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Abstract 

We establish strict inequality bounds for the binomial sums Un = I::?=o (';') ~7~~•. 
and prove the asymptotic result: Un ~ ~ Jz~+I, n -> oo. 

1 Introduction 

We are interested in studying the sums I:::'=1 (7) ( -1 )i 2i~I for all n E IN. 

The sums are shown to be positive and strictly decreasing with n, having limit 

zero as n tends to infinity. The main results are bounds for these sums as well as 

their asymptotic behaviour. 

2 Main results 

Denote an= t (~) (~l)i. 
i=l i 2t + 1 

n (n) (-l)i Proposition 1 For all n E IN, L . -
2

. 
1 

> 0. 
i=O i i + 

Proof: Vn E lN, 0 < r cos2n+I X dx = (l - u2t du= L . (-1)'-. -. . ,r/2 !al n (n) . u2i+I 1

1 
) 0 o i=I i 2i + 1 0 

Cl 



Proposition 2 Vn E N, an > an+l · 

r12 r12 . 
Proof: Vn E IN, an = lo cos2

n+I x dx > lo cos2
n+I x cos2 x dx = an+I. 

Proposition 3 Jim an= 0. 
n->oo 

( (
1))2n+l 1 

Proof: Vm > 1, 3n EN, cos m < m' 

an = ~os2n+l x dx + cos2nH x dx < - + - - - - < -11/m lirr/2 1 1 ('Tr 1 ) 7r 

o · · I/m m m 2 m m 

and the result follows frorri. Proposition 2. Cl 

Theorem 1 Let O <ft< ✓(2n + 1) In 2. Then, for all /t and n E IN 

~ ~ l' e-v2 dv + 2n ~ 2 [ G- ~) (1 - ~z2fn+l] 

n (n) i 1 {ii; 1 (n/2 - 1)2
n+

2 

< ~ i ( -:--
1

) 2i + 1 < V u v'2n+1 + 2n + 2 • 

where z = µ/ ✓(2n + 1) ln 2. 

Proof: From Taylor's formula 

x2 x4 x2 x4 
cos x = 1 - - + (cos p)- < 1 - - + -

2! 4! - 2! 4! 

for some p E [O, x] and 

·x2 x2 • 11 2 
COS X < 1 - - + - = 1 - -X 

- 2! 4! 24 

for all x E [O, I] with strict inequality on (0,1). 

Remember that ln(l - u) = - I:~1 !f- for all u E [O, 1), so that Vx E (0, 1) 
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Summing the following inequalities 

fl f 1 11 • 24 rx, 2 61r lo cos2n+l x dx < lo e-(2n+l),-.x dx < 
11(2n + 1) lo e-v dv = 11(2n + 1) 

r12cos2n+lxdx< r12(~-x)2n+l dx= (~-1)2n+2 
11 11 2 2n + 2 ' 

we establish the upper bound. 

Again , from Taylor's formula, for all x E (0,1r/2), cosx > 1- ½x2 and we have 

for all x E (0, 1) 

= e-(2n+l)(ln2)x2. 

Since z < l we write 

e-(2n+l)(ln2):z:2 dx + f l - -z2 + - ,r - 2Z (x - z) dz !o
z ,r/2 (( 1 ) (1 I 2) )2n+l 

o 1. 2 h· - z) 

e-v dv + 2 1 - -z2 1 lo" 2 1 (!!:-z) ( 1 ) 2
n+

2 

J(2n+ l)ln2 o 2n+2(1-½z2
) 2 

and the proof is complete. Cl 

For sequences Xn and Yn we write Xn ~ Yn when lim 3:n. = 1 
n-oo Yn 

Denote ln and itn the lower and upper bounds given in Theorem 1. Now, letting 

n --> oo we have the asymptotic behaviours: 

Clearly Un~ [Fa ✓2~+t and, choosing for exampleµ= J(2n + l) In 2 - 1/n, we 

have 

-- e-v
2 

dv +-- - - z 1- -z2 1 } /J } [(71" ) ( 1 )2n+l] 

y'2n+l Jin2 l 2n + 2 2 2 

1 1 r'° 2 1~ 1 
y2ri+2 yln2 lo e-v dv = 2V hi2 y'2n+l. 

Define bn by an = bn Ji~+i · We have shown that 

1~ . ffi71" - - < lim inf bn < hmsupbn < -. 
2 In 2 - - - 11 

3 



We can improve these bounds as it is shown by the following theorems and 

propositions: 

Theorem 2 Vn E JN, Vrn > 1, 

2 1 1¾:J¥(t--d;;;z) -v2 d 7r ( ( 1 ))2n+l an < --------- e v+- cos -1 - (1/12m2
) ✓2n + 1 o 2 rn 

✓ 7r 1 7r ( 1 )2n+l 
< 2- (1/6rn2) ffnTI + 2 cos(rn) 

Proof: For O < x < 1/m, m > 1, 

cosx < 1- x
2 

+ x
2 

(_!_)
2 

= 1 - ! (1 - -
1
-) x2 

2! 4! rn 2 12m2 ' 

11/m li,r/2 ( 1 )2n+l an < cos2n+l x dx + cos(-) dx 
0 I~ Tn 

< {1/m e-(2n+1)½{1--d;;;z)x2 dx +!:_(cos(_!_ ))2n+l 

lo~------- 2 rn ✓ 2 J.. ✓ (2n-l-l)(l- I ) l )2n+l 
= (2n + 1)(1-1/12m2) lam 2 ~ e-v

2 

dv + i (cos(m) 

and the result follows from J: e-v
2 

dv = 1- [1] 

Proposition 4 Jim sup bn s; {!;_. 

( )
2n+l 

Proof: Letting rn = ij2n + 1 and c,. = ~ cos(;!,) (2n + 1) we have 

Inn - -- 1 - -- = +oo . 1 ✓2n + 1 ( 1 ) 
ri__,oo rn 2 12rn2 

and 

since, for sufficiently large y, cos( l) > 0, 
y 

( sin(~))/(1/2y)>! and (1-2sin2(2..))-2o•u1
<,kl >2 

2y 2 2y 
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so that 

as y-. oo. 

Now, from Theorem 2, 

Ii 1 
from which bn < + Cn ~· 

v2n + 1 
D 

Note that the upper bounds given in Theorem 2 or in the proof of Proposition 4 

may not improve the approximation of an, relative to that of Theorem 1, for small 

n. 

Theorem 3 Let M > 1 and O < µ < -b J (2n + 1) {½ + A~ 2 (In 2 - ½) }- Then, for 

all M, fl and n E IN, 

1 
fµ, e-v2 dv + - 1

- [(~ - z) (1 - !z2)
2
n+1] < an 

✓2n + 1 J ½ + X~ (In 2 - ½) lo 2n + 2 2 2 ' 

where z = ft/ (-bJ(2n + 1){½ + ~(In 2 - ½)}). 

Proof: Observe that for all x, 0 < x < -b, 

cos2n+1 x 

Noting that O < z < 1, follow the steps at the end of theorem's 1 proof. ll 

Proposition 5 Jim inf bn ~ ~-
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1 {1 1 1} 1 Proof:LetM=v'2n+landJt= M (2n+l) 2+ M 2 (In2- 2) --;-

Then Jt ~ ff v'2n + I --+ oo and y--+ 0 as n-> oo. 

Now, from Theorem 3, 

Propositions 4 and 5 tell us that there exists the limit lim bn and that it is equal 
n~oo 

to..;;fi,. 

Theorem 4 ( asymptotic behaviour) 

~(n) (-l)i 1"'12 
2n+1 d ~ · 1 L.., -- = COS X X ~ ----::::== 

i=l i 2i + 1 0 2 J2n + 1 
as n--+ oo. 

Proof: Propositions '1 and 5. 

3 Comments 

We observe that the bounds can be improved by dividing the interval (0, -rr /2) in 

more than two pieces as we have done here and the most direct approach seems 

to be piecewise_ linearly approximating the cosine function both from above and 

bellow except at a neighbourhood of the origin where it is approximated by Taylor's 

formula. Although this procedure will improve the bounds for small n, of course it 

will not change the asymptotic result. 
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