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Abstract

The purpose of this note is to show how we managed to answer an
algebraic question that researchers have put for years, namely, if a poly-
nomial in the polynomial ring in several variables belongs to an ideal of
this ring. Using the software Maple V, Release 4, we present an algorithm
that decides whether a particular polynomial belongs to a particular ideal
of the mentioned polynomial ring. A brief introduction describes how our
specific algebraic problem appeared and then it is presented together with
the notation used.
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1 Introduction

Studying the immersion problem of some differential manifolds in Euclidean
spaces, it was noticed that, from the topological point of view, a good invariant
- the first topological invariant - which could give us some results in our research
would be the Stiefel-Whitney characteristic classes. As these cohomology classes
deal with the specific ring Z,, we began to work on it. Besides this, we observe
7symmetries”, or rather, ”polynomial symmetries” and finally we came to our
algebraic problem. How to arrive at this problem is outside the scope of this
note!, which is to show how the software Maple V, Release 4, helped us in the
solution of our specific problem. Introducing some notation and the problem,
we would like to draw the readers® attention to the "symmetries” that appear
as well as the matrices that arise from them.

2 Presentation of the problem

Here we are going to introduce our problem fixing the notation that will be
used.
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Let Za[zy,...,x,] be the polynomial ring in n variables x1, ..., z, and 0; =
oi(zy, ..., z,) the i*h elementary symmetric polynomial in these variables. Then

01 =01(T1,...,Zp) =21 + ...+ Tp;
09 =09(T1,...,Tn) =T T+ T1T3+ ... + Tp_1Tp;

Gy = OB <5 : 5 B0) = B - DBz

Let Z, =< 01,...,0, > be the ideal of Z3[z1,...,x,] generated by the n
elementary symmetric polynomials oy, ..., 0,.

Let 7 = Tk(t12,...,tn—1n) be the k" elementary symmetric polynomial of
Zslxy, ..., x| in h variables t;; with i < j where t;; = z; +z;, h=35_, ()
and {ni,...,ns} is an increasing partition of n with n;...ns # 1. So,

Ti=tio+ t1g+ ... + t1n1+
tog+ ... + top, +

tﬂ,]—l?ll +
tn1+1n1+2 et tn1+1n]+n~3 +

tn1 +ngo—1ni+ne +

tn1+~--+ns-1+ln1+...+ns_1+2 +...+ tn1+...+ns—1+1m+...+n,+
tn1+‘..+ns-lnl+...+ns;

Th=t12 13 ... tin,
fog ... [2,“

(‘n 1—1ny

bnydoodne g+ lng o 42 -+ by g i+ ing 4o 4n,
tn,+‘..+71541111 fobng

Our problem consists in knowing if the polynomial 7, = 74 (t;;) (k =1,...,h)
belongs to Z,,.

First it should be noted that the h variables f;; described previously can be
put in an antisymmetric matricial form with blocks of order n;, i = 1,...,s.



Then we have, with the first block of order n;, a matrix n; x n; of the form:

0 t12 lig -+ i,
—t12 0 (2% SR ™
—t13 —to3 0 vae olgn,
_tlnl —t2111 _t3n1 ot 0

and, with the i*? block of order n; (i > 1), a matrix n; x n; of the form:

0 tni—l+1ni—1+ni
_tni—1+1ni—l+2 tni—1+27li-1+ni
g THNEE IR 0

Considering only the upper triangular part of these blocks, we have ("21)
variables with the first block and (') variables with the i*" block (i > 1).
Bearing this consideration in mind, we finally obtain the h variables t;; (i < j)

of Za[zy,...,x,] at which we aimed.

3 Preliminaries

All the information here can be found in [1] and [3].

3.1 Orderings on the monomials in Z[z:,...,z,]

In the case of one variable, the division algorithm gives us the solution of our
problem. It must be observed that the key point of this algorithm consists in
the idea of ordering on terms in the polynomials in decreasing order by their
degree.

So as to generalize this idea for several variables, we need an ordering on
terms in the polynomials in Zs[xy, ..., x,]. Our ordering must be ”compatible”
with the algebraic structure of polynomial rings.

Besides this, since a polynomial is a sum of monomials, we would like to
be able to arrange these monomials in an unambiguously way so that we can
compare them and then establish their positions.

In this sense, we introduce some more notation.

Definition 3.1 A monomial ordering on Zs|xy,...,x,] is a total well-order-
ing < on the set of monomials
{X* €Zyz,,...,2z ; X =27 ... 25", 0, €N,i=1,...,n}

such that if X*, X® are monomials in this set with X* < X? then X*X7 <
XP X7, for each X monomial in it.



One example of a monomial ordering in our polynomial ring is the lexico-
graphic order. For more examples see [3].

Therefore, if p is a nonzero polynomial in this ring, we can write, for each
o; = (@iy,...,04, ) ENY p= XM+ X% 4 4 X% where Xor <...< X® <
X,

Under this condition, we put lt(p) = 1X* and It(0) = 0 and we call it
leading term (the term of highest degree) of p.

3.2 A division algorithm in Zs[z1, ..., z,]

Our goal now is to extend the division algorithm to the polynomial ring that
we are dealing with. We have:

Theorem 3.2 Fiz a monomial ordering < on Zszi,...,z,| and let (g1,...,
g¢) be an ordered t-tuples of nonzero polynomials in that ring. Then each p €
Zalxy, ..., x,] can be written as p = qug1+. . .+quge+r where q;(i = 1,...,t) and
r belong to this ring. Besides this, either r = 0 or it is a Zo-linear combination
of monomials none of which is divisible by any lt(g1),...,lt(g:). Under these
conditions, we call v a remainder of p in the division of it by the ordered t-tuples

(glv' "7gt)'

With this result, if after the division of p by (g1,...,g:) we get » = 0 then
P=qg1 + ...+ qg: and therefore p € < g1,...,9: >, the ideal of Zs[zy, ..., T,]
generated by the polynomials g1, ..., g;.

The converse is not true since the remainder 7, in the above algorithm, is
not uniquely characterized by the requirement that no term of r is divisible by
one of it(g1),...,1t(g:) (see [3]). In other words, even if p €< g1,...,9; > we
can obtain a nonzero remainder in our division. In this case, we did not have a
perfect generalization.

In order to solve such inconvenience, we are going to determine a set of
"good” generators for the ideal where the remainder r of the division by them
is unique and the condition r = 0 is equivalent to p belongs to it.

3.3 Grobner Bases

The set of "good” generators was introduced for the first time in the middle of
the sixties by H. Hironaka and later by B. Buchberger in his PhD thesis. The
name " Grobner bases” was created by Buchberger in honour of W. Grobner
(1899 - 1980).

The idea involved is that once we choose a monomial ordering, each p €
Zslxy, ..., xy,| has a unique leading term It(p).

Definition 3.3 Fiz a monomial order. A finite subset G = {g1,...,g:} of an
ideal T is a Grobner basis if < lt(gy),...,lt(gr) >=<t(Z) > where It(T) is the
set of leading terms of elements of T.



We can show that every nonzero ideal Z of Zs[zy,...,x,] has a Grobner
basis, which is a basis of Z.

In the seventies and eighties, Buchberger et al devised an algorithm that
calculates such bases. With this algorithm, 73 € Z,, if and only if, the remainder
7 in the division of this polynomial by G, a Grobner basis for this ideal, is zero.
Under these conditions, we call r by normal form of 7 related to G and we
write normalf(7, G).

4 The Software Maple

As it can be observed we have to follow seven steps:
step 1

Given n, the elementary symmetric polynomials 0;, ¢ = 1,...,n in the n
variables z1,...,x, needs to be constructed.

step 2

Having the polynomials ¢; and with them the ideal Z,,, a Grobner basis G
for this ideal needs to be obtained.

step 3

All the increasing partitions of n, indexing each of them by PART;, must
be described.

step 4

Working with partition PART;, our next need is the construction of the matrix
n x n, whose blocks are obtained according to this partition.

step 5

Having the matrix, h; is determined, i.e., the number of variables ¢;; of the
required elementary symmetric polynomial 7.

step 6

Now it is possible to know if the polynomial 7 belongs to the ideal Z,
through the uniqueness of the remainder RFINAL.

step 7
Finally, the result is printed.

Considering all this information, by using the software Maple [5] we devel-
oped an initial algorithm that gives us:



(1) the elementary symmetric polynomials o; in n variables T1y.ensTn;

(2) a Grobner basis G for the ideal Z,,;

(3) the remainders R, in Z, of the division of the polynomials P, = 71, by G;
(4) the remainders RFIN AL, in Zs, of the division of P, by G.

(1) algorithm that calculates the elementary
symmetric polynomials ¢; in n variables

[> n:= : X:=[seq(x[i],i=1..n)]:

[ > forifrom 1tondo
with(combinat,choose):
CBYi]:=choose(X,1):
with(combinat,numbcomb):
NCBli]:=numbcomb(n,i):
for j from 1 to NCB[i] do
PCBJi,j:=product(CBIi|[j][kp],kp=1..1)
od:
sigmali]:=sum(PCB[i,1],1=1..NCBJi])
od:

(2) algorithm that calculates a Grébner
basis G for the ideal 7,

> with(grobner):
IDEAL:=[seq(sigmali],i=1..n)]:
G:=gbasis(IDEAL,X):

algorithm that separates the blocks
of a matrix n x n according to
some increasing partition of this n

6



with(combinat,partition):
PART:=partition(n):
with(combinat, numbpart
NPART:=numbpart 1({n
for i from 2 to NPART do
PARTIi]:
with(linalg,vectdim):
s[i]:=vectdim(PART[i]):
for jb from 1 to sfi] do
d[i,jb]:=PARTIi][jb]

od:
d[i]:=[seq(d[i,kb], kb 1 [1])]
for i1 from 1 to d[i,1]-
for j1 from 11+1 to d[i,1] do
t[il1,j1]:=x[i1]+x[j1]
od:
. £[i1]:=seq(t[i1,11],11=i1+1..d[i, 1])
e

v[1]:=seq(t[k1],k1=1. d[l 1]-1):
for b from 2 to sli
A: —surnéd i,al,a=1..1b-1):
B:=sum(d[i,b|,b=1..1b):
for ig from A+1 to B-1 do
for jg from ig+1 to B do
tlig.ig)-=x[ig]-+x[ig]

od:
’ t[ig]:=seq(t[ig,lg],lg=ig+1..B)
; M|Ib]:=seq(t[kg],kg=A+1..B-1)
od:
y[2]:=seq(M[i2],i2=2..s[i]):

algorithm that calculates h the number of
variables t;; of a given increasing partition of n

YGli]:=[seq(y[k2],k2=1..2)]:
with(linalg,vectdim):
hli]:=vectdim(YGli]):

(3) algorithm that calculates the remainders R
in Z of the division of polynomials 7
by the Grébner basis G

~l



for k from hli] by -1 to 1 do
with(combinat,choose ()’
COMB|k]:=choose(YGi],k):
with(combinat,numbcomb):
NCOMB|k]:=numbcomb(hli],k):
for j from 1 to NCOMB[k| do

4 PCOMBJk,j]:=product(COMB k] [j][kr],kr=1..k)

od:
tauli][k]:=sum(PCOMBI[k,Ir],Ir=1..NCOMBIK]): .
with(grobner):
R[i][k]:=normalf(tau[i] [k],G,X):

(4) algorithm that calculates the remainders RFINAL
in Z, of the division of polynomials 7, by G

R.FINAL[l] [k]:=modp(R[i][k],2):

PR[i,k][1 —tau 1\ =tauli|[k]:
ik|[2 —RFINALI][K]:

PR[l I —[seq(PR[l k|[j],j=1..2)]

od:

algorithm that shows us the final result
[ > n:=n;
[ > for p from 1 to n do sigmalp]:=sigma[p] od;
[ > G:=G;

> for p from 2 to NPART do PART[p]:= PART|p]:

h[p]:=h[p]: .
for m from 1 to h[p] do print(PR[p,m]) od

od;
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Resumo

O proposito desta nota € mostrar como nds respondemos, em um caso especifico, a uma
questdo algébrica que pesquisadores tém colocado por anos, a saber: se um polindnmio em
um anel polinomial em varias variaveis pertence a um ideal deste anel. Usando o softwre
Maple V, Release 4, nos apresentamos um algoritmo que soluciona esse nosso problema.
Uma breve introdugdo descreve como o mesmo surgiu nos nossos estudos e apresenta

também a notagio usada.
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