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An investigation of the properties of 
Raking Ratio Estimators for Cell Frequencies 

with Simple Random Sampling 

by 

.Maria Cri.stinti MtirUn <1> and Wilton de Oliveira Bu.s.sib<2> 

Summary: 

On the basis of a simple random sample from a population, on which a cross classi­
fication is defined with known marginal frequencies N; . and N.;, one wishes to estimate 
the cell frequencies N;;, Various authors have discussed so-called Raking Ratio Estima­
tors, which are calculated iteratively. The purpose of this paper is to obtain asymptotic 
expressions for the bias, variances and covariances for the corresponding estimators of the 
cell frequencies for any numbers of iterations (t ~ 0) and to show a different result of that 
presented by Konijn (1981). 

Key Word.s: Raking ratio estimation, Conditional bias and variance. 

1.- Introduction 
Consider a population of N units from which a simple random sample of n units 

is drawn. Supose both the sample and population units are cross-classified in a two­
dimensional matrix that is defined in terms of basic characteristics with known margiual 
frequencies, say N;. and N.;. Let n;;, N;; be respectively the sample and population 
counts in the (i,j)-th cell of this _matrix (N = }:; :E; N;; , n = :E; E, n;; ). 

This set up, following Deming and Stephan (1940), is shown in the tables (1.1) and 
(1.2). 
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Table (1,1); Classification for the uni\rel'Se 

1 2 C 

1 Nu N12 ... Nie 

2 N21 N22 ... N2c 

: : N;; . 

r Nr1 Nr2 ... Nrc 

N.1 N., N.; N.c 

Tabela (1,2): Classification for the sample 

1 2 C 

1 nu n12 ... n1e 

2 n21 n22 .. . n2c 

. n;; ; 

r nrt nr2 ... nrc 

n .1 n.:, 

Our objective, in the next section, will be to estimate the interior of the table and 

mainly to develop the Asymptotic bias and variances of these estimators. We use to a 

two dimensional iterative procedure that will produce approximate sample-population ad­

equacy simultaneously for two baaic marginal distribution.· This process is called Raking 
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Ratio Estimation Procedure (RREP). The resulting estimators £or the cell frequencies are 
called Raking Ratio Estimators (RRE). 

In Section 2 we describe the RREP. In Section 3 we develop the asymptotic bias, 
variance a.nd covariances of the RRE for any iteration. 

2.- The Raking Ratio Estimators Procedure: System of Weight and Estimators 

In estimating any cell frequency of the universe, such as Nij, we have three possibilities: 
i.- from the over-all units of population, the estimator is N ~; · 
ii.- from the i-th row a.lone, the estimator is Ni, ~; n,. 
iii.- from the j-th column a.lone, the estimator is N.,· ~ . n ., 

In genera.I, the three estimators above will not be equal, and not necessarily the 

estimated marginal frequencies will be identical with the known marginal frequencies. 
The RREP works as a sequen~ of iterations starting with rows or columns, and . 

combines all three of the esti_mators just mentioned to give a new estimator which is more 
precise. Starting with rows, the weights a.re defined as follow: 

Definition (2.1): Let W;~) be the t-th iteration weight in cell (i,j). Then W;\tl is given 
by: 

{

~' ift=O,fora.lli,j; 

W(C-l) N-1 if t even•, 
.. .tc) - ;; '°'' w<•-•> .. ' Wl; - LJ,., ij fttJ 

W(c-l) N ·. "ft odd 
. ij '°'c ~•-•> 1 I • 

L...,J•l Ii ft/j 

(2.1) 

Definition (2.2): The Raking Ratio Estimator RRE of the cell frequency N,; in the t-th 

iteration of the procedure is 

NW= W;~) n;; (i = 1, ... ,r;j = 1, ... ,c). (2.2) 

Using (2.1), (2.2) can be written as follows: 

(2.3) 

The weights wied for the cells, and thus the estimated frequencies, are defined recur­
sively, in such a way that at the odd iterations, the estimated margin~ row frequencies 
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coincide ~th the known marginal row frequencies (i.e., Rf2«-t) =Ni,), and that at the even 

iterations, the estimated marginal column frequencies coincide with the known marginal 

colwnn frequencies (i.e., R\21
> = N.;). Moreover, the convergence of N\21

-
1> to N.; and 

Nt) to Ni, is ge~erally rapid. 

The RREP tb~s is asymetric, i.e. the starting choice (rows and columns) affects the 

results. Brackst~ne 'and Rao (1979) (see also Arora -and Drackstone (1977)) give some 

suggestions about" this problem. In this paper, all the properties are derived starting the 

adjustement with rows. 

3.- Properties of the Raking Ratio Estimator 

In this section we explore the bias, variance and covariance of the estimators RW 
for any t. Konijn (1981) derives these properties for t = 0, 1, and 2 and there, it was 

stated that " C ov( fe8l, Rt~~) gives O for i ¥, i'". Here we show that this is not true ( see 

expression (3.3.4), theorem (3.3)). 

In the calculus below, the subscript 2 denotes that we take the conditional operator 

given ni., and t~e subscript l denotes that the means and variances are uncpnditional, 

that is, the variation in the rows ni., and in the colunws n,; a.re present. 

3.1.- Bias and Variance of the No-iteration Estimator 

In simple random sampling, the RREP begins by setting 

N ... ~~J = N !!.!i, (" l . 1 ) IJ I= , ••• ,rjJ. = , ••• _1C. 
n 

(3.1.1) 

Theorem (3.1): The no-~teration estimator iflJl is unbiased with variance: 

(3.1.2) 

and 

(3.1.3) 

proof: 

Since in the case t = 0 we are not using the additional information about the marginals, 

the theorem 1:8.D be obtained by. properties of the multinomhd distribution. Nevertheless, 



we give the proof concerning to the mean and variance by conditioning to the row because 
will be useful for the higher iterations. 

Ni1) is an unbiased estimator of N;;: 

where p;; = ~ is the relative frequency in the i-th row of the population . . 

-(o) -(o) -co) -(o) To obtain the variance of N;; we use V(N;; ) = Vi(E2(N;i )) + E1(Vi(N;; )). But 

V,(E(N~~>))=(N .. )2[N;.(1_N;.).!_(N-n)] = 2.NdN-N;.)(N-n) 1 2 '' P,, N · N n N - 1 . P,, n(N - 1) . (3,l.4) 

On the other hand: 

E(l'-(N~~>))=E [N2 ~\'-(ni;)] =E [N2 ~(~(l-N;;)1._(N;.-n;.))]. I 2 ,, I 2 n,. 2 . I 2 n,. N · N · . N · - 1 n n,. n 1• ,. n 1. 1• 

Let 

Note that: 

N
2 

( N;. [ 2 ( 1 1 )] 
- 2 P,, 1 P,,)N· -1 E1 n;. . N · . n 1• n,. ,. 

2 1 1 
a· =N• (- - - ) 

' •· ni. N;. 
and 

a N;. 
/Ji= --Qi• 

N;. -1 

E[(n;.)2a,]-n2(1 _ 1 >[N;. _ 1 (l- N;.)], 
Ni, n N N N-1 N 

and then, (3.1.5) is 

-<o> N;.(N - n)N 
E1(V2(N;; )) = p;;(l - p;;) n(N - l) . 

(3.1.5) 

(3.1.6) 

(3.1.7) 

The variance of N;~) is the sum of expressions (3.1.4) and (3.1.7). This sum satisfies the 
equality (3.1.2). ■ 

3.2.- Bias, Variance and Covariance of the One-iteration E.;;timator 

In agreement with (2.3) 
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· Theorem (3.2): -The RRE'&U> is unbiased with variance: 

V(N ..... (tl) - p .. (1 p· ·)B·· ij - ,, - ,, " (3.2.2) 

and 
. ·: (~cl) ~cl)) {O, 
, Cov N -- ,N.,., = B 

,, I J -Pi; Pii' it 
if i 'f' i'; 
if i = i', j 'P j' ; (3.2.3) 

proof: 

&8> is an unbiased estimator of Ni;: 

. . E(.N~)) = E1{E2(N;.~)) = E1(N;.~) = E1(N;;) = N;;. (3.2.4) 

--(l> ~c1> · 
To obtain the variance of Ni; note that Vi(E2 (N;; )) = Vi(N;;) = 0. and then 

[ ( Ni. 2 1 1 )] = E1 Pii 1 - p;;)N· _ 1N;.( ~ - -N· = p;;(l - Pi;)B; , 
•· n,. •· 

this expression checks (3.2.2). 

Now 

--(1) --u) ( n·· n ·,·• ) ( n·· n ·•·• ) 
Cov(N;; , N,,;•) = Covi E2(N,._!L ),E2(N;,.:.:.!:L) + E1 Cov2(N,.:.:!L,N,,.:.:.!:L) . 

ni· ni' na. n;, . 

Note that for any i, i',j, and j' (see (3.2.2)) is 

Besides that, for i -:/: i', by properties of the conditional multinomial distributions, we 

h C (N !!iL N "•' ., ) ave ov2 ;. n,., ;•.~ = 0. Thus 

and for i = i' and j 'F j' 

if . ..J. ., 
I )" I j (3.2.5) 

Cov(&8>,FJW) =E1[Cov2(::.-n,;, ::.- n,;•)] =Ei[Nl( ~~---n;- ~-P•iPii,)] 
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so that, 

It remains to calculate B; = E(/J;) = :_;__1 E(o;), with /3; and o:; defined in (3.1.6). 
But for moderately large n and the condition i:J negligible so that *1 ::::i 1, it is easy to 
proof: 

E( ) N2 (1 l) [N;. 1( N;. ] 0-j ~ - - - - + - 1 - - ) I n N N n N 
(see Martin (1988), p. 16-17). ■ 

· 3.3. Bias, Variance and Covariance of the two-iteration estimator . 
When t = 2, using (2.3), we have 

(3.3.l) 

Theorem (2,3): The RRE ii;'-]> v~rifies the following properties: 

B(iii]>) ~ - ~ . [B,p,;(l - P,j) - ,.,,; I: B;•P,•;(l - p,1;)] i 
., i' 

(3.3.2) 

(3.3.3) 
i' 

and an approximation to the covariance between ii.~> and Rt~~ is 

{ 

ic;;(B,,p;•;P;•;•) + ic;1
;

1 (B;p;jP,j') - l'l.ij"-1'j' E.(B.p.,p.;1 
), ~f ~: ~:·~ / ~:. j 

-(1 - ic,; - "-,;• )(B;p;;p,;•) - "i;",,' "£,.(B.p.,p.,, ), 1f i - i ,J ,/ J , 
(3.3.4) 

-K.;;(B,,p,•;(1- p,,;)) - K.;•;(B;p;;(l - p;;)) 
+ic,;ic,,; L,,.(B11p.;(l - p.; )) if i ;l i' ,j = j'. 

E(N!~1> N, · where K.;; = E(N_❖ >) = W:- is the relative frequency in the j-th column of the population. 

proof: 

An ~pproximation to the bias of the .N;~) may be obtained as the bias of a ratio 
estimator (see Martin (1988), Appendix A, for inst_ance), and we have 

B(ii~~>) ~ --1-Cov(fill> N~~) - N;; ii<~>) ., ~ N .; ., I ., N.; ., 

1 [ ( -c1> -c1> -c1> ) ( ( -c1>) ,:,_( -c1> ,GC1>>)] = - N.; E1 Cov2(N.; ,N,; - K-,;N.; ) + Cov1 Ei N;; , L-ll N;; - ";,;iv,; 
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Since the conditional mean of N;~) (and also N.~1
)) are non-random, we need only find 

the mean of the conditional covariance. In another words 

(3.3.5) 

Since for i =I i', N~'l is conditionally independent of &i1> we have 

(3.3.6) 

i' 

and moreover 

(3.3.7) 

From here, to obtain (3.3.2), it suffices to use, in an appropriate way, the equalites 

mentioned and then to remember that E1(V2(NW)) = V(NW), 

On the other hand, an approximation to the mean square error of N;~) is 

this last equality is obtained using (3.3.6) and (3.3. 7). Using now (3.3.2), we may write 

(3.3.3). 

Finally, we can find an approximation to Cov(NfJ>,Rt~!), for any i,i',j, and j' from 

But 

( ) ~ • ..J. ., C (N ..... <1> N ..... (l)) . 
a ~or a r a , ov ;; , ;• ;• gives zero, 
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A(l) A(l) -(1) A(l) -(l) -(1) 0 • (b) Cov(N;; ,N.;,) = I:. Cov(N;; ,N.;,) = Cov(N;; ,N;;• ), the last equality 1s 
obtained using that the sum is non-null if and only if a = i. 

For the same argument, we have 

and 

Cov(N(~) fe<~>) = t"' Cov(N<~) fe<~>) ., ' .,, L.., ., ' "'' . 
• 

Considering these facts and the different cases for i,i',j and j' we have an approximation 
to the covariani-.e between N;~) and N;\~!, which is given by 

From here, using (3.2.2) and (3.2.3) results (3.3.4). ■ 

2,3,4 Generalizations 

An approximation to the bias of N;j) for any t, ma.y be obtained using the same 
. . -c,, iv!~_,, . -<ll ivt•-•1 . apprOXllD.a.t1on I.hat the case t = 2 for N;; = N,. N~L, 1 1£ ~ odd or N;; = N.; R<L,, 1f t .. , 

even. So, after the feasible development, we have: 
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and 

Using the large-sample approximation for the mean square error of a ratio and noting 

that the estimated marginal frequencies are asymptotically unbiased (for example, in the 

case even that is EQM(N;<;') RI V(N~-i) - p~;-1> &f.•-1>)), it is easy to verify 

and 

EQM(fe!Jt+O) ~ V(N!J'>) - P~!'' [2 L Cov(N!J1>,&f:S') - p~;0v(&?'')] . 
• 

For similar properties, an approximation to the~ ~variance between &W and N;\1, for 

any t is given by: ' · 

• 

and 

These two expressions serve as basis to derive the covariances expressions, but still we 

may distinguish three cases: covariances between estimated cell frequencies in the same 

row, covariances between estimated cell frequencies in the same column and covariances 

between eBtimated cell frequencies in different row and column (see (3.3.4) and recall that 

each step uses the results of the previous step). 
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