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ABSTRACT. In this paper we consider twist mappings of the torus, T : T2 — T2,
and their vertical rotation intervals py (T') = [py,, p"‘;]7 which are closed inter-
vals such that for any w €]py,, pé[ there exists a compact T-invariant set Q,,
with py (Z) = w for any T € Q,,, where py () is the vertical rotation number of
Z. In case w is a rational number, @, is a periodic orbit (this study began in [1]
and [2]). Here we analyze how p;, and p‘t behave as we perturb T when they
assume rational values. In particular we prove that for analytic area-preserving
mappings these functions are locally constant at rational values.

1. Introduction and main result. The dynamics of a homeomorphism of the
circle has a well-known and very important invariant, the so called rotation num-
ber. Roughly speaking, it measures the average speed the orbit of a point in the
circle rotates around it and its rationality or not has strong implications on the
dynamics of the homeomorphism (see [15] for a nice didactic exposition). In par-
ticular, given a mapping with a rational rotation number which is not conjugate to
a rigid rotation; if the rotation number changes when one composes the mapping
with a small positive rotation, it does not change with a small negative one and
vice-versa.

Similar results for circle endomorphisms have been proved by Boyland in [9]. As
it is well-known, endomorphisms of the circle do not have a single rotation number,
they have a closed interval of rotation numbers (the rotation interval), with many
interesting properties (see [14] and [21]). The results proved by Boyland in [9]
concern the behavior of the extreme points of the rotation interval.

The aim of the present paper is to study a similar problem in the context of twist
mappings of the torus. First we remember that twist mappings of the torus have an
invariant called the vertical rotation interval (see [1], [2], [4] and [5]). To be more
precise, given a twist mapping T : S'xIR— S!xIR which induces a diffeomorphism
T : T2 — T? homotopic to the Dehn twist (¢, 1) — (¢ + I mod 1,1 mod 1), there
exists a closed interval py (T') = [py,, pi7] with the following property:
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e for every T € T? such that its vertical rotation number

pv(@) = lim p2oT"(z) — p2(2)

n— 00 n

exists ( z is any point in the cylinder that projects on T and py : S'xIR—IR
is the projection in the vertical coordinate), we have py (Z) € py (T)

Moreover, for w € int(py (7)), there are 2 different situations.

1) w= g is a rational number. In this case there is a g-periodic point Z for T
(in fact there are at least two such points) that lifts to a point z € S xIR such that
T9(z) =z + (0,p).

2) w is an irrational number. Then there is a compact, T-invariant set Q C T?
that lifts to a set Q C S'xIR such that for any = € Q we have:

i P20 T"(2) = p2(a)

n— o0 n

In [4] we have shown that py> and py; are continuous functions of 7" in the C!
topology (in fact a stronger result was proved there). Note that this is in complete
similarity with results for circle homeomorphisms and endomorphisms.

As we already said, the main result of this paper is inspired by the one we men-
tioned for circle homeomorphisms with a rational rotation number. If T : S'xIR—
S1xIR is an analytic area-preserving twist mapping which induces a diffeomorphism
T : T? — T? homotopic to the Dehn twist and py,(T) < p{7(T) € Q, then pi(T) is
locally constant in the C'! topology, that is, it can not be increased and decreased
by appropriate C' small perturbations. More precisely, at most one of these possi-
bilities is allowed. A similar result holds for py,(7") when it assumes a rational value
and the vertical rotation interval is not degenerated to a point.

In [5] we solved the complementary problem. There we proved that for a C! twist
mapping T, if py,(T) < piH(T) ¢ Q, then pi>(T + (0,a)) > pi7(T) for any o > 0.
Note that this result is also analogous to what happens for a circle homeomorphism
with an irrational rotation number. For a similar result in the context of torus
homeomorphisms homotopic to the identity see [7].

In [6] a partial version of the main result of this paper was proved. The class of
mappings studied there was, in a certain sense, a little restrictive, as for instance, it
did not contain the standard mapping (in fact, it did not contain any area-preserving

mapping):

S, - ¢ =¢+1I mod 1 (1)
MU I =1+ £ sin(21¢) mod 1

Clearly, as S); is analytic and area-preserving, the result proved here can be
applied to it.

Our main goal with all this analysis of how the vertical rotation interval changes
as we perturb T is a better understanding of the bifurcations that happen in a
family like Shy.

As the research in this subject has shown, this is a very difficult task. The main
problems with our analysis are the following:

1. The particular family may not be ”versal” for the bifurcation we are con-
sidering. For instance, even when p‘t(T) can be increased by appropriate
perturbations, it may be the case that it remains constant or even decreases
if the perturbations are restricted to a particular family.
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2. There is not a nice topological characterization (at least not to our knowledge)
of all the possible dynamics in the neighborhood of an index one periodic
point of an area-preserving mapping. This problem is related to the following
one: If pJ‘E(T) can be increased by appropriate perturbations, then new index
one periodic orbits appear. Is the appearance of these orbits associated to
invariant sets of positive Lebesgue measure? In other words, is the appearance
of these orbits associated to non-ergodicity with respect to Lebesgue measure
for the perturbed torus mapping?

3. When p{t (T) is locally constant at a rational value, are there non-trivial in-
variant sets with this vertical rotation number? (by non-trivial we mean with
positive Lebesgue measure)

This paper is organized as follows. In the first section we present some basic
definitions and the precise statements of our results, in the second section we present
a brief summary of the results used in the paper and in the third section we prove
our main theorem.

Notation and definitions:

0) Let (¢, 1) denote the coordinates for the cylinder S'xIR=(IR/Z)xIR, where
¢ is defined modulo 1. Let ((Z, ) ) denote the coordinates for the universal cover of
the cylinder, IR?. For all mappings T : S'xIR— S1xIR we define (¢/,I') = T(¢, 1)
and (¢/,I') = T(¢, I), where T : R? — IR? is a lift of 7.

1) DX(IR?) = {T :IR> - R? / T is a C" diffeomorphism of the plane,

T—+00 T—+00

I'(g,T) 3% +o0, 87q~5'> 0 (twist to the right), ¢/(¢,1) =" oo and T is the
lift of a C* diffeomorphism T': S'xIR— S xIR}.

2) Diff} (S'xIR)={ T : S'xIR— S'xIR / T is induced by an element of D} (IR?)}.

3) Let p; : IR? — IR and ps : IR? — IR be the standard projections, respectively
in the ;5 and I coordinates (pl(g, T) = ;5 and pg(g, f) = N). We also use p; and ps
for the standard projections of the cylinder.

4) Let Dpepn = {T € Diff}(S! x R) : T induces a mapping T : T? — T? homo-
topic to the Dehn twist (¢, 1) — (¢ + I mod 1,1 mod 1)}, where T? = R?/Z? is
the 2-torus (coordinates in the torus are denoted by (¢, 1))

5) Let pro: S x R — T? and 7 : IR? —S! x IR be given by:

pro(¢,I) = (¢, I mod 1)

(¢, 1) = (¢ mod 1,1)

6) As we already said, given a point T € T2, we define its vertical rotation number
as (when the limit exists):

T (z) —
hmpzo (z) — pa(7)

n— oo n

pv (%) , for any x € pro—! () (2)

Now we are ready to state our main result:

Theorem 1. Let T' € Dpenn be an analytic area-preserving mapping such that
pv(T) = [py, k], with £ €Q, (p,q) = 1 and py, < E. Then, if V. C Dpenn is
any sufficiently small neighborhood of T in the C' topology, one of the following
possibilities holds:

1) for all G € V, pi(G) < p/q

2) for all G € V, p{7(G) = p/q

3) for all G € V, pi,(G) > p/q



634 SALVADOR ADDAS-ZANATA

The next result takes care of the remaining case. It describes what happens when
- _ o+ _
Py = Py = %-
Theorem 2. Let T' € Dpenn be an area-preserving mapping such that py (T') = {1},
)

with % €Q, (p,q) = 1. Then, for any o > 0, pi:(T+(0,)) > l{; and py, (T — (0, «
P

q

2. Basic tools. In this part of the paper we state some results we use and present
references.

2.1. Some results for twist mappings. First we recall some topological re-
sults for twist mappings essentially due to Le Calvez (see [16] and [17]). Let
T € Diff!(S* x R) and T € D!(IR?) be a lift of T to the plane. For every pair
(s,q), s € Z and q € IN* we define the following sets:

Kiifi(s,q) = {(57 —7) e R?: p; qu((ga f) =+ S}
and (3)
K(s,q) = mo Kiif(s,q)
Then we have the following:

Lemma 1. For every s € Z and q € IN*, K(s,q) D C(s,q), a connected compact
set that separates the cylinder.

For all s € Z and ¢ € IN* we can define the following functions on S*:
p~(¢) = min{pa(2): z € K(s,q) and p1(z) = ¢}
pF(¢) = max{ps(2): z € K(s,q) and p1(z) = ¢}
And we can define similar functions for T?(K (s, q)):
v (¢) = min{p;(2): z € T? 0 K(s,q) and py(2) = ¢}
v (¢) = max{p2(z): z € T70 K(s,q) and p;(z) = ¢}
Lemma 2. Defining Graph{u*}={(¢, u*(¢)) : ¢ € S'} we have:
Graph{u~} U Graph{u™} C C(s,q)
So for all ¢ € S* we have (¢, u*(9)) € O(s,q).

The next lemma is a fundamental result in all this theory:

Lemma 3. T9(¢, u~(¢)) = (¢,v*(9)) and T(¢, u*(¢)) = (¢, v~ (9))-

For proofs of the previous results see Le Calvez [16] and [17].

2.2. Results previously obtained by the author. The first theorem we present
asserts the existence of the vertical rotation interval and we present some of its
properties:

Theorem 3. To each mapping T € Dpenn, we can associate a closed interval
pv(T) = [py, p], possibly degenerated to a single point, such that for every T € T?
for which py (%) exists, we have py(T) € py(T) and for all w €)py,, pi;[ there is a
compact T-invariant set Q,, C T? with py (T) = w, for allT € Q,,. If w is a rational
number %, then Q, is a q-periodic orbit. In fact, in this case there are at least two
such orbits. If they are finite, then at least one has positive index and another one
has negative index.
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For a proof, see theorem 6 of the appendix of [3] and theorem 5 of [2].
Theorem 4. The functions p‘t, Py Dpenn — IR are continuous.

Lemma 4. Given T € Dpenn, let f : IR — R be given by: f(a) = p{(T + (0, )).
Then f is a non-decreasing function of a.

For proofs of the above results, see [4]. To conclude we present a lemma from [5]
similar to the main result of [18], which says that we do not need to think of general

perturbations in this setting. Vertical translations are enough for most applications.
def.

In the following, T, (¢, I) = T(¢,I) + (0, ).
Lemma 5. Let T € Dpenn be such that py(T) = [w™,wT]. Suppose that by an
arbitrarily C'-small perturbation applied to T, we can change w™, that is, there
exists T* arbitrarily C'-close to T, such that p‘t(T*) # wT. Then for any given
€ > 0, at least one of the following inequalities must hold:

1) pE(T) # w*, or

2) py(T-e) #wt.

Moreover, given T € Dpenn with py (T) = [w™,w™], there exists a neighborhood
T € U C Dpenn such that for any T* € U, p‘t(T*) = w™, if and only if, Je > 0 such
that pi-(To) = w™, for all o € [—¢, €.

2.3. On the dynamics near fixed points of analytic diffeomorphisms of
the plane. The dynamics near singularities of analytic vector fields of the plane is
very well understood (see for instance [11]). It can be proved that, if the singularity
is not a focus or a center, then the dynamics can be obtained from a finite number
of sectors, glued in an adequate way. Topologically, these sectors can be classified
in 4 types: elliptic, hyperbolic, expanding and attracting. Dumortier et al. studied
this problem for planar diffeomorphisms near fixed points, see [12].

The situation we want to understand in this section is the following: Is there a
topological picture of the dynamics near an index zero isolated fixed point of an
analytic area-preserving diffeomorphism of the plane?

It turns out that the area-preservation together with the zero index hypotheses
imply that the eigenvalues of the derivative of the diffeomorphism at the fixed
point are both equal to 1. The area-preservation implies that in a sufficiently small
neighborhood of the fixed point, the diffeomorphism is the time one mapping of a
formal vector field (defined by a formal series), see [20]. So we are able to apply
results from [12], which say that at least in a topological sense, the dynamics near
the fixed point can be obtained as in the vector field setting, gluing a finite number
of sectors. As we are supposing that area is preserved by the diffeomorphism, there
can not be elliptic, expanding and attracting sectors. As the topological index of the
fixed point is zero, it can not be a center and so there must be exactly 2 hyperbolic
sectors and the dynamics is topologically as in figure 1.

3. Proof of the main theorem. In this section we are going to prove the main
theorem. Our proof is by contradiction. We suppose that there is a mapping T'
satisfying the theorem hypothesis and such that the following holds:

For every a # 0, pi:(Tw) # p/q, where T,(¢,I) =T(¢,1) + (0, ) (4)
Using lemma 5, we get that theorem 1 is true if and only if the above assertion
is impossible. Thus we are left to show that (4) is impossible. As p;, < p/q and
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7T

FiGURE 1. Diagram showing the dynamics near a fixed point of
zero index

P (Ts) > p/q for all a > 0 (see lemma 4), we get from theorems [3 and 4| that T
has g-periodic points with py = p/q.

Lemma 4/ again implies that for any a < 0, pi(T,) < p/q = the g-periodic points
of Ty with py = p/q are degenerate. Moreover, in the following we are going to
prove that they are finite. As T is an analytic mapping, the same argument used in
the proof of theorem 3 of [3] implies that if the g-periodic points of T with py = p/q
are infinite, then there exists a simple closed curve v C S! x IR such that for all
x €, Txz) = x4+ (0,p). Clearly v belongs to K(s,q), for a certain s € Z. And
this curve can not be homotopically non-trivial, because py,(T) < p/q. To see this,
note that if v is homotopically non-trivial, and T9(vy) = v + (0,p), as T induces a
mapping on the torus homotopic to the Dehn twist, then the following is true:

Ty + (0,m)) = v+ (0,m) + (0,p), for all m € Z

As py,(T) = 6 < p/q, there exists a point z € S* x IR such that py(z) < p/q. Now
choose m € Z such that z is above v+ (0, m) = T™(z) is above v+ (0, m)+ (0, n.p)
for all n > 0, which contradicts the fact that py(z) < p/q. So 7 is homotopically
trivial and thus crosses some vertical twice, at say,  and 2’ (p1(x) = p1(2’) = ¢).
Suppose that ps(x) < pa(z’). The definition of = and lemma [3, which says that
T9(¢, n~(¢)) = (¢,v7(4)), imply that p~(¢) < pz(z). Thus we get that v (¢) —
p=(¢) > p+(p2(z') —p2(x)), something that contradicts the fact that pi;(Tn) < p/q
for all a < 0, because C(s, q) and T9(C(s, q)) are upper semi-continuous functions of
T in the Hausdorff topology (see [18]). So the g-periodic points of T with py = p/q
are finite.
Let us denote them

{]7)(1)517)%5 "'aﬁé—l} ’ {ﬁ%vﬁ%, "'7?2—1} PIERES) {ﬁévaﬁiv7 "'7235—1} 9 (5)

where p = (¢, T;) for i € {1,2,.., N} and j € {0,1,...,q — 1}.

J
Define F, (¢, 1) def- (Tw)(¢, I)—(0,p). Clearly F,, induces a torus diffeomorphism

F, with py,(F,) < 0 < p,(Fy), for all sufficiently small o > 0 and all the points in
(5) are fixed points for Fy with zero vertical rotation number.
Now for each point of (5) let us choose open neighborhoods Wy, k = 1,2, ..., N.q,
such that:
1. closure (Fo(Wk) UWy Ufal(Wk)) N closure(W;) = 0, for all k # 1, k,l €
{1,2,...,N.q}.
2. As each ]3§- is fixed for Fy and has zero topological index, the dynamics inside

—1

each W, is as in figure 1. So W D Enk,() U Exk,o, where Enk,o and Exk,o
are two open connected sets, free under Fy (disjoint from their images), such
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that every time the orbit of a point enters in Wy, it must enter through
Enk,() and leave through Fl‘kyo. Moreover, if we choose W}, properly, we can
suppose that closure(Eng) N closure(Exg ) = 0 and that there exists a
point Zj € B,(Zx) C Eng o, where r > 0 is the same for all k € {1,2,..., N.q},
such Fo(zx) € Bs(Fo(Zk)) C Exgp, also for some fixed s > 0, see figure 2.
The reason why such a choice is possible is the following. Just to have a
mental picture of what is happening, suppose that the invariant lines in figure
1 are horizontal. Start with a small vertical segment segy through the fixed
point and consider the following iterates of it: F;Q(segk), Fal(segk), segk
and Fo(segy). Clearly, all these arcs end at the same horizontal lines. Now,
take a simple arc, Arcieysx, whose end points are in these horizontal lines,

very close to the end points of F(;Q(segk), but to the right of them. Moreover,
choose the arc in a way that its first iterate is on the left side of segr. Now,
choose another simple arc, Arcpight i, in a way that it is on the right side of
Fo(segr), but with the same end points. W, is obtained by connecting the
appropriate end points of Arcyigner and Arciery . by horizontal segments. It
is not difficult to see that this construction has the required properties.

Aik IEO @k)

FIGURE 2. Diagram showing the sets Wi D Enk’o U Ex;w U B

If we choose sufficiently small neighborhoods W, then there exists oy > 0, such

that for 0 < a < a1, F, has periodic orbits with negative vertical rotation number,
disjoint from U, 4 Wy. This follows from py, (Fo) < 0 = p{,(Fp) and the continuity
of these functions with respect to a.

Let B, C W}, be a open neighborhood of the Fy-fixed point which is inside W,

that satisfies:

Wi O closure(Fy (Br) UF, (Bi) UBr UFo(Bi) UFa(By)) (6)
The above condition implies that
closure(By,) N closure(Fo(Engo) U Engo U Exy o) = 0. (7)

Following figure 2, let us denote the boundary of W} as follows: OW = Ol U
O0by, UO0r, Uty Let Vi i, Vi C Wy be two small open neighborhoods, respectively
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of Oby, and Oty such that the following conditions hold (n > 0 is a sufficiently small
number and B, (VU V) is the n-neighborhood of V1 UV 1):

1) {Zk, Fo(Z1)} N closure(vbyk th,k) =0

2) there exists L > 0 such that for all Z € B, (VU V),
for some [ = I(z) < L, Fg (T) ¢ Wi and
for 0 < i <1 Fy(x) ¢ closure(By) (8)

3) there exists M > 0 such that for all 7 € B, (bek U Vt,k),
for some m = m(z) < M, Fy " () ¢ W}, and

for 0 <i<m, Fy, (%) ¢ closure(By)

Now choose ag > 0 such that for 0 < a < as,

1.

All fixed points of F, with zero vertical rotation number are contained in
Ufcvz'qlﬁk and there is an isotopy supported in U;L%Ek between F, and a
homeomorphism without fixed points of zero vertical rotation number. To
construct this isotopy, one just needs to note that if ag > 0 is small enough,
then for 0 < a < ay, the image of Ujkvz'qlﬁk under F,, (which is still an analytic
mapping!) is very similar to the case when e = 0. So, as in that case the fixed
points are removable by local isotopies, the same happens for small o's (see
for instance theorem 2.4 of [8], theorem 2.1 of [23] and the main theorem of
22))

. The three conditions in (8) hold when, instead of Fy, we use F,,.

3. Fil(abk) NW, C Vb,k: and Ffl(&fk) NW, C Vt,k

7.
8.

. Condition (6) holds when instead of Fo we use F,. As before, this implies

that closure(By) N closure(Fo(Engo) U Eng o U Exy o) = 0, where Eny, o
and Ezk,a are the analogous of Enho and Ex;w for a > 0, that is, every time
the orbit of a point under F,, enters in Wy, it must enter through Enk,a and
leave through Exy o

. Zk € Fnk@ and Fa(zk) S Exkﬂ
. If we denote the connected component of Eny o\closure(Vy U V) whose

boundary intersects W, by En}ca and, in the same way, the connected
component of Exy ,\closure(Vy, UV, ) whose boundary intersects Wy
is denoted by Ewj ,, then Eng o C Eng , U By(Vyr U Vi) and Exge C
Exj, ,UBy(Vy 1 UV ). Moreover, closure(Eny, ) N closure(Exy, ) = 0, see
figure 3

closure (FO, (W)U F;I(Wk)) N closure(W;) = 0, for all k # 1

Zk € En;wx and F,(Z1) € Ex§€7a

A simple continuity argument implies that all the above conditions are satisfied
for sufficiently small o > 0.

Now fix 0 < a < min{ay, a2 }. Our hypothesis imply that py, (Fa) < 0 < pi (Fa).
From the choice of a; > 0, there exists Z_ € T2 and n > 0 such that (F,)"(Z_) =
T_, py(T_) < 0 and the orbit of Z_ is disjoint from Ufcv:'qka. Let m > 0 be an
integer such that 0 < 1/m < p{7(F,) and let T, € T? (the existence of T, follows
from theorem 13) be such that (F,)™(Zy) = Z4 and py(T,) = 1/m. If the orbit
of T is disjoint from U,ICV:'qlEk, then we are done, because we can destroy the fixed
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Vt,k\ /bt Kk

Wi

Vb,k

FIGURE 3. Diagram showing the sets Enj, , U Ex},

points of F,, by a perturbation supported in Uivz'qlﬁk, something that contradicts
theorem [5.

So, suppose that Orbit(T4) = {T4, Fo(Ts), (Fo)?(T1), . (Fo)™ Y(74)} inter-
sects Uch:'qlEk. From the fact that the three conditions in (8) hold for F, without
loss of generality we can suppose that T, € Ex}, C Wy. As (Fo)™(T4) = Ty,
there exists m/ < m such that (Fo)™ (T4) € En , € Wy. Now let

{$+,W1,W2,...,WN,q} c Stx [O, 1)

be lifts of Z, and Wy, W, ...7WN‘,1 to the cylinder. From the choice of T, we get
that (Fi,)™(z4+) = 24+ +(0,1). If we consider all the intermediate pieces of the orbit
of x4, then the following observation is true:

Observation 1: There exists 7y = (Fy)'(24) and 7, = (F,)(z), for some
0 <i<j <m suchthat ry € Exj, , + (0,8) C Wi +(0,5) and r; € Enj, , +
(0,s+1) C Wi1 + (0,5 +1), for some 1 < k1 < N.q and s,l € Z, with [ > 0. And
when for 2 points z = (F,)%(z4), y = (F.)(z4), 1 < d < e < j, pro(z) and pro(y)
belong to the same By, then z € B, + (0,m) and y € B; + (0,m + a), for m,a € Z
with a < 0. Moreover, {F',(Z1), ..., (Fo ) (Z1)} N By = 0.

In order to find points 7 and r; as above, we just have to start with x, € Ez} , C
Wi and (F,)™ (24) € Enfy ,+(0,1) C Wi +(0,1) and check if the conditions in the
observation are satisfied for the intermediate points of the orbit. If they are not,
then we pick the convenient subset of the orbit from z to (Fy)™ (x4) and check
again. After a finite number of attempts, r¢ and r; are found.

Let us denote the orbit segment from 7¢ to 7; by

Ty =7T0,T1,..., Tj_; = T1, where T, = (Fo)"(Ty) (9)

and suppose that it intersects Ufﬂvz'qlﬁk in Byo, Bgs, ..., Brr. From the fact that
expression (8)) is true also for F,, in each Wy,,, 2 < m < L, there are points
Thm_first € Enzma C Wim and Tim_iast € Ex%m,a C Wim, defined as follows:
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® Tpm_first is the first point of the sequence (9) such that (Fo)™(Thm_first)
belongs to Wy, for n = 0,1, ..., nmax, (Fa)™" " (Thm_first) € Bgm for some
0 < Nerit < Nmax and of course (Fo )™ (Tgp,_pirst) € Eaxﬁm’a

® Thm_last 18 the last point of the sequence (9) such that (Fo) ™ (Zpm_iast) belongs
to Wi for 1 = 0,1, ..., lnax, (Fa) ™" (Zpm_tast) € Brm for some 0 < Iy <
Imax and of course (Fy) ™™ (T tast) € En%m,a

To understand the above definitions, one just has to remember that every time
the orbit of a point falls into some B}, then it must have entered W, through Enfc o
and it will leave W, through Ex;c,a.

The next step is to perform 2 deformations in each W, (m > 1), one supported
in Enzm,a and the other supported in Exzm,a. For 2 <m < L,let pis m C Enﬁcm’a
be a simple arc whose endpoints are Tpm_first and Zpm, such that, apart from
Thm_first, it does not contain any other point of sequence (9). Let V¢ gy, C En%m’a
be an open neighborhood of fif iy, which also does not contain any other point of
sequence (9). In the same way, let py_gm C Fm}cm’a be a simple arc whose endpoints
are Tim_tast and Fo, (Zkm,), such that, apart from Ty, jast, it does not contain any
other point of sequence (9). Let V) jm C Emizm’a be an open neighborhood of
i_km Which also does not contain any other point of sequence (9). As En;cm’a and
Eax%m’a are disjoint and free under F, the same is true for V¢ km and V) _gm,. So, let
us define the following homeomorphisms hy, . : T — T? and hy, ,,, : T> — T%

chvy s |(Vym)e = 1d
th,km (fkm,first) = Zkm

and (10)

AV e | (Vigm)e = 1d

EVlJem (FOL (Ekm)) = Tkm_last

For m = 1, we perform an analogous construction. Let iy 1 C En;d’a be a
simple arc whose endpoints are 7; and Z1, which, apart from 7;, avoids all points of
sequence (9). Let Vi1 C Enj, , be an open neighborhood of ji5 1 which also does
not contain any other point of sequence (9). In the same way, let p; 1 C Ew,’,ﬂﬂ be
a simple arc whose endpoints are 7y and Fo(Z11), which, apart from Tr, avoids all
points of sequence (9). Let V; 1 C Emﬁﬂ’a be an open neighborhood of p; ;1 which
also does not contain any other point of sequence (9)). Then we define:

CEVchl ‘(Vf,m)C =id
hvy . (T1) = Zia

and (11)
E‘/L,kl |(‘/I,J«1)C =1id

hyi iy (Fa(Zi) =7y

Denote by h : T? — T? the homeomorphism which agrees with all the EVHM
and hy, ,, , 1 <m < L. From the choice of ay > 0, we know that there is an isotopy
supported in Ufcv'qlgk between F, and a homeomorphism without fixed points of
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zero vertical rotation number. Let us denote the final mapping of this isotopy by
FZ By construction FZ coincides with F', outside Uivz'qlBk, so we get that the

mapping G def ho FZ has a periodic point with positive vertical rotation number,
that comes from the orbit segment between 7; and 7;, see Observation 1. The
deformation % is supported in a disjoint union of free sets for F.,, so as F,, has no
fixed points of zero vertical rotation number, the same is true for G.

As G coincides with F,, outside U;CV:'%W;C, G also has periodic points with negative
vertical rotation number. But this contradicts a generalization of some results of
[13] to this context. To be more precise, it contradicts the next theorem due to
H.E. Doeff (see [10], theorem 5.3).

Theorem 5. : If G : T? — T2 is a homeomorphism homotopic to (¢,I) — (¢p+n.I
mod 1,1 mod 1), for a certain n € IN* and there are points T, T_ € T? such that
pv(T_) <0< py(Ty), then G has fized points of zero vertical rotation number.

So it is not possible that pi(Ty) # % for all @ # 0 and the proof is complete. [

4. Proof of theorem 2. As T' € Dpep, is area-preserving, it makes sense to
compute the vertical rotation number of the Lebesgue measure:

pv(Leb, T) = /S o [p2 0 T($,I) — I)dpdI

As py(T) = {L}, the Birkhoff ergodic theorem implies that py (Leb,T) = L. But
then, pv (Leb, Ty) = %Jr a, for any o € IR. So, as p\_/(Ta) < pv(Leb, T,) < p—\t(Ta)v
the theorem is proved. O
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