standard Model [25,26].
In a four dimensional space-time, this relation leads to the condition that the divergent part of the
background field self-energy should be gauge-independent. In higher dimensions, the YM theory
is non-renormalizable and then it is no longer possible to directly relate (BB) to an observable
quantity [27]. Thus, in this case there is no reason why the divergent part of the background field
self-energy should be gauge independent. All these features are entirely consistent with the result
(C.9) for (BB), evaluated in a general dimension d.

The first order formalism for the YM theory has an advantage over the usual second order
formalism, in that the complicated three and four-point vertices of the later are replaced by simple,
momentum-independent, cubic vertices in the former formalism. An interesting property of this
formulation is that the renormalization of F,, and its background F,, involves rescalings as well
as non-linear mixings of the fields.
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One subtle feature of using the background field method is that the terms linear in the quantum
field Q must be removed. This leads to the correct result (2.11) for the g-function, but breaks
the BRST symmetry. Nevertheless, we have shown that the BRST identities can be indirectly used
to renormalize the background gauge formulation of the first order YM theory. To this end, we
have first employed the conventional BRST procedure to renormalize I, and then inferred the
renormalization of I" by implementing the operation $2; defined in Eq. (4.7). Using this method
to all orders, we have obtained the renormalized effective action (4.8) for the background gauge
theory.

The above considerations may hopefully shed some light on how this formulation can be applied
to the first order (Palatini) form of the Einstein-Hilbert action for General Relativity. Such an action
is of particular interest as it involves only a finite number of interacting cubic vertices [14,15] and
allows one to introduce a graviton propagator that is both traceless and transverse [28,29].
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Appendix A. Generating function for 1PI Green’s functions

The necessity of subtracting terms linear in the quantum field Q; from the Lagrangian Lyn(B+Q)
when computing Z in Eq. (2.4) can be clarified by considering directly the path integral for the 1PI
generating functional I'[Q, B] [30]. Rather than working with the generating functional appearing in
Eq. (2.4) that follows from background field quantization, we consider the 1PI generating functional
that arises with conventional quantization. This generating functional I"[f], which depends on the
average of the quantum field ¢, is related to I"'[Q, B] arising in the background field method by [3,4]

I'fl1=TiQ=0,B=f] (A1)

If we consider the field ¢ with a Lagrangian £(¢), then, in the Euclidean space

1
Z[]1 = /qu exp {_h / dx[L(¢) +J¢]}
= exp {—;W[]]} (A.2)
leads to a generating functional for 1PI diagrams
rif =win - [ @, (A3)
where
_ SWU]
fx)= 500 (Ada)
SIlf]
= — . A.4b
J(x) 50 (A.4b)

Together, Egs. (A.2) and (A.3) lead to

1 1
exp{—hF[f]] = / D¢exp[—h / dx(L($) + (¢ — )] (A5)
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which, upon making the shift ¢ — ¢ + f, becomes

1
fqu exp {_h f dx[L(f + ¢) +]¢>]} . (A.6)
In Eq. (A.6), J(x) is no longer independent as it is in Eq. (A.2); it is a function of f(x) on account of

Eq. (A.4b).
If we now expand

1 1 1 ;
Lf +¢) = () + £ (fp + ic”(f)asz + Qﬁ”’(f)df + Zﬁ“’(f)qﬁ“ (A7)

then Eq. (A.6) becomes

1 1 1 1 5\
exp{—hF[f]} = exp{—h/dxﬁ(x)} exp{—h/dx |:3!£m(f) (_h%>
l iv _ i )
+3e" 0 () “

1
[ poexs {—h [ e +j(x)¢(x)]} , (A8)
where by Egs. (A4) and (A.7)
. , 3rif]
= - . A9
Jx) = L£'(f(x)) 5 (X) (A.9)
If we now make the loop expansion of I'[f] so that
'[fl = Llf1+hOf1+ P00+ ... (A.10)
then upon matching powers of f in Eq. (A.8) we obtain
Llfl= / dx.(f), (A.11)
Infl= —% log det £”(f), (A.12)
1 8Ty sy 1 83c 8Ty
Dlf]l = —= | dxd Ax — — | dxdy———A(0)A(x —
) = — [ o Voo 2 50y T2 [ Y00 O 550
1 8 8 ) 1 8 8 3
s f Y S0 570) MO AN T T 5 / Y S 5507 A Y
1 d e A(0))? A13
+8f 5 A, (A13)
where
Ax—y) =[N (A.14)
and by Eq. (A.12)
sr 1 1 83c
500 2 (Tr L”(f)) 500" (A15)

Upon using (A.15), we see that I;[f] reduces to the last two terms on the right side of Eq. (A.13)
which can be represented graphically by

k
Qi N\NNN\ @
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which are the two 1PI graphs in background field theory quantization.

In Refs. [5,31,32] it is shown that the S-matrix is independent of the vertices generated by
dependence of gauge fixing on the background field, both with covariant gauge fixing of Eq. (1.2)
and with other non-covariant gauges [31,32].

This procedure can be modified so as to be applied to the generating functional for the second
order formalism Yang-Mills theory, justifying the appearance of the term linear in Q; in Eq. (2.4)
when computing 1PI graphs from the generating function Z.

Appendix B. Feynman rules

Here we present the Feynman rules which arise from argument of the exponential iS in (2.6).
The bilinear terms in the quantum fields F and Q can be expressed in matrix form as follows (here
we follow [14])

1 1
1 galtav 5 (3/’7’}”” _ aKnPH) 0
5@ )| : (Fp) : (B.1)
_5 (aknav _ aankv) Z (nkpnak _ n)ucnap)
The inverse of the matrix appearing in Eq. (B.1) is
1 1-— 1
5 (n“” ! 82§)a“a”> —5 (0P 0" — 8*nPH)
A(d) = , (B.2)
1 AoV o v Ao, pK 1 AO, pK
ﬁ(an —37n") 21*—¥L
where
1
Ika,px — 5 (nkpncr/( _ nkknap) (833)
and
1
Lor4(@) = 5 (97907 +979n™" — 8"0*n"" — 870 ’™). (B.3b)

From (B.2) we obtain the following expressions for the momentum space propagators of the
quantum fields

i _iaab (1 ?’-‘) kﬂkv (B 4)
a b = — — —_— i
QL N\NNN\ @) K2 1+ i0 Niv k2 +iol

k .
Fy, WF:;K, = léab |:77M>77m( — Mk Nop

— 5 kot + koketp ik, = k(,kpmk)] . (B5)
and
b
QAN = —$ (Ko — Keon)- (B6)
Similarly, the quadratic term for the ghost fields yields
ok a1 (B7)

Tkti0
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From the interaction terms in (2.6) we obtain
Q5

ig
= _5fabc (WWm — Nupo nvk)y

v
2
ig
= _Efabc (nulnva - mmmx),
Qs
Q5
ig
Qg Mﬁ = _Efabc (U,me — Npo UM),
fiv
q QI’)\
p g
@ = gfabc (nulra - nuaqk)7
T Q5
D, Q
_igz ace pbde ade ¢bce
= T [f f NuNvp + Uun'lvx],
@) Qs
E/(l
P 7
’ abc
=g+ )
‘\
q N
b
E/ﬂ/
p/q’
Q NNV = gf**p,,
v
q N
b
c* cb
N 7
N ’
~ ©
N s
7 - 2 race cdbe
= —ig f f Nuvs

11

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)
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— _igZWMU (facefdbe _i_fadefcbe)’ (B.16)

where we are using the momentum space representation f, = 8" (k.. — ky1,5) B*# (k).
Appendix C. The (BB) self-energy

The one-loop contributions to the two-point function (BB) are given by the Feynman diagrams

of Fig. 1 (we are not including tadpole diagrams which arise from the vertices (B.12) and (B.16)

in Appendix B). After the loop momentum integration, the result can only depend (by covariance)
on the two tensors 7, and k,k,. A convenient tensor basis is

.

v

=kuk, — k*n,y and 77 = k,k, (C.1)

so that each diagram in Fig. 1 can be written as I7)%"(k) = Ng?3°°IT}, (k) (we are using f*™"f*"™" =
N§®), where

m, (k)= > _Ti,(kC/(k):; I=ab,c...h (C2)
i=1
The coefficients C’ can be obtained solving the following system of two algebraic equations

2
Z k)T (k Clk) = MU(k)TJ““(k) =Jk); j=1,2. (C.3)

Using the Feynman rules for I7 /’w(k) the integrals on the right hand side have the following form

) d4 .
1t = [ 5. a0 (c4)

where q = p + k; p is the loop momentum, k is the external momentum and s"(p, g, k) are scalar
functions. Using the relations

p-k=(¢"—p*— k)2, (C5a)
q-k=(q* +Kk —p?)/2, (C.5b)
p-q=p*+q* - k)2, (C5¢)

the scalars s"(p, g, k) can be reduced to combinations of powers of p? and g>. As a result, the
integrals JY(k) can be expressed in terms of combinations of the following well known integrals

200 PN | (@n)@2  T()I(m) T — (C6)

where powers [ and m greater than one may only arise from the terms proportional to 1— & in the
gluon propagator (see Eq. (B.4)). The only non-vanishing (i.e. non tadpole) integrals are

I T
T 2dgdf2 rd-2)

[m _ / dip 1 (k2)2==m r(l 4+ m —d/2) I'(d/2 — )I"(d/2 — m)
)

(C.7a)
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Fig. 1. One-loop contributions to (BB).

2o pr 2 G- Dm (C.7b)
k2
3—d)(6—d
12 = MI“. (C.7¢)
k4

Implementing the above described procedure as a straightforward computer algebra code, we
readily obtain the following exact results for C} and C}

(2—d)d—2) d—2

1
Cd=|-(d-2 M, c2= M c8
1 [4( )+ 2d-1) ] ; 3 2 (C.8a)
b 14 b 1—d
ce=1" =" C.8b
1 4 2 4 ( )
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1 £ d
CC: —(d—4 2_ 5 _ = 111; CC:0 CS8
| [8( =2 8] 2 (C8c)
1 1—d
cd = |:2(d —3)E + 2] " d=o (C.8d)
ct = LI“; ct=o0 (C.8e)
1 1—-d 2
1 1
cf= M, = om (C.8f)
4d—1) 4
& _ _qmy 8o im (C.8g)
1 2d—1) 272
1
ch— —SE+ 1 ch=o (C.8h)

Adding all the diagrams, we obtain the following transverse result for the one-loop contribution to
(BB)
3(d — 4) 1 7d

d—4
2 g2+ 2 .§+2_2d—81|111(k,tl<v—k2nﬂu). (C9)

b _ Ng2sab
T, = Ng“8° |:
Finally, using d = 4 — 2¢ we obtain the following contribution for the UV pole (I'! &~ 1/(167%¢))

_Ei(gab Ngz
3 1672¢
It is also interesting the note that graphs (c), (d) and (h), Fig. 1, which contains the linear part of

k)|, = (kuky — K217,00) - (C.10)

/fv, give the following UV gauge dependent contribution
& 5\ ..ab Ng2 P
—( 2+ =)is" k,k, —k‘n,.) . C.11
(2 5 ) e ke ) (€1

This result shows that the term Q, A Q, - f#*¥(B) in Eq. (2.9) is indeed necessary in order to have
a consistent gauge independent result, such as Eq. (C.10). Since this contribution has been induced
by the subtraction from Lyy(B + Q), in (2.4), of the terms which are linear in Q, this calculation of
(BB) provides an explicit example of the consistency of the subtraction prescription.

Appendix D. Renormalization of the background field F,,

The relevant Feynman graphs (the ones that do not vanish upon using dimensional regulariza-
tion) contributing to the renormalization of ¥, are shown in Fig. 2.

Using the Feynman rules given in Appendix B, together with the result shown in Eq. (2.9), one
obtains for the (FF) self-energy, the expression

Ng? £+1
FF _
Haﬂ,ﬂv == 1672¢ 2 (naunﬁv - naunﬂu) . (D.1)
Similarly, one gets for the mixed (Ff) self-energy, the result
Ng? £+1
Ff
Haﬁ,/}.v == 1672 2 (77(1/1.77}311 - navnﬁu) . (D.2)
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Fig. 2. One-loop contributions to () and (Ff).

Using the above results, one finds from Eq. (4.5) that the counter-terms involved in the
renormalization of F,, are given by

Ng? &+1 _ Ng? £+1
1672¢ 4 T 7T 16n2e 2

Thus, the renormalization of the background field 7, involves a rescaling as well as a mixing of
the field.

7 =1+ (D.3)
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