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1. Introduction

In this paper we study Lie-theoretic aspects of basic multiplicative forms [6,10] on Lie groupoids and
consider applications to Poisson, Dirac and other geometries. More precisely, we will consider the set of data
(G,w, q) consisting of a Lie groupoid G = M, w € QF(G) a differential form and q : G — G a Lie groupoid
morphism, detail compatibility conditions among them and discuss the contents of the paper using this
notation.

Lie theory underlying each ingredient in (G,w,q). In parallel to standard Lie theory for Lie groups
and Lie algebras, a Lie groupoid G has an associated infinitesimal analogue consisting of a Lie algebroid
A = Lie(G). We will assume that the reader is familiar with the basic elements of this theory. We recall
that the main difference between the group and groupoid Lie theory is that not every algebroid is the
differentiation of a groupoid, i.e. there is no extension of Lie’s third theorem for groupoids. Nevertheless,
when A = Lie(G), in which case we say that A is integrable, the analogues of Lie’s first two theorems hold.
Integrable Lie algebroids were fully characterized in [12]. In particular, differentiation of maps at identities
induces a functor

q+— (Lie(q) : Lie(G) — Lie(Q))

from the category of Lie groupoids to the category of Lie algebroids. A morphism q is completely determined
by Lie(q) when G has simply connected source-fibers. Moving towards the differential form w, we observe
that when k£ = 0 so that w : G — R is a smooth function, a natural compatibility condition between w and
the Lie groupoid structure on G is

w(gh) = w(g) +w(h), for all composable g,h € G,

thus defining a groupoid 1-cocycle. This condition can be naturally generalized to higher differential forms
w € QF(Q) defining so-called multiplicative forms on G = M. These multiplicative forms can be differen-
tiated yielding infinitesimally multiplicative forms on A or, equivalently, A-morphic linear forms which we
denote Lie(w) [6,2]. The underlying Lie theory for such “morphic geometric structures” has been intensively
studied [19,20,5,2] mainly motivated by its applications in Poisson geometry, which we now recall.

Motivation and the link to Poisson and related geometries. Morphic structures are well-known to be
interesting tools to study underlying geometric structures. For example, a Lie algebroid endowed with a
morphic closed 2-form which is non-degenerate is equivalent to a Poisson structure on its base [10]. If the
non-degeneracy condition is relaxed in a particular controlled way, the induced structure on the base is a
Dirac structure [6]. Thinking in Lie theoretic terms, such objects are integrated by Lie groupoids endowed
with multiplicative 2-forms satisfying corresponding non-degeneracy conditions. A paradigmatic case is
that of a symplectic groupoid [10,9,20], which provides a Lie theoretic integration of the underlying Poisson
structure on its manifold of objects.

On the other hand, symmetries and conserved quantities lead to reduction and quotient procedures for
Poisson and Dirac structures. Many instances of these have been studied in the literature, with increasing
degree of generality as to what the initial reduction data can be. See [11] for a setting particularly relevant
to this paper. Thinking of Poisson and Dirac structures in terms of morphic forms, in this paper we provide
a general quotient scheme in which the initial reduction data can be very general and encompasses most
known procedures. This will be detailed below. Before going into details, we observe that, by construction,
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the outcome of the reduction procedure is a Poisson or Dirac structure and the formalism also allows us to
address the question of how to provide a Lie theoretic integration of these quotients. The key technique is to
consider quotients of multiplicative forms defined on the Lie groupoids behind the quotient data. Another
interesting feature of our formalism is that it allows us to extend the results to both the cases of twisted
and higher (where k > 2) Poisson and Dirac structures [8] in a natural, almost effortless, way.

Basic forms and the role of special simple quotients. Following the above motivations, in the data (G, w, )
we will be assuming that w is g-basic so that there is an induced k-form @ € QF(G) such that w = q*@.
Moreover, we restrict our attention to cases in which q defines a simple quotient of the Lie groupoid G = M.
By this nomenclature, we mean that q defines a fibration of Lie groupoids, in the sense of K. Mackenzie
[18, §2.4], and that the usual g-fibers are connected. The reason for the second condition is to have the
standard infinitesimal characterization of w being g-basic as being horizontal and infinitesimally invariant.
The condition of q being a fibration of Lie groupoids is easier to understand at the infinitesimal level (see [18,
§4.4] and [15]): Lie(q) must be fiberwise surjective and the Lie algebroid structure on Lie(G) is obtained as
a quotient of the one defining Lie(G). The compatibility condition between Lie(w) and Lie(G), saying that
the form is morphic for the algebroid structure, is then automatically transported to the quotient structures.
Similarly, following [18], we can regard a fibration q : G — G as a quotient map where the structure in G
can be obtained from the one on G by a quotient procedure and the compatibility condition saying that &

” comes from

is multiplicative in G also follows from this perspective. The nomenclature “simple quotien
thinking of any smooth surjective submersion X — X with connected fibers as the quotient map onto the
leaf space of a simple foliation on X. We will also provide a detailed study of the particular case in which

the quotient q is defined by a foliation tangent to the kernel of w,
X € Ker(w) < ixw=0.

For the distribution Ker(w) to be integrable and for the underlying foliation to define a simple quotient,
additional conditions need to be required, and we summarize them by saying that w is kernel-reducible.
Observe that the underlying quotient form @ will have trivial kernel in this case, which makes it, in particular,
an interesting source for non-degenerate morphic forms as in the Poisson-geometric motivation.

Main results and outline. We are now ready to provide a summary of our main results. These concern
data (G, w, q) as above in which w is a multiplicative k-form on G and q defines a simple quotient of G = M
such that w is g-basic. The infinitesimal analogue is given by data (A,w4,q) where A is a Lie algebroid, w4
is a linear A-morphic k-form and ¢ defines a simple quotient of A such that w4 is g-basic.

In Section 1 below, we recall elementary facts about basic differential forms on manifolds, introduce the
general nomenclature to be used and highlight the case in which the underlying quotient is defined by the
kernel of the form.

In Section 2, we provide the first set of results involving the characterization of conditions for the infinites-
imal data (A,w4,q) in terms of underlying simple pieces which we refer to as components. In particular,
we characterize when a given simple quotient ¢ of vector bundles is such that both A and w4 are g-basic
inducing such structures on the quotient and provide formulas in terms of the original data. We also study
the case in which w4 is kernel-reducible and provide a characterization of the underlying conditions in terms
of components.

In Section 3, we study the data (G,w,q) focusing on providing infinitesimal characterization of the
underlying compatibility conditions in terms of (Lie(G), Lie(w), Lie(q)). In particular, we show that if G has
connected source fibers and Lie(w) is Lie(q)-basic, then w is g-basic and we provide formulas characterizing
the quotient form @. We also include a detailed study of kernel-reducible multiplicative forms. In particular,
we provide an infinitesimal criterion for Ker(w) having constant rank and being involutive as a distribution.
We think that some of the underlying technical results could be of independent interest.
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In Section 4, we apply the general results to describe generalized quotient procedures for Poisson and
Dirac structures. We regard data of the form (A, w4, q) for which the quotient w4 satisfies the appropriate
non-degeneracy conditions as Poisson (resp. Dirac) quotient data and describe the underlying quotient
geometry. We also apply the Lie theoretic results to provide integration schemes for these quotient structures.
Moreover, we show how several results in the literature involving quotient or reduction procedures can be
seen as particular cases of our constructions and introduce generalizations to both twisted and higher Poisson
and Dirac structures.

Comments about integrability of simple quotients. The integrability problem for simple quotient maps
is non-trivial and is not addressed in this paper. Namely, given a simple quotient ¢ of a Lie algebroid A,
the integration problem consists in characterizing when there are integrations G of A and q of ¢ such that q
defines a simple quotient of G = M. Notice that, along the lines of this paper, we would also need to include
the additional requirement that G supports an integration w of a given w4. Several particular cases of this
integration problem appear in the literature and, from these, is clear the source-simply-connected integration
does not provide a solution in general and adhoc techniques have to be considered. A particular case in which
the quotient ¢ is of “pullback type” (see Remark 2.16) and k = 2 can be treated by the techniques introduced
by D. Alvarez [1] and the outcome is a complete characterization of the underlying integrability conditions
(see Example 3.4). For general ¢, as far as the authors know, the integrability problem has to be studied
in a case-by-case basis and a similar discussion applies to the quotient map behind Ker(w). In this paper,
we assume that integrations q and w can be found and focus on the study of the compatibility conditions
between ¢ and w. In the case of kernel-reduction, we assume that, once Ker(w) C TG is established to
define a regular integrable distribution, the underlying foliation defines a simple quotient into its leaf space
(leaf spaces of multiplicative foliations were studied in general by M. Jotz in [106]).

Acknowledgments. A.C. would like to thank Henrique Bursztyn and Rui Loja-Fernandes for conversations
about the contents of this paper. AC was supported by CNPq grants 305850/2018-0 and 429879,/2018-0 and
by FAPERJ grant JCNE E26,/203.262/2017. C.O. was supported by grants 2016/01630-6 and 2019/14434-9
Sao Paulo Research Foundation-FAPESP. C.O. would like to thank the Institute of Mathematics of the
University of Antioquia - Medellin for the hospitality while part of this work was carried out. In particular,
C. O. thanks Pedro Hernandez Rizzo and Omar Saldarriaga for all the support which made possible a
research visit to Medellin during the second half of 2019.

1.1. Simple quotients and basic differential forms

Let X be a manifold. Given a regular foliation F on X, we denote by TF C T'X the integrable regular
distribution given by the tangent spaces to the leaves of F. We recall that a foliation is simple if the leaf
space X/F admits a smooth structure such that the quotient map

q: X = X/F

defines a surjective submersion. In this case, the smooth structure on the quotient is unique.
Conversely, given a surjective submersion

qg: X —-X

with connected fibers, there is an induced simple foliation F := F(q) given by the g¢-fibers such that
X = X/F(q). In this case, we say that ¢ defines a simple quotient of X. The information behind a simple
quotient of X is encoded uniquely by the underlying foliation F or, equivalently, by the tangent distribution
TF = Ker(Tq).
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A differential form w € Q*(X) is ¢-basic if there exists @ € QF(X) such that
w=q®.

In this case, the k-form @ € Qk(f( ) is uniquely defined by the previous equation. We will sometimes refer
to it as

W = qWw.
Since the fibers of a simple quotient ¢ are connected, a k-form w is ¢-basic if and only if

1. w is g-horizontal: iyw = 0 for all V € Ker(Tq),
2. w is infinitesimally ¢-invariant: Ly w = 0 for all V € X(X) with T'q(V) = 0.

A particularly interesting situation arises when w € Q¥(X) has constant rank, meaning that
x — dim(Ker(w|,)),

does not depend on x € X, where Ker(w|,) :={V € T, X : iywl|, = 0}.
In this case, assuming that

Ker(w|,) C Ker(dw|,) Vz € X,

a direct application of the Cartan formula implies that Ker(w) C TX defines a regular involutive distribution
on X. We denote by Fxer(w) the induced foliation on X. Assuming Fpep(.) is simple, defining a simple
quotient ¢ : X - X = X /Fi onto the leaf space, we get that w is automatically g-basic, hence it induces
a k-form g,w on X which has trivial kernel. In this case, we say that w is kernel-reducible.

In this paper, we consider the above simple picture in the cases in which X = E is the total space of a
Lie algebroid and X = G is the space of arrows of a Lie groupoid. In both situations we assume that w and
q are suitably compatible with the underlying structure on X.

2. Quotients of morphic forms on vector bundles and Lie algebroids
2.1. Preliminaries: simple quotients of vector bundles and Lie algebroids

In this subsection, we consider simple quotients in the categories of vector bundles and of Lie algebroids.
We describe the data behind such quotients in terms of “components” which are simpler to deal with.
The general constructions underlying this subsection have been developed in [18] and we extract from that
reference the key concepts and results that we will use in the main body of the paper.

Simple quotients of vector bundles and their components
We begin by defining simple quotients of vector bundles.

Definition 2.1. A simple quotient of a vector bundle £ — M is a vector bundle morphism
(g,qnm) : (B = M) — (E — M)

such that gy : M — M is a surjective submersion with connected fibers and ¢ : £ — E is fiberwise
surjective.
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Notice that gp; can be recovered from ¢ by restriction to the zero section. Also, if we think of the total
spaces as manifolds, then ¢ defines a surjective submersion with connected fibers. We sometimes refer to
the quotient bundle as to

E=q.FE.

The discussion below follows [18, §2.1], and we review the main results to fix notations and ideas. The
simple foliation F(gq) of E given by the g¢-fibers admits a simplified description in terms of underlying
“components”, which we first axiomatize.

Definition 2.2. We say that a triple (qas, K, A) defines quotient data for E — M if:

1. qp : M — M is a surjective submersion with connected fibers onto a manifold M,

2. K C F defines a vector subbundle over M,

3. A is a smooth assignment taking a pair of points x,y € M on the same gs-fiber, qp(z) = qar(y), to a
linear isomorphism

Ax,y : Ey/Ky = Ex/Kx,
satisfying
Az,a: = 'LdET/KT7 Az,y o Ay,z = Az,z-

Notice that the A above can be described as a representation of the submersion groupoid M X z(4,,) M =
M associated to the foliation F(gas) on the fiberwise quotient vector bundle E/K — M. See [18, Def. 2.1.5],
where the pair (K, A) is called a subbundle system in E.

Remark 2.3. The representation A can be differentiated to a partial connection

V : I'(Ker(Tqu)) x T(E/K) = T(E/K),

_ d _ d
Vu((i) = Ele:OAz,y(e)e(y&))v v = @k:oy(e)

which is flat. In this case, we say that V is integrable to a representation of M x F(ga) M. Notice that
the data (qar, K,V) define the distribution TF(q) € TE. Conversely, given (q, K,V) with V a flat
connection as above, they uniquely determine an integrable regular distribution T]:(qM Kx,) C TFE which
is linear, meaning that it defines a sub-double vector bundle of TE, see [18]). The underlying quotient

E — E/F(4.,.k.v) defines a simple quotient of £ — M iff V integrates to a representation of M x z(,,,) M.
Given a simple quotient g of E — M, we define its components to be (gps, K, A) where
K, = Ker(qlp,), Awy = (qlz,mod K;)~" o (q|z,mod K,). (2.1)

It is easy to verify that the components of g define quotient data for £ — M and that, set-theoretically,
the components completely determine the quotient map q.

Conversely, given quotient data (¢, K, A) for E — M, there is an induced foliation F = F, x,a) on the
total space E defined by

E, > e, is on the same leaf as ¢;, € B, <= qu(z) = qu(y) and A, y (e, mod K,) = e, mod K.
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It is easy to verify that this foliation is regular. We sometimes consider the underlying equivalence relation
e ~ ¢ when e,e’ € E are in the same leaf of F.

Example 2.4 (Pullback bundles and K = 0). Given a vector bundle E — M and a simple quotient gas :
M — M, there is a natural set of quotient data (qu, K, A) for the pull-back bundle F := q]*VIE - M,
defined as follows. Recall that, as a set,

ayE={(z,6:) 2 € M, & € Elz, qu(z) = &}.
The quotient data is
K = 0y the zero section, Ay (Y, €q,, () = (2, g () € EqM(y)

so that A gives the natural identification between vector fibers in q}"wEN’. The quotient of q}"wE by the induced
foliation F = F(,,, k,a) yields the original E,

B~ (qyE)/F,

where the identification map is induced by the projection map (,€y,,(x)) F €q (x). Conversely, given
(qar, K, A) with K = 0y, let E = E/ ~ where e, ~ ey < e, = A, ye; for gar(z) = qa(y). Then, there
is a unique vector bundle structure on E over M, with projection [e,] — qas(z), such that

E — ¢ E, e, — (z,[es]) is an isomorphism.
Indeed, M can be covered with domains of local sections o : U C M — M of gy with

o' E = Elg, (& ¢0() = [eo@)-

This last fact follows since, having the reference point o(qa(z)) in the ga-fiber of gas(x) implies e ~

Co(qu(z)) €y Ay o (g (2)) €0 (g (2))- See also [18, Thm. 2.1.2].

Given quotient data (qpr : M — M, K, A) for E — M, applying the construction of the previous example
to /K — M, it follows that the foliation 7 = F(,,, x,a) is simple and that there exists a unique vector
bundle structure on E/F over M such that the quotient map ¢ : E — E /F defines a simple quotient of
E — M with F,,, k.a) = F(q). We summarize the discussion in the following:

Proposition 2.5. ([15]) The assignment taking a simple quotient to its components, ¢ — (qu, K,A) as
defined in eq. (2.1), defines a 1-1 correspondence between simple quotients of E — M and quotient data for
E— M.

Remark 2.6 (Splitting and coordinate description). Notice that when ¢ is a simple quotient of F — M with
underlying components (qas, K, A), then there exists a bundle isomorphism

E~K®&yqy,E,

parametrized by linear splittings of the epimorphism E — E/K ~ q}kVIE. For later reference, we also give
here an explicit description of tangent to the g-fibers, Ker(Tq) C TFE, using adapted coordinates. Given a
basis of local sections {e, : U C M — E}, there is a naturally induced trivialization

¢ :UxR™E) 5 By, (2,u) = uleq(z).
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We choose the basis in the form {e;} U {e,} where the first elements e, span K and that the rest e, are
gr-invariant, meaning e, (z) = eo(y) if qar(z) = qar(y), and induce a basis for F/K. In these coordinates,

Ker(Tqlp),) = Tt ({(a'c,u) e T,U x R™®) . D gu; (i) = 0,0 = 0}) .

Remark 2.7 (Basic vector bundles vs. basic differential forms). For a vector bundle to be “gps-basic” (as
in Example 2.4) the infinitesimal condition of having a flat connection along the gps-fibers is not enough,
one needs the representation A of the submersion groupoid M X z(,,,) M which allows to identify different
fibers. For functions or differential forms, the criterion is simpler: since the g;-fibers are connected, it is
enough to verify it infinitesimally through contraction and Lie derivative as recalled in Section 1.

We now provide some examples to be used later.
Example 2.8. Given a surjective submersion ¢p; : M — M and taking E = TM, we describe here quotient
data for F such that the corresponding quotient yields E2 = T'M. To this end, we consider K = K er(Tqn) C
TM and we notice that E/K ~ ¢}, (TM) where the identification is given by

€x mod KeT(quM) = (vaIQM(ez))v ez € T:I:M

Using this identification, we induce a A" from the one given on q}k\/I(TM ) in Example 2.4. We denote the
corresponding simple quotient by

q%; : TM — TM.

Example 2.9. The dual picture of the previous example goes as follows. Given a surjective submersion
qu : M — M, we consider E = Ann(Ker(Tqp)) € T*M the annihilator of the gps-fiber directions. We

take K = 0ps C E the zero section and notice that E ~ ¢}, (T*M) where the identification is given by
A qiyd, a €T M.

Using this identification, we induce a A”" from the one given on qj‘w(T*M ) in Example 2.4. We denote the
corresponding simple quotient by

¢4, - Ann(ker(Tf)) — T* M.

Now we proceed to discuss how the quotient of vector bundles described before can be extended to
morphisms.

Definition 2.10. Let (g5, gar;) be a simple quotient of E; — Mj, for j = 1,2. We say that a vector bundle
morphism

(@,9) : (B — M) — (Ey — Ma)
is (q1, g2)-basic if there exists a vector bundle morphism

(®,0) : (1)« Er — (q2)«Eo

such that g 0 ® = d o gy.



A. Cabrera, C. Ortiz / Differential Geometry and its Applications 83 (2022) 101898 9

In this case, the morphism & is unique and we denote it by

o = (ql,QQ)*(I).

We now characterize basic morphisms in terms of the underlying components (qas, : M; — Mj, K;, AY) of
qj, for j =1,2.

Lemma 2.11. With the notations above, a morphism (®,¢) is (q1, q2)-basic iff
1. o(F(qn,)) C F(qu, ), uniquely defining a map é: My — M, via

qM2o¢:¢ZOqM17

2. ®(K,) C Ky so that there is an induced vector bundle morphism ® : (E1/K,) — (Eo/K>) covering ¢,
3. ® commutes with the A’s:

PoA,, = Ai(z),q&(y) o ®, whenever qur, (z) = qur, (v)-

Moreover, since the qpr-fibers are connected, (3.) above is equivalent to its infinitesimal version: PoV!—
(¢*V?)o® = 0, where V* denote the differentiation of AF, for k = 1,2, as in Remark 2.3, and we denoted
D : T, (B /K1) — T, (¢*(FBa/Ko)) the induced map on sections and ¢*V? the pullback connection.

Remark 2.12 (About the rank of ®). Using the formula rk(g o f) = rk(f) — dim(Ker(g) N Im(f)) for
composition of linear maps, we obtain that the rank of ® at a point q1(x) is given by

kg, (2)(®) = 7k (P) — dim(K2|g(s))-
In particular, if ® has constant rank, then ® has constant rank.

We end this subsection by introducing a notion that will be used in the sequel. A section e € T'(E) is
called g-invariant for a simple quotient ¢ with components (qpr, K, A) if

Ay 2(ex mod K;) = ey mod K, whenever qur(x) = qun(y).

Notice that a section e € T'(F) is ¢g-invariant if and only if there exists a section € € T'(F) of the induced
quotient bundle E = ¢, F such that

ex mod Ky, = €q,,(z), under (E,/K,) ~ E

g ()
An invariant section e determines a quotient section € uniquely, and we write
€ = gxe€.
For each é there exists at least one invariant section e descending to €.
Remark 2.13. For every point in M, there exists a neighborhood supporting a local basis of sections of

FE formed by g¢-invariant elements. This follows directly from the local description in Remark 2.6 and by
observing that sections of K are always g-invariant, indeed projectable to the zero section of E.
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Simple quotients of Lie algebroid structures and morphisms

Recall that a Lie algebroid structure on a vector bundle £ — M consists of a vector bundle map
p: E — TM (over idys) called the anchor and a Lie bracket [-,-] : T'(E) x ['(E) — I'(E) satisfying the
Leibniz identity

le1, fea] = fler, ea] + (Lyge,) f)ez,
for every e1,eo € I'(F) and f € C®°(M).
A Lie algebroid structure will be denoted by A and we should think of this as a triple A = (E, p, [+, ]) as
above. Hence A is regarded as an additional geometric structure on the vector bundle £ — M.
In this paper we are concerned with vector bundles F equipped with suitably compatible geometric
structures which are basic with respect to simple quotients of E. From this perspective, we proceed now to

introduce the notion of a basic Lie algebroid structure on a vector bundle.
Consider a Lie algebroid structure A on the vector bundle E — M and a simple quotient g of £ — M.

Definition 2.14. We say that A is ¢-basic if there exists a Lie algebroid structure A on E = ¢,F such that
the quotient map ¢ defines a Lie algebroid morphism. In this case, we also say that ¢ : A — A defines a
simple quotient of A.
In such a case, A is unique and we shall refer to it as to
A=gq.A

The following result characterizes when A is basic in terms of the components of q.

Proposition 2.15. ([15]) Let q be a simple quotient of E — M with components (qar : M — M, K,A) and
A be a Lie algebroid structure on E — M. Then, A is q-basic iff

1. the anchor p: E — TM is (q, q%;)-basic, where ¢4, : TM — TM was defined in Example 2.8;
2. if e € T'(E) is g-invariant and k € T'(K), then [k, e] € T'(K);
3. if e1,eq € T'(E) are q-invariant, then [e1,es] is also g-invariant.
In this case, the quotient algebroid structure q.A is characterized by
1. the anchor map is p: E — TM defined by
plez mod K;) = p(ex) mod Ker(Tyqnr). (2.2)

2. the Lie bracket [,] ; is defined as follows: for each pair of sections €; € T'(E), j =1,2,
[1,E2] 1 = q«[e1, e2] (2.3)
for any pair of q-invariant sections ey, ez € I'(E) such that g.e; = €;, 7 =1,2.

The pair (K,A) in the quotient data making A basic is called an ideal system in [15]; the previous
Proposition is just a re-phrasing of their result in terms of our terminology.

Remark 2.16. We give some remarks below:



A. Cabrera, C. Ortiz / Differential Geometry and its Applications 83 (2022) 101898 11

o Let A be g-basic and denote (g, K, A) the components of g. Then, ¢ defines a fibration of Lie algebroids
as in [18, Def. 4.4.1] for which the gps-fibers are connected. Also, Ker(Tq) C T A defines a morphic
subbundle in the sense of [17]. In particular, K C A defines a Lie subalgebroid over M. Notice, however,
that the vector bundle E/K — M does not inherit a Lie algebroid structure in general.

+ Recall (e.g. from [15]) that given a surjective submersion qp; : M — M and a Lie algebroid structure A
on E — M, there is a pullback Lie algebroid structure q!Mfl with underlying vector bundle

(a1, P)'E = {(v,6) e TM x E : Tqpr(v) = p(€)} CTM x E

and the Lie algebroid structure qﬂwfl is induced from the product TM x A. Let ¢ : A — A be a simple
quotient of a Lie algebroid A. Then, the map

v A= gy A e (ple),qle)

defines a Lie algebroid morphism. This map ¢ is an isomorphism iff p|x : K — Ker(Tqy) is an
isomorphism of vector bundles over idp; (cf. [1, Lemma 3.5]). In this case, we will say that ¢ is of
pullback type. Notice that, given a simple quotient gps : M — M of M and A a Lie algebroid over M,
the natural map

q:q}\/[fi—)jl

defines a simple quotient of pullback type, and p|;(1 (v) = (v,0) defines a natural injective morphism
Ker(Tqy) — ¢y A.

Finally, we consider quotients of Lie algebroid morphisms which will play a key role in our description
of morphic forms on Lie algebroids. The following result can be deduced from [18, Thm. 4.4.3].

Proposition 2.17. Let (q;,qn;,) be a simple quotient of E; — M; and A; be a q;-basic Lie algebroid structure
on Ej — Mj, for j =1,2. Let (®,¢) : E1 — E5 be a vector bundle morphism. If ® defines a Lie algebroid
morphism Ay — Ay and @ is (q1,q2)-basic, then (q1,q2)® defines a Lie algebroid morphism (q1).A1 —
(q2)+ Az between the quotient algebroids.

2.2. Characterizing basic morphic forms on Lie algebroids

Let E — M be a vector bundle. A k-form w € Q¥(E) is called linear if
W = Aw, VA eR,

where h) denotes fiberwise scalar multiplication by A on the fibers of E. Notice that the exterior differential
dw of a linear form w is again a linear form.

Example 2.18. Consider the vector bundle
p: E=AT"M—> M
whose sections are k-forms on M. This bundle comes with a tautological k-form 6, € QF(E) defined by
Okla(Vi, .., Vi) = a(Tp(Vh), ..., Tp(Vi)), a € AFT*M, V; € T,(A*T*M), j=1,.... k.

It is easy to see that 60y is a linear k-form. As a consequence of the previous observation, the canonical
symplectic form weq, = df; € Q?(T*M) is linear.
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One easily observes that linear forms can be pulled back along vector bundle morphisms. In particular, a
vector bundle morphism p : E — A*T* M over the identity on M induces a linear k-form on E, defined by

A, = p*0y, € QF(E).
We now recall the following characterization of linear forms on vector bundles.
Proposition 2.19. (/2]) The assignment
(u:E— AN M E— AFT*M) — dA, + A,
defines a 1-1 correspondence into the set of linear k-forms on E.

As a consequence, a linear k-form w € QF(E) can be written as w = dA,, + A,, for unique vector bundle
morphisms y : E — AF"YT*M,n : E — A¥T* M. We refer to (i1,n) as the components of w. The components

can be recovered from w via the following formulas: for e € E,, vy,...,vx € T, M,
d
,LL(G)(’Ul, AP ,Uk—l) = w|01 (%‘tzo(te), TO(Ul), ‘e ,TO(Uk_l)) (24)
d
n(e)(vs,..., vk) = (dw)lo, (5 le=o(te), TO(v1), ..., TO(ur)) (2.5)

where 0 : M — E denotes the zero section.

Remark 2.20. It is straightforward to verify that, for a linear k-form w with components (u,7n) and any
section e € T'y/(E), then the following holds:

e*w = du(e) +nle) € Q¥ (M).

We now characterize when a linear form is basic for a simple quotient in terms of the underlying compo-
nents.

Proposition 2.21. Let g be a simple quotient of E — M with components (qur, K, A) and let w be a linear
k-form on E — M with components (p,n). Then, w is g-basic iff

1. K C Ker(u) and K C Ker(n),
2. for each g-invariant section e € T'(E), the forms

p(e) € QF1(M), n(e) € Q¥(M) are qar-basic.

In this case, q.w is a linear k-form on the quotient bundle q. E and the components (fi,7) of q.w are uniquely
determined by

fi: B — AN [qhi(g(e))]]e = ple)
i@ B — ATITM  (gigi(a(e)]l = nle) (2.6)

for every e € El;, x € M.

Proof. The statement that w is g-basic can be verified locally around each point of E. Around each point of
E, we can use a coordinate system (x?,u®) of the form given in Remark 2.6, with underlying basis of local
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sections {ex} U {e,} where ej span the fibers of K C F and e, are g-invariant sections. In this system, we
have

w=du® A u(es) +u(duleq) +nleq)), dw = du® Anleq) + udn(e,).

Following Remark 2.6 further, a vector V = (i,4) is in Ker(Tq) iff Tqp () = 0 and 4* = 0, ie. 4 € K.
We then compute
ivw = iFp(er) — du® Nigp(ea) +uiz(dulea) +n(ea)),

ivdw = u"n(er) — du® Aignleq) + uizdn(eq).
Then, the conditions iyw = 0 and iy dw are equivalent to

pler) =0, nlex) =0, izp(eq) =0, izn(eq) = 0,izdu(eq) = 0, izdn(eqs) = 0.

Since any invariant section is locally of the form e = f*e;, + (¢5,3%)ea with f* functions on M and
functions defined on M, the above system of equations is equivalent to statements 1. and 2., finishing the
proof. O

If w has components (u,n) satisfying items 1.,2. as in Proposition 2.21, we say that (u,n) are g-basic and
we denote

(ﬁ7 f]) = G« (/J,, 77)

the quotient components corresponding to @ = q.w.

We now consider a vector bundle p : E — M endowed with an algebroid structure A. Recall that there
is an induced Lie algebroid structure T'A on Tp : TE — T'M called the tangent algebroid structure. The
tangent Lie algebroid structure can be extended to any direct sum of TFEF — T'M with itself. The following
definition is taken from [2] where more details can be found.

Definition 2.22. A linear k-form on E — M is called A-morphic when the map
W T%E =TE®p---opTE -R, Vi,...,Vi » w(Vi,..., Vi)

defines a Lie algebroid morphism with respect to the direct sum Lie algebroid structure T A := TA @4
-+ @4 TA on the domain and the Lie algebra structure R — x on the codomain.

Let w € Q%(FE) be a linear k-form with components (u,7). As shown in [2, Thm. 1], w is A-morphic if,
and only if, the following conditions hold:

ip(el).u(62) = *Z‘p(ez):u‘(el)
u(le1, es]) = Lp(61).u(€2) - Z‘p(ez)d.u(el) - Z‘p(ez)n(el)
n(lers e2]) = Lye,yn(€e2) — ip(e,)dn(er), (2.7)

for all e1,eo € I'(E). A pair of vector bundle morphisms (p, ) satisfying the equations (2.7) is called an IM
k-form on A.
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Remark 2.23 (Restricting morphic forms). Let E' C E be a subbundle over M together with a Lie subal-
gebroid structure A’ € A. An A-morphic k-form w on E can be restricted to E’ yielding an A’-morphic
k-form «’. If (i, n) are the components of w, then the components (1',n’) of w’ are given by the restrictions
u|gr and | g/, respectively.

The following result states that being morphic is preserved under simple quotients.

Theorem 2.24. Let E — M be a vector bundle and q a simple quotient of E — M. Let A be a Lie algebroid
structure on E — M and w a linear k-form which is A-morphic. If A and w are q-basic, then g.w is (g« A)-
morphic. In particular, the quotient components (fi,7) underlying q.w, which are given by (2.6) in terms of
the components of w, satisfy the IM equations (2.7) defining an IM k-form on g, A.

Proof. The proof consists of applying Proposition 2.17 to the algebroid morphism w. To this end, we will
show the following steps:

1. ¢ induces a simple quotient
G:TYE - TE, (Vi,..., Vi) = (Tq(V1),...,Tq(Vk)),

where F = ¢, F;
2. the Lie algebroid structure T9*A on T®*E is ¢-basic and

s (T@kA) — TEBk/L

where A = ¢, A is the quotient Lie algebroid structure;
3. since w is g-basic, then w seen as a vector bundle morphism is (g, idg )-basic;
4. (4,idg)w = (g.).
When the above steps are proven, the present Proposition follows directly from Proposition 2.17 applied to
the algebroid morphism w : T9*A — R.

Ttem (1.) follows directly from the split normal form of E relative to ¢ in Remark 2.6.

For item (2.), we will follow the computations in [2] involving tangent lifted algebroid structures. We
first argue that if A is g-basic, then T'A is T¢-basic. Since this statement is of infinitesimal nature, we can
restrict to a local chart (z¢,u®) of F as in Remark 2.6, where the underlying local basis of sections of E is
split as {e,} = {ex} U {eq}, with ey spanning K C E and e, being g-invariant. Given any (local) section e
of E, there are induced sections, é,Te : TM — TFE, locally defined by

ba(2,2) = (z,0,u = 0,u" = 6°), Teq(x,2) = (x,&,u’ = 65,1 = 0),

where (z, %, u, %) are the natural induced local coordinates on TE.
The Lie algebroid structure TA on TE — T M, with anchor denoted pr4 and bracket [, |74 is uniquely
characterized by the local expressions

pTA(éa) = pgaz'iv pTA(Tea) = pgarf + xz(amfpzz)amﬂa

[aséb]Ta =0, [Teq,eplra = Corée, [Teq, Teplra = CoyTe + (0, CE,)é.

a a

where p(e,) = pi 0, and [eq, 5] = CSe. define the local structure functions of A. See details in [2] and
references therein.
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Splitting the ¢ coordinates into {y'} U {#"} so that ¢as(z) = Z, then ¢ is uniquely defined by

q(ex(r)) = 0, glea(r)) = €a(2),

where é, is the induced local basis of sections for £ — M. With these notations, and the characterization
in Proposition 2.15 of the g-basic algebroid structure A (re-expressed in the present coordinates), it follows
directly that T'A is T'g-basic. Next, it is also immediate from the coordinate characterization of the algebroid
structure T®*¥ A given in [2, §3.2], that item (2.) holds.

For (3.), we need to show that the items in Lemma 2.11 hold for w : T®*E — R (whose base map is
TP M — %) with respect to the pair of simple quotients (¢, idg ). These boil down to,

(3a.) w(Vi,..., Vi) = 0 when Tq(V;) = 0 for all j,
and
(3b.) w(Va,..., Vi) = w(V7, ..., V{) when Tq(V;) = Tq(V;) for all j.

Now, both (3a.,3b.) follow directly from w = ¢*@ being g-basic by hypothesis.
Finally, for item (4.), we use the characterization of the quotient morphism ® := (4, idg ).w (see Defini-
tion 2.10) yielding ® o § = w, so that

(I)(TQ(‘/I)7 ce qu(Vk)) = C_‘J(Vla S Vk)

Using w = ¢*@ by hypothesis, we see that (§,idr).w = @ as wanted. This finishes the proof of the theo-
rem. O

Example 2.25 (Basic k-forms as basic IM k-forms). Let qpr : M — M be a surjective submersion with
connected fibers and consider ¢4, : £ :=TM — T M the induced normal simple quotient described in
Example 2.8. A closed k-form wy; € QF(M) can be seen as an IM k-form y := W, : TM — A*=1T*M on
the tangent algebroid A = T'M. Following Proposition 2.21, it is immediate to verify that the IM k-form
w?\/f is gjy;-basic iff wys is gar-basic in the standard sense. In this case, the quotient IM k-form q.p = fi is

given by &%, where wy = ¢},

Example 2.26 (Quotient of G-equivariant IM 2-forms). Let G be a Lie group and E — M be a G-equivariant
vector bundle equipped with a G-invariant Lie algebroid structure A. Suppose that p: E — T*M is a G-
equivariant IM 2-form, where T* M is equipped with the cotangent lift of G ~ M. It was shown in [3] that u
can be reduced to an IM 2-form on a quotient Lie algebroid of the form B/G, for a certain Lie subalgebroid
B of A. Here we explain how this reduction procedure involves, as one of its steps, the quotient procedure of
Theorem 2.24. For that, assume that G acts freely and properly on M, so we have a surjective submersion
qu : M — M/G = M defining a principal G-bundle. In this case, one has that ker(Tqy) is given by
the infinitesimal action of g = Lie(G) at each point of M and the cotangent lifted action G ~ T*M is
hamiltonian with moment map j : T*M — g* given by the dual of the infinitesimal action map. In [3], it is
proven that the composition J := jou : E — g* is a Lie algebroid morphism and that, whenever smooth,
(E' .= J7Y0) = M) C (E — M) defines a Lie subalgebroid B of A. Since i is G-equivariant, then B
carries a canonical G-action which induces a simple quotient ¢ : E' — E = J~1(0)/G with components
(qar, K = 0,A) where A is given by the G-action on ¢s-fibers. Moreover, B is g-basic. In this setting, the
restriction pp = u|p : B — T*M automatically defines an IM 2-form (up,n = 0) on B (see Remark 2.23)
with the following properties:
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1. im(pp) C Ann(ker(T'qpr)) = J1(0),
2. up seen as a vector bundle map B — Ann(ker(Tqps)) is equivariant with respect to the given A on B
and to the conormal A”" on Ann(ker(Tqy)) given in Example 2.9.

Following Proposition 2.21, it is immediate to show that (up,0) is g-basic. By Theorem 2.24, the quotient
¢«(up,0) defines an IM 2-form for the quotient algebroid structure B = ¢, B on (E = J~1(0)/G — M/G). It
is straighforward to check that this quotient IM 2-form coincides with the reduction of u by G as described
in [3].

2.8. Constant rank morphic forms and quotient by their kernels

In this subsection, we consider morphic forms of constant rank satisfying extra regularity conditions and
proceed to obtain simple quotients by their kernels. We only consider the case of linear k-forms with k& > 2,
as the other cases k = 0,1 only yield trivial quotients due to linearity.

The main object of study in this subsection is given in the following definition

Definition 2.27. A linear k-form w on £ — M with k£ > 2 is called kernel-reducible when

1. Ker(w) C TE has constant rank as a distribution on E,

2. Ker(w) C Ker(dw),

3. the quotient map ¢ := gger(w) into the leaf space of the foliation integrating Ker(w) C TE defines a
simple quotient of £ — M.

It is clear from the definition that a kernel-reducible k-form w is always gger(w)-basic, hence defining
a linear form ggep(w)sw ON @ger(w)«E. Denoting (u,7) the components of w, we also say that (u,n) is
kernel-reducible when w is.

We begin by characterizing when a linear form has constant rank and when the condition Ker(w) C
Ker(dw) holds (see Section 1), in terms of the components of w.

Lemma 2.28. Let w a linear k-form on E — M with components (p1,n), k > 2. Then, w has constant rank
iff the following conditions hold:

1. p: B — A*1T*M, as a vector bundle morphism over idys, has constant rank;
2. the vector bundle morphism over idy; given by

Pt TM — E* @ A*72T* M, 1f(v)(e,v1,. .., vp—2) = p(€)(v,v1,. .., v_2), €€ Eyv,v; € Ty M,

has constant rank;
3. iy (du(e) +n(e)) € T(Im(w)) for every v € T(Ker(ut)) and e € TE.

In this case, Ker(w) C Ker(dw) iff the following hold:

4. Ker(u) C Ker(n) and Ker(p*) C Ker(n®);
5. Ker(u*) € TM is involutive as a distribution on M;
6. the partial connection defined by

V :T(Ker(p") x T(E/Ker(u)) — T(E/Ker(n)), p(Vo(e mod Ker(n))) = iydu(e),

is flat;
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7. if Vy(e mod Ker(u)) =0 then iydn(e) = 0.

Proof. We begin with the conditions 1.- 3. for w having constant rank. At a point 0, € FE, the tangent
space Ty, E splits naturally as

d
E.oT,M~T, E,(e,v) — Ehzo(te) + T0(v),

where 0 : M — E denotes the zero section. Using this decomposition, it follows from the definition of (u, )
that (see also eq. (2.9) below)

To, E D Ker(wlo,) ~ Ker(ulg,) ® Ker(u¥|r, ). (2.8)

Let us now show that when Ker(w) has constant rank, then Ker(u*) has constant rank, following an
argument in [16, Lemma 3.5]. We observe that Ker(uf) is given by the intersection of two subbundles,
Ker(w) and the tangent to the zero section T0(T'M), inside T E|oas). Since w is linear, it is easy to verify
(see formulas below) that if V' € Ker(wl|.), e € E, then its projection T'p(V') € TO(T'M) is in Ker(w|op(e)))
where p: E — M is the bundle projection. From this follows that Ker(u¥) is smooth as a distribution, i.e.
every element in Ker(u*) can be extended to a smooth section of TE|q(yr) which takes values in Ker(uf).
A general result states that, when the intersection of two subbundles is smooth, then the intersection has
constant rank. This shows that Ker(u*) has constant rank, and by (2.8), then Ker(u) has constant rank as
well. This proves that Ker(w) having constant rank implies (1.,2.).

We now consider a point ey € F away from 0(M) and study the rank of Ker(wl.,). To that end, take a
coordinate chart (U C M, z7) around zg := p(e) and a local basis of sections {e, : U — E} defined around
xo. With respect to these coordinates, E|y ~ U X R"*(E) as in Remark 2.6, inducing coordinates (27, u®)
on E|y. In these coordinates, the linear form w reads

wlpl, = du® A pleq) +udp(eq) +un(eq),

where p(ey),n(eq) € Q(U) are seen as basic forms on E|y — U. A tangent vector T.E 3 V ~ (v,4) €
TpeyU % R7*(E) satisfies iy w = 0 iff

ivu(ea) =0, Va; ﬂau(%) = —uy (d:u’(ea> + n(ea))' (29>

Notice that the decomposition (2.8) becomes transparent from the above coordinate expression taking
u® = 0 for every a. As a consequence of eq. (2.9), the rank of Ker(w|.) is equal to the rank of Ker(wlo(pe)))
for each e € E|y iff

iv(du(ed) +n(ed)) € Im(plg,,.,, ), Va,Yv € Ker(u).

Since {e,} spans a local basis of sections of E and i,u(e) = 0 for v € Ker(u), then the above equation is
equivalent to condition (3.) for arbitrary sections e. These arguments show that Ker(w) having constant
rank is equivalent to conditions (1. — 3.).

For the second part, let us assume Ker(w) C Ker(dw) and recall from Section 1 that Ker(w) C TFE
defines an involutive distribution on E. We observe that, in the coordinates (27, u®) used above,

i,)dw =0 <= iyn(eq) = 0,Ya; 4*pleq) = —ui,(dn(es)).

Then, Ker(uf) C Ker(n*) and, from the case u® = 0, Ker(u) C Ker(n), showing item (4.) in the Lemma.
With these conditions, eq. (2.9) reduces to
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ivii(eq) = 0,Va; 1*p(eq) = —u® iydu(eq).

Now, let us discuss the partial connection V of point (6.). It is clear from the definition that V is a derivation
on its second argument. Suppose that the basis {e,} is taken as in Remark 2.6 so that the first rk(Ker(u))-
elements define a basis of Ker(u) and use the index {e,} for the other elements, which span a complement
to Ker(u). Notice that this means that {u(e,)} C Q(U) is linearly independent and {e,} induces a basis
of sections for E/Ker(u). In the induced coordinates for F|y, we can thus write the Christoffel symbols for
V as

Veea = vjfgj(x)e/g, djéy Ungju(e/g) = iydu(eq), Va.
We now use them to characterize the kernel of w||,,. For each v € Ker(p*|;), « € U, and each u, we define
(z,u,v) = 0*(z,u,v) = —uﬁvjl"gj(x),
and take the 4 corresponding to the first Ker(u)-indices a arbitrarily (e.g.: equal to zero). Then,
w00 @] (@) = 0, V(z,u) € Ely,v € Ker(p|,),

because of the updated version of eq. (2.9) above and the definition of V.

With these computations, to see that Ker(uf) C TM is involutive, we take two sections vi,vy €
['(Ker(u*)) seen as vector fields and we want to check [vy,v2]|, is in Ker(u?). In our coordinate chart,
we can extend vy to a vector field Vi(x,u) = (vg(x), u(x, u,vi(z))) € Ker(w|g, ),k = 1,2, as above. Since
Ker(w) is involutive, 4y, v,jw = 0. As stated before, the linearity of w implies that Tq([Vi, V2]) € Ker(u®).
But, by the construction of Vi’s, Tq([V1, Va])|z, = [v1,v2]|xe, thus finishing the proof of (5.).

To prove (6.), we take V1, V5 as above and use the fact that [V1, V2] € Ker(w|g,, ). Writing

[Vla ‘/2] = ([vlav2]7Z)7 then Zﬁﬂ(eﬁ) = 7uai[v1,v2]d:u‘(ea)v Yu,

as a consequence of the updated eq. (2.9). By direct computation of Z using Lie brackets, the above equation
results equivalent to

_?vlﬁvgea + ?vgﬁvl €a = _?[vl,vﬂeavvoﬁ

showing that V must be flat as in (6.).

To prove (7.), the idea is to take the basis elements {es} to be V-flat, which is now possible by (6.). With
this choice, 4%(z,u,v) = 0 (equiv. I'g; = 0). Since (v, u(x, u,v)) € Ker(w|g|, ), by hypothesis we must have
i (v,0(z,u,0))dw = 0. By our coordinate expression for Ker(dw) above, this last condition is equivalent to

u%iydn(eq) = 0, Vu.

Since i,n(e) = 0 for v € Ker(u*) C Ker(n*), we get that (7.) must hold for all sections e.

Finally, the converse implication (1.-7.) = Ker(w) C Ker(dw) follows directly from the local expressions
by considering, at each point, a coordinate chart U adapted to the foliation defined by Ker(u!) and a flat
basis {en} of E/K|y as above. O

Remark 2.29. The triple (qys, Ker(u), V) defines an infinitesimal ideal system for E — M, seen as a Lie al-
gebroid with the zero anchor and bracket, as defined in [17]. The corresponding linear involutive distribution

is Ker(w) (see [17, Thm. 4.5]).
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We collect the conditions of the previous Lemma into a definition.

Definition 2.30. Let w a linear k-form on E — M with components (u,n), with k& > 2. If w satisfies all the
conditions in Lemma 2.28, we say that w is (equiv. its components (u, 7)) are) infinitesimally kernel-reducible.

Observe that, when w is kernel-reducible thus defining a simple quotient gx ., () = (¢, qar), the foliation
Fur = Flqu) integrates Ker(u!) € TM and the components (qas, K, A) of QK er(w) satisfy: K = Ker(u)
and A integrates V as in Remark 2.3.

Proposition 2.31. Let w be a linear k-form on E — M with k > 2. Then, w is kernel-reducible iff w is
infinitesimally kernel-reducible, the foliation Fyr integrating the involutive distribution Ker(u*) C TM is
simple and the flat partial connection V integrates to a representation A of M xx,, M on E/Ker(u) (see
Remark 2.3). In this case, w is GKer(w)-basic and G er(w)«w has trivial kernel.

Proof. The implication = follows from Lemma 2.28. For the converse, denote ¢ the simple quotient of
E — M defined by the quotient data (gp, K = Ker(u),A). By Lemma 2.28 and the definition of being
kernel-reducible, we only need to show that Ker(Tq) = Ker(w).

Around each point in F, we can use the adapted-coordinate description of Ker(w|g,) used in the proof
of Lemma 2.28, yielding

Ker(w|p,) = {(¢,1) € T,U x R"™*®) 4 € Ker(uf), 0 = 0},

where the fiber coordinates u® are defined using local basis of sections {e,} of E|y for which the first
rk(Ker(u))-elements span Ker(u) and the rest, which are denoted {e,} and induce a basis of E/Ker(u),
are taken to be V-flat. In these coordinates, K = Ker(u) is defined by u® = 0, Va.

Using the same set of coordinates, recalling that Ker(u!) = Ker(Tqy) by hypothesis, it follows from
the coordinate description given in Remark 2.6 for Ker(T'q), that Ker(w) = Ker(Tq) as wanted. O

For the reader’s convenience, we summarize the conditions for w to be kernel-reducible in a non-redundant
list.

Corollary 2.32. Let w be a linear k-form on E — M with components (u,n). Then, w is kernel-reducible iff
the following hold:

1. p: E — A*=YT*M has constant rank as a vector bundle morphism over idys

2. there exists a simple quotient qar - M — M such that Ker(u*) = Ker(Tqpy)

3. Ker(p) C Ker(n) and Ker(Tqur) C Ker(n?)

4. there exists a representation A of M X r(q,,y M on E/Ker(u) (see Remark 2.3) such that

_ d
le=0Az(0),z(e)€(x(€)) | where v = —[c—ox(€)

iydpu(e) o

=:Vyela(o)

for alle e TE and v € Ker(Tqu), where € := e mod Ker(u) is the induced section of E/Ker(u).
5. if Ve =0 then iydn(e) = 0.

Notice that, when they exist, both ¢y and A are fully determined by w, hence they are unique.
We now consider a Lie algebroid structure A on £ — M and study when it is basic for the kernel of w.
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Theorem 2.33. Let A be a Lie algebroid structure on E — M and w a linear k-form on E — M, k > 2.
If w is A-morphic and w is kernel-reducible with underlying simple quotient ¢ = qxer(w), then A is q-basic.
In particular, q.w defines a q. A-morphic k-form with trivial kernel: denoting (fi,7) the components of g.w,
defined by eqs. (2.6) in terms of the components of w, then

Ker(ji) =0, Ker(i*) =0 and (ji, 7)) satisfy the “IM” equations (2.7) for q.A.

Proof. We need to verify that A and ¢ satisfy conditions (1.-3.) in Proposition 2.15, saying A is g-basic, as
a consequence of w being A-morphic. We recall that w being kernel-reducible implies that the quotient data
(qum, K, A) underlying q¢ = qger (. satisfies

Ker(Tqy) = Ker(p*), K = Ker(p), A integrates V,

where V is defined in Lemma 2.28. Moreover, from Proposition 2.31, we know that w is g-basic and we
denote (fi,7) the components of g.w. The fact that ¢.w has trivial kernel is general (see Section 1), from
which we obtain Ker(ji) = 0 and Ker(i*) = 0.

The first point (1.) in order to show A is g-basic is equivalent to:

(1a:) p(K) C Ker(Tqn) and (1b:) p(e) is gy,-invariant for each g-invariant e € I'(E).

(Recall the definition of ¢4, from Example 2.8.) For k € K, e € E,, then

1 (p(k))(€) = ipqiy(e) = —ipeyplle) = 0.

This shows (1a.): p(K) C Ker(u*) = Ker(Tqur).

Ttem (1b.) requires more refined examination of the underlying geometry. Around each point in M, we
can take a foliated chart U = F x U so that ¢y is the projection onto U. In this chart, for a g-invariant
section ey, we write

Taup(erls) = 7' (x)v;, for v; € X(U) a local basis and r* € C*(U). (2.10)

With this notation, (1b.) is equivalent to the functions r* being independent of the F-coordinates: dpr® =
0Vi. We now characterize g-invariant sections further. Denoting (¢, qas) : (E — M) — (E — M) the simple
quotient defined by the kernel of w, we choose a bundle isomorphism

E~K®y q}k\/[E,
under which g-invariant sections must be of the form
e=k+qjéfor ke Ty (K)and é = g.e € T 7 (E).
For such a ¢-invariant section e, since w is kernel-reducible,
p(e) = arri(€), nle) = qarii(e).

We now take e, ez g-invariant sections, and use the second IM equation in (2.7) for the components
(,m) of an A-morphic form, to get

uller, e]) = dipgs,e0) @heii(e2) + Z, where Z € C(M) @ g3, (M), (2.11)
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and we have used p(K) C Ker(u*) C Ker(n*). We can write
le1,ea]lz = c*(x)eq|s, for e, being invariant sections. (2.12)

(Every section is locally a C'*°(M)-linear combination of g-invariant sections, see Remark 2.13.) Restricting
to a foliated chart U C M, this expression and eq. (2.10) imply

dpr® A @liyifi(é2) + Z' = 0, where Z' € C°(U) @ ¢, Q(0).

The first term above is the only one with a factor on Q!(F), so it should vanish independently. We also
know that the above equation holds for every g-invariant section ey and that Ker(jif) = 0. It follows (e.g.:
using local coordinates on F) that dpr® = 0 Vi, thus proving (1b.).

The item (2.) in Proposition 2.15 reads:

if e is g-invariant and k € I'(Ker(u)) then u([k, e]) = 0.

Using the second IM equation in (2.7), we compute

u(lk, €l) = Ly aari(€) + 0,

where we have used Ker(u) C Ker(n). Now, the r.h.s. is zero since p(k) € T'(Ker(Tqa)) by (1a.), thus
proving (2.).
Finally, item (3.) in Proposition 2.15 reads:

if e1, e9 are g-invariant, then [e1, es] is g-invariant.

Using: a foliated chart U = F x U as above, the second IM equation in (2.7) once more and items (1a.,1b.)
proven above, we get

u(ler, ea]) € g3, 0,

which shows that [e1, ea] is g-basic, as wanted. The fact that A is ¢g-basic is thus proven.
Now that we know that A is g-basic, since w is also g-basic by hypothesis, Proposition 2.24 implies that
gxw is morphic for ¢, A. O

3. Quotients of multiplicative forms on Lie groupoids and their Lie theory

We state some conventions to be used through this section. For a Lie groupoid G = M we denote by
s its source map, 7 its target map, inv(g) = g~! the inversion map and 1 : M — G the unit map. The
multiplication map is denoted m(g, h) = gh and defined when s(g) = 7(h).

We denote A = Lie(G) the associated Lie algebroid structure on the vector bundle

Eq = Ker(T's|y(ay) — M,
where we identify sections of Fg with right invariant vector fields on G. The anchor map of Lie(G) is given

by p(e) = T1(e) for e € Eg.
Given a Lie groupoid morphism
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we denote the associated vector bundle morphism as
(Lie(F), f): (Eg — M) = (Ea — M), Lie(F)(e) = TF(e), e € Ker(Ts|i)) € TGl
which defines a Lie algebroid morphism Lie(G) — Lie(G).

A preliminary technical result
Before beginning our study of quotients of multiplicative forms, we briefly describe a technical result that
will be used in the main results.

Lemma 3.1. Let G = M be a Lie groupoid and F : (G = M) — (R =2 x) be a groupoid 1-cocycle seen as
a morphism onto the Lie group R over a point x. Denote £ = Lie(F) : (Eq — M) — (R — x) the induced
algebroid 1-cocycle.

1. for any smooth curve g : [0,1] — G such that s(g(t)) is constant then,

F(g(t)) = +/£ TR ) g ( ) ds.

2. if (R = N) C (G = M) is a Lie subgroupoid with connected source fibers and Lie(F)|g, = 0 then
F|r=0.

Proof. For (1.), we note that F(g(t+¢)) = F(g(t+¢)g(t)"1g(t)) = F(g(t+e€)g(t)~1)+ F(g(t)). Taking d/de,
using the definition of £ = Lie(F) and the fundamental theorem of calculus for t — F'(g(t)), we obtain the
desired formula. For (2.), let » € R. Since R is source-connected, there exists a smooth path = : [0,1] — R
such that r(1) = r, r(0) = 1(s(r)) and s(r(t)) is constant. Notice that, since R C G is a Lie subgroupoid,
TR,.1)-13%r(t) € (Er — N) C (Eg — M) for all t. Using item (1.), we obtain

F(r(1)) = —|—/é~ TR )~ 1—T(t)) dt =0,
0

where the first term vanishes for being a 1-cocycle evaluated at a unit and the second by the hypothesis
Lie(F)|Ll-e(R) =0. O

3.1. Simple quotients of Lie groupoids

We begin with the definition of a simple quotient which takes into account the Lie groupoid structure.
Definition 3.2. A simple quotient of a Lie groupoid G = M is a Lie groupoid morphism
(@.qn) : (G = M) — (G = M)

such that:

1. qps is a surjective submersion,
2. the map

G = G5 xqy M ={(g,2) € GxM:5() = qu(x)}, g (alg),s(q))
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is a surjective submersion,
3. both the gp/-fibers and the g-fibers are connected.

Conditions 1. and 2. above say that q : G — G is a Lie groupoid fibration as in [18, Def. 2.4.3].
Condition 8. is added in order to characterize basic differential forms on G in terms of infinitesimal data,
as in Section 1. Notice that, since qs is a surjective submersion, then the projection G ; Xau M — G is
a surjective submersion. Thus, q is also a surjective submersion. Also notice that condition (2.) is stronger
than requiring q to be a surjective submersion and that it generalizes the “fiberwise surjective” condition
appearing for simple quotients of vector bundles (see Section 2.1). We sometimes denote the quotient Lie
groupoid by

G =q.G.

Remark 3.3. Just as a simple quotient of a vector bundle is completely determined by its components, a
simple quotient ¢ of a Lie groupoid G = M is also characterized by components (gas, IC, ) which define a
normal subgroupoid system as introduced in [18, Def. 2.4.7]. Nevertheless, these components will not play a
role in the paper so we will not go into the details of this aspect of simple quotients of Lie groupoids.

Lie theory of simple quotients. Given a simple quotient q of G = M, then the induced vector bundle
map Lie(q) : Eq — Eg defines a simple quotient of (Eg — M), the Lie algebroid structure Lie(G) on Eg
is Lie(q)-basic and Lie(q), Lie(G) = Lie(G) (see [18, Thm. 4.4.7]). Conversely, if ¢ defines a simple quotient
of a Lie algebroid A, we say that ¢ is integrable to a simple quotient if there exist a Lie groupoid G = M

and a simple quotient q of G = M such that
Lie(G) =~ A, Lie(q) ~q.

In this case, we say that (G = M, q) yields a simple quotient integration of (Lie(G),q4).

Given a simple quotient ¢ of a Lie algebroid A on F — M, the problem of finding an integration G = M
of A and a simple quotient q of G = M such that Lie(q) = ¢ is non-trivial in general. As far as the authors
know, it has to be treated case-by-case.

In the rest of the paper, we will consider instances in which the integration q of ¢ can be found, and leave
the underlying integrability problem for separate investigations.

In the special case of Lie algebroid simple quotients of pullback type, there exists a general criterion
which we summarize in the following.

Example 3.4 (Integrating simple quotients of pullback type). Consider a simple quotient ¢ : A — A of a Lie
algebroid A which is of pullback type, as in Remark 2.16, so that A ~ q!Mfl is isomorphic to the pullback
algebroid. Some results in [1] can be used to provide a criterion for ¢ to admit an integration to a simple
quotient of a Lie groupoid, as follows. Recall that, since ¢ is of pullback type, there is a Lie algebroid
injection T4 = (p|x)~' : Ker(Tqn) — A over idys, where the involutive distribution Ker(Tqy) C TM is
endowed with its natural algebroid structure. Assume that there exists a Lie groupoid morphism

I+ (M Xp(gyy M = M) = (G = M), such that Lie(I) = I

(in particular, Lie(G) = A ~ ¢};A). There is an induced action of the direct product (M X z(4,,) M =
M) x (M X z(g,;y M = M) on G given by

(21,22) - g = I(21)91(22), 21,22 € M Xr(q,) M, g €G
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where the obvious composability conditions are implicit. Denote F C G the foliation given by the orbits of
this action, and by

qg:G—G/F

the quotient to the orbit space. Then, by [1, Thm. 3.2 and its proof], there is a unique Lie groupoid structure
on G/F making q a simple quotient of G = M. Note that the g-fibers are connected since the gps-fibers
are. Moreover, Lie(G/F) ~ A and Lie(q) =~ qa.

Remark 3.5 (Infinitesimal ideal system underlying q). Given a simple quotient q of G = M, the simple
foliation F(q) given by the g-fibers is multiplicative, i.e. TF(q) C TG is a Lie subgroupoid of the tangent
groupoid. For any regular multiplicative distribution F on G, [17] shows how to associate an infinitesimal
ideal system (Far, K, V) on the Lie algebroid A = Lie(G), where Fy; is a regular foliation of M. For the
foliation F(q) defined by the simple quotient q above, it is easy to verify that the corresponding infinitesimal
ideal system has Fy; = F(qu), K = Ker(Tq) N Eg and V given by the differentiation (see Remark 2.3)
of the component A underlying the simple quotient Lie(q) of Eg. When G is source-simply-connected, the
components (qas, K, V) underlying q determine the foliation F(q) uniquely (see [17, Cor. 4.10]).

Remark 3.6 (Quotient by a multiplicative foliation). If F is a multiplicative foliation of G = M, as in [16,17],
then the set-theoretic quotient q : G — G/F naturally induces on G/F source, target, units and inversion
map so that g commutes with the corresponding maps on G. Nevertheless, there might be an obstruction
to finding a compatible multiplication map on G/F so that g defines a groupoid morphism, see [16]. Thus,
even when F is simple (as a foliation), there might be an obstruction for G/F to admit a Lie groupoid
structure so that q is a morphism.

Basic multiplicative forms on Lie groupoids
A k-form w € QF(G) is called multiplicative if

m*w = priw + priw,

where pri(g1,92) = 95, 7 = 1,2, (g1,92) € G®@). Following [2], one observes that the multiplicativity of
w € QF(G) is equivalent to the induced map

w: TG =TG &g ®c TG — R,
being a Lie groupoid morphism from the direct sum of the tangent Lie groupoid structures TG = T'M into
the abelian group R = «.

We now verify that being multiplicative is preserved under simple quotients of G.

Lemma 3.7. Let (q,qn) be a simple quotient of the Lie groupoid G = M and w € QF(Q). If w is q-basic,
then w is multiplicative on G iff q.w is multiplicative on q.G.

Proof. Denote & = q,w and G = q,G. Since q : G — G is a surjective submersion, @ is multiplicative iff

q (m*® — prio — praw) = 0,

with the obvious notations for the structure maps associated to G = M. Using that q is a Lie groupoid
morphism and q*@ = w, the above is equivalent to w being multiplicative. O
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3.2. Lie theory for basic morphic forms

Let G = M be a Lie groupoid and A = Lie(G) the associated Lie algebroid structure on Eg =
Ker(Ts|yary) — M. We recall from [2] that the Lie functor induces an assignment

QF(Q) 3w Lie(w) € Q*(Eg)

which takes multiplicative k-forms on G = M to A-morphic linear k-forms on Eg. Denoting (u,7n) the com-
ponents of Lie(w), we say that (G,w) integrates (A, (1,m)) and that (u,n) are the infinitesimal components
of w. Following [2], the infinitesimal components (u,n) can be defined directly in terms of w by the formulas:

p(e)(vi,. .., vk—1) = W) (e, T1(v1),..., T1(vr-1)),
77(6)(1]1, N ,’Uk) = dw|1(z)(e,T1(v1), ce ,Tl(’l}k)), (313)

where e € E, and vy,...,vx € T, M, x € M.
Our study below is guided by trying to produce integrations of infinitesimal components as a result of
quotient procedures.

Proposition 3.8. Let q be a simple quotient of a Lie groupoid G = M and w a multiplicative k-form on
G = M. If w is g-basic, then Lie(w) is Lie(q)-basic and

Lie(q.) = [Lie(@)]. (Lie(w))
In particular, (q.G, q.w) integrates (Lie(q)+A, (@i, 7)) where (fi,7) are the components of ©4.
Proof. Following [2], the infinitesimal form Lie(w) € QF(Eg) can be computed as

Lie(w) = j*(wr), where wy € QF(TG) is the tangent lift of w,

and j : Eg — TG denotes the inclusion.
Let us denote q: G — G the quotient, @ = qew and J : Es = Lie(q)«Eq — TG the inclusion. Then,

Lie(w) = j*(wr) = j*((a*®)7) = 5" (Ta)"(@r)) = Lie(a)*j*(@r) = Lie(q)" Lie(®),

where we used: a general property of tangent lift (f*w)r = (T'f)*(wr); the definition of Lie(q), Tqoj =
jo Lie(q); and the previous characterization of Lie of a multiplicative form. This proves the Proposition. O

We now address the problem of giving infinitesimal characterization for the hypothesis needed to obtain
quotients.

Proposition 3.9. Let q be a simple quotient of G = M and w be a multiplicative form on G. If G is source-
connected and Lie(w) is Lie(q)-basic, then w is q-basic.

Proof. The key idea is to observe that Ry := Ker(Tq) ®c TG ®¢g -+ &g TG C TP*G defines a Lie
subgroupoid for each k. Since G = M is source-connected, then both Ry and T9*G = T®*M are source-
connected as well. Both w and dw are Lie groupoid 1-cocycles and w is g-basic iff

Q|Rk = 07 diw‘RkJA =0.

We apply Lemma 3.1(2.) and conclude that the above holds when it holds infinitesimally:
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Lie(“”Lie(Rk) = 0, Lie(w)|Lie(Rk+l) = 0
But this is equivalent to the hypothesis of Lie(w) being Lie(q)-basic. O
We summarize the discussion in the following theorem.

Theorem 3.10. Let G = M be a Lie groupoid with connected source fibers, w a multiplicative k-form on G
and q a simple quotient of G = M. If Lie(w) is Lie(q)-basic, then w is q-basic and

(4:G, quw) integrates (A, (f,7)),

where Lie(q) : Lie(G) — A is the induced simple quotient of Lie(G) and (fi,7]) are the components of
Lie(q).Lie(w).

As mentioned in Section 3.1, given the infinitesimal data (A, g4, (u,7n)), it is in general a case-by-case
study to find corresponding integrations (G = M, q,w) such that q defines a simple quotient of G = M.

3.8. Quotient by the kernel of multiplicative forms and their Lie theory

To begin with, following Section 1, we say that a multiplicative form w on G = M is kernel-reducible
when:

1. Ker(w) C TG has constant rank as a distribution on G,

2. Ker(w) C Ker(dw),

3. the quotient map q := qger(w) : G = G/Frger(w) into the leaf space of the foliation Fxp(,,) integrating
Ker(w) C TG defines a simple quotient of G = M.

Notice that, as in the general case discussed in Section 1, the foliation F(q) defined by the g-fibers is uniquely
determined by w. When a multiplicative form w is kernel reducible, then q.w defines a multiplicative form
(see Lemma 3.7) with trivial kernel. We anticipate that, using Proposition 3.8 and Lemma 3.12 below, if w is
kernel-reducible, then Lie(w) is kernel-reducible (see Section 2.3) and q.w integrates the IM form obtained
as a quotient of Lie(w) by Ker(Lie(w)).

In the remaining of this subsection, we proceed with a Lie-theoretic analysis of conditions 1. and 2. for
kernel reducibility. We will always denote (,7n) the components of a multiplicative form w as defined in
(3.13). The following Lemma states some basic facts about the kernel of multiplicative forms.

Lemma 3.11. Let w be a multiplicative k-form on G = M.

1. for every x € M, the natural decomposition Ty ()G = Egls ® D 1(Tx M) gives rise to a splitting
Ker(wli(z) = Ker(pg) ® Dy1(Ker(uh)),
2. if Vy € Ker(wlg), Wy, € Ker(w|p) and Dgs(Vy) = Dp7(Wh) then

‘/g - Wy, = D(g’h)m(Vg, Wh) S K@T(W|m(g,h))

3. iV, € Ker(wly) then Dyinv(Vy) € Ker(wl, ). In particular, if V € Ker(ul,) then Ds(V) € Ker(u, )
and DT(V) € Ke?“(MﬁT(g))-
4.V € Ker(wlg) iff Dgr(V) € Ker(/“‘g(g)) and

w(V,0e,...,0%) =0 for all D, ..., in a complement of Ker(Dys) C T,G.
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These properties follow directly from the multiplicativity of w combined with the fact that the mul-
tiplication map on G is a surjective submersion. The following lemma says that differentiation preserves
kernel-reducibility.

Lemma 3.12. If w € QF(G) is a kernel-reducible multiplicative form inducing a simple quotient IKer(w)
G — G/Frer(w), then Lie(w) € Q¥(Eg) is kernel-reducible (as in Section 2.3). In this case, the quotient
maps are related by Lie(qker(w)) = Ker(Lie(w))-

This Lemma is a direct consequence of the definitions involved. We now go in the opposite direction of
“integration”. The following proposition gives an infinitesimal criterion for a multiplicative form to have
constant rank, which might be of independent interest.

Proposition 3.13. Assume that G = M has connected source fibers and let w be a multiplicative k-form.
If Ker(Lie(w)) has constant rank and Ker(Lie(w)) C Ker(dLie(w)) then Ker(w) has constant rank and
Ker(w) C Ker(dw).

Proof. Let us denote wy = Lie(w) with components (1, n) which, by hypothesis, must satisfy all properties
in Lemma 2.28. By Lemma 3.11, we know that the rank of Ker(w|;) equals the rank of Ker(w,). We thus
first need to show that dim Ker(wly) = rk(Ker(wa)) for any g € G.

To that end, we first discuss how the hypothesis reflects on the local geometry of the underlying bundle
E = E¢. The fact that wa has constant rank and Ker(wy) C Ker(dwa) implies (via the equivalences of
Lemma 2.28) to the fact that Ker(w4) defines locally a simple quotient of E — M, i.e. for each 2 € M, there
exists an open U 3 z in M and a simple quotient gy of Eyy := E|y — U such that Ker(Tqu) = Ker(walg, )-
The restriction of w4 to such Ey becomes qp-basic. Within this proof, when U satisfies the above and Eyy
admits a basis of gy-invariant sections, we say that U is an admissible open set. It is clear that M admits
a covering by admissible open sets (see Remark 2.13).

Now, let us fix g € G. Since G is source-connected, following [19, Lemma 2.3] there exists a finite collection
of compactly supported sections ey, ..., e, € 'y Eg such that

g:¢t€£1o"'o¢te£1(1z)v xzs(g), (314)

where eft € X(G) denotes the right-invariant vector field induced by a section e € I'ysEg. Moreover, at
the possible cost of enlarging n, we shall see that the sections e; can be chosen in a special way. First, the
support of e; can be taken to lie inside an admissible open set U; C M. Second, recursively denoting

(8 = 67 (g1 (1), q1(t) = 65" (1)

we can choose each e; so that 7(g;(t)), t € [0,1] lies in an open V; C U; such that e;|y, is qu,-invariant.
This is possible since Ey; admits a basis of gy;-invariant sections and s is locally a product. Within this
proof, we say that each such e; is admissible relative to g;_1.

The key idea will be that elements of the kernel of w can be transported along each piece of the above
broken path.

Lemma 3.14. For any e € 'y Eg admissible relative to go € G as above, denote g(t) = gbe(gO). Consider
a decomposition T,G = Ker(Dgy,s) ® Cy, and Vo = b®|, + 0 € Ker(w|y,), with b € Ty Ker(p) C Ty Eg
and © € Cyy. Then, Vi := b2,y + Dyt 0 € Ker(w|yw) for all t € [0,1].

Proof. (of the Lemma) We first notice that Dgo(be(Cgo) C Ty)G defines a complement for Ker(Dy)s) C
Ty1)G- According to Lemma 3.11, we need to check that
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(L) Dgy7(Vi) € KeT(Ng(g(t))% and (2.) wgs) (Ve, Dg, &% ( 2); ---Dgo(be(ﬁk)) =0,

for all ¥y, ..., € Cy, and all t € [0, 1]. We also recall that the right-invariant vector field ef? is projectable
along the target map 7 to p(e) € X(M), so that

#(t) = (g(t) = 6" (7(90)).
Now, using 7(gh) = 7(g), the definition of the anchor p and the definition of V;, (1.) above reads
P(Bla) + Day (67 0 7)(0) € Ker(uil ), t € [0,1].

Since (u,n) satisfy the IM equations (2.7), we know that p(Ker(n)) C Ker(u?), so (1.) becomes equivalent
to

v(t) = Day (¢ 0 7)(B) € Ker(ph ), Vt.

Since Vi € Ker(wlg,) by hypothesis, then v(0) = D, 7(0) € Ker(ui(o)). The idea is that, when e is

qKer(w,)-invariant, then the linearized flow Tqbf(e) preserves Ker(u*) € TM. Indeed, using that Ker(uf)
is involutive by Lemma 2.28, it is enough to verify it for small ¢ and on an arbitrary adapted coordinate
chart U = F x U > (y, &) in which Ker(uf) is given by the tangent to the F-fibers. From the proof of
Theorem 2.33 (see eq. (2.10)), we know p(e) is projectable to U, taking the form

ple) = ol (y, 2) 0y + B (&) Oz
The linearized flow (dy, §%) — qu)f(e)(éy, dz) then preserves the tangent to the F-fibers, defined by 6z = 0,

as wanted. This shows that (1.) holds.
For (2.), we observe that the definition of V; makes (2.) equivalent to

R(t) := (¢ o 1) p(b) + i (%) @]l =0,

where we used b%|; = b(7(g)) -0y, V. =T(1o7)(V)-V for any V € TG and the multiplicativity of w. We

now evaluate

E(t) = wlyy (D (8), D (Ba),.., D ()

in terms of the infinitesimal k-form w4. For that, we take the direct sum groupoid T9*G = T®* M, and
consider the curve

9(t) := (Dgyd¢" (), Dgy e (B2), ..., Dgydi (1)) € TO*G.

By right-invariance, it is clear that (Dg)s @ --- @ Dy;ys)g(t) is constant, so that the curve §(t) remains on
a fixed source-fiber of T®*G = T®* M. Then, Lemma 3.1(

1(1.) implies that

t
E(t) = wlgy (0,02, .., —|—/ eoqbp(e o7)* wallge (D, D2, ..., Tx) ds,
0
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where one uses that DRT®kG$g(t) = (Te(Dgo (679 o 7)0), . .. ,Te(Dgo(¢f(e) o T)f}k)) € TP A under the
identification’ Lie(T®*G) ~ Tk A.
Now,

R(O)(’EQ, e ,@k) = u(b)lfb(o)(DT(@g), ey DT(ﬁk)) + w|go (17,’[72, e ,@k) = w|go (V07’(~)2, ey ﬁk) = 0

for all v; € Cy, since Vy € Ker(wl|y,) by hypothesis. On the other hand, using the above computation of
E(t),

< R(t - (660 )" Ly 1) + in(e 0 65 0 7) wall o
def. v(t), Remark 2.20 ¢p(e) )* ( p(e),u )+ Zu(t)(d,u( e) + 77(6)))”0.;0#1
N eas (D OEKrGACKEE) 14000 o 1y (1((e, b]) + oy (dpa(e) +1(e) +ivydp(e))]l gz
PR POIEEETGICKTE 1) 0 1) (e b]) + oy oty da(e) g
Prop. 2.15(2.) for Ker(wa) p(e) ) (’Lp(b)+v(t)du ))]|ngok71
e BEO) 2O D (680 6 1) (4T 0y 00O g

€ 1S gKer(w,)-invariant

0.
Hence R(t) = 0 for all ¢, saying that (2.) holds and thus finishing the proof of the Lemma. O

In order to finish the proof of Proposition 3.13, we apply the previous Lemma to each piece of the
broken path (3.14), starting with go = 1., e = e; and b(z) + Tl(v) € Ker(w|i()) with b € FM(Keru) and
v € Ker(pt). Then, the above lemma says that V; = b%|,, —l—DgE(¢;i 1o)v € Ker(wly,) where g1 = ¢ 1( z)-
Iterating this procedure we obtain that

b, + Dgg((ﬁil 0.0 ¢:£1 o1)v € Ker(wly) for all b € TprKer(u) and v € Ker(u?).

This shows that dim(Ker(w|y)) > rk(Ker(u)) + rk(Ker(u*)) = rk(Ker(wa)) for all g € G.

Regarding the proof of the other inequality, let us fix V' € Ker(wl|y). It follows from Lemma 3.11 that
Dys(V) € Ker(pt). Hence, applying the Lemma above iteratively along the broken path (3.14), with b =0
and the initial 99 = T1(Dys(V')) we obtain an element ¢ € Ker(wly) satisfying Dgs(0) = Dgs(V). Then
V — 9 € Ker(Dys) N Ker(w|,) = Ker(u)®|,, showing that dim(Ker(w|,)) < rk(Ker(u)) + rk(Ker(u)).
This finishes the proof that Ker(w) has constant rank.

The same argument using the broken path (3.14) can be also applied to show that Ker(w) C Ker(dw),
by recalling that the infinitesimal components of dw are (n,0) and using the properties of (u,7) appearing
in Lemma 2.28. O

We summarize the discussion in the following theorem.

Theorem 3.15. Let G = M be a Lie groupoid with connected source fibers and w a multiplicative k-form on
G. If Lie(w) is kernel-reducible in Lie(G), then the distribution Ker(w) C TG is integrated by a regular

1 A section e of E produces e € X(G) and its tangent lift (see e.g. [2]) yields (') € X(T'G). On the other hand, Te : TM — TE
defines a section for the Lie algebroid T'A and thus generates a right-invariant vector field (Te)®re € X(TG) via Lie(TG) ~
These two vector fields on T'G coincide, see e.g. [20].
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Joliation Fier(wy- In addition, if the quotient map q : G — G/ Frer(w) defines a simple quotient of G = M,
then w 1is kernel reducible. In this case,

(9.G, quw) integrates (A, (fi, 7)),

where q : Lie(G) — A is the simple quotient of Lie(G) by Ker(Lie(w)) and (ji,7) are the components of
g« Lie(w).

4. Quotients of geometric structures

It is well known that Poisson and Dirac structures can be seen as a Lie algebroid equipped with an
IM 2-form suitably non-degenerate [6]. A similar description can be done in the more general framework of
higher Poisson and Dirac structures [8]. Motivated by the study of quotients of Poisson and Dirac structures,
and their higher versions, in this section we study quotients of Lie algebroids endowed with morphic forms
for which the corresponding form on the quotient defines the geometry of interest. The original data can
be thus seen as generalized quotient data which does not need to consist of a structure of the same type.
We also use the Lie theory for morphic forms developed in Section 3 to give integration schemes for the
resulting quotient structures. In these schemes, the integration is obtained as a quotient of a Lie groupoid
endowed with a suitable basic multiplicative form. We start by studying the case of quotients of IM 2-forms
yielding a Dirac structure, e.g. a Poisson quotient. The case of higher Dirac structure is treated separately
at the end of this section.

4.1. IM 2-forms, Poisson and Dirac structures

Let A be a Lie algebroid structure on a vector bundle E — M and x € Q3 (M) a closed 3-form. Let
Ny : E — A?*T*M be the bundle map defined by

Mx(€) = —ip(e)X, (4.15)
where p : E — T'M is the anchor map of A.

Definition 4.1. An IM 2-form (u,n) on A is called:

o x-twisted if n = n,
e non-degenerate if y : £ — T*M is an isomorphism
o weakly non-degenerate if rk(E) = dim(M) and Ker(p) N Ker(p) = 0.

It is clear from the definition that every non-degenerate IM 2-form is weakly non-degenerate, but the
converse is not true in general. As shown in [13], thinking of the anchor map p : E — TM as a 2-term
complex of vector bundles, an IM 2-form is non-degenerate (respectively weakly non-degenerate) if and only
if it defines an isomorphism (respectively a quasi-isomorphism) of 2-term complexes. It is easy to see that
in the case of a x-twisted IM 2-form, equations (2.7) become equivalent to

ip(el):u(eQ) = _7;,0(62):“'(61)
M([eh 62]) = Lp(el):“(GQ) - ip(@z)d:“(el) =+ ip(ﬁz)ip(h)x (4~16)

There is a close relation between IM 2-forms and Dirac structures, which we proceed to recall now.
For more details, see [6] and the references therein. A x-twisted Dirac structure on M is a subbundle
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L C TM @®T*M which is Lagrangian (i.e. L = L) with respect to the symmetric pairing (X, a), (Y, )) =
a(Y) + S(X) and involutive with respect to the twisted Courant bracket

[(X,a), (Y, B)] = ([X,Y], Lx B — iyda+ x(X,Y,)).

There is a one-to-one correspondence between y-twisted Dirac structures on M and Lie algebroids on
E — M together with a y-twisted IM 2-form which is weakly non-degenerate. The correspondence is given
as follows: a x-twisted and weakly non-degenerate IM 2-form (p,7) on A determines a Dirac structure
LCTM ®T*M defined by

L :={(p(e),ule)) : e € E}. (4.17)

Conversely, a y-twisted Dirac structure L C TM & T*M can be seen as a Lie algebroid on ¥ =L — M
with anchor L — T'M given by the canonical projection and Lie bracket defined by the Courant bracket.
In this case, there is an induced x-twisted IM 2-form (p, 7, ) where p: L — T*M is given by the cotangent
projection.

An important particular case is given by Dirac structures defined as the graph of a bivector. For that,
recall that any bivector m € T'(A2T'M) defines a Lagrangian subbundle L, := {(7(a, ), a);a € T*M} called
the graph of 7. If L is involutive with respect to the y-twisted Courant bracket, then 7 is called a x-twisted
Poisson structure. In the case when x = 0, the bivector 7 is a usual Poisson structure on M.

The kernel of a Dirac structure L is defined by Ker(L) = LNTM. It is well-known that L is given by the
graph of a bivector if and only if Ker(L) = 0. Let L be a x-twisted Dirac structure on M, so it is defined
by an IM 2-form (1, 7,) as in (4.17). One has that Ker(L) = p(Ker(p)) and we conclude that Ker(L) =0
if and only if p: E — T*M is an isomorphism. In other words, Poisson structures seen as Dirac structures
correspond to non-degenerate IM 2-forms. The correspondence is given by

7 (a) = p(p~ (), a € T*M. (4.18)
Additionally, when (u,n,) is x-twisted, then the bivector (4.18) is a x-twisted Poisson structure.

4.2. Twisted quotients of IM 2-forms

In this subsection we characterize basic IM 2-forms whose quotients are twisted. The corresponding
notion of non-degeneracy of a quotient IM 2-form will be treated in subsection 4.3.

Let us consider ¢ : E — E a simple quotient vector bundles. Let A be a Lie algebroid structure on F
which is g-basic, hence it yields a quotient Lie algebroid structure A on E. The next result is an immediate
consequence of the characterization of basic linear forms of Proposition 2.21.

Proposition 4.2. Let x € Q%(M) be a closed 3-form and (u,n) a g-basic IM 2-form on A with associated
quotient IM 2-form (fi,7) on A. Then (fi,7) is X-twisted if and only if (u,n) is x-twisted with x := ¢§;X-
In particular, 7 =0 iff n = 0.

In Proposition 2.21 we gave a characterization of basic linear k-forms in terms of their components. In
the special case of 2-forms, there is a simpler characterization which we proceed to explain now. For that,
we consider a simple quotient ¢ : A — A with components (qy; : M — M, K, A). Suppose that (u,7) is
an IM 2-form on A which is g-basic and induces (fi,7) on A. Then, Proposition 2.21 guarantees that the
following conditions hold:

i) K C Ker(p) and K C Ker(n)
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ii) for every invariant section e € I'(F) the differential forms p(e),n(e) are gps-basic
As a consequence of i) and ii) above, there is a well defined bundle map
n:E/K — Ann(Ker(Tqu)); e mod(K) — u(e).

This map is equivariant with respect to the representations A and A" of M x F(anr) M. See Example 2.9
for the definition of the simple quotient ¢4, : Ann(Ker(Tqnr)) — T*M induced by gas.

Remark 4.3. Notice that for a not necessarily basic IM 2-form (u,n) on A which is twisted by ¢}, x for
some ¥ € 03(M), the conditions involving 7 in i) and ii) above, hold automatically. This follows from the
definition of 1 = 74 ; combined with the fact that p(k) € X(M) is projectable to zero for every k € I'(K).

The next proposition gives a natural characterization of basic IM 2-forms whose quotient is a twisted IM
2-form.

Proposition 4.4. Let ¢ : E — E be a simple quotient with components (gpr - M — M,.KA), A a g-basic
Lie algebroid structure on E and (u,n) a IM 2-form on A twisted by x := ¢}, X for some X € Q3,(M). The
following are equivalent:

1. (u,m) is g-basic
2. K C Ker(u), Im(u) C Ann(Ker(Tqpr)) and the induced map i : E/K — Ann(Ker(Tqu)) is equivari-
ant.

Proof. We just need to show that 2. implies 1. In order to see that (u,n) is basic we check the conditions as
in Proposition 2.21. Tt follows from Remark 4.3 that K C Ker(n) and n(e) is gps-basic for every invariant
section e € I'(E). The equivariance of it : E/K — Ann(Ker(Tqy)) implies that u(e) is ga-basic for every
invariant section e € I'(E). O

Kernel-reducible twisted IM 2-forms

We now investigate kernel-reducibility of morphic 2-forms. As a motivation to have in mind, the quotient
of a linear 2-form by its kernel yields a linear 2-form which is non-degenerate. Thus, when the form is also
morphic, this process produces twisted bivectors as an outcome. These twisted quotient bivectors will be
studied in detail in the following subsection.

We begin by showing that, in the case of linear 2-forms, there is a simplification of the characterization
of the constant rank condition. We think that this result could be of independent interest. For 2-forms, p?
coincides with the transpose of u,

pf=pt: TM — E*.

The inclusion Im(u) C Ann(Ker(u*)) holds for any linear k-form. In the case k = 2, using dim(Im(ul,)) =
dim(Im(put|;)), the inclusion becomes an equality by dimension count,

Im(u|.) = Ann(Ker(u|,)), Vo € M. (4.19)
Lemma 4.5. Let w be a linear 2-form on E — M with components (11,m) and assume Ker(w) C Ker(dw).

Then, Ker(w) has constant rank iff Ker(u) has constant rank and Ker(u*) C TM is integrable as a
distribution.
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Proof. The implication = follows directly from Lemma 2.28. For the converse, we first notice that since
p* = ut, then p has constant rank if and only if u* has constant rank. Also, by eq. (4.19), condition (3.) in
Lemma 2.28 reads:

(3%): dydu(e) € Ann(Ker(u*)), Yo € T(Ker(u)), e € T(E),

where we have used that Ker(u*) C Ker(n') as a consequence of the hypothesis Ker(w) C Ker(dw). The
implication Ker(w) C Ker(dw) = Ker(u*) C Ker(n*) follows without assuming that Ker(w) has constant
rank, see eq. (2.9) at u = 0. We argue that (3') above automatically holds when Ker(u*) is integrable.
The key point is that, around each point in M, we can take an adapted chart U = F X U such that the
distribution is given by the fibers of the projection U — U, and thus I'y Ann(Ker(ut)) is locally given by
C>°(U)-linear combinations of exact 1-forms di*, with #¥ coordinates in U. Since u(e) € Ty Ann(Ker(ut))
for any section e, one verifies that i,,i,, du(e) = 0 for vy, ve € Ker(u?), and thus 4, du(e) € Ann(Ker(uf))
as wanted. We thus have proven (1.,2.,3.) of Lemma 2.28, implying that Ker(w) has constant rank. O

We now summarize the conditions characterizing when a kernel-reducible IM 2-form gives rise to a twisted-
closed form on the quotient. The following is a direct consequence of Corollary 2.32 and the previous results
of this subsection. First observe that if 1 has constant rank and Ker(uf) = Ker(Tqys) for a simple quotient
qar : M — M, then by (4.19) the induced map

I E/Ker(u) — Ann(Ker(Tqp)) is an isomorphism over idyy.

This isomorphism can be used to define a representation A of M Xz, ) M on E/Ker(u) so that 7 is
equivariant with respect to the conormal representation A" on Ann(Ker(Tqas)) (see Example 2.9). Then
(qar, Ker(u), A) define the components of a simple quotient ¢ of E — M, and p descends to a map

g E—T"M
which is an isomorphism.

Corollary 4.6. Let A be a Lie algebroid on E — M and (u,n) be the components of a linear 2-form on E.
Then, (1,m) defines a kernel-reducible IM 2-form on A whose quotient is twisted iff the following conditions
hold:

1. p has constant rank

2. the regular distribution defined by Ker(u') C TM is integrable and defines a simple quotient qpy : M — M
onto its leaf space

3. there exists a closed 3-form ¥ € Q%(M) such that n = ng: «

In such a case, the quotient component [i : E — T*M is an isomorphism.
4.8. Applications in Poisson and Dirac geometry

In this subsection we apply our results on quotients of IM 2-forms to reduced spaces in Poisson and Dirac
geometry. We also describe the corresponding integrations in the sense of [6].

Integration of twisted quotient IM 2-forms

Let x € Q3(M) be a closed 3-form on a manifold M. A twisted presymplectic groupoid over M [6] is
a Lie groupoid G = M with dim(G) = 2dim(M) together with a multiplicative 2-form w € Q%(G) with
dw = s*x — 7 x and satisfying the following non-degeneracy condition
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Ker(Ts(z)) N Ker(TT(x)) N Ker(w,) = {0}; for every € M. (4.20)

In this case, as shown in [6], the associated IM 2-form (u,7n) as in (3.13) is x-twisted and weakly non-
degenerate as in Definition 4.1. In particular, there is an induced Dirac structure L over M (4.17), which is
isomorphic to the Lie algebroid A of G under the map (p,u) : A — TM @ T*M. In the special case when
w is symplectic, so that (G,w) defines a symplectic groupoid, the IM 2-form (u,7n) is non-degenerate with
7= 0 and hence the induced Dirac structure on M is given by the graph of a Poisson bivector.

Conversely, by [6, Prop. 3.5 (iii)], if w is a multiplicative 2-form on a Lie groupoid G = M such that its
infinitesimal components (u,n) define a x-twisted IM 2-form, then dw = s*x — 7*x. Moreover, by [6, Cor.
4.8], if (u,n) is weakly non-degenerate (resp. non-degenerate) then (G,w) defines a twisted presymplectic
(resp. symplectic) groupoid. Given the infinitesimal data (A4, p,n), when A is integrable, one can always
integrate the IM form to a multiplicative form w on the source-simply-connected integration G(A) = M of
A (see [2,5,6]).

Finally, we study the Lie theory of quotients of morphic 2-forms. For that, we consider a simple quotient
of Lie groupoids q : G — G inducing a simple quotient of Lie algebroids ¢ : A — A. We assume that G is
a Lie groupoid with connected source fibers. Let w € Q?(G) be a multiplicative 2-form integrating an IM
2-form (u,n) on A. It follows from Proposition 4.2 that, if (u,n) is ¢g-basic inducing a quotient IM 2-form
(i1, 77) which is x-twisted, then (u,n) is x-twisted where x = ¢},;X. Since (p,n) integrates to w then

dw = 8™ (qarX) — 7" (g3 X)-

Since (11, 7) is g-basic and G is source-connected, by Proposition 3.9, the multiplicative 2-form w € Q2(G)
is basic with respect to q : G — G. Hence w = q*@ for a unique multiplicative 2-form @ € Q%(G) which is
an integration of the y-twisted IM 2-form (fi,77). We observe that

In this case, if (f, 77) is weakly non-degenerate, then (G, @) is a presymplectic groupoid over M integrating
the Dirac structure L given by the image of (5, i) : A — TM&T*M. In particular, if (fi, ) is non-degenerate,
then (G’,GJ) is a twisted symplectic groupoid integrating the twisted Poisson bivector #f := po i~'. An
instance of the previous situation is presented in the next example.

Example 4.7. Let (1,7) be a kernel-reducible IM 2-form with associated simple quotient ¢ = gxer(Lie(w))-
In this case [i is an isomorphism and hence induces a Y-twisted Poisson structure # on M. Further, if
w is kernel-reducible inducing a simple quotient q : G — G, then (C’,q*w) defines a twisted symplectic
groupoid integrating the twisted Poisson manifold (M, 7, ). The kernel reducibility condition for (G,w)
holds amounts to, when G is source-connected so that the distribution Ker(w) C TG integrates to a regular
foliation 7 C G by Theorem 3.15, the quotient map q : G — G/F defining a simple quotient of G = M.

Quotient Dirac structures

In what follows we study quotient IM 2-forms which give rise to a twisted Dirac structure.

For that, we consider a simple quotient of Lie algebroids ¢ : A — A with components (qas : M — M, K, A)
and a g¢-basic IM 2-form (u,n) on A. It follows from Proposition 4.2 that (f,7) is x-twisted for some
X € Q3,(M) if, and only if, (u,1) is x-twisted with x = ¢}, X. Regarding non-degeneracy properties, the TM
2-form (f1,7)) is weakly non-degenerate if and only if the following holds:

rk(K) = rk(E) — dim(M) and K = Ker(u) N p~ Y (Ker(Tqar)). (4.21)
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In particular, (fi,7) is non-degenerate if and only if

rk(K) =rk(E) — dim(M) and Ker(u) = K. (4.22)
The latter is equivalent to Ker(p) = K and rk(Im(p)) = dim(M), so Im(p) = Ann(Ker(Tqar)).
From now on we use the following terminology.

Definition 4.8. Consider a set of data (A, u,7,q) where A is a Lie algebroid on a vector bundle E — M, ¢
is a simple quotient of A, and (u,n) defines a twisted IM 2-form on A. We say that this data defines Dirac
quotient data when the IM 2-form is g-basic and its quotient defines a weakly non-degenerate twisted IM
2-form.

It follows from the results of subsection 4.2, that a Dirac quotient data is equivalent to

Corollary 4.9. Let A be a Lie algebroid on E — M, (u,n) be the components of a linear 2-form on E and
q a simple quotient of A with components (qns : M — M,K,A). Then, (A, u,n,q) defines Dirac quotient
data iff

1. there exists a closed 3-form X on M such that n = Ngt,x @8 in eq. (4.15),

2. K = Ker(u) N p " (Ker(Tqy)) and 7k(K) = rk(E) — dim(M),

3. Im(u) C Ann(Ker(Tqp)) and the induced map @ : E/K — Ann(Ker(Tqu)) is equivariant for the
representations A and AV of M X F(qar) M (recall A" from Ezample 2. 9)

If (A, p,n,q) defines Dirac quotient data, then

L= {(Tqu(p(e)), &) € TNI & T" I : iy = p(e), e € B}

given as in (4.17) is a y-twisted Dirac structure on M and g, A ~ L through ¢, (i, 7).

Regarding integration, if (G = M,w) integrates (A, (u,n)), G is source-connected and there exists a
simple quotient q : G — G such that Lie(q) = ¢, then w is g-basic (Proposition 3.9) and (G, q.w) defines a
X-twisted presymplectic groupoid [6] integrating the quotient twisted Dirac manifold (M, L, Y).

Remark 4.10. A Dirac quotient data (A, u,n,q) with n = 0 and for which the quotient IM 2-form (f,0)
is non-degenerate is referred to as a Poisson quotient data. In this case, the Lie groupoid (G’, qw) is a
symplectic groupoid integrating the Poisson manifold (M,#) where (7)f := jo (i)~'. Notice that when
the linear form w defined by (u,7n) is kernel-reducible, together with the corresponding simple quotient
q = qKer(w), they define Poisson quotient data since fi is necessarily non-degenerate.

The remaining of this subsection is devoted to discuss examples of both Poisson and Dirac quotients and
their integrations.

Example 4.11 (Regular Dirac structures as Poisson quotient data). Here we consider a Dirac structure L
on M with zero twist. We say that L is regular if Ker(L) = L N'TM has constant rank. In this case,
Ker(L) defines a regular integrable distribution. A function f € C*°(M) is called admissible if there exists
a vector field Xy such that (Xf,df) € I'(L). Admissible functions inherit a Poisson bracket defined by
{f,g} = dg(X;). If Ker(L) defines a simple foliation, then functions on the corresponding leaf space M
identify with admissible functions. In particular, the leaf space M has an induced Poisson structure which
can be shown to be defined by Poisson quotient data as defined in Remark 4.10 above. Indeed, if A is a
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Lie algebroid equipped with an IM 2-form (u,0) inducing L as in (4.17), then the condition of L being
regular is equivalent to u having constant rank. Since Ker(L) = Ker(u?) is tangent to a simple foliation,
the IM 2-form (u,0) is kernel-reducible (see Lemma 4.5) and hence it defines Poisson quotient data. The
corresponding quotient Poisson structure 7 on M coincides with the Poisson structure defined on admissible
functions of L. Regarding the integration of 7, if (G, w) is a presymplectic groupoid with connected source
fibers integrating L, then an integration of (M ,7) is given as in Example 4.7. The integration of the Poisson
structure on admissible functions was also described in [17]. We observe that this integration strategy is a
similar but alternative version of the more specific mechanism behind [1, Thm. 1.1]: since, in these cases, ¢
is of pullback type, the hypothesis of ¢ admitting an integration by a simple groupoid quotient is replaced
by the criterion recalled in Example 3.4 and one can show that, under this hypothesis, source-connectedness
is not necessary to ensure w is g-basic. ((G,w) is called a “gps-admissible presymplectic integration” in [1].)
This refined criterion can be used procedure to integrations of a variety of Poisson manifolds obtained as
quotients, including Poisson homogeneous spaces, see [1,7]. We stress that their criterion to produce the
groupoid simple quotient ¢ integrating the pullback type quotient g is non-trivial (see Example 3.4 and the
cited references) and is independent of the topics covered in the present paper.

Example 4.12 (Simple Dirac quotients). Let L C TM @& T*M be a zero-twisted Dirac structure and gy, :
M — M a surjective submersion. It was shown in [14] that if Ker(Tqy) @0 C Ker(L), then there is a
unique Dirac structure L on M such that ¢y, defines a (forward) Dirac map. We explain now how this
result can be seen as an instance of a Dirac quotient data. For that we assume that gjp; has connected
fibers, thus defining a simple quotient of manifolds. Viewing L as a Lie algebroid with the closed IM 2-form
w: L — T*M defined as the cotangent projection, we have that

Ker(p)={(X,0) e L: X e TM} ~ Ker(L).

Since Ker(Tqy) C Ker(L), the vector bundle K := Ker(Tqy) @ 0 C L. Notice that L/K C
TM/Ker(Tqn) © Ann(Ker(Tqyr)) inherits a representation A of M X r(4,,) M given by the restriction
of AY @ A" (see Examples 2.8 and 2.9). It is straightforward to verify that (K, A) are the components of
a simple quotient ¢ of the Lie algebroid L — M. Notice also that

rk(K) = dim(M) — dim(M) = rk(L) — dim(M)

and the hypothesis ker(T'qys) &0 C Ker(L) implies K = Ker(u) N p~*(Ker(Tq)). Then by Corollary 4.9
the resulting quotient Lie algebroid L is a Dirac structure on M which actually coincides with the one
defined in [14] above. The fact that gp; defines a Dirac map follows directly from the definition of L. The
integration of L can be handled along the general lines below Corollary 4.9.

Example 4.13 (Simple Poisson quotients and Libermann’s theorem). Let qas : (M, ) — (M, #) be a Poisson
map such that gy, is a simple quotient. Consider E := Ann(Ker(Tqp)) C T*M the vector subbundle over
M and p : E — T*M given by the natural inclusion map. Observe that (i, n = 0) is obtained by “restriction”
(see Remark 2.23) of the canonical symplectic structure weq, € Q?(T* M) seen as a linear 2 form. Since qas
is a Poisson map, then E defines a Lie subalgebroid of A= T M which we denote A. Since weqy, is T M-
morphic, then p defines a closed IM 2-form on A. By its definition, p is injective (Ker(u) = 0) and hence
has constant rank. Also, since Ker(ut) = Ker(Tqaz), there is an induced simple quotient ¢ : E — T*M such
that (A, u,n = 0,q) define Poisson quotient data. We thus get a unique Poisson structure 7’ on M which,
by the fact that qp; is a Poisson map, it must yield @’ = 7. We have then encoded the “simple Poisson
quotient” map ¢, as a particular case of Poisson quotient data. Conversely, if (A, u,n = 0, ¢) define Poisson
quotient data with Ker(u) =0 and Ker(uf) = Ker(Tqa), then the underlying gy defines a Poisson map,
E ~ Ann(Ker(Tqp)) and both A and p are isomorphic to the structures defined above. Integration of
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(M ,7) can be handled along the general lines below Corollary 4.9. When 7 = w;/fl is symplectic, we can
recover Libermann’s theorem: if the wps-orthogonal (ker(Tqps))¥ C TM is involutive, then there exists
a unique Poisson structure 7 on M such that qp; : (M,w) — (M,7) defines Poisson morphism. In this
case, we can take FE := (ker(Tqps))“™ C TM, which defines a Lie subalgebroid A < T'M, and consider the
closed IM 2-form pu(v) := wps(v, —). It follows that (u,0) is kernel-reducible, with induced simple quotient
q : E — T*M and with Ker(uf) = Ker(Tqu), so that (A, u,n = 0,q) defines Poisson quotient data
inducing 7 on M as in Libermann’s theorem.

Example 4.14 (Poisson reduction from graded presymplectic supergeometry). Motivated by a supergeometric
version of presymplectic reduction, Cattaneo and Zambon introduced in [11] a reduction scheme yielding
Poisson structures as outcomes. The involved data can be understood as a particular case of our Poisson
quotient data, as we now proceed to explain. The input data consists of a vector sub-bundle (E — M) C
(T*NM — M) and a Poisson structure # on M. Define a linear 2-form w on E (with components (u,0)) by
pullback of the canonical symplectic form weq, along the inclusion map I : £ — T*M. Using Lemma 2.28
and denoting Anny, (E) C TM]|y; the annihilator space of E C T*M|ys, one can verify directly that
w = I*weqn has constant rank iff TFy = TM N Anny, (E) C TM defines a constant rank involutive
distribution on M (cf. [11, Prop. 5.4]). On the other hand, I defines a Lie sub-algebroid of A = T2 M iff (cf.
[11, hypothesis of Prop. 5.15])

#(E) ¢ TM and d(dfy,dfa)|. € Anny, (TFa) whenever df;|, € F and = € M.

We denote A the induced Lie algebroid structure on E — M. Assume further that w is kernel-reducible,
which is equivalent to gpr : M — M/Fj; defining a simple quotient by Corollary 4.6 (cf. [11, Prop. 5.11]).
In this case, (A, 1, m = 0,q = qxer(w)) define Poisson quotient data as in Remark 4.10. We thus obtain we
obtain a reduced Poisson structure @ on M = M/F) and recover the reduction procedure of [11, Prop.
5.15]. We also notice that this example yields the infinitesimal counterpart to the following situation: if a
Lie groupoid G = M is endowed with a closed multiplicative 2-form w with constant rank such that Ker(w)
defines a simple quotient of Lie groupoids q : G — G, then (G’ = M, q.«w) defines a symplectic groupoid
and, hence, there is an induced Poisson structure @ on M characterized by

7 (@) = Tqa(p(e)) € TM, whenever u(e) = ¢iyé&, & € T*M, e € Eqg.

A particular case arises when G — (G‘, @) defines an (immersed) coisotropic groupoid of a symplectic
groupoid, leading infinitesimally to Eq C (T *M ,Wean) defining a coisotropic submanifold (in the usual
sense, see details in [11, Prop. 4.2]). Coming back to the general infinitesimal case, integration of (M ,7)
can be handled as follows: if (G = M,w) integrates (A, (u,0)), G is source-connected and there is a simple
quotient q : G — G of G =% M integrating the simple quotient ¢ : A — A defined by the kernel of (11,0), then
w is g-basic and (é, g«w) is a symplectic groupoid integrating (M , 7). Finally, we mention two particular
cases: Poisson and regular coisotropic submanifolds. When M — (M ,7) defines a Poisson submanifold, then
E :=T*M |ar induces Poisson quotient data as above such that ¢, A ~ T*M. A characterizing property in
this case is that the underlying component p of w is fiber-wise surjective. Next, assume that M — (M )
defines a coisotropic submanifold which is regular in the sense that

D := #*(Ann,(TM)) C TM has constant rank,

where Anny; denotes the annihilator space in the ambient M. If the foliation defined by D is simple with
underlying simple quotient ¢a; : M — M, then E := Ann (D) induces Poisson quotient data as above
such that ¢, A ~ T#M where 7 is the Poisson structure obtained from # via standard coisotropic reduction.
(In the particular case in which 7| Ann,, (TM) 18 injective, the underlying simple quotient is of pullback type
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and a specialized integration treatment can be found in [1, Prop. 3.17].) This particular case shows that
standard coisotropic reduction can be handled with a particular instance of our Poisson quotient data.

4.4. Applications to higher geometric structures

In this final subsection, we illustrate some applications to quotients of higher geometric structures involv-
ing morphic (k+1)-forms with k£ > 1. We will focus on the notion of higher Dirac structure as defined in [8],
which contains the higher Poisson structures of [4]. These structures can be regarded as consisting of a Lie
algebroid together with a morphic (k + 1)-form, just as ordinary Dirac and Poisson can with k = 1, and we
thus study quotient data adapted to them. This subsection thus provides a higher analogue of the previous
subsections. For simplicity, we restrict ourselves to untwisted structures as they appear in the literature,
although the incorporation of a twist into the discussion would be straightforward.

We begin by recalling the definitions of higher Dirac and Poisson structures. To that end, let M be a
manifold and consider the higher standard Courant algebroid structure on the vector bundle

TM & A*T*M — M

consisting of the symmetric A*~1T* M-valued pairing (X, ), (Y, 3)) = iy a+ix 3, the projection onto T M
as the anchor map, and the Courant-Dorfman bracket on sections given by

[(X, ), (Y, )] = ([X, Y], Lx  — iy dev).

A higher Dirac structure ([8]) is a subbundle L C TM @ A*T*M over M such that its sections are closed
under the Courant-Dorfman bracket and L is weakly Lagrangian, i.e. denoting L the orthogonal relative

to (),
LcL* and LNTM = L+ NTM. (4.23)

In the particular case in which L-NTM = 0, we say that L defines a higher Poisson structure (or “k-Poisson
structure” in [4]). Ordinary Dirac and Poisson structures correspond to the case k = 1, see [8].

In analogy with ordinary Dirac structures, a higher Dirac structure is equivalent (see [8, §5]) to a pair
(A, 1) where A is a Lie algebroid over M and p defines a closed IM (k + 1)-form satisfying the weakly
non-degeneracy condition:

Ker(u*) = p(Ker(p)) and Ker(u) N Ker(p) = 0. (4.24)

Given the second, the first condition above results equivalent to rk(F) = dim(M) for k = 1, recovering
Definition 4.1. A higher Dirac structure L on M determines a natural Lie algebroid structure Aon £ = L —
M and p1 := praxpsaslr 0 L — AFT*M yields the associated weakly non-degenerate closed IM (k + 1)-form.
For a higher Poisson structure, the equivalent pair (A4, u) must satisfy the stronger non-degeneracy condition

Ker(u) =0 and Ker(u*) = 0 (see [4, Prop. 4.1]). (4.25)

Notice that this non-degeneracy condition deviates for k£ > 1 from the condition saying p is an isomorphism
(the standard case k = 1). Observe also that the linear form w € Q¥*!(E) defined by a higher Poisson
structure is multisymplectic (see e.g. [4]): closed and iyw =0 =V =0 (see eq. (2.9)).

We are now ready to introduce higher versions of Definition 4.8.
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Definition 4.15. Consider the data (A, i, q) where A is a Lie algebroid on E — M, p: E — A¥T* M defines
a closed IM (k + 1)-form on A and q defines a simple quotient of A. We say that this data defines higher

Dirac (resp. Poisson) quotient data when the IM (k + 1)-form is ¢g-basic and its quotient satisfies condition
(4.24) (resp. (4.25)).

Denoting /i the quotient closed IM (k + 1)-form on A = ¢, A, we get that (A, i) is equivalent to a higher
Dirac structure or, respectively, a higher Poisson structure. Observe that, in the case of quotient data given
by the kernel of a kernel-reducible form, the non-degeneracy condition (4.25) is automatically satisfied by
i (since the kernel was modded out) leading naturally to a higher Poisson quotient.

The characterization of higher quotient data in terms of components can be obtained from the general
results of Section 2. The integration of the resulting higher structures on the quotient can be handled by
our general Lie theoretic procedures of Section 3. We summarize the discussion in the following:

Corollary 4.16. Let A be a Lie algebroid on E — M, p: E — A*T*M be the component of a closed linear
(k + 1)-form on E and q a simple quotient of A with components (qar : M — M, K,A). Then, (A, u,q)
defines higher Dirac (resp. Poisson) quotient data iff

1. w satisfies the IM equations (2.7) with n =0,

2. K = Ker(u) N p~"(Ker(Tqy)) and Ker(p') = p(Ker(p)) + Ker(Tqp) (resp. K = Ker(u) and
Ker(u*) = Ker(Tqn))

3. for every q-invariant section e € TE, u(e) € QF(M) is qur-basic.

When (A, i, q) defines higher Dirac (resp. Poisson) quotient data, then
L:={(Tqm(p(e)), &) € TM & A*T*M : ¢};6 = ple),e € E}

defines a higher Dirac (resp. Poisson) structure on M which is equivalent to (q.A,q.(1t,0)) as outlined
above.

If (G = M,w) integrates (A, (1,0)), G is source-connected and there exists a simple quotient q : G — G
of G = M such that Lie(q) = ¢, then w is q-basic and (G, q,w) defines a “k-presymplectic groupoid” (see [8,
Def. 5.2]) (resp. “multisymplectic groupoid”, see [}]) integrating the higher Dirac (resp. Poisson) manifold
(M, L).
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