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An Experiment with Images on Galilean Invariance to
Throw Light on the Symmetry of Newton’s Laws

Nora Lia Maidana and Vito R. Vanin, Universidade de Sdo Paulo, Instituto de Fisica, Sdo Paulo, Sio Paulo, Brazil
Agustl’n Adﬂriz-Bravo, University of Buenos Aires, Buenos Aires, Argentina

igher-education textbooks' ™ state that forces as
H physical entities are independent of the frame of ref-

erence, whenever it is inertial. It can be shown that
the acceleration and Newton’s laws are invariant by Galilean
transformations, but this fact is hardly addressed beyond the
formalism. We designed an instructional experiment, based
on images from videos of gliders sliding on an air track, to
contextualize the conditions of application of Newton’s laws,
the meaning of Galilean transformations, and the rationale
of the second law. The interpretation provided here focuses
on possible cause-effect relationships and the assumption of
time simultaneity, and is aimed at teachers of introductory-
physics courses.

The invariance of acceleration with the inertial frame of
reference is approached in physics classes with deductions of
expressions showing it; the algebraic simplicity of the “trans-
formations” involved hides the profundity of the concepts and
the importance of Galilean invariance in the architecture of
Newtonian mechanics. DiSalle’ addresses the historical evolu-
tion of these concepts, which are quite intricate; they involve
the principles of relativity, causality, isotropy, and other prop-
erties of space and time.®” The effort to elucidate them traces
to the ancient Greeks and received contributions from many
philosophers and scientists throughout the prehistory and his-
tory of physics and mathematics, extending to the present.””’

Mechanics courses often aim for students to internalize
these ideas by the resolution of exercises and/or laboratory
experiments. According to Izquierdo,® the specific objectives
of these activities are seldom completely achieved; it is then
usual for students not to be able to solve problems that require
the transference of these concepts to a diversity of contexts.

Our proposal uses images and a road map in order to con-
textualize Galilean transformations and provide evidence of a
rationalist interpretation of Newton’s second law. When deal-
ing with a real system, filmed or not, both the question of un-
certainties and the purpose of applying a relevant model need
to be faced.”'® Reality is not an obstacle to understanding the
behavior of physical systems with the use of constructions
such as basic laws, but makes the road larger.

The Mechanical EXperiments with Images project
(MEXI), http://www.fep.if.usp.br/~fisfoto/, uses information
and communication digital technologies to develop online ex-
periments that aim to contextualize topics covered in physics
classes.""** The experiment described here was created with
the intention of promoting the understanding of coordinate
transformations in inertial frames of reference. The images
and text needed to perform the experiment can be found in
found in the supplementary material,'® as well as an Appen-
dix with details on the Galilean transformations, the making
of the laboratory, and the statistical analysis. Some objectives
of this activity are general, explored in all MEXI experiments:
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¢ Obtaining and tabulating experimental data, plotting
the corresponding graphs, analyzing them, and infer-
ring results, all of which are expected skills in the cur-
ricula of physics courses, whose centrality and the dif-
ficulties encountered with them by students have been
described by Laverty and Kortemeyer.'*
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¢ Interpreting graphs, as reported by McDermott et a
this aim requires instructing students to overcome the
difficulties in developing an authentic literacy in the
skills of associating graphical representations both with
physical concepts and with the physical world, whose
acquisition is not spontaneous.

® Contextualizing physical laws, since learning is contex-
tual as emphasized by Bowden et al.,'® who point at the
importance of developing different ways of approaching
concepts, so that students interpret them qualitatively,
without resorting to the direct application of formulas.

Two specific goals regarding the physical content of the
activity described here are:

¢ Inviting students to the mental exercise of relating the
displacements, velocities, and accelerations of a move-
ment in two different frames of reference.

¢ Contributing to the understanding of the role of New-
ton’s second law as the basic rule of the general and fun-
damental theoretical model on the movement of bodies.

This last, crucial point requires students to connect in-
teractions (which should characterize relationships between
bodies regardless of the chosen reference frame) with a quan-
tity that is also invariant with the frame of reference. When
only inertial frames of reference are considered, acceleration
fills this requirement.

In order to determine the acceleration of a body in two
different frames of reference, we recorded the motion of two
gliders moving on an air track, one under the action of a re-
tarding force and the other sliding freely. A measuring tape
fixed to the air track and a ruler attached to the free glider
serve as the stationary and movable frames of reference, re-
spectively. The positions of both gliders were obtained from
the measuring tape, and the position of the accelerated glider
was also read in the ruler. It can be checked that an external
action (a retarding force) produces the same effect—the same
acceleration—in both frames of reference. This experimental
result helps students to internalize a model of independence
of an assumed cause-effect relationship with the frame of ref-
erence, as already pointed out by Galileo.!”

We begin by highlighting the results of the Galilean trans-
formation concerned with this experiment, followed by its
description, and then the activities proposed to the students,
with an example of the obtained results. The discussion and
conclusion sections complete this text.
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Fig. 1. Experimental arrangement: (a) distant view; (b) close-up,
showing the time code, t = 0.36 s. The glider on the right (R)
slides freely, and the one on the left (L) accelerates because it
is connected to a weight that falls vertically. A complete set of

images can be found in the Supplementary Material.'®

Galilean transformations

The Newtonian conception of the motion of bodies in ab-
solute three-dimensional space and time has been classically
modeled with the help of vector algebra. From the properties
of this chosen mathematical modeling, it follows that the
invariance of the acceleration with respect to the frame of ref-
erence can be “proved” or “deduced” The usual procedure is
detailed in section C of the Appendix."?

In brief, the Galilean transformation relates the position
vectors rp(o) = and rp(') of an object P in reference frames
with origins at points O and O', which are origins of frames of
reference stationary and in motion with a constant velocity,
respectively (rp(oy = rp(0y + ro/(0))- Including the transfor-
mation of the times in these frames, t = t', it is algebraically
straightforward to arrive at [Appendix,'® Eq. (C5)]

ap(0'y = ap(0) (1)

where a represents the acceleration. When the frame of refer-
ence with the origin at O is inertial, it is possible to use New-
ton’s second law to calculate the acceleration ap(q), which will
then be the same in all inertial frames of reference through
out the (classical) universe.

The experiment
Producing a MEXI experiment

In section A of the Appendix,'* a more detailed descrip-
tion of the online laboratory can be found, including its ob-
jectives and how the experiments are produced. In brief, from
videos of a body moving alongside an instrument that allows
the measurement of its position, we extract a set of frames
from a selected snippet and insert a digital time code in each
frame to act as a chronometer. Students read the positions of
the body and times in all the images in the set.

As detailed in section B of the Appendix, the following can
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also be found in the Supplementary Material'*: the set of the
images analyzed here; videos taken from points of view that
allow the viewer to understand the experimental arrange-
ment; a spreadsheet; and the laboratory guide, which includes
a guiding question.

Acceleration and inertial frames

The arrangement consists of two gliders: one on the left,
L, and the other on the right, R, that slide on a horizontal air
track. Their positions are read on the measuring tape fixed
to the rail, L on the lower right corner and R on the lower left
corner, as can be seen in Fig. 1; these are coordinates in the
frame of reference of the laboratory (S, since it is stationary).
The glider R can slide freely and carries a ruler that gives
the position in the movable reference frame (M, attached to
the glider R), to measure the position of the glider L inde-
pendently. A string with a weight that hangs vertically passes
over a pulley and is tied to glider L.

At the beginning of the recording, the gliders were at rest
with respect to the laboratory and not fixed together, but
leaning against each other. They were manually pushed to
the left, against an elastic band attached to one end of the air
track. After the release, the two gliders start a movement to
the right; R continues in uniform movement, while L presents
an accelerated movement.

From position-against-time data, speeds are determined
as a function of time in the reference systems S and M. From
the corresponding velocity graphs, it can be seen that R has
constant velocity (therefore, the ruler’s frame of reference M
is inertial), and also that the acceleration of L is the same in
both frames of reference, despite its back-and-forth motion
in frame S.

Students’ activities

A different set of images to measure and analyze is given
to each team of students, http://www.fep.if.usp.br/~fisfoto/
translacao/cinRefIn/. The laboratory guide (at the same link
and also in the supplementary material'®) starts with a guid-
ing question, which does not need to be answered immediate-
ly, but it is expected to induce students to reflect on the results
they will obtain and the objective of the experiment. After
that, it directs students to observe the phenomenon, take and
analyze data, and prepare a report. Below, we present details
of some of the steps.

Measurements and graphics

The positions of the L and R gliders in the S laboratory
frame of reference, x (s) and xgs), respectively, and of L in the
mobile reference system M, xp (up), are read and recorded in a
spreadsheet, as well as the respective times, ¢;. The standard
deviation of the glider position o, = 0.05 cm is evaluated from
the limit error (LE) that the student assigns to his/her reading
as [Appendix'’ Eq. (D1)]

LE

Gx R, 2
: )
a procedure explained in the online Appendix," section D.

Students then plot position-vs.-time graphs, which represent
a situation similar to the guiding question.
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With this data, it is possible to calculate the speeds. For
example, the speed of the glider L in the frame of reference S
in an instant ¢;is estimated by
x(t,,,)—x(t,_,) (3)

% (ti):
e Zi+l_ti—l

which corresponds to the average speed in the interval
[t;_1, ti+1], which closely approximates the velocity at the
average instant,
L -1 + ti+1

1

t = 2 ::n;
this last equality results from the selection of frames separat-
ed by the same time interval. The standard deviation in the

positions, propagated to the speed, is given by
V20

X

o, =—">,
t. t

i+1 i—1
which results in 0, = 0.7 cm/s, equal for all times, since the
time interval between successive frames is always the same.
Students plot the velocity as a function of time, for both
gliders and frames of reference, and determine the trend lines
with the respective equations. Figure 2 presents an example
of these graphs, in which the measured values of the velocities
VR(S)» VL(s)» and v () can be observed with the respective
trend lines.
The standard deviation of the acceleration is calculated
using the formula [Appendix,13 Eq. (E7)]

o, |12
o, ‘/—,
tr—t, VN

where t; and trare the initial and final instants in the data set,
respectively, and N the number of points. This formula is an
approximation of the usual expression obtained using the
least-squares method when the abscissas are equally spaced,
and is given in section E of the Appendix. Substituting the
obtained value for o,, the result is g, ~ 0.5 cm/s.

Interpretation and report

The focus of students’” expected interpretation of the ex-
periment is put on realizing that the frame of reference de-
fined by the moving ruler is inertial and that the accelerations
of the glider L in the two frames of reference are compatible.
This will correspond, within typical uncertainties of the mea-
surement, to the results of most of the teams. Note that it is
important to consider the statistical fluctuation of the data,
which makes the measurement of a zero acceleration for the
mobile glider markedly improbable. In the same line, mea-
surements of the accelerations of glider L in the two frames
of reference will give slightly different values. Thus, the
consideration of standard deviations is essential for students
to arrive at an interpretation of the results obtained as corre-
sponding to those expected under the assumption of Galilean
invariance.

The report required from students focuses on the compar-
ison between expected and obtained results, the organized
presentation of data in the form of graphs and tables, and the
discussion about the very conception of an inertial frame.

o P

VR(s) =33.2+0.4 t
Vi (s)=34.8-49.9 t

2t(s)

-60

Fig. 2. Points represent the experimental values of velocities vg(s),
vi(s) and vy ), where the uncertainty bars correspond to one
standard deviation. The respective trend lines are the continuous
curves. The time equations give the velocity in cm/s when time is
in seconds.
It is intended to call students’ attention to the effect that the
weight hanging from L is producing; accordingly, a causal
interpretation of Galilean invariance is suggested, as follows.
Velocity of glider L could not be the effect that the weight
produces, since it changes with the frame of reference consid-
ered. It is then the acceleration of L, which is the same in rela-
tion to the reference frames attached to glider R and station-
ary in the laboratory, that should be considered a measurable
manifestation of the interaction: the effect of a force that is
supposed to be the same in any inertial frame of reference.

Discussion

Students are expected to measure the time and position
coordinates of the gliders, calculate their speeds, construct
the corresponding graphs, analyze the trend lines (as in the
graph in Fig. 2), and verify that the movement of the glider R
is compatible with a uniform movement relative to the lab-
oratory frame of reference. In this respect, the reality of the
experiment requires understanding that the measured value
of a null quantity will probably not be zero, but smaller than a
few standard deviations, which is a necessary competence in
the interpretation of many experiments in physics.

Measurements of the positions of glider L in relation to the
frames of reference S and M are evidently independent for
students. It is then possible to relate the external observation
of the experimental situation to the mental exercise of placing
oneself in the moving frame of reference and seeing the other
glider moving away. The possibility of doing this is a key to
understand the scope of Newton’s laws. This thought experi-
ment maps numerous everyday life situations.

Glider L, when observed in the laboratory frame of refer-
ence S, starts its course with positive speed, stops, and turns
to the left, due to the weight attached to it; when viewed from
frame M, invariably moves away from glider R, and in the ar-
rangement used, its velocity is always negative. Compatibility
of the values obtained for the slopes of the lines representing
the acceleration to which glider L is subjected confirms that
the acceleration of an object, when measured in different in-
ertial frames of reference, has the same value.

The experiment can be conceptualized from the epistemo-
logical point of view of cause-effect relationships: it is then
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explained by inferring that weight as a force is the cause of
changes in the movement of glider L. Classically, this cause
should not depend on which of the two reference systems is
adopted to describe motion. And since there is a single cause,
a single effect must follow as well. Interaction is considered to
be independent of the kinematics used to describe movements:
its effect, the rate of change in velocity, should, by the same
reasoning, be independent of the reference frame and any ap-
paratus adopted for its description, such as physical units.

In order to explore what happens, it is necessary to draw
attention to three aspects: i) the velocities and accelerations of
L determined in the two reference systems come from com-
pletely independent measurements of position, although for
simultaneous instants of time; ii) glider R, which carries the
ruler, has no connection with the hanging weight; thus, the
weight acting on L cannot exert any action on R, where the
reference frame M is fixed; and iii) glider L has no connection
with glider R once set in motion. The velocities of L are dif-
ferent in the two frames of reference, so this kinematic quan-
tity cannot indicate an effect of a constant cause. Assuming
(and finding) that glider Is acceleration measured in the two
frames of reference is the same suggests that it is reasonable
to relate the force on the glider to this kinematic quantity,
which indicates changes in the state of motion. Finding that
the hanging weight—which is independent of kinematic con-
siderations in the classical frame of reference—produces the
same acceleration in both frames provides strong evidence
that Newton’s second law, with the associated mathematical
formalism, constitutes a satisfactory model for the motion
of bodies, completely adequate to the philosophical context in
which it was proposed.

In providing rationalist interpretations, some extra care
should be taken with the use of the term symmetry with first-
year students, which, in natural language, is a quality assigned
to an object that does not change its shape when rotated or
displaced—under an active transformation. These operations
are equivalent to transformations of the system of coordinates
used to describe the object—a passive transformation. Physics
extends the definition of symmetry with recourse to the pas-
sive view—it is an attribute of any physical feature that does
not change with a given coordinate transformation. In accor-
dance with this, Galilean symmetry entails the invariance of
Newtons’ laws when applying a Galilean transform between
two different inertial reference frames. In this formal inter-
pretation, which will eventually reappear and expand in more
advanced courses, acceleration is termed a physical invariant.

Most textbooks limit themselves to discussing Galilean
transforms and the invariance of acceleration with the inertial
frame as consequences of the rules of use of Newton’s laws, but
do not delve into the fundamental justification of their form.
Kleppner and Kolenkow” and Kittel et al.” proceed in this way
when they introduce Newton’s laws, but, after exploring their
applications, return to the subject in order to discuss special
relativity. They show that the Lorentz’s transformations con-
nected to relativistic invariance, which overcomes Galilean
invariance, reduce to the Galilean transformations when the
velocity of light is set to infinite, ensuring the applicability of
the classical model to a wide range of situations with macro-
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scopic objects on or near Earth. However, with the focus on
relativity and drawing attention to the fact that Newton’s laws
fail in other situations, it is difficult to discuss in depth the
fundamental role of Galilean invariance in the very formula-
tion of classical mechanics. Thus, in our opinion, the oppor-
tunity is lost to emphasize the importance of the principles

of symmetry in the formulation of physical laws at the begin-
ning of an introductory physics course, which is an important
moment in the professional training of scientists.

Conclusion

The experiment presented here serves as a focus to con-
ceptualize what an inertial frame of reference is and to in-
quire about the invariance of acceleration within such frames.
These are, according to our arguments, some of the key
points in understanding Newton’s laws and in their proper
use when modeling. The instructional approach that we sug-
gest to classical mechanics wants to explore the reach of the
ideas of invariance and symmetry in the formulation of the
laws associated with classical physics models.

Execution of this experiment in introductory physics
courses would, in our opinion, contribute to the difficult
mental exercise of locating oneself in another reference sys-
tem, and would help students develop the necessary skills to
measure, plot, and interpret values of physical quantities and
to consider uncertainties in those values.
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Fig. 1. Dew drops hanging on a fence with the Sun shining on them from behind.

Colorful dew drops

Francisco Jose Torcal-Milla, Applied Physics Department. i3A, University of Zaragoza, Zaragoza, Spain; fjtorcal@unizar.es

Dew is a meteorological phenomenon in which the hu-
midity in the air condenses in the form of drops due to a
sudden decrease in temperature or contact with cold surfaces.
It typically occurs at night and may reveal captivating images
during sunrise when observed properly. In Fig. 1, I present a
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photograph of dew drops with the sun shining from behind. As
observed, some of them display colors, a result of light refrac-
tion and observation angle, akin to the phenomenon seen in a
rainbow.
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