


A NEW CHARACTERIZATION OF THE CLIFFORD
TORUS
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ABSTRACT. In this paper we introduce the notion of contact an-
gle. We deduce formulas to Laplacian and curvature for a minimal
surface in S and give a characterization of the Clifford Torus as
the only minimal surface in S% with contact angle between 0 and
%. Finally, we construct an example of minimal surface in S® with
non constant contact angle.

1. INTRODUCTION

In [1} Chern and Wolfson have developed basic formulas and some

results on minimal surfaces using the Kahler angle. In this work, we
will construct results on minimal surfaces by the contact angle.
The contact angle is the angle between the canonic contact distribution
and the tangent space of the surface (see 2) . Using Gauss and Codazzi
equations, we deduce formulas to Laplacian and Gaussian Curvature
to S and proof the following two theorems:

Theorem 1 The Clifford Torus is the only minimal surface in
S3 with contact angle 0 < B < (or -5 <B<0).

Theorem 2 The Clifford Torus is the only minimal surface in
S3 with constant contact angle .

At the last section, we give two examples of minimal surfaces in S°.
At the first one, we determine that the contact angle 8 of the Clifford
Torus is # = 0 and the second one we determine that the contact angle
of the totally geodesic sphere is 8 = arccos(zs), and therefore, non
constant (see 4).

2. CONTACT ANGLE OF MINIMAL SURFACES IN §3

Consider a surface S immersed in S®. The contact angle is the angle
between the canonic contact distribution A and the tangent plane of
S. The contact distribution is defined by A = TS n J(T'S3), where
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J is the complex structure of C2.

In 53 consider the frame (fi, f2, f3) , such that f; = iz. Then (f1, f2)
is a frame of A.

The covariant derivative is given by:

Dfi = wWifaitvw'fs
(1) Dfy = wifi—w'fs
Dfs = —w?fi+w'f

where (w!, w?, w?) is dual frame of (fi, f2, f3).

Note that Df; = J at the distribution A.

Consider e; unitary vector field in TS N A, where A is the contact
distribution.

Then the contact angle is defined by:

er = f
(2) ez = sin(f) fa +cos(B) f5
es = —cos(B) fa+sin(B) fs

where g is the angle between f3 and ey, (e1, e3) are tangents to S and
€3 is normal to S

3. EQUATIONS FOR THE CURVATURE AND LAPLACIAN
Consider (#1,62,6°) dual frame of (e;, €3, €3)
!

1

= w
(3) 6* = sin(8) w? + cos(f) w?
0 = —cos(B)w?+sin(B) w?
At the surface S, we have §° = 0, then we obtain the equation:
4) sin(B)w® = cos(B)w?

From (3), we determine:

df' + sin(B8)(wj — cos(B)6?) A 62 =0
(5) d6* + sin(B)(w?+ cos(B)F*) A6 =0
d6® = dB A6 — cos(B)wl A w! + (1 +sin?(3))6" A 62

Therefore the conexion form of S is given by:
(6) 6y = sin(B)(w} — cos(B)6%)

Computing De; at the basis (e1,€32), we obtain coeficients of funda-
mental second form:

(7) D€3 = 0?61+0362.
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where:
(8) 67 = cos(B)w? + sin(B)%6?
6 = -(dB+06")
Using the equation d6® = 0 (simmetry), we have:
sin?
(9) wi(er) = —Z - eEh)

where: df(e1) = B.

Using the condition of minimallity, we have:
(10) BACZ+EAI =0
then we obtain:

(ll) w%(el) = cos(3)

where: df(ez) = .
Using (6), (9), and (11), we can get:

0; = tan(B)(B6" — (B +2)6%)
(12) 6 = B8 — (B + 1)67

0 =  —(B+1)0" - pB,6*
From Gauss equation:
(13) doZ =0 N O2+ 03 A 63
We obtain that:
(14) do; = (IV(B)I?+26:) (6> A 6")
where:
(15) K = 1-|V({f)+eal

Computing the differential of 63:
oy = sec’(B)(IVB[* + 26:)(6° A 6)

(16.) ~ + (tan(B)A(B) + 2tan?®(B)(B1 +2)) (6% A 67)
Combining (16) and (14), we have a new formula for the laplacian:
(17) A(B) = —tan(B)((B1+2)* +B3)

Or equivalentelly, we can write:

(18) A(B) = —tan(B)[V(B)+ 2ex|?

Codazzi equations are:

(19) de? + 63N02 =0

(20) 63 + 63763 = 0
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The first equation give the same equation that (18) and the second
equation is automatically verified.

4. PROOF OF THEOREMS

Using (18), we obtain that for 0 < 8 < § (=% < B < 0), we have
A(B) <0 (A(B) > 0), using the Hopf’s Lemma, we have
B = constant, therefore K = 0 and complete the proof of theorem 1.

If B = constant, we deduce using the Gauss equation that K =0, con-
sequentelly, the minimal surface is the Clifford Torus and proof the
theorem 2.

Note that if 3; > 0 at the Gauss equation, then K < 0, consequentelly,
S c S is the Clifford Torus

5. EXAMPLES
5.1. Contact Angle of Clifford Torus in S°.

Consider the torus in 5% defined by:

1 1
T2 = {(21,22) € 02/21271 = 5,2252 = 5}

We consider the immersion:
R
f(ul’l‘?) = %(emx’eﬂ‘a)

T(T?) is generate by z2- and z&- it is means that:

where z1 = (%, £)
Using the condition above and the fact that |A| = 1, we obtain:

T iei(m-ﬁu)

The unitary vector fields are:
e = geflntua)zd
ey = iz
es = ezt
The contact angle is the angle between e; and fs ,

cos(B) (€2, fa)
1
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Therefore, the contact angle is:

B=0
The fundamental second form at the basis (€1, €2) is:
o -1
=[5

5.2. Minimal surface in S with non constant contact angle.
Consider the surface described by:

{22—-22 = 0
(21)? + (y1)® + (22)* + (2)? 1

We see that the unitary fields are:

€1 = 7%_?2(—1:11'2, —y1Z2,1 — .’L‘%,U)

€2 = m(yl,—ﬁ, 0,0)
€3 = (0, 0, D, 1)

The contact angle is the angle between e; and fz,

cos(B) = (e fa)

= I,
Therefore, the contact angle is:

B = arccos(z3)

REFERENCES

[1]1 S. S. Chern, J. G. Wolfson, Minimal surfaces by moving frames, Amer. J.
Math. 105 (1983), 59-83.

Gurrent address: Instituto de Matematica e Estatistica da Universidade de Sao
Paulo, Caixa Postal 66281, CEP 05315-970, Sao Paulo, SP, Brazil.
E-mail address: rrmQime . usp.br

INSTITUTO DE MATEMATICA E ESTATISTICA - UNIVERSIDADE DE SA0 PAULO,
CAIxAa PosTaL 66281, CEP 05315-970, SAo Pauro , SP, BRAZIL.
E-mail address: javerd@ime.usp.br



TRABALHOS DO DEPARTAMENTO DE MATEMATICA

2001-01
2001-02
2001-03

2001-04
2001-05

2001-06
2001-07

2001-08.0
2001-08

2001-09
2001-10
2001-11

2001-12
2001-13
2002-01

TITULOS PUBLICADOS

KOSZMIDER, P. Universal Matrices and Strongly Unbounded
Functions. 18p.

JUNQUEIRA, L. and KOSZMIDER, P. On Families of Lindel6f and
Related Subspaces of 2 .30p.

KOSZMIDER, P. and TALL, F. D. A Lindeldf Space with no
Lindeldf Subspace of Size ;. 11p.

COELHO, F. U. and VARGAS, R. R. S. Mesh Algebras. 20p.

FERNANDEZ, R. The equation %H‘I[t,x,,...,x,,u,%,...,g') =0and
the method of characteristics in the framework of
generalized functions. 24p.

COSTA, R and MURAKAMI, L.SI Some Properties of the
Automorphisms of a Bernstein Algebra. 6p.

BEKKERT, V., MARCOS, EN. and MERKLEN, H. A
Indecomposables in derived categories of skewed-gentle
algebras. 35p.

GORODSKI, C. A class of complete embedded minimal submanifolds
in noncompact symmetric spaces. 6p.

MARCOS, EN., MERKLEN, H.A., SAENZ, C. Standardly Stratified
Split and Lower Triangular Algebras. 11p.

FURTA, S. and PICCIONE, P. Global Existence of Periodic
Travelling Waves of an Infinite Non-Linearly Supported
Beam I. Continuous Model. 14p.

BARONE-NETTO, A. and FURTA, S. Stability of Trivial
Equilibrium Position of two Non-Linearly Coupled
Oscillators. 36p.

BORSARI, L.D. and GONCALVES, D.L. Obstruction theory and
minimal number of coincidences for maps from a complex
into a manifold. 17p.

DOKUCHAEV, M.A. and GONCALVES, J.Z. Identities on Units of
Algebraic Algebras. 9p.

GALVAO, MEEL. and GOES, C.C. Constant Mean Curvature
Surfaces in Half Space Models. 26p.

COELHO, F. U. and LANZILOTA, M. A. On non-semiregular
components containing paths from injective to projective
modules. 13p.



2002-02

2002-03
2002-04
2002-05
2002-06

2002-07
2002-08

2002-09

2002-10
2002-11

2002-12

2002-13
2002-14
2002-15
2002-16
2002-17
2002-1 8.
2002-19
2002-20

2002-21

COELHO, F. U., LANZILOTTA, M. A. and SAVIOLL A. M. P. D.
On the Hochschild cohomology of algebras with small
homological dimensions. 11p.

COELHO, F. U., HAPPEL, D. and UNGER, L. Tilting up algebras
of small homological dimensions. 20p.

SHESTAKOV, IP. and UMIRBAEV. U.U. Possion brackets and
two-generated subalgebras of rings of polynomials. 19p.

SHESTAKOV, ILP. and UMIRBAEV. U.U. The tame and the wild
automorphisms of polynomial rings in three variables. 34p.

ALENCAR, R. and LOURENCO, M.L. On the Gelbaum-de
Lamadrid's result. 16p.

GRISHKOV, A. Lie algebras with triality. 28p.

GRISHKOV, A. N. and GUERREIRO, M. Simple classical Lie
algebras in characteristic 2 and their gradations, L 21p.

MELO, S. T., NEST, R. and SCHROHE, E. K-Theory of Boutet de
Monvel's algebra. 8p.

POJIDAEV, A. P. Enveloping algebras of Filippov algebras. 17p.

GORODSKI, C. and THORBERGSSON, G. The classification of
taut irreducible representations. 47p.

BORRELLI, V. and GORODSKI, C. Minimal Legendrian
submanifolds of S™! and absolutely area-minimizing
cones. 13p.

CHALOM, G. and TREPODE, S. Representation type of one point
extensions of quasitilted algebras. 16p.

GORODSKI, C. and THORBERGSSON, G. Variationally complete
actions on compact symmetric spaces. 8p.

GRISHKOV, A N. and GUERREIRO, M. Simple classical Lie
algebras in characteristic 2 and their gradations, II. 15p.

PEREIRA, Antdnio Luiz and PEREIRA, Marcone Corréa. A Generic
Property for the Eigenfunctions of the Laplacian. 28p.

GALINDO, P.,, LOURENCO, M. L. and MORAES, L. A
Polynomials generated by linear operators. 10p.

GRISHKOV, A. and SIDKI, S. Representing idempotents as a sum
of two nilpotents of degree four. 9p.

ASSEM, 1. and COELHO, F. U. Two-sided gluings of tilted
algebras. 27p.

ASSEM, 1. and COELHO, F. U. Endomorphism rings of projectives
over Laura algebras. 10p.

CONDORI, L. O. and LOURENCO, M. L. Continuous
homomorphisms between topological algebras of
holomorphic germs. 11p.








