





Table (1.1): Classification for the universe

‘

1| Ny | Nna N | M.

2 Ny Naa 000 Nae Na.

i Nij : Ni.

r Ny Np ves Ny Ny

Na N2 N;j Ne

Tabela (1.2); Classification for the sample '

1 2 : c . v
1 ni11 ni12 res . Nie ni.
2 nag a2 reo n3e - na.
i . nij ' ng
SIS Nel Ny - cee Nye Ny .
1.3 n.g n.j N.c

|

Our objective, in the next section, will be to estimate the interior of the table and
mainly to develop the asymptotic bias and variances of these estimators. We use to a
two dimensional iterative procedure that will produce approximate gample-population ad-
equacy simultaneously for two basic marginal distribution.” This process is called Raking
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Ratio Estimation Procedure (RREP). The resulting estimators for the cell frequencies are
called Raking Ratio Estimators (RRE).

In Section 2 we describe the RREP. In Section 3 we develop the asymptotic bias,
variance and covariances of the RRE for any iteration.

2.- The Raking Ratio Estimators Procedure: System of Weight and Estimators

In estimating any cell frequency of the universe, such as N;;, we have three p0551b1ht1es
i.- from the over-all units of population, the estunator is N
ii.- from the i-th row alone, the estimator is N;. il =t
iii.- from the j-th column alone, the estimator is N.; 24

In general, the three estimators above will not be equal, and not necessarily the
estimated marginal frequencies will be identical with the known marginal frequencies.

The RREP works as a sequence of iterations starting with rows or columns, and .
combines all three of the estimators just mentioned to give a new estimator which is more
precise. Starting with rows, the weights are defined as follow:

Definition (2.1): Let W,(;) be the t-th iteration weight in cell (§,7). Then W( ) is given
by:

N, ift =0, for all i, j;
Wi _ W.-(-'_l) —{—,—-, . if ¢ even; (2.1)
iy - il ‘J ]
W'(;-l) Wl_lr_, if ¢ odd.

Definition (2.2): The Raking Ratio Estimator RRE of the cell frequency N,; in the ¢-th
iteration of the procedure is

NP =wPny; (i=1,...,rj=1,....0). (2.2)

Using (2.1), (2.2) can be written as follows:

N w Mijs ift=0;
N iftodd;
N.(;) = N;. 7\1?1)'1 it (2.3)

"‘(l—l)

N,; Tvc{,—-;;, if t even.

The weights used for the cells, and thus the estimated frequencies, are defined recur-
sively, in such a way that at the odd iterations, the estimated ma.rgina.l. row frequencies



comclde with the known marginal row frequencies (i.e., N;. N@=1) = N;), and that at the even
iterations, the estimated margmal column frequencies coincide with the known marginal
column frequencies (i.e., NN ,(J-m N.;). Moreover, the convergence of N; 2-1) 4o N.; and
N,-(_m to N;. is generally rapid.

The RREP thus is asymetric, i.e. the starting choice (rows and columns) affects the
results. Brackstone and Rao (1979) (see also Arora and Brackstone (1977)) give some
suggestions about this problem. In this paper, all the properties are derived starting the
adjustement with rows.

3.- Properties of the Raking Ratio Estimator

In this section we explore the bias, variance and covariance of the estimators IV.(;)
for any t. Konijn (1981) derives these properties for t = 0,1, and 2 and there, it was

stated that “ Cov(Nl(f ),Nﬁ).) gives O for § # i'”. Here we show that this is not true (see

expression (3.3.4), theorem (3.3)).

In the calculus below, the subscript 2 denotes that we take the conditional operator
given n;., and the subscript 1 denotes that the means and variances are uncpnditional,
that is, the variation in the rows n;., and in the columns n.; are present.

'

3.1.- Bias and Variance of the No-iteration Estimator

In simple random sampling, the RREP begins by setting

~ 1 519 ), .
N}}”:N—’:l, (i=1,...,5i=1...,¢) (311)

Theorem (3.1): The no-iteration estimator ﬁ,‘f ) is unbiased with variance:

(N-n)1l

VIRD) = oy - Nk (3.12)
and
Co(N, N = (uv 1; NigNop, foranyi,i'j,sndf.  (313)
proof: 3 ‘
LS

Since in the case t = 0 we are not using the additional information about the marginals,
the theorem can be obtained by. properties of the multinomial distribution. Nevertheless,
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we give the proof concerning to the mean and variance by conditioning to the row because
will be useful for the higher iterations.

N,-(J-) is an unbiased estimator of N;;:

AT 3, N ] i N.‘.
E(N.'(o)) Ey(Ey(N n—L)) E, (-— n; Ez(nJ)) = NPijEl(%) = NP;','F: Nij, -

where p;; = %1- is the relative frequency in the i-th row of the population.

To obtain the variance of N}’ we use V(N) = Vi(E2(N (")) + Ey(Va(N D). But

N N-n)] NN = NN -

VI(EZ(ﬁn(JO))) = (NPU)2 [N_A;(l - _]VL)%(N -1/ = Pij n(N -1) n)' (3'1-4)

On the other hand:

B = 5G] = [ Bt (ks - Ny By

N 2,1 1 .
= nz pu(l P.;)N lE] [n"'(n,-. Nl'. )] . . (3.15)
= 1 1 N
=N L e SR 1
=NGw) md Asg Ty (3.18)
Note that:

B[Gera = - ) e - - 2]
and then, (3.1.5) is

N.(N —n)N

E(Va(F) = 050 - i) = =3 (3.1.7)

The variance of ﬁS’ ) is the sum of expressions (3.1.4) and (3.1.7). This sum satisfies the .
equality (3.1.2). W

3.2.- Bias, Variance and Covariance of the One-iteration Estimator

In agreement with (2.3)

‘(0) Np. 2k
N‘” : Ni=is = No— = N =L, (3.2.1)
Nl Z}=l = Rij n;.
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Theorem (3.2): The RRE ﬁi(; ) is unbiased with variance:

V(NS = pij(1 - pis)Bis ' (3.2.2)

pos 0, ifi# 4
(1) £0) B 3.2.3
o (Nu ’N ) {—Pll Pij B;, ifi=1, j£75'; ( )

' with B E(p')_ [N. N-'l:hg'x :_ Lﬂl]

proof:

ﬁ,‘: ) is an unbiased estimator of Nj;:
&5 N
B D) =B (E,(N.-.%—_’-)) = By(No52) = Bu(Nig) = Ny (3.2.4)

To obtain the variance of N(l) note that Vl(Eg(N(l))) = V4(N;;) = 0. and then

+

VAP) = B = B (2

N;. 1 1
=E; [pu(l = p.-,-)-ﬁ_—lN.-’.(;‘—_ = N_.-.)] = pij(1 — pij)Bi
this expression checks (3.2.2).

Now

l)’

Cov(NP, N2 = Cov (E,(N. "") Ey(Na. —L)) +E (Covg(N B N, "—L))

Note that for any 1,4, j, and j' (see (3.2.2)) is

n.:

ni.

Cony (Ez(N n") E(Nu. = ) = Cov; (Nij, Nieyr) = 0.

Besides that, for i # i', by properties of the conditional multinomial distributions, we

have Cov; (N. 4, Na. ':::,_') = 0. Thus
Cou(N, N{D) =0 if i #4 (3.2.5)

and for i = ¢ and j # j'

N;. N;. Ni.—n; 1 ‘
Cov(NP,ND) = Bx [sz(;:ﬂij»;ﬂij')] =E [N.?. (- No=1 ;:P-':‘Pii')] .
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so that,
Cov(ﬁ-(-l) ﬁ(l)) = —E;(8i pij pij) = =piy pij Bi.

ij 14V p

It remains to calculate B; = E(f;) = gis E(a;), with §; and a; defined in (3.1.6).
But for moderately large n and the condition + negligible so that e & 1, it is easy to

pl'OOf:
Y s N2 _1_ - l ALl l -
E(a,) ~ N ( N N + n(l

(see Martin (1988), p. 16-17). H

N,.
v

* 3.3. Bias, Variance and Covariance of the two-iteration estimator

When t = 2, using (2.3), we have

ﬁ‘”—N.&‘(ﬂ (331
5 =Nty (33.1)
2

Theorem (2.3): The RRE IV,-(;) verifies the following properties:

o 1
B(NP) ~ "N, [Bip.','(l —Pij) = Kij ZBi'Pi'j(l = Pi'j)]i (3.3.2)
EQM(N) » Bipij(1 - pij)(1 - 2xi5) + K% Y Bipui(1— piry); (3.3.3)

and an approximation to the covariance between IV,-(,-Z ) and f\\’,(.?, is
#ij(Birpirjpirjr) + wirso(Bipijpije) — kijkijt 3g(BapajPajr)y ifi#Eij#5;
~(1 = &ij — £ije X Bipijpijr) = Kijkiy Lo o(BaPajbajt), fi=d,j#7%

(3.3.4)
=kij(Bipirj(1 = pirj)) — ke i(Bipij(1 - piz))
+8ijKi5 32 o(Bapaj(l = paj)) ifigi,j=,".
BN _ Ny . : : L
where x;; = = 7L is the relative frequency in the j-th column of the population.

E(NY) T N
proof:
An approximation to the bias of the ﬁg’ may be obtained as the bias of a ratio
estimator (see Martin (1988), Appendix A, for instance), and we have
@y o L F0 mo _ Nij sa)
B(NIJ )l'v-’—F'j'Cav(N.J ,N"j — N-N'J' )

1 —~ ~ ~ ~ —~ o
=N, [E' (Cm"(N DD ki N -(J'l))) + Covs (E’(Ni(il ), E2(N - "iJN"(J'”)) }
&)



_ Since the conditional mean of NV;; N (and also N ,(,-l)) are non-random, we need only find
" the mean of the conditional covariance. In another words

-~ 1 5 AT A
B(N) =~ ~N; Ey [C‘”’2 (WP N - """N'("l))]
1 S & N
= - -—-El {CO’U') (N(,l), NS)) == K.‘sz (N(Jx))

= ——El [Z Covy (N, NEP) - wi V,(Z RP) ] (3.3.5)

Since for i # ¢, N, ( ) is conditionally independent of N;; N we have

Zc N,“},N(”) Cony (NP, D) = va(RD) (3.3.6)
and mort;over
V(R = Z V(A9 + 3 Conn (R, NY) = Z Va(NED). (3.3.7)

(ES

1
From here, to obtain (3.3.2), it suffices to use, in an appropriate way, the equalites
mentioned and then to remember that E; (Vg(Nm)) (N(‘))_ )

On the other hand, an approximation to the mean square error of ﬁff ) is

EQMNP) m V(N - i NS)
=V(N) - zn.-,-cw(zvfp,:vm) +r V(N

—V(AD) - 20,V (@) + o S VIAE

this last equality is obtained using (3.3.6) and (3.3.7). Using now (3.3.2), we may write
(3.3.3).

Finally, we can find an approximation to Cov (N,(,'2 ),

N(”) for any i,1',j, and j' from
Con(FP, NP w Con(N - rii NP, Noye — kay N3
= Cou(FD, FD) — ki Con (N, NE) = ke Con( NP N3)
+ Kini'j'CO‘U(N,(J-l), N(:.))

But
(a) for i # ', Cov(N}

b ,Nm) gives zero,
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(b) Cov(ﬁ-(l) ﬁg‘.)) =Y, Cov(N ﬁs.)) = Cou(N{) ﬁl-(J-l,)), the last equality is

i ij i
obtained using that the sum is non-null if and only if a = i.

For the same argument, we have

Cov(ﬁ_(jl),ﬁi(,?,) = Cov(]v(l)

ity

(1)
N"ljl),
and
() )y (1) [5G
CO‘U(N,J ,N_J'l ) =, ZCW(NOJ ’Ndj') .
a
Considering these facts and the different cases for 1,#, § and j' we have an approximation

to the covariance between 1'\?'-(1-2) and ﬁ_(,?,

which is given by

~i;Cou(NS), NSD) - ki j Cou(RP, )

Vi ij
+aiwig Sy Cov(N, NI, i1, A S
(1-ki;— n,-j:)C'ov(ﬁ'-(jl),ﬁl-(},)) + KijRij 3, Cov(ﬁ:;-),ﬁ:;.)), ife=1d7#j
—fc,‘jV(ﬁ'-(,;)) - K,‘:,‘V(ﬁi(;)) + KK Y, V(ﬁf;)), ifiztd,j=j".

From here, using (3.2.2) and (3.2.3) results (3.3.4). B

2.3.4 Generalizations

An approximation to the bias of IV.(;) for any t, may be obtained using the same
-~ NOo=1) ~ N1
approximation that the case t = 2 for N'-(;) = N.v.%'!‘,_—,) if t odd or N,-(;) = N.j%‘{_;;-;—)- if ¢
(D 3
even. So, after the feasible development, we have:

B0 BRG') - 3D BEE-")

1 ( B(ﬁ.‘,-’“”))
e
. E(RE O BREY)
[E Cou(N3* D, NED) - ng,?‘-”v(ﬁ,‘,"“’)] .

a

and

2 o s 1 B(JV(Z‘))
BNy~ B(NG?) - p39B(NPY) - — (1- R
( ij ) ( i ) Pij ( i ) E(Ni(_“)) E(N,(z ‘))

[0 cont¥, 85%) = 43w (709,
]
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. s

(m) E(NG") (2t-1) _ BN

Wlth = ?(Nt?“_); an "’ij = E(N(."'l)).
s )

Using the large-sample approximation for the mean square error of a ratio and noting
that the estimated marginal frequencies are asymptotically unbiased (for example, in the
case even that is EQIVI(]V(')) ~ V(N(‘—l) ('_I)N(' 1Y), it is easy to verify

EQM(NE) m V(NG - "“”[ }:c (N.(}"‘),ﬁﬁ"”)-nﬁ,’.""V(ﬁfJ?"")],

and

EQM(NE™*V) x V(NEY) - pi3" [2 Y Con(N GO, NEY) - ﬂ?"v(ﬁ,.‘,"’)].

For similar properties, an approximation to the covariance between ﬁ‘(; » and ﬁf,?, for

any t is given by:
Cou(RE9, N) m Con(R G, NE) - @D S Con(NGY, N,‘,’,‘ 1))
(u' l)ZC (N(zt—l)’ﬁg-,l—l)).
+ (2: 1) (2:—1)220 (N(u ~1) N(?t—l))'
and
Coo(NE*V, Ny ~ Con(RGY, NED) - "‘)Ec o( N, NN

~ iy Z Coo( NGO, NG + o5 005 )> 2 Con(N 320, N).

These two expressions serve as basis to derive the covariances expressions, but still we
may distinguish three cases: covariances between estimated cell frequencies in the same
row, covariances between estimated cell frequencies in the same column and covariances
between estimated cell frequencies in different row and column (see (3.3.4) and recall that
each step uses the results of the previous step).
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