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This work presents the application of the lesser-known yet significant Sommerfeld-Watson transformation
(SWT) for the analytical diagonalization of specific Hamiltonians in condensed matter physics. This powerful
mathematical technique is particularly useful for simplifying summations over discrete quantum numbers by
converting them into contour integrals in the complex plane. We focus on the Fermi gas and the non-interacting
single-impurity Anderson model, both fundamental for describing important phenomena such as electronic
conductance in metals, x-ray photoemission, and aspects of the Kondo problem. A comprehensive explanation of
the SWT is provided, and its role in the diagonalization of these models is illustrated using modern notation for
enhanced clarity. The analytical results obtained were validated against direct numerical diagonalization, showing
excellent agreement. Additionally, we extended the method to a generalized version of the non-interacting single-
impurity Anderson model, incorporating variable couplings and an arbitrary band dispersion, and provided two
non-trivial examples. The procedure successfully achieved the analytical diagonalization of this more complex
model, offering a generalized solution not previously reported in the literature. The detailed presentation, modern
notation, and numerical validation of the SWT applied to key models in condensed matter physics constitute a
valuable pedagogical resource, enriching the teaching of theoretical condensed matter physics.
Keywords: Sommerfeld-Watson transformation, analytical Diagonalization, Fermi gas-like models, condensed
matter physics.

1. Introduction

The Sommerfeld-Watson transformation (SWT) is a
mathematical technique used to convert a series to a
contour integral in the complex plane, simplifying its
evaluation [1, 2]. Such series naturally arise in problems
involving discrete quantum numbers, for example, in
scattering theory [3–6], where sums over poles or discrete
quantum states are common. This technique is also
applied in the analysis of amplitudes in high-energy
physics [7, 8], in the study of many-particle scattering
theory [9], and is frequently employed in quantum field
theory, particularly in the analysis of spectral func-
tions [10]. It can also be applied to electrostatic prob-
lems, where sums over discrete functions are common
[11–14]. Undoubtedly, it is a highly versatile method that
enriches the analytical toolkit of theoretical physicists.

A lesser-known application of the SWT is its role in
the analytical diagonalization of important and widely
studied Hamiltonians in condensed matter physics, such
as the Fermi gas Hamiltonian and the single-impurity
Anderson model (SIAM) [15] in the non-interacting
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limit, where the Coulomb repulsion is neglected. Since
the understanding of these models often relies on their
diagonalization, this further demonstrates the utility of
this transformation.

The Fermi gas model, for instance, describes the
many-body behavior of non-interacting fermions. It is
particularly relevant for studying metallic bands dom-
inated by the superposition of s and p orbitals [16],
where Coulomb interactions can be ignored. Despite
its apparent simplicity, a Fermi gas under a localized
scattering potential captures a variety of important
physical phenomena, including electrical conductance in
metals [16], x-ray emission and absorption [17–21], and
the x-ray photoemission [22–27].

The SIAM, on the other hand, describes a magnetic
impurity coupled to a non-interacting Fermi gas [15]. It
accounts for phenomena such as Kondo physics [28–30]
and the behavior of single-electron transistors [31],
among others. In general, this model cannot be diag-
onalized exactly [16]. However, it can be solved in
the non-interacting limit, which permits the analysis of
fixed-point Hamiltonians within Renormalization Group
theory [32], playing a fundamental role in the Fermi-
liquid description of the Kondo problem [28–30].

The Fermi gas and the non-interacting SIAM have
already been diagonalized using SWT-based methods
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(see Refs. [26, 28]). However, these works often omit
relevant mathematical details or rely on outdated nota-
tions. For example, Refs. [26, 28, 29] present only the
final results, assuming the reader is already familiar with
the diagonalization procedure. While it is possible to
reconstruct the calculations, a more detailed derivation
would significantly enhance comprehension.

In this paper, we aim to demonstrate the general-
ization of the diagonalization procedure based on the
SWT, extending its application from simple models to a
broader class of more complex quadratic Hamiltonians.
To this end, we provide a detailed, self-contained presen-
tation of the SWT, which is not always readily available
in the literature, and highlight its role in the analytical
diagonalization of two well-known examples: the Fermi
gas under a localized scattering potential and the non-
interacting SIAM. Moreover, for these examples, we
compare the analytical solutions with numerical results
obtained through brute-force diagonalization, finding
excellent agreement between the two approaches.

We also consider a more general version of the non-
interacting SIAM, in which no specific band dispersion
is assumed and the couplings are allowed to vary. We
present a unified analytical solution for this generalized
non-interacting SIAM, from which the solutions for
simpler cases can be recovered. To the best of our
knowledge, this general analytical solution has not been
previously derived. Additionally, we provide two non-
trivial examples with numerical validation. Despite the
increased mathematical complexity, we show that the
same diagonalization procedure remains effective in this
broader case.

We believe this detailed presentation of the
Sommerfeld-Watson transformation will serve as a valu-
able pedagogical tool for analyzing and teaching a wide
range of problems in condensed matter physics. In
addition, the generalized solution presented here can be
applied to study the properties of more complex and
realistic Fermi gas-like systems.

This article is organized as follows: In Section 2, we
outline the diagonalization procedure based on the SWT
and present the general form of the Hamiltonian required
for this approach. In Sections 3 and 4, we apply this
procedure to two well-known examples: the Fermi gas
and the non-interacting SIAM. Section 5 compares the
results obtained in Sections 3 and 4 with numerical
diagonalization. In Section 6, we introduce a general-
ized non-interacting SIAM and present its analytical
diagonalization. Two non-trivial examples, supported by
numerical validation, are presented. Finally, Section 7
summarizes our conclusions.

2. The Diagonalization Procedure

Here, we outline the key steps for analytically diagonaliz-
ing certain types of Hamiltonians using the Sommerfeld-
Watson transformation. The following sections apply

these general ideas explored to well-known examples.
The diagonalization procedure applies to any quadratic
fermionic Hamiltonian that can be expressed in the
second quantization formalism [16, 38] as

Ĥ =
∑

k

εk ĉ†
k ĉk +

∑
k,q

(
MkM̄q + M∗

q M̄∗
k

)
ĉ†

k ĉq. (1)

ĉ†
k (ĉk) are the creation (annihilation) operators for

fermions with energy εk, where k identifies the possible
energy levels of the system, which resembles the Fermi
gas. Note that the product of the independent terms Mk

and M̄q represents the couplings between the fermionic
states (off-diagonal terms), and “∗” denotes the complex
conjugation. Although the requirement that the coupling
takes the form MkM̄q may initially seem overly restric-
tive, it accommodates a broad class of models, including
those of interest described by the Hamiltonians in Refs.
[24, 26–30, 33].

Here, we will focus on one-dimensional Hamiltonians,
where k is a scalar. However, this procedure can also be
adapted to higher-dimensional Hamiltonians with cou-
plings Mk⃗M̄q⃗. While the summation and the resulting
expressions may become more complicated in higher
dimensions, it remains feasible. The simpler higher-
dimensional case is when the energy depends only on
k = |⃗k| (spherical symmetry in d dimensions), converting
the sums

∑
k⃗ into sums over k [16].

Similar steps can be adapted to diagonalize bosonic
Hamiltonians with a form similar to equation (1);
however, some sign differences may appear throughout
the calculations presented here. In the following, we
outline the procedure for diagonalizing the Hamiltonian
in equation (1) for a large number of fermionic states,
which can be interpreted as a Fermi gas-like model
(diagonal terms) subject to a perturbation (off-diagonal
terms).

2.1. First step: the Ansatz

A diagonal Hamiltonian in second quantization can be
written as

Ĥ =
∑
m

ϵmĝ†
mĝm, (2)

where {ϵm} are its eigenvalues and {ĝ†
m} one-particle

eigenoperators of the Hamiltonian, which creates a
fermion with energy ϵm. Diagonalizing the Hamilto-
nian (1) means finding the sets of energies {ϵm} and
single-particle operators {ĝ†

m} such that it can be
compressed in the above form. Since the initial set of
operators forms a complete vector space, the operator
ĝ†

m can be written as a linear combination of the initial
ones {ĉ†

k} as

ĝ†
m =

∑
k

uk,mĉ†
k. (3)
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Here, uk,m are the coefficients of the mentioned linear
combination, which we aim to find in the diagonalization
procedure1.

2.2. Second step: computing the commutators

In this step, we compute the commutators [H, ĉ†
k] and

[H, ĝ†
m] using equations (1), (2) and (3). This compu-

tation is crucial as it enables us to derive a system of
coupled equations, whose solutions are the eigenvalues
and eigenstates of the Hamiltonian, as will become
clearer in the next step. After some manipulations
following the calculations shown in Appendix A, we find

[Ĥ, ĉ†
k] =

[
εk ĉ†

k + M̄k

∑
q

Mq ĉ†
q + M∗

k

∑
q

M̄∗
q ĉ†

q

]
, (4)

and

[Ĥ, ĝ†
m] = ϵmĝ†

m. (5)

In the next step, we use these commutation relations
to derive equations that determine the eigenvalues and
eigenoperators of the Hamiltonian (1).

2.3. Third step: the eigenenergies and
eigenoperators equations

This step involves extensive manipulation of the above
equations and more complex mathematical derivations,
which we avoid at this point. All details are explicitly
presented in Appendix B. Instead, we will summarize
here the main steps, which consist of manipulating
equations (3), (4), and (5), resulting in the expression∣∣∣∣∣1 −

∑
k

M̄kMk

ϵm − εk

∣∣∣∣∣
2

=
∑

k

|Mk|2

ϵm − εk

∑
k

|M̄k|2

ϵm − εk
. (6)

Equation (6) represents the eigenvalue equation, and
its solutions, {ϵm}, correspond to the eigenvalues of
the Hamiltonian. A similar coupled equation involving
these summations can be used to determine the coeffi-
cients uk,m (see Appendix B). This is precisely where
the Sommerfeld-Watson transformation becomes highly
useful, in the sense that it simplifies the sums,

S(ϵ) =
∑

k

|Mk|2

ϵ − εk
, S̄(ϵ) =

∑
k

|M̄k|2

ϵ − εk
, and

S̃(ϵ) =
∑

k

MkM̄k

ϵ − εk
.

(7)

After this, the equation
∣∣1 − S̃(ϵ)

∣∣2 = S(ϵ)S̃(ϵ) can be
solved and the eigenvalues of Ĥ determined.

1 For mostly problems, it is possible, without loss of generality, to
simplify the procedure by assuming that the coefficients {uk,m}
are real numbers.

2.4. Last step: the Sommerfeld-Watson
transformation

To complete the diagonalization, we address the sums in
equation (7). Here, we focus on Fermi gas-like systems
with a large number of particles, where these sums take
the general form of

S =
∞∑

n=−∞
f(n), (8)

where f(n) is a function defined for discrete integers n.
The SWT replaces this summation with the evaluation

of a complex integral through the following steps2.
First, let us consider the complex function F (z) =
πf(z) cot(πz), where z ∈ C. F (z) has simple poles in the
set of integer values {n} arising from the term cot(πz).
The function can also have other poles coming from f(z)
denote by {z0}, which, for simplicity, we consider z0 /∈ Z.
Therefore, employing the residue theorem [34], we can
define a contour integral in the complex plane:

1
2i

∮
C

f(z) cot(πz) dz

=
∞∑

n=−∞
f(n) + π

∑
{z0}

cot(πz0)Res(f(z), z = z0),

(9)

where the original sum we seek to evaluate in equa-
tion (8) appears among the residue terms. Here, the
contour C is an arbitrary-closed contour in the complex
plane that includes all integers, as shown in Fig. 1, and
{z0} denotes all poles of f(z) within C, and we use the
simple pole residue formula [34], that is,

lim
z→n

f(z) cot(πz) · (z − n)

= lim
z→n

f(z) cos(πz) (z − n)
sin(πz) = 1

π
f(n). (10)

Moreover, by rearranging the equation (9), we obtain

∞∑
n=−∞

f(n) = 1
2i

∮
C

f(z) cot(πz)dz

− π
∑
{z0}

cot(πz0)Res(f(z), z = z0). (11)

To compute the integral on the right-hand side, we have
to choose an appropriate contour C. The interpretation
of equation (11) is straightforward: the first term on
the right-hand side accounts for the contribution from
the sum far away from the poles, while the second term
captures the contributions around the poles.

2 It is assumed that the reader is already familiar with complex
analysis; if not, it is recommended to first consult Mathematical
Physics by Eugene Butkov.
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Figure 1: A few examples of appropriate contours for evaluating
the Sommerfeld-Watson transformation are shown. The blue
lines (solid and dashed) represent examples of suitable closed
contours, while the black "×" symbols indicate the integer poles
and the red "×" symbols denote the poles of the function f(z).
The latter poles do not necessarily need to be inside the contour.

As an simple example of the SWT applications, let
us consider a small modification of the Bessel problem∑

n≥1 n−2 = π2

6 , given by

S =
∞∑

n=−∞

1
n2 + η2

SWT= 1
2i

∮
C

cot(πz)
z2 + η2 dz − π cot(πiη)

iη
.

(12)

Here, we used the SWT in equation (11) considering the
poles z0 ∈ {−iη, iη}.

We can now choose the circular integration path
shown in Fig. 1 in the |z| → ∞ limit to eliminate
the contribution of the first term on the right-hand
side of equation (12)3. Using the identity cot(ix) =
−i × cosh(x)

sinh(x) , it is straightforward to show that equation
(12) simplifies to

∞∑
n=−∞

1
n2 + η2 = π

η

cosh(πη)
sinh(πη) , (13)

and finally prove that

∞∑
n=1

1
n2 =

[ ∞∑
n=1

1
n2 + η2

]
η=0

= lim
η→0

[
− 1

2η2 + π

2η

cosh(πη)
sinh(πη)

]
= π2

6 . (14)

Small modifications to the presented transformation
can be applied in other contexts. For example, by
defining the function F (z) = πf(z)/ sin(πz), one can
address alternating series. In addition, the choice of the
complex contour C is arbitrary. A circular contour is
especially appropriate for functions f(z) with fast decay
(f(|z| ≫ 1) ∼ |z|−2 or faster), such as the Bessel problem
S =

∑
n≥1 n−2 = π2

6 , where the contribution vanishes
as the radius R → ∞ [35].

3 The fraction cot(πz)
z2+η2 goes to zero at all points of the contour in

the |z| → ∞ limit.

Although there is no recipe for performing the SWT,
the procedure typically begins by defining the function
F (z) = πf(z) cot(πz) (or F (z) = πf(z)/ sin(πz) for
alternating sums). This formulation isolates the poles
of sin(πz) from those of f(z), facilitating the extrac-
tion of the sum S. The next steps involve selecting
an appropriate closed complex contour, computing the
residues of f(z), and deriving an expression for S. In the
following sections, we present two examples to illustrate
the application of this method in condensed matter
physics.

3. Fermi Gas Under a Localized
Scattering Potential

In this section, we diagonalize the Hamiltonian of a
Fermi gas in the presence of a localized scattering
potential. This model describes non-interacting fermions
(a Fermi gas), such as electrons in a simple metal,
subjected to a localized perturbation [33], which could
represent a frozen impurity, a localized external electric
potential, or a charged particle near the Fermi gas. Since
this perturbation is external to the Fermi gas, it acts as
a scattering mechanism, altering the momentum of each
fermion in the system [16]. A good example of such a
mechanism is the ionization of deep-core atoms when
a metal is struck by x-rays, leaving behind a localized
positive charge that acts as a scattering potential for
the conduction electrons [16–19, 21, 22].

Despite its simplicity, this model has played a cru-
cial role in the development of new ideas [33] and in
explaining fascinating phenomena in metals such as
x-ray photoemission, leading to x-ray photoemission
spectroscopy [36], and x-ray absorption and emission,
leading to x-ray absorption spectroscopy [37]. The diago-
nalization of this Hamiltonian is the essential first step in
understanding how the presence of a localized scattering
potential perturbs the Fermi gas (or a simple metal)
[16–19, 21–27], and consequently, the aforementioned
phenomena.

3.1. The Hamiltonian

Let us begin with a simpler version: the spinless Hamil-
tonian Ĥ in second quantization notation [16, 38],
which describes a spinless Fermi gas under a localized
scattering potential of strength W (an external charged
particle or electric field, for example). It is given by

Ĥ =
∑

k

εkâ†
kâk + W

2L

∑
k,q

â†
kâq, (15)

where â†
k (âk) are the creation (annihilation) operators

for fermions in the momentum state k, 2L is the number
of states, εk is the energy dispersion relation, and W is
the amplitude of the localized scattering potential.
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In equation (15), the Hamiltonian is written in
momentum space (k-space). The first term on the right-
hand side corresponds to the effective kinetic energy of
each fermion in the Fermi gas, while the second term
accounts for the scattering due to the localized potential
of strength |W |. It is important to note that “localized”,
as used here, refers to real space. Since the Hamiltonian
is expressed in momentum space, something localized
in real space appears as a spread across all k values in
momentum space, as represented by the second term on
the right-hand side.

For simplicity, we will consider εk = ∆ · k, a linear
dispersion relation, where ∆ is the difference between
two consecutive energy levels and k is an integer such
that −L ≤ k ≤ +L. As already mentioned, our focus
here is on one-dimensional systems, where k is a scalar.

The energy spectrum of a Fermi gas system is limited
by a maximum energy value that depends on the
characteristics of the model [16], called the bandwidth
energy D. Then, for a large number of energy levels, we
have ∆ → 0, approaching a gapless band.

In our model, we consider the bandwidth energy of the
fermionic levels as D = ∆ · L. As a result, the fermionic
density of states, which accounts for the proportion of
the total number of energy levels that exist per unit of
energy, mathematically described by

ρ ≡ 1
2D

= 1
(2L∆) . (16)

These definitions will prove useful in future calculations.

3.2. Analytical diagonalization of the model

As mentioned in the previous section, the diagonal form
of Ĥ is described by equation (2), where the operator
ĝ†

m can be written as a linear combination of the initial
band operators {â†

k} as

ĝ†
m =

∑
k

uk,mâ†
k. (17)

Our task now is to determine the eigenvalues {ϵm}
and the “eigenvectors" coefficients {uk,m}. Then, the
second step of the procedure continues by computing
[Ĥ, â†

k] and [Ĥ, ĝ†
m]. After some manipulations assisted

by the result in Appendix A, we arrive at the following
expressions:

[Ĥ, â†
k] = εkâ†

k + W

2L

∑
q

â†
q (18)

and [Ĥ, ĝ†
m] = ϵmĝ†

m, as shown by equation (5).
By substituting ĝ†

m on both sides of equation (5) using
its expansion in terms of the operators {â†

k} defined in
equation (17), and after some algebraic manipulations,
we get∑

k

[
εkuk,m + W

2L

∑
q

uq,m

]
â†

k =
∑

k

ϵmuk,mâ†
k. (19)

As the operators â†
k are linearly independent, each

term of the k-sum above must satisfy the equation
independently, resulting in

(ϵm − εk) uk,m − W

2L

∑
q

uq,m = 0. (20)

Isolating the term uk,m and summing over all possible
k-states, we can write

∑
k

uk,m = W

(
1

2L

∑
k

1
(ϵm − εk)

)∑
q

uq,m. (21)

Considering
∑

k uk,m ̸= 0, it is straightforward to show
that we obtain the following condition

1 = W

(
1

2L

∑
k

1
(ϵm − εk)

)
. (22)

This expression is the eigenvalue equation of the Fermi
gas system, and its solution will provide the missing
eigenenergies {ϵm}.

Keeping that in mind, we aim now to analyze the sum
on the right-hand side of equation (22). For this reason,
it is convenient to define a new variable Sm as

Sm = 1
2L

∑
q

1
ϵm − εq

. (23)

The final step is to use the Sommerfeld-Watson
transformation to find an explicit formula for Sm. But
before proceeding, it is important to note that the
scattering potential W in the Hamiltonian Ĥ shifts each
initial eigenvalue εm by a certain amount of energy.
For reasons that will become clear in the following
calculations, we define this energy shift as

(
− δm

π

)
∆,

where δm is the phase shift and ∆ is the difference
between two consecutive energy levels near the Fermi
energy. In principle, δm can take any value that adjusts
the initial eigenvalue to match the eigenvalue ϵm in the
presence of the scattering potential. In this situation, we
can write the final energies as

ϵm = εm − δm

π
∆. (24)

Now, recalling that εk = ∆ · k, and using equa-
tions (24) and (16), it is straightforward to show that
the summation Sm given by the equation (23) can be
rewritten as

Sm = −ρ
∑

q

1
q − m + δm

π

. (25)

Following last step of the diagonalization procedure,
discussed in section 2, we write the sum as Sm =
ρ
∑

n f(n) with f(z) = −(z − z0)−1, a function with
a single simple pole at z0 = m − δm/π. After the SWT
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Figure 2: (Left panel) Integration path of (26), a square in the
complex domain centered at the origin with size L. (Right panel)
Auxiliary path to simplify the integral over C. In the upper and
bottom boundaries of the integration path C, it is true that
lim(Imz→±∞) cot(Re(z) + iIm(z)) = ∓i, which results in the
expression in equation (30). The integration contours shown
here run in the counterclockwise direction.

defined by equation (11), the sum Sm in equation (25)
transform into

Sm = − 1
2i

∮
C

dz ρ cot(πz)
z −

(
m − δm

π

) + πρcot(πm − δm). (26)

The last term on the right-side of equation (26)
can be simplified to cot(πm − δm) = − cot(δm). We
now only need an expression for the complex inte-
gral. For this purpose, it is necessary to define a
closed contour C in the domain of the function
F (z) = f(z)cot(z). An appropriate complex contour
for this problem is shown in Fig. 2 (left panel),
once lim(Imz→±∞) cot (Re(z) + i Im(z)) = ∓i. Taking
the limit where the box size shown in Fig. 2 tends to
infinity, we write

1
2i

∮
C

dz
cot(πz)

z −
(
m − δm

π

)
= −1

2 lim
y→+∞

∫ −∞

+∞
dx

1
x + iy − z0

+ 1
2 lim

y→−∞

∫ +∞

−∞
dx

1
x + iy − z0

. (27)

Using an auxiliary path, shown in the right panel of
Fig. 2, for a function f(z) with poles only in the real axis,
it is true that 1

2i

∮
± f(z)dz = 0. Moreover, the following

statement holds

lim
y→±∞

∫ −∞

+∞
dx

1
x + iy − z0

= − lim
L→∞

lim
y→0±

∫ +L

−L

dx
1

x + iy − z0
. (28)

Therefore, with the results in equations (27) and (28),
we find that the total contribution from the closed path
in Fig. 2 to Sm is simply

P
∫ +L∆

−L∆
dε

ρ

εm − ε
, (29)

where P represents the Cauchy principal value of the
integral. Then, the expression in equation (26) is rewrit-
ten as

Sm = −πρcot(δm) + ρP
∫ +L∆

−L∆

dε

εm − ε
. (30)

Finally, we find an explicit expression for Sm, and we
can return to the diagonalization procedure.

From the identity W · Sm = 1 shown in equation (22),
the direct substitution of Sm by its explicit expression
shown in equation (30) leads to

cot(δm) = 1
π

P
∫ +D

−D

1
εm − ε

dε − 1
πρW

+ O(∆)

= − 1
πρW

+ 1
π

ln
(

D + εm

D − εm

)
. (31)

Our goal is to determine the new energy levels in the
presence of the scattering potential. To achieve this,
we need to compute the phase shift δm, which can
be obtained from equation (31). From this expression,
we can determine δm ≡ δm(εm, W ) for each εm and
fixed W , and consequently, find the eigenenergies using
equation (24). To derive an explicit expression for the
phase shift, we can rearrange equation (31) and show
that the phase shift is given by

tan(δm) = −πρW

(
1 − ρW ln

(
D + εm

D − εm

))−1
, (32)

or, for the energy levels close to the Fermi energy, it can
be approximated as

tan(δm) ≈ tan(δ0) ≡ −πρW, (33)

a constant that depends only on W , for |m| ≪ L. Here,
we used the fact that ln

(
D+εm

D−εm

)
contributes on the

order of O(m/L).
To complete the diagonalization of the Hamiltonian,

we only have to find the coefficients uk,m and, conse-
quently, the eigenoperators {g†

m}. We start by isolating
the coefficient uk,m in equation (20) and squaring both
sides, and then applying the sum over k. This gives

∑
k

|uk,m|2 = W 2

2L

1
2L

∑
k

1
(ϵm − εk)2

(∑
q

uq,m

)2

.

The normalization of the single particle state guar-
antees that

∑
k |uk,m|2 = 1 holds. Note that from

equations (25) and (30), it is straightforward to show
that

−dSm

dϵm
= 1

2L

∑
k

1
(ϵm − εk)2 = 1

2L∆2

∣∣∣∣ π

sin δm

∣∣∣∣2 . (34)

This leads to

1 = ρ2W 2

(∣∣∣∣ π

sin δm

∣∣∣∣2
)(∑

q

uq,m

)2

,
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or, after taking the square root,∑
q

uq,m = ± sin δm

πρW
. (35)

Finally, substituting the equation (35) into the equa-
tion (20) we obtain the well-known form of the coeffi-
cients uk,m as

uk,m = − ∆
(ϵm − εk)

sin δm

π
, (36)

and the energy eigenvalues ϵm from equations (24)
and (32), completing the diagonalization procedure.
The minus sign in equation (35) is chosen to ensure
that limδ→0 uk,m = δK

k,m, where δK
k,m represents the

Kronecker delta [38].
Equations (24), (32), and (36) can be used to derive

the Anderson orthogonality catastrophe [24, 33], which
states that the Fermi gas ground states before and after
the introduction of a localized potential are orthogonal,
even for small values of W . This catastrophe has pro-
found consequences in condensed matter physics and is
responsible for the power-law behavior observed in the
x-ray photoemission, emission, and absorption spectra
of metals (see Refs. [18, 22, 26]).

4. The Non-Interacting Single Impurity
Anderson Model

Another important model in condensed matter physics
is the single-impurity Anderson model (SIAM) [15],
which describes a magnetic impurity coupled to a non-
interacting Fermi gas (or a metallic band). This model
can explain the Kondo effect [32], where an anomalous
increase in the low-temperature resistivity of metals with
a small concentration of magnetic impurities is observed,
and it is extremely useful for understanding the behavior
of quantum impurities coupled to a metallic wire [39]. In
particular, studies of the conductivity in such systems
have led to the development of technological devices,
such as the single-electron transistor [31].

In the second quantization, the SIAM can be described
by the Hamiltonian

ĤSIAM ≡ [εd (n̂d↑ + n̂d↓) + Un̂d↑n̂d↓] + ĤB + Ĥh. (37)

The first term in brackets on the right-hand side is the
contribution from the impurity, where n̂dσ = d̂†

σd̂σ, and
d̂†

σ (d̂σ) creates (annihilates) one electron in the impurity
level with energy εd and spin σ = ↓, ↑. The Coulomb
repulsion term U penalizes double occupancy. ĤB repre-
sents the Fermi gas, described by the Hamiltonian (15)
with W = 0, and Ĥh is the hybridization and couples
the impurity to the Fermi gas, allowing electron transfer
between them.

Usually, it is a good approximation to consider that
the impurity couples only to the neighboring metallic

atoms. Then, in momentum space, the coupling is
constant for all k values, and the hybridization term
becomes:

Ĥh ≡ V√
2L

∑
kσ

(
â†

kσd̂σ + d̂†
σâkσ

)
, (38)

where {â†
kσ} are the same fermionic creation operators

defined in Section III, and V quantifies the strength of
the impurity-Fermi gas coupling.

Despite the seemingly simple form of the SIAM
defined in equation (37), the Coulomb interaction U
makes the model non-quadratic, which cannot be diag-
onalized easily. To address the interacting case (U ̸= 0),
more sophisticated approaches, such as the Bethe
Ansatz [40] or numerical methods like the Numerical
Renormalization Group (NRG) [25, 39], the Real Space
Numerical Renormalization Group (eNRG) [26, 29], and
the Density Matrix Renormalization Group (DMRG)
[32, 41–43], are required. However, these methods lie
beyond the scope of this paper. Here, we will focus
on analytically diagonalizing the simpler non-interacting
SIAM (NI-SIAM), defined by setting U = 0. For this
case, each spin component σ is completely independent
of the others, and we can consider spinless fermions.

4.1. The NI-SIAM Hamiltonian

It is beneficial to introduce a small modification to the
NI-SIAM to also account for the presence of a localized
scattering potential W . In this case, the Hamiltonian can
be written as

Ĥ = εdd̂†d̂ + V√
2L

∑
k

(
d̂†âk + H.c.

)
+
∑

k

εkâ†
kâk + W

2L

∑
k,q

â†
kâq, (39)

which is also known as Newns-Anderson model [44].
In summary, equation (39) is a Fermi gas-like model

that describes a non-interacting impurity (first term)
coupled to a Fermi gas (third term) under a localized
scattering potential (fourth term), where the coupling
is proportional to V and enables fermions to transfer
between them (second term). This adjustment of the
model allows the Hamiltonian to easily recover the pure
NI-SIAM case by setting W = 0 (in the absence of a
scattering potential), while also enabling its application
to more general scenarios, such as the low-temperature
Fermi liquid description of the Kondo effect [21, 28–30].
Additionally, it allows one to recover the Fermi gas
studied in Section 3 by setting V = 0, decoupling the
impurity from the Fermi gas.

4.2. Analytical diagonalization of the NI-SIAM

Here, we aim to diagonalize the Hamiltonian (39).
Similar to what was done in the Fermi gas problem, we
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can diagonalize this Hamiltonian if it is expressed in the
form Ĥ =

∑
m ϵmĝ†

mĝm, where the operator ĝ†
m is now

ĝ†
m =

∑
k

uk,mâ†
k + ud,md̂†, (40)

which is a linear combination of not only the Fermi gas
operators {â†

k}, but also the impurity operator d̂†.
Following the diagonalization procedure described in

Section II, we need to compute the commutators of Ĥ
with ĝ†

m, â†
k and d̂†. Using the result from Appendix A

to simplify the calculations, after some manipulations,
we arrive at the following expressions:

[Ĥ, â†
k] =

[
V√
2L

d̂† + εkâ†
k + W

2L

∑
q

â†
q

]
, (41)

[Ĥ, d̂†] =
[

εdd̂† + V√
2L

∑
q

â†
q

]
, (42)

and [Ĥ, ĝ†
m] = ϵmĝ†

m, as shown by equation (5).
Using the equation (5) and substituting the operator

ĝ†
m expanded as the linear combination defined in (40),

we arrive at∑
k

ϵmuk,mâ†
k + ϵmud,md̂†

=
∑

k

[
εkuk,m + W

2L

∑
q

uq,m + V√
2L

ud,m

]
â†

k

+
[

εdud,m + V√
2L

∑
q

uq,m

]
d̂†. (43)

To derive the above expression, we used the results from
equations (41) and (42).

Since each operator â†
k and d̂† in equation (43)

are linearly independent, we can split the mentioned
equation into two equalities as follows

(ϵm − εk) uk,m − W

2L

∑
q

uq,m = V√
2L

ud,m, (44)

and

(ϵm − εd) ud,m = V√
2L

∑
q

uq,m. (45)

Similarly as the manipulations performed to diago-
nalize the Fermi gas, to solve the system of equations
defined by (44) and (45), we can first isolate the term
uk,m in (44) and apply a sum over all possible values of
k, resulting in[
1 − W

2L

∑
k

1
ϵm − εk

]∑
q

uq,m = V√
2L

∑
k

1
ϵm − εk

ud,m.

(46)

Isolating the term
∑

q uq,m in equation (45) and sub-
stituting it into the equation (46) to find the following
relation:

(ϵm − εd)
[

1 − W

2L

∑
k

1
ϵm − εk

]
= |V |2

2L

∑
k

1
ϵm − εk

.

(47)

Equation (47) defines an implicit equation for the
eigenenergies {ϵm} of the NI-SIAM. Once again, we
encounter the eigenvalue equation for the problem at
hand. The next step is to solve this equation.

Keeping that in mind, we already know that the sum
Sm = 1

2L

∑
k

1
ϵm − εk

can be computed by equation (30).

Using this information in equation (47), the eigenvalues
{ϵm} can implicitly be found through the expression

ϵm = εm − δm

π
∆ = εd + Sm|V |2

1 − WSm
, (48)

while Sm depending only on δm and the energy εm (that
is, Sm = Sm(δm, εm)). More specifically, there are two
equalities in the above expression:

εm − δm

π
∆ = εd + Sm|V |2

1 − WSm
, (49)

which implicitly allows us to find the value of δm and
ϵm = εm − δm

π ∆, where we can find the eigenener-
gies {ϵm}.

Considering |εm −εd| ≫ |δm|
π ∆, after some mathemat-

ical manipulations, it is straightforward to show that the
phase shift for the metallic levels can be obtained by

tan δm ≈ tan δ(0)
m

(
1 + tan δ

(0)
m

π
ln
(

D + εl

D − εl

))−1

, (50)

where

tan δ(0)
m = −

[
πρW + πρV 2

εm − εd

]
. (51)

To complete the diagonalization procedure, we now
need to determine the coefficients uk,m and ud,m. The
basis transformation must satisfy the normalization con-
dition,

∑
k |uk,m|2+|ud,m|2 = 1. To apply this condition,

it is convenient to first express uk,m in terms of ud,m. One
possible approach is to first isolate the term

∑
q uq,m in

equation (46) resulting in

∑
q

uq,m = V√
2L

[
1 − W

2L

∑
k

1
ϵm − εk

]−1

·
∑

k

1
ϵm − εk

ud,m. (52)

Substituting the above relation into equation (44) and
performing some algebraic manipulations, while keeping
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in mind the definition of Sm, we can rewrite the equation
in the following form:

uk,m =
[

V√
2L

1
ϵm − εk

]
1

1 − WSm
ud,m. (53)

Finally, after expressing the coefficients uk,m in terms
of ud,m as shown in equation (53), we can square it and
apply the summation over all possible {k}, resulting in
the following expression∑

k

|uk,m|2 =
[

|V |2 1
2L

∑
k

1
(ϵm − εk)2

]

· 1
(1 − WSm)2 |ud,m|2. (54)

The last step to conclude the Hamiltonian’s diago-
nalization is to substitute the above expression into
the normalization condition

∑
k |uk,m|2 + |ud,m|2 = 1,

leading to[
1

2L∆2

∣∣∣∣ π

sin δm

∣∣∣∣2 |V |2

(1 − WSm)2 + 1
]

|ud,m|2 = 1. (55)

Here, we used the result shown in equation (34).
From equation (55), we find the coefficients ud,m, and

consequently, we obtain uk,m using the equation (53).
Additionally, we can compute the eigenenergies ϵm by
equation (47) and an expression for the phase shift
δm using equation (50), which concludes the procedure.
However, let us notice that 2L∆ = 2D = 1/ρ, and taking
∆ → 0, we can find that ρ|V |2

∆(1−W Sm)2

∣∣∣ π
sin δm

∣∣∣2 ≫ 1 for any
finite V . Therefore, we can write

|ud,m| ≈
[

1√
2L∆

∣∣∣∣ π

sin δm

∣∣∣∣ |V |
(1 − WSm)

]−1
, (56)

and a more friendly look form for the coefficients uk,m

as

uk,m ≈ − ∆
(ϵm − εk)

sin δm

π
, (57)

which is the same expression obtained for the Fermi gas.
The pure NI-SIAM and the Fermi gas in the presence

of a localized scattering potential are limiting cases of
the model we diagonalized here. These limits can be
easily recovered from the solutions by setting W = 0
or V = 0, respectively. For example, by setting V = 0,
the impurity becomes decoupled from the Fermi gas,
and equation (50) reduces to equation (32), which
corresponds to the Fermi gas case.

For the pure non-interacting SIAM (W = 0), the
equation (50) simplifies to

tan δm ≈ Γ
εd − εm

(
1 + Γ

π(εd − εk) ln
(

D + εm

D − εm

))−1
,

(58)

where Γ = πρ|V |2 is called hybridization function and
quantifies how strongly the impurity is coupled to the
Fermi gas (metallic band).

4.3. Interpretation of the analytical
diagonalization

To illustrate the insights provided by the analytical diag-
onalization, let us focus on the eigenvalues and eigen-
vector coefficients obtained directly from equations (36)
and (24), both of which depend on the phase shift defined
in equation (50). First, note that the coefficients satisfy
max(uk,m) = sin(δm)

δm
≥ 2

π , which is always maximal
along the diagonal (k = m) and decays with the inverse
of the energy difference. The rate of this decay depends
on the value of δm. This behavior indicates that, even in
the presence of a strong perturbation in the Fermi gas,
the primary contribution to the final states still comes
from the unperturbed Fermi gas states. This conclusion
is further supported by equation (24) and the fact that
|δm| < π

2 , which shows that the energy levels shift only
slightly, even when |W | or |V | are large.

From the phase shift, we can observe that the localized
scattering potential tends to mix (or scatter) the unper-
turbed Fermi gas states across the entire energy spec-
trum. In contrast, the impurity effect is concentrated
around the impurity energy, being maximal near εd and
decaying as the energy moves away from this value, with
the decay rate controlled by Γ. As a result, the impurity
predominantly mixes with the Fermi gas levels in the
vicinity of εd.

In the x-ray photoemission [22], after an x-ray ejects a
deep core-level electron, the initially unperturbed Fermi
gas is suddenly forced to evolve under the influence of
the scattering potential. Since the maximum values of
the coefficients are on the diagonal, the system is most
likely to remain in its initial configuration. The resulting
photoemission spectrum consists of a sharp peak at the
ground state energy, followed by a power-law decay.
This decay, determined solely by the phase shift, reflects
the small particle-hole excitations arising from the non-
diagonal coefficients.

In the Kondo effect [30], on the other hand, a singlet
state is formed between the conduction electrons and
the impurity at low temperatures. Since the impurity
strongly influences the levels around its energy (con-
trolled by Γ), the conduction electrons become strongly
coupled to the impurity. It is necessary to supply enough
energy to access the delocalized states to enable electron
transport across the system, explaining qualitatively the
increase in resistivity at low temperatures.

5. Analytical vs. Numerical Results

To verify the accuracy of the analytical procedure, let
us now compare the analytical results for the phase-shift
{δm} and the coefficients {uk,m} obtained via the SWT
with the numerical results calculated through brute-
force diagonalization of the discussed Hamiltonians. This
numerical procedure consists of numerically constructing
the matrix representation of the reference Hamiltonian
and using numerical tools to diagonalize it.
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5.1. The brute-force numerical diagonalization

Keeping that in mind, we first need to compute each
matrix element to construct the single-particle matrix
representation of the Hamiltonian (39). From equa-
tions (41) and (42), it is straightforward to show that
these elements can be obtained by

(Ĥ)d,d = {d̂, [Ĥ, d̂†]} = εd, (59)

(Ĥ)d,k = {d̂, [Ĥ, â†
k]} = V√

2L
, (60)

and

(Ĥ)k,k′ = {âk, [Ĥ, â†
k′ ]} = εkδK

k,k′ + W

2L
. (61)

Here, we used the anticommutation for fermionic oper-
ators, and δK

k,k′ denotes the Kronecker delta.
Using the above elements, the matrix representation

of the Hamiltonian can be written as

ĤM ≡

(εd)
(

V√
2L

)
· · ·

(
V√
2L

)
· · ·

(
V√
2L

)(
V√
2L

) (
−D + W

2L

)
· · ·

(
W
2L

)
· · ·

(
W
2L

)
...

...
. . .

...
. . .

...(
V√
2L

) (
W
2L

)
· · ·

(
εk + W

2L

)
· · ·

(
W
2L

)
...

...
. . .

...
. . .

...(
V√
2L

) (
W
2L

)
· · ·

(
W
2L

)
· · ·

(
D + W

2L

)


.

(62)

We chose to represent the impurity degree of freedom
and its coupling with the Fermi gas in the matrix’s first
column (line). The energies −D ≤ εk ≤ D represent the
Fermi gas levels.

We only need to employ a numerical diagonalization
method to compute the eigenvalues and eigenvectors of
the matrix ĤM (62)4. One can recover the Fermi gas or
the pure NI-SIAM models by simply setting either V = 0
or W = 0, respectively. As previously mentioned, we
consider a linear dispersion relation εk = ∆k (|k| ≤ L)
for the Fermi gas and fixed 2L = 5000. For simplicity, the
bandwidth is set to D = 1, and all energies are expressed
in units of D. In this case, the density of states is simply
ρ = 1/2. The remaining free parameters are εd, V , and
W , which will be discussed in the following subsections.

Numerically, the phase shift can be determined
through “reverse engineering” if the initial and final
eigenenergies are known (see equation (24)), using the
expression

δ(εk)
π

≡ εk − ϵk

∆ . (63)

4 We used the Julia programming language to diagonalize the
matrix representation of the Hamiltonian. However, this straight-
forward diagonalization can be carried out in any programming
language.

We use this expression to find numerically the phase
shift. The energy ϵk can be identified in the numerical
results by the corresponding final state with the highest
projection onto the initial state corresponding to the
energy level εk.

In addition, the coefficients uk,m = u[εk,εm] can be
obtained from the eigenvector matrix. From this point
onward in this section, we set εk = ε to simplify
the notation, which is more appropriate for dealing
with large L, as the energy spectrum tend to form a
continuum (∆ → 0).

5.2. Fermi gas under a localized scattering
potential (V = 0)

Usually, in calculations using the analytical solution
presented here, the phase shift of the entire Fermi gas is
approximated by the phase shift near the Fermi energy
(δ0). In this subsection, we verify the validity of the con-
stant phase shift approximation defined in equation (33)
by comparing it with the phase shift obtained from
the expression (63), based on numerical results, and
with the analytical phase shift given by equation (32).
Additionally, we compare the diagonal coefficients u[ε,ε]
obtained analytically from equation (36), using the
phase shift in equations (32) or (33), with those obtained
through brute-force diagonalization.

In Fig. 3, the left panel displays the phase shift values.
The solid line represents those calculated using equa-
tion (32) (analytical phase shift), the circular dots cor-
respond to the numerical results obtained from expres-
sion (63), and the dashed line shows the phase shift
values computed from equation (33) (constant phase
shift approximation) for various ρW values (black for
−0.1, red for −0.2, and blue for −0.5). In the right panel,
we present the values of the diagonal coefficients for the
same set of parameters: the solid line represents those
computed using equation (36) with the more precise
phase shift, the dashed line shows values computed
assuming a constant phase shift, and the circular dots
represent the numerical values obtained through direct
diagonalization.

As expected from equation (32), the scattering poten-
tial affects (or perturbs) all energy levels. This behav-
ior can be clearly observed in both the phase shift
and the corresponding diagonal coefficients plots. The
magnitude of |δ| indicates how strongly a given level is
perturbed by the potential: the larger |δ| is, the smaller
the corresponding diagonal coefficient becomes.

We observe in Fig. 3 a strong agreement between the
expression derived from equation (36) using the precise
phase shift (given by equation (32)) and the numerical
results across all energies. This agreement is expected
since the only assumption in the analytical calculations
is the large size limit (L → ∞). On the other hand,
the numerical diagonalization provides exact results for
a finite Hamiltonian. Therefore, for a sufficiently large
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Figure 3: The left panel shows δ(ε) computed for different values of ρW (black: −0.1, red: −0.2, and blue: −0.5), while the right
panel displays the corresponding diagonal coefficients, where ρ = 1/2D, and D is used as the energy unit. The solid lines represent
the analytical results, the dashed lines indicate the analytical results within the constant phase shift approximation, and the circular
dots correspond to the values obtained from direct numerical diagonalization.

system size (here 2L = 5000), the results should indeed
be in close agreement.

Notably, even at low energies, the constant phase
shift approximation fails to accurately reproduce the
numerical results. Only for ρ|W | ≤ 0.1 does the con-
stant phase shift approximation hold well up to high
energies (|ε| ≤ 0.25D). The deviations from the dashed
line (constant phase shift approximation) become more
significant when ρ|W | ≥ 0.2. In these cases, assuming a
constant phase shift is a poor approximation, and one
must pay close attention to these details when working
with such problems. Nevertheless, when considering
long-time scales or low-energy regimes, where only the
levels near the Fermi energy are relevant, the con-
stant phase shift approximation remains a reasonable
simplification.

Additionally, as ρW increases, distortion of the phase
shift near the bottom of the band becomes evident in
Fig. 3. The origin of this distortion comes from the pres-
ence of the pole

(
1 − ρW ln

(
D+ε
D−ε

))−1
of equation (32),

localized at the energy

ε̄ = D · tanh
(

1
2ρW

)
. (64)

For small values of ρ|W |, the singularity position of the
tan δ(ε) is |ε̄| ≈ D (at one of the edges of the band),
but for bigger values of ρ|W | the singularity approaches
the Fermi energy, as shown by the blue curve in Fig. 3.
Physically, this means that fermions in this energy region
strongly feel the presence of the scattering potential and
|δ(ε̄)| → π/2.

We used negative values for the scattering potential
to compare with the analytical results. However, it can
be easily observed that changing the sign of W only
mirrors the results with respect to both the x- and y-
axes. This symmetry arises from the invariance under
the transformations δ → −δ, W → −W and ε → −ε,
which can be verified by equation (32).

5.3. Non-interacting SIAM (W = 0)

Now, let us discuss the disturbances in the Fermi gas
caused by the presence of the impurity, and compare
the analytical results (from equations (58) and (36))
with those obtained through brute force diagonalization.
Fig. 4 shows the results for the phase shift δ(ε) (left
panels) and the diagonal coefficients (right panels) for
two different values of V : V = 0.125D (top panels)
and V = 0.500D (bottom panels). The calculations are
performed for εd = −0.75D (blue curves), εd = −0.25D
(red curves), and εd = +0.25D (black curves).

Once again, the analytical results (from equations (58)
and (36)) worked extremely well, except for very near the
singularities, where small discrepancies can be noticed.
These discrepancies originate from the finite size of the
Hamiltonian, which is suppressed as 2L increases.

Another interesting observation is that the phase
shift approaches ±π/2 near the impurity level, and
its decay rate is influenced by V (or Γ). As expected
for impurity-metal systems, the band fermionic levels
near the impurity energy are strongly perturbed by
the presence of the impurity, since the impurity level
hybridizes with these states. For V = 0.125D (top
panels), or Γ = πρV 2 = 0.0245D, the results are similar
for any value of εd: a sharp peak appears near εd, where
the phase shift of the nearby electronic states tends to
± π

2 , followed by a rapid decay as the energy moves
away from εd. This sharp peak results from the pole
near the impurity energy

[
εd − ε + 1

π Γ ln
(

D+ε
D−ε

)]−1
in

equation (58).
If Γ is small, the energy level of the singularity,

ε̄ ≈ εd + Γ
π

ln
(

D + εd

D − εd

)
, (65)

is close to the impurity energy level (ε̄ ≈ εd). However,
for larger values of Γ, the peak position is signifi-
cantly shifted, as shown in Fig. 4 (bottom panels) for
V = 0.500D (or Γ = 0.393D). Additionally, the decay
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Figure 4: (Left panels) Phase shifts for different values of εd (values indicated by the colors in the plot legends, in units of D) and
two values of V : 0.125D (top panels) and 0.500D (bottom panels). (Right panels) Diagonal coefficients for the same parameters
shown on the left panel. Circular dots represent the numerical results, while dashed lines correspond to the analytical expressions.
The phase shift is stronger near the impurity level, and its decay rate depends on Γ = πρV 2 (or equivalently, on V ).

becomes slower, indicating that hybridization effects
extend farther from the impurity energy level. The same
discussion regarding the phase shift also applies directly
to the diagonal single-particle projections, which exhibit
a similar behavior, but instead of a singularity, the diag-
onal projections show a minimum at the corresponding
point.

Although there are other excellent methods capable
of solving these Fermi gas-like models analytically, such
as the differential equation for the single particle wave
function or the Green’s function expansion, usually
taught in the standard textbooks [16], these approaches
are typically accurate only in the low-energy limit
(|εk| ≪ D). The method we presented here, on the other
hand, is essentially exact for these models in the large
particle number limit.

6. A More General Result for the
NI-SIAM

Until this point, we have mainly discussed the analytical
diagonalization of each problem separately. Neverthe-
less, note that all results from the examples discussed
in this work (see equations (32), (50), and (58)) can be
simplified into a unified analytical solution for the phase

shift and coefficients expressed as

tan δm = tan δ(0)
m

(
1 + tan δ

(0)
m

π
ln
(

D + εm

D − εm

))−1

(66)

and

uk,m = − ∆(
εm − εk − δm

π ∆
) sin δm

π
. (67)

Here, the differences in the Hamiltonians lie solely in the
general phase shift, particularly in the term tan δ

(0)
m . In

fact, the term tan δ
(0)
m can be summarized in this unified

solution as

tan δ
(0)
m = −πρW, (Scattering potential);

tan δ
(0)
m = Γ

εd − εm
, (Impurity);

tan δ
(0)
m = −πρW + Γ

εd − εm
, (Impurity plus

scattering potential);
(68)

which quantifies the strength of the disturbances expe-
rienced by the Fermi gas due to the presence of the
impurity and/or an external scattering potential.
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6.1. Generalized NI-SIAM

Motivated by this simplified solution, we introduce here
a more generic NI-SIAM Hamiltonian that considers an
impurity coupled to a Fermi gas, which can be written as

Ĥ = εdd̂†d̂ +
∑

k

εkâ†
kâk + V√

2L

(
d̂†
∑

k

αkâk + H.c.

)

+ W

2L

∑
k

α∗
kâ†

k

∑
q

αqâq. (69)

Here, the new parameter αk is a function of k that
determines the coupling strength for each corresponding
unperturbed energy level εk.

Equation (69) generalizes the Hamiltonian studied in
Section IV, allowing the couplings in the system to vary
with the energy levels. This extension makes it possible
to investigate more general Fermi gas-like problems, such
as cases where the impurity exhibits non-local coupling
with the Fermi gas, more complex impurity-band cou-
plings, or to explore the effects of a non-localized scat-
tering potential. It can also be applied in renormalization
group calculations for Fermi gas-like models, where the
Fermi gas spectrum is discretized logarithmically. The
transformation αk → 1 in equation (69) allows us to
recover previously discussed Hamiltonians.

Additionally, we consider here the energy dispersion
εk as generic, without assuming a specific dispersion
relation for the Fermi gas, and the density of states can
be computed in general as:

ρ(ε) = 1
2L

[
dε

dk

]−1
. (70)

This definition may seem slightly different from the usual
one, but the inclusion of the term 1

2L ensures that the
density of states remains independent of the system size.
Here, ρ(ε) is required to be an analytical function of ε
with no poles.

The general density of states in equation (70) allows
for the exploration of more general and realistic non-
interacting bands, such as effective mass bands εk = ℏ2k2

2m∗

(where m∗ is the effective mass), tight-binding bands
εk = −D cos(πk/L), Dirac bands εk = ℏvf k (where vf

is the Fermi velocity), among others [16, 45].
Finally, the last generalization concerns the dimen-

sionality of k⃗-space. As previously mentioned, our focus
here is on 1D systems. However, the diagonalization
method can be easily extended to higher dimensions
that exhibit spherical symmetry in d dimensions. In this
case, the energy depends only on k = |⃗k|, and the
summations

∑
k⃗ transform into sums

∑
k Gk over k,

where Gk accounts for the total number of k⃗ points with
magnitude k. These contributions are encapsulated in
the density of states for d dimensions, requiring only
the replacement (2L) → (2L)d and the computation
of the corresponding density of states ρ(ε|⃗k|) using
equation (70).

6.2. Analytical diagonalization of the generalized
NI-SIAM

Diagonalizing the generic Hamiltonian (69) is more
challenging than the simpler examples of the Fermi gas
(Section II) and the NI-SIAM (Section III). Despite the
increased difficulty, however, Appendix C shows that
the same procedure employed in these simpler examples
can be used to diagonalize this more complex model,
considering a more general density of states given by
equation (70). For this reason, we will avoid extensive
calculations here and proceed directly to the analytical
result. Appendix C shows that the general NI-SIAM
phase shift can be written as

tan δm = tan δ(0)
m

(
1 + tan δ

(0)
m

π

1
ρ(εm)|αm|2

P

·
∫ +D

−D

dε
ρ(ε)|αε|2

εm − ε

)−1

, (71)

where

tan δ(0)
m = −π|αm|2ρ(εm)W + Γ(εm)

εd − εm
, (72)

with the generalized hybridization function

Γ(ε) = π|αε|2ρ(ε)V 2. (73)

Once the phase shift is obtained, the energies can be
computed simply by

ϵm = ε(m−δm/π), (74)

here εk is the initial energy dispersion expression (a given
function of k), but evaluated in the point k = m−δm/π.
As also demonstrated in Appendix C, the coefficients can
be approximated using equation (67), with ∆ → ∆k,m,
where

∆k,m = 1
2Lρ(εm)

|αk|
|αm|

. (75)

This completes the diagonalization procedure for this
more general Hamiltonian. One can easily verify that,
by considering εk = ∆ · k and αε = αk = 1, the above
equations simplify the already-present familiar form of
equations (66) and (67).

The general phase shift in equation (71) is qualita-
tively similar to that shown in equation (66). However,
it now depends on both the density of states around
the energy of interest and the strength function α(ε),
which can either amplify or attenuate the effects of the
perturbations V and W . For example, even if V is strong,
if the product |α(ε ∼ εd)|2ρ(ε ∼ εd) = 0, the Fermi gas
will not experience any disturbance around the impurity
level.

More interpretations of the analytical phase shift will
depends on the system we chose to study. In the fol-
lowing, we present some non-trivial examples where this
general solution can be applied to impurity problems,
considering W = 0 to simplify the analysis.
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6.2.1. An effective mass band coupled to an
impurity via finite-range hybridization

In the problems discussed previously, we considered a
localized (in real space) coupling between the impurity
and the Fermi gas. Here, let us consider a finite-range
hybridization, controlled by the parameter η. Mathemat-
ically, this coupling can be written as:

V (x) = V0e−( πx
2η )2

→ Ṽ (k) = V e−(ηk/L)2
, (76)

where, on the left, V (x) represents the real-space poten-
tial, and on the right, Ṽ (k) represents its counterpart in
momentum space. As expected, a sharp peak (η ≪ 1)
in real space results in a long-range distribution in
momentum space, and vice versa.

Therefore, using the discussed potential and consid-
ering the Fermi gas as an effective mass band, we
can describe this problem by the Hamiltonian (69)
with: W = 0, εk = D

(
k
L

)2 (where D = ℏ2π2

2m∗ ) and
αk = e−(ηk/L)2 . Under the transformation

b̂†
+,k = 1√

2

(
â†

k + â†
−k

)
b̂†

−,k = 1√
2

(
â†

k − â†
−k

)
, (77)

we can write this model as

Ĥ =
[

εdd̂†d̂ +
∑
k>0

εk b̂†
+,k b̂+,k

+ V√
L

(
d̂†
∑
k>0

e−(ηk/L)2
b̂+,k + H.c.

)]
+
∑
k>0

εk b̂†
−,k b̂−,k. (78)

Here, the impurity is only coupled to half of the band
operators: {b̂†

+,k}. The other energy levels, represented
by the operators {b̂†

−,k}, remain unperturbed.

Now, we can use equation (71) to write our analytical
phase shift for this problem as:

tan δm = πe−2η2( εm

D )V 2

2D

(εm

D

)− 1
2

·

(
εd − εm + V 2

2
√

D
P
∫ D

0+
dε

e−2η2(ε/D)

(εm − ε)
√

ε

)−1

,

(79)

where we also used the dispersion εk = D
(

k
L

)2 and
equation (70) (with 2L → L) to derive the expression
above, obtaining ρ(ε > 0) = 1

2D (ε/D)−1/2. Once we
found the phase-shift, we can compute the energies using
equation (74) and the coefficients using equation (67).

To verify our analytical solution in equation (79), once
again we compare it with the brute-force diagonalization
of the finite matrix representation of the Hamiltonian.
For clarity, we fixed εd = 0.25D, V = 0.125D, and
L = 2500, since we have already shown results for the
NI-SIAM with a linear dispersion (εk = ∆k) using these
parameters (see the black curves in the top panels of
Fig. 4). Figure 5 shows the results for an effective mass
band (εk = D(k/L)2) coupled to an impurity via finite-
range hybridization for different values of η: black curves
represent η = 10−4 (localized), blue curves represent
η = 100 (medium range), and red curves represent
η = 101 (spread).

The results for both the phase shift and the coefficients
agree very well, although we observe a small kink around
ε = 0.05D, which probably arises from the numerical
integration of the integral in equation (79), since the
integrand is not well-behaved. We also notice that for
the localized case (black curves, η ≪ 1), the results
for ε ≫ 0 are similar to those obtained for the linear
dispersion (black curves in the top panel of Fig. 4), where
the impurity perturbs the band locally (around εd), as
we have already discussed.

Figure 5: The left panel shows |δ(ε)/π| computed for different values of η (black: 10−4, blue: 1, and red: 10), while the right panel
displays the corresponding diagonal coefficients. The solid lines represent the analytical results, and the circular dots correspond to
the values obtained from direct numerical diagonalization.
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Figure 6: |δ(ε)/π| as function of the energy computed for V = 0.125D (left panel) and V = 0.500D (right panel). The black curves
represent the numerical (circular dots) and analytical (solid line) results for the phase shift (equation (81)), while the blue solid
line shows the phase shift obtained for a constant hybridization (equation (58)). The numerical data were obtained by brute-force
diagonalization of the matrix representation of the model with 2L = 5000, Γ0 = πρV 2 and εd = 0.

However, differently from the linear dispersion, the
effective mass band has a more complex density of
states, ρ(ε > 0) = 1

2D (ε/D)−1/2, which presents a
Van Hove singularity [46] at zero energy (ρ(0+) → ∞).
Physically, this means that even small perturbations
are strongly amplified around zero energy due to the
high density of states. As a consequence, even a small
perturbation is sufficient to produce a phase shift of
±π/2, characterizing a strong scattering regime5.

As the range of the impurity-band coupling in real
space increases (controlled by η), we observe that the
singularity around the impurity energy becomes sharper
(blue curves) and eventually disappears (red curves).
This effect is straightforward to understand: a long-range
coupling in real space translates into a short-range distri-
bution in momentum space, which tends to decouple the
impurity level from the high-energy states of the band.
If the potential in momentum space becomes sufficiently
short-ranged, the impurity is effectively decoupled from
the band, and no peak appears around the impurity
energy. The effect of the Van Hove singularity, however,
remains present.

6.2.2. Semi-circular hybridization

In the Dynamical Mean Field Theory (DMFT) [47]
procedure for solving the Hubbard model, each site of
the lattice can be mapped onto an “impurity” coupled to
a remaining non-interacting bath (or band), effectively
transforming the Hubbard model into several SIAMs.
Impurity solvers can then be used to compute the sys-
tem’s properties. In one particular case, the “impurity”
couples to the remaining bath through a semi-circular

5 Note the singularity around zero energy in equation (79).
Moreover, the same analysis applied to the phase shift can be
directly translated to the coefficients, as previously discussed.

hybridization function, expressed as

Γ(ε) = Γ0

√
1 −

( ε

D

)2
, (80)

which shows that the impurity couples significantly only
to low energy levels.

Solving the Hubbard model is beyond the scope of
this work, but we can borrow some features from this
example. Here, we consider a non-interacting impurity
with εd = 06 and the linear dispersion εk = D(k/L)
(the density of states is then given by ρ = 1/2D).
By comparing the equations (80) and (73) for a fixed
Γ0 = πρV 2, it is required that |αε|2 =

√
1 −

(
ε
D

)2. Using
these concepts, the resulting phase shift is

tan δm = − Γ0

√
1 −

(εm

D

)2

·

εm − Γ0

π
P
∫ +D

−D

dε

√
1 −

(
ε
D

)2

(εm − ε)

−1

.

(81)

From δ(εm) in equation (81), we observe that, qualita-
tively, the semi-circular hybridization behaves similarly
to the constant hybridization, reaching a maximum
around the impurity level (εd = 0) and decaying away
from it. However, the δ(εm) decay for |ε| > 0 is faster
in the semi-circular case, approaching zero at the band
edges even for strong Γ0, as a consequence of the weak
coupling of the impurity to the high-energy levels.

This behavior is confirmed in Fig. 6, where the black
curves show the phase shift as function of the energy
for V = 0.125D (left panel) and V = 0.5D (right

6 In the simplest case of the Hubbard model, all sites have the
same energy. Therefore, by translational symmetry, the impurity
energy must be fixed at zero.
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panel), compared with the constant hybridization case
represented by the blue solid line.

We also notice that the analytical results (black line)
remain in an excellent agreement with the numerical
data (circular dots). Small differences appear near the
band edges, likely due to the instabilities of the numer-
ical integration and/or finite sizes effects. These two
examples of the NI-SIAM with non-trivial couplings
and/or dispersions offer a general overview of the types
of problems that the general solution presented here can
address.

7. Conclusions

In this work, we provided a detailed and self-contained
presentation of the application of the Sommerfeld-
Watson transformation in the diagonalization procedure
of two fundamental and significant Hamiltonians in
condensed matter physics: the Fermi gas and the non-
interacting single-impurity Anderson model (NI-SIAM).
We also compared the analytical results with those
obtained from brute-force numerical diagonalization of
these models for different parameters, revealing excellent
agreement between them.

Furthermore, we considered a more general NI-SIAM,
in which no specific dispersion relation was assumed for
the band energies, and the couplings in the Hamiltonian
were allowed to vary depending on the band levels they
couple to (controlled by the function α(ε)). Despite the
increased mathematical complexity, we demonstrated
that the same procedure used for the Fermi gas and
the simpler NI-SIAM can successfully diagonalize this
more general model. To the best of our knowledge, no
previous work has derived the expression we obtained
for this extended case.

In addition, we presented two non-trivial examples
where our analytical solution can be applied: (i) an
impurity coupled to a band through a semi-circular
hybridization, and (ii) an effective mass band coupled to
an impurity via finite-range hybridization. In both cases,
the analytical results were compared with those obtained
through numerical diagonalization, and the agreement
between them was excellent.

Nevertheless, although the generalized NI-SIAM solu-
tion presented here can be applied to many different
impurity-band systems, or to Fermi gases in the presence
of non-trivial scattering potentials, it has its limitations.

The main one is that, while the generalized NI-
SIAM Hamiltonian is flexible enough to include either
a generic scattering potential or a generic hybridization
individually, problems where both are represented by
complex functions simultaneously may fall beyond the
scope of the generalized solution presented here. The
presented solution allows for only a single function α(ε)
to controls the coupling amplitudes as a function of
energy. Additionally, there are quadratic problems that
cannot be diagonalized using this SWT-based procedure

in its current form, or at least would require adaptations
of the method presented here.

It is important to mention that the diagonalization
procedure detailed in this work goes beyond the general
NI-SIAM considered here. Future studies may apply
this SWT-based method presented here to diagonalize
different types of quadratic models.

In condensed matter physics, most problems begin
by either diagonalizing a Hamiltonian or applying
approximate methods, such as perturbation theory, to
determine its eigenenergies and eigenvectors. Future
research involving the diagonalization of impurity-band
systems, or a band (or Fermi gas) in the presence of
a scattering potential, may find this work a valuable
reference. Such studies can benefit from the generalized
NI-SIAM analytical solutions presented here, as well as
from the detailed explanation of this non-perturbative
diagonalization method.

Condensed matter physics professors can also rely
on this work to explore the physics of these Fermi
gas-like models in their classes, or to compare the
solutions presented here (which are essentially exact in
the large number of particles limit) with other methods,
such as the Green’s function perturbative expansion,
a common tool used to study these same problems
within the scattering theory formalism. This makes the
present work a valuable pedagogical tool for teaching the
properties of these models.

Lastly, we want to emphasize that, despite their
simplicity, these simple models discussed here have
historically driven the discovery of important new phe-
nomena, as previously discussed. Although analytical
calculations rarely lead to entirely new physics these
days, complex Hamiltonians can often be reduced to
cases similar to those considered here, where analytical
solutions are possible. Such simplifications, combined
with the analytical diagonalization described here (or
others analytical methods), can offer valuable insights
into the underlying mechanisms governing more complex
phenomena.
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Appendix A. Finding the Commutators

Here, we aim to compute a general commutator that can
be used to derive the main commutators presented in the
text. In our notation, [Â, B̂] denotes the commutator,
while {Â, B̂} represents the anti-commutator. Since we
are dealing with fermionic operators ĉ†

k, they obey the
relation {ĉq, ĉ†

k} = δK
q,k, where δK

q,k is the Kronecker
delta. This general commutator can be obtained follow-
ing the above calculation:∑

q,q′

Mq,q′ ĉ†
q ĉq′ , ĉ†

k


=
∑
q,q′

Mq,q′

[
ĉ†

q ĉq′ , ĉ†
k

]
,

=
∑
q,q′

Mq,q′

(
ĉ†

q ĉq′ ĉ†
k − ĉ†

k ĉ†
q ĉq′

)
,

=
∑
q,q′

Mq,q′

(
ĉ†

q

(
δK

k,q′ − ĉ†
k ĉq′

)
− ĉ†

k ĉ†
q ĉq′

)
,

=
∑
q,q′

Mq,q′

(
ĉ†

qδK
k,q′ − ĉ†

q ĉ†
k ĉq′ − ĉ†

k ĉ†
q ĉq′

)
,

=
∑
q,q′

Mq,q′

(
ĉ†

qδK
k,q′ −

{
ĉ†

q, ĉ†
k

}
ĉq′

)
,

=
∑

q

Mq,k ĉ†
q. (A1)

This result, shown in equation (A1) can be used to easily
derive all commutators used in this work, one needs only
to choose the coefficient Mq,q′ accordingly.

Appendix B. Finding the Eigenvalue
and Eigenoperators

Using the equality defined in equation (5) by sub-
stituting ĝ†

m with the linear combination defined in
equation (3) and after some algebraic manipulation, we
find

∑
k

[
εkuk,m + Mk

∑
q

M̄quq,m + M̄∗
k

∑
q

M∗
q uq,m

]
ĉ†

k

=
∑

k

ϵmuk,mĉ†
k. (B1)

As the operators ĉ†
k are linearly independent, each term

of the k-sum above has to satisfy the above equation
independently,

uk,m = Mk

(ϵm − εk)
∑

q

M̄quq,m + M̄∗
k

(ϵm − εk)
∑

q

M∗
q uq,m.

(B2)

After multiplying both sides of equation (B2) by M̄k

summing over all k states, we find[
1 −

∑
k

M̄kMk

ϵm − εk

]∑
q

M̄quq,m

=
∑

k

|M̄k|2

ϵm − εk

∑
k

M∗
q uq,m, (B3)

and now multiplying both sides of equation (B2) by M∗
k

summing over all k states, we find[
1 −

∑
k

M̄∗
k M∗

k

ϵm − εk

]∑
q

M∗
q uq,m

=
∑

k

|Mk|2

ϵm − εk

∑
k

M̄quq,m. (B4)

Considering that the terms |
∑

q M∗
q uq,m| and

|
∑

q M̄quq,m| are nonzero, the system of equations
defined in equations (B3) and (B4) leads to

∣∣∣∣∣1 −
∑

k

M̄kMk

ϵm − εk

∣∣∣∣∣
2

=
∑

k

|Mk|2

ϵm − εk

∑
k

|M̄k|2

ϵm − εk
. (B5)

The equation defined in equation (B5) represents
the eigenvalue equation, and the set of values {ϵm}
that satisfy this equation are the eigenvalues of the
Hamiltonian. This is precisely where the Sommerfeld-
Watson transformation becomes highly useful, as it
allows us to find functions that simplify the summations

S(ϵ) =
∑

k

|Mk|2

ϵ − εk
, S̄(ϵ) =

∑
k

|M̄k|2

ϵ − εk
, and

S̃(ϵ) =
∑

k

MkM̄k

ϵ − εk
, (B6)

and the solutions to the equation
∣∣1 − S̃(ϵ)

∣∣2 = S(ϵ)S̃(ϵ)
give us the eigenvalues of Ĥ.

Manipulating equation (B2) and imposing the normal-
ization condition

∑
k |uk,m|2 = 1, it is straightforward to

show that

1 = − dS(ϵ)
dϵ

∣∣∣∣∣∑
q

M̄quq,m

∣∣∣∣∣
2

− dS̄(ϵ)
dϵ

∣∣∣∣∣∑
q

M∗
q uq,m

∣∣∣∣∣
2

− 2Re
(

dS̃(ϵ)
dϵ

∑
q

Mquq,m

∑
q

M̄quq,m

)
. (B7)

Finding these summations over k enables us to determine
the terms

∑
q M̄quq,m and

∑
q M∗

q uq,m, which in turn
allows us to calculate uq,m, thereby completing the
diagonalization procedure.
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Appendix C. A more general solution

We can write the Hamiltonian in equation (69) com-
pactly as

Ĥ =
∑

κ

εκĉ†
κĉκ +

∑
κ,ξ

(
MκM̄ξ + M∗

ξ M̄∗
κ

)
ĉ†

κĉξ. (C1)

Here, the index κ runs over the impurity level d and
band levels k, the index ξ runs over d and band levels q,
and the coupling can be expressed as

Mκ =
√

W

4L
(1 − δK

κ,d)α∗
k and M̄ξ

= V√
W/2

δK
ξ,d +

√
W

4L
(1 − δK

ξ,d)αq, (C2)

where δK
κ,ξ stands for the Kronecker’s delta.

C.1. The general phase shift

The compact Hamiltonian in equation (C1) allows us
to directly use all equations deduced in the previous
appendix, particularly the eigenvalue equation in (6).
Using the couplings defined by equation (C2) leads to:

S(ϵ) =
∑

k

|Mk|2

ϵ − εk
= W

4L

∑
k

|αk|2

ϵ − εk
,

S̄(ϵ) =
∑

k

|M̄k|2

ϵ − εk
= 2V 2/W

ϵ − εd
+ S(ϵ),

S̃(ϵ) =
∑

k

MkM̄k

ϵ − εk
= S(ϵ) (C3)

and∣∣∣∣∣1 − W

4L

∑
k

|αk|2

ϵ − εk

∣∣∣∣∣
2

=
[

2V 2/W

ϵ − εd
+ W

4L

∑
k

|αk|2

ϵ − εk

]
W

4L

∑
k

|αk|2

ϵ − εk
. (C4)

A more convenient notation is obtained by substituting
|αk|2 by wk.

We observe that the term S0(ϵ) = 1
2L

∑
k

wk

ϵ−εk
appears

repeatedly in the equations above. Thus, our solution
relies on evaluating this summation. To proceed after
this point, some assumptions are necessary. First, we will
assume that wk can be expressed as a continuous func-
tion w(k) and it does not have poles. The Sommerfeld-
Watson transformation then allowed us to express the
summation as

S0(ϵ) = 1
2L

∑
k

wk

ϵ − εk
= 1

2i

∮
dz

2L

w(z) cot(πz)
ϵ − εz

(C5)

− π

2L

∑
p

w(zp(ϵ)) cot(πzp(ϵ))Res
(

1
ϵ − εz

)
z=zp

, (C6)

or

S0(ϵ) = 1
2i

∮
dz

2L

w(z) cot(πz)
ϵ − εz

− π

2L

∑
p

w(zp(ϵ)) cot(πzp(ϵ))Res
(

1
ϵ − εz

)
z=zp

.

(C7)

Here, zp(ϵ) represents the poles of (ϵ − εz)−1, that is
εzp

= ϵ. Let us recall that the variable z is a continuous
complex extension of the discrete variable k, which labels
the band level εk.

For simplicity, let us consider a non-degenerate pole,
that is, a single value of zp. This step can also be
applied to a degenerate spectrum. However, in most
cases, a degenerate spectrum is lifted in the presence
of a perturbation. In the rare situations where the
degeneracy remains relevant even in the presence of
the perturbation, it is necessary to adapt this step to
account for this effect, usually by defining an additional
degeneracy function to incorporate it.

After the above considerations, by using the same
complex counter defined in Fig. 2 and the density of
states defined in equation (70) with no poles near the
energy ϵ, it is straightforward to show that

S0(ϵ) = P
∫ +D

−D

dε
ρ(ε)wε

ϵ − ε
− πρ(ϵ)w(ϵ) cot(πz(ϵ))

· Res
(

1
2Lρ(ϵ)

1
ϵ − εz

)
εz=ϵ

. (C8)

A general energy dispersion can be expressed as
εz = ε(0) + γ · zβ , where γ and β are constants. Then,
from equation (70), the density of states is given by
ρ(εz) = 1

2L

(
γβzβ−1)−1. With this in mind, let us

compute the following limit

lim
z→z(ϵ)

1
2Lρ(εz)

z − z(ϵ)
εz − ϵ

= lim
z→z(ϵ)

1
2Lρ(εz)

z − z(ϵ)
γ · zβ − ϵ

= lim
z→z(ϵ)

1
2Lρ(εz)

(
γβkβ−1)−1

= 1. (C9)

Clearly, the pole is simple around the energy ϵ, and
the residue can be computed by the above expression,
resulting in

Res
(

1
2Lρ(ϵ)

1
ϵ − εz

)
εz=ϵ

= −1, (C10)

and

S0(ϵ) = P
∫ +D

−D

dε
ρ(ε)wε

ϵ − ε
+ πρ(ϵ)w(ϵ) cot(πz(ϵ)).

(C11)

Finally, once the pole ϵ−εk results in a z(ϵ) near z = k,
we can write z(ϵ) = k − δ(ϵ)/π, and our expression for
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the summation becomes:

S0(ϵ) = P
∫ +D

−D

dε
ρ(ε)wε

ϵ − ε
− πρ(ϵ)w(ϵ) cot(δ(ϵ)).

(C12)

Now, let us split the function S0(ϵ) = S(ϵ) +
ρ(ϵ)w(ϵ)I(ϵ) by defining

I(ϵ) = 1
ρ(ϵ)w(ϵ)P

∫ +D

−D

dε
ρ(ε)wε

ϵ − ε
, (C13)

and

S(ϵ) = πρ(ϵ)w(ϵ) cot(πz(ϵ)). (C14)

Now, returning to equation (C4), we can write

1 − W (S(ϵ) + ρ(ϵ)w(ϵ)I(ϵ))

= V 2

ϵ − εd
(S(ϵ) + ρ(ϵ)w(ϵ)I(ϵ)) , (C15)

resulting in the expression

S(ϵ)
(

V 2

ϵ − εd
+ W

)
= 1 − ρ(ϵ)w(ϵ)

(
V 2

ϵ − εd
+ W

)
I(ϵ).

(C16)

Finally, once the pole ϵ−εk results in a z(ϵ) near z = k,
we can write z(ϵ) = k − δ(ϵ)/π, and our expression for
the phase shift becomes

tan δ(ϵ) = tan δ(0)(ϵ)
(

1 + tan δ(0)(ϵ)
π

I(ϵ)
)−1

. (C17)

where

tan δ(0)(ϵ) = −πw(ϵ)ρ(ϵ)W − Γ(ϵ)
ϵ − εd

. (C18)

Here, the hybridization function is defined as Γ(ϵ) =
πw(ϵ)ρ(ϵ)V 2.

C.2. The general coefficients

As shown in Appendix B, the coefficients can be deter-
mined using the auxiliary equation (B7). As observed in
equation (C3), all the key summations can be obtained
by computing S0. Consequently, to extract information
from equation (B7), we first need to compute its deriva-
tive in the following expression

− 1
2L

dS0(ϵ)
dϵ

= π2ρ2(ϵ)w(ϵ)
sin2(δ(ϵ))

+ π

2L
cot(δ(ϵ)) d

dϵ
(ρ(ϵ)w(ϵ))

− 1
2L

d
dϵ

(
P
∫ +D

−D

dϵ
ρ(ε)wε

ϵ − ε

)
. (C19)

Here, the fraction 1/2L was inserted to show how much
larger the first term on the left side of the above equation

is compared to the other terms. As a result, we can drop
these lesser contributions, resulting in

− 1
2L

dS0(ϵ)
dϵ

=π2ρ2(ϵ) sin−2(δ(ϵ))w(ϵ) + O
(
(2L)−1) .

(C20)

For simplicity, let us define x1 =
∑

q M̄quq,m and
x2 =

∑
q M∗

q uq,m, transforming the system of equations
formed by equations (B4) and (B7) into

[1 − S(ϵ)] x2 = S(ϵ) x1, (C21)

and

1 = −dS(ϵ)
dϵ

x2
1 +

[
2V 2/W

(ϵ − εd)2 − dS(ϵ)
dϵ

]
x2

2 − 2dS(ϵ)
dϵ

x1x2,

(C22)

respectively. After grouping the common terms dS
dϵ of the

above equation, we obtain

1 = −dS(ϵ)
dϵ

(x1 + x2)2 +
[

2V 2/W

(ϵ − εd)2

]
x2

2. (C23)

Now, we only need a relation between x1 and x2 to finally
find them.

Keeping that in mind, isolating x2 from equa-
tion (C21) and substituting into equation (C23) results
in the following expression

1 =
[
−dS(ϵ)

dϵ
+ 2V 2/W

(ϵ − εd)2 S2(ϵ)
]

(x1 + x2)2. (C24)

Now, by substituting S(ϵ) = W
2 S0 and using the result

found in equation (C20), it is straightforward to show
that

1 =
[√

2LW

2
πρ(ϵ)

sin(δ(ϵ))
√

w(ϵ)
]2

·
(
1 + O

(
(2L)−2)) (x1 + x2)2, (C25)

and consequently the expression

(x1 + x2) ≈

[√
2LW

2
πρ(ϵ)

sin(δ(ϵ))
√

w(ϵ)
]−1

. (C26)

A combination of equation (B2) with the general cou-
plings defined in equation (C2) results in the following
expression

uk,m =
√

Ww(εk)
4L

(x1 + x2)ϵ=ϵm

(ϵm − εk) , (C27)

which depends exactly on the quantity x1 + x2 already
found.

Continuing the calculations, the general coefficients
can be obtained by substituting equation (C26) into
equation (C27), resulting in

uk,m ≈ − 1
2L

√
w(εk)√
w(ϵm)

sin(δ(ϵm))
πρ(ϵm)

1
ϵm − εk

. (C28)

DOI: https://doi.org/10.1590/1806-9126-RBEF-2025-0103 Revista Brasileira de Ensino de Física, vol. 47, e20250103, 2025



e20250103-20 The Sommerfeld-Watson transformation in teaching condensed matter physics

Finally, by defining the quantity

∆k,m = 1
2Lρ(εm)

√
w(εk)
w(εm) , (C29)

the expression for the coefficients can be written in the
familiar form as

uk,m ≈ − sin(δm)
π

∆k,m

ϵm − εk
. (C30)

Completing the diagonalization procedure for this more
general Hamiltonian.

Data Availability

All data generated in this work, numerical diagonaliza-
tion codes in the Julia language, and Python codes used
for the plots are available at: https://doi.org/10.7910/
DVN/R12Y7X.
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