





where b" = (b ,..... b ) ( unknown vector ) and V is a known

diagonal covariance matrix. To gain information about the linear
. fumction 1'y , the statistician, using a sampling plan ,selects a
sample S . As in Pereira and Rodrigues (1983) .1 =1 1if the kth
k . .
unit ( k = 1,...., N) belongs to S and i = 0 if the kth unit- does
k

not belong to S. The distribution of the random vector (i ,...,1 )’

. 1 N
is called sampling design and will be represented by P . The ’
quantity of interest , 1'y , may be partitioned as

(2) T=1'y=1'Ty+1'(I -1)y
] S ,
where I is a diagonal matrix of order N with kth diagonal element
S
being i (k =1,....,N) and I is the identity matrix of order N.
k

To estimate T , the model mean
¢ .

(3) - E[T1'(I-I)y1=1'"(I-I)b=>»0
S s ns =
(1) (2) .
ig estimated. Suppose two estimators of b , Bay b and b ., are
ns s s

available so that two estimtors of T ‘using the prediction approach
are .
(t)

(4) T =1'Ty+b » =1, 2 ..
t s s o
The Bellhouse 's result (1987) is : for any sampling plan P of size
(1) 2 (2) 2
n , for every sample S , E[ b -=b ] <EI[Db - b 1 then
o S .+ nS8 = s - ns
2 2 "
(5) - EE[IT -T) < EE[T -T) .
P 1 = P 2

The operators E and E denote expectation with respect to the

P. .
coordinate - free model and the sampling design P, respectively.
Bellhouse restricted attention to diagonal covariance matrix. In
Section 2, we extend this result to non - diagonal covariance matrix
by using a coordinate - f;ee version of Tam ’'s result (1986).



2 - RESULTS WITH NON - DIAGONAL COVARIANCE MATRIX

For simplicity, the followidq notation is used in the sequel:

y =1v.v ={(I-T)y ,. Vv =1IVI. ,
s [] ns 8 i1 s s

v = (T -I)V(I1-1I) , V =9 =19 (I~-1I),
2 s S 12 21 S s

UV = the generalized inverse of V .
1 3

Let us assume that the covariance matrix in model (1) is not
diagonal and

(t) (t)
b = L’ Iy , £ =1,2 two linear estimators
s 8
(t)
of 1’(I - I )b, where L’ ig an N - dimensional vector.

S 3
The following Lemma is the coordinate - free version of Tam’'s result
{(1986) and will be useful to abtain our main result.

LEMMA. Under the coordinate - free model defined in (1) with non-~
diagonal covariance matrix , for all linear estimator h'I y of T ,

8
we have

2 = 2
EfLh'Iy-T] =E[ (h'Iy-1'VIV)(IyYy-TIb)I
S : s s1 S s
. - o 2
b LA VA SIRC R FLAL VS, CRRLO A LY 2 B 8 G ¢ 5 58 o0 L) 38 |
sl.38 s

The proof of this Lemma follows standard computation and hence
omitted. The following Theorem is an extention of Bellhouse’'s result
to include models with non - diagonal covariance matrix.



.

THEOREM., For any sampling plan P and under the coordinate - free
model (1) with non - diagonal covariance matrix
2

2
EE[T-TI]I<EEI[T-T1], if and only if, for
. 1 - P .2
all $ such that P(S) > 0 ,
(1) = = 2
E{ffb ~1'V VIy]l-[1(1-T1 ) = 1'V UIlibi
(9) . 8 21 18 .8 21 1 8 ,
(2) - = 2
SEf[Db -1'V VIyl-[1"(I-T1I }) ~1'V VI lbi.
= s 2118 s 21 1 8
Proof. Since the expectation operators E and E are independent ,
. P
the result easily follows from the above Lemma . If V is the null

> 21
matrix then the Bellhouse’ s result follows.

3. APPLICATIONS OF THE RESULT

The theorem in Section 2 is useful to construct optimal model -
based unbiased estimators for T. Suppose there is a N*p - covariate
matrix X such that b = Xu . where u is an unknown p - dimensional
vector. The least - square of u is

(10) u = (IXVX'I X'I VUV vy -
S s 1 s S 1 8

Then , for any given sample , by the Gauss - Markov Theorem the
variance of

(11) b-1'v v Ivy . is minimum among the
s 211 8
variances of estimators of [ 1"(I -I) -1V U I ] Xu if
s 2118 8

(2) . b=1"V VIy .+ [1'(I-I)-1'"V VI JXu
8 21188 s 21018 8

=1'"(I ~I)I[Xu+VIV(y - I Xu b -
S s . e 1 Q a a



On applying the result of Secton 2 , T=1'I vy + b ig the

S S S )
optimal estimator of T among all linear model - unbiased estimators
of T ( see Criterion 3 in Sarndal , 1978). Theorem 2.1 of Royall
(1976) trivially follows from (12) if in (9) we take P(S) =.1 for
some sample S. Similar arguments as in Bellhouse (1987) can be
applied to find ridge estimators of the finite population total
under models with non - diagonal covariance matrix .
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