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Abstract: In this note we present a constructive proof of the existence of sequences, and finite dimensional
vectors as 8 particular case, of non correlated dependent discrete random variables with arbitrary, possibly differ-
ent, one dimensional marginals under the only requirement that each random variable in the sequence, or in the
vector, presents at least four distinct values at its image.
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1. INTRODUCTION

In this short note we present a proof of the existence of sequences of discrete real random variables with the
following property: Every pair of random variables in the sequence is dependent but zero correlated. Let X be
a reel discrete random variable. We will denote by fmX = {z € IR : IP(X = z) > 0} the image of this random
variable. We will also write /mX = {z; € R : 1 € ] ¢ N}, The probability function of X is denoted by fx.
If (Xi)igick is & discrete random vector then its joint probability function is denoted either by ftXd1<ien ©OF bY
fx1..x,- We will denote (X|A) the random variable whase probability function is fixia(z) = ﬂ%(jfT"‘l, where A
is an event with positive probability. Of special interest will be the case (X¢|Xx-1 = zp-1,.., X1 = 51). We use
N* =N\ {0).

2. MAIN RESuLT

Theorem 2.1. Let, for all n € IN*, Y, be a discrete real andom variable such that #ImY, > 4. Then, there
erists a sequence (Xn)nemw-, such that for alln € IN*, X, ~ Y, with the following property: For every pair of
distinct indezes, 1 and j, X; and X; are dependent but Cou( X, X;) = 0.

Proof Write I(n) = {k € IN: 0 < k < #ImY, — 1} if ImY,, is finite and /(n) = IN otherwise. Let us denote
ImY, = {ynm : m € I{n)}. Since the property of pairwise dependence and zero correlation for all pairs in the
sequence is invariant under the addition of constants to the random variables, we may assume without loss of
generality that for all n € IN* 0 € ImY,. We will also write, for all n € IN*, yn1 < ¥n2 < ¥n.3- -

For all k € IN", let {e; : 1 < i < k} be the canonical basis of R*and, for 1 <i <k m: R — IR,
7i(z1,.., Tk) = T4, be the canonical projection. Let hr(y1, ..., Yx) = Hi":l Svilw)-

Now, for all k € IN, ¥ > 2, we can construct a vector (X1, ..., Xig) with the required property of pairwise
dependence and zero correlation. This can be done by taking, forall4, 1 € i £k, ImX; = {zim =9pim:0Em <
1(i)} = ImY; and fx,..x, defined on Hf;i ImX; given by the following relations:

Toralliand j,1 i< j <k,

Ixo.x (Tiae + Tiaes) = (T8 + T5185) = Sk
Fxex, (Tioei + j165) = hal(zizei + 7185) + Ok gy
Fxv.x(@iie + zi2e;) = he(zigei + T32¢5) + Ok,
Fxo . (Tigei + Tj2€5) = hye(Ti 26 + Tj2€5) — Ok j + Exitgs
Fx1..x (Tia60 + Tj2€;) = hi{@izei + zj5.2€5) — €k
Fxo.x, (migei + z5385) = hi(Tinei + T53€5) — ki
Fxp.xxiae: + zj065) = hi(Tiaei + 2j3€5) + €y
where &4 ; and 4 are such that ‘
0 < Ok < huelwie + T565),
0 < €47 < min{he(zigei + zj2€5), hi(Ti2ei + Tjae5)},
0 < hi(zizei +zj2e5) — Ok + ki



and
6] (Zi2 — Zi1)(Z52 — T1)(—0k,ig) + (T3 — Zi2)(T53 — T52)enij =0,
and

Fxy..x (w) = ha(w)

for all w € [T, ImXi \ Ug paicicrl(Zinei + Tsa), (zizes + zjne5), (zi08i + z508), (2020 + B285), (Tises +
z5265), (Tiati + Tj365), (Tiges + T5365) ).

It is easy to verify that there exists Ax;; > 0 such that for every dx4; € (0, Ag5) the inequalities above are
fulfilled by dy ; ; and € ; given by equation (1).

Clearly, for all i # j, X; and X are dependent.

Denote (S) the subspace of IR¥ generated by the set S C IRF. To simplify notation, denote fi = fx;..x,-

Now, for all m ¢ {1,2,3},

Fx (Zim) = Z fe(w) = z hi(w) = fy;(Zim)-

wer‘_l(zi_,,.) wEw“’(.‘l:c_m)
‘We also have
Ix(z1) = >, fr(w) + > fu(w) =
wenHzi )\ (Vygpercien {{enes) wen; (241)N(Ug 3115 ({en.e5]))
> ha(w) + 3 he(w)+ 3 (—brig +ig) = iz,
wer, Hze)MUpgmigyenileies ) wery Hz, )NU; i1 <5< {{eires 1)) 3:3#4,1855k
and, analogously,
fxilzig) = > hi(w) + > hi(w)+
wen] i 2\ Uy i gicellene ) wem (z4,2)N(Ug 34,1 <52 ({en,es1)
Y rig+ (<Okig + ki) — erig) = frilzia)
FRI< <k
and
fxi(wig) = 3 hi(w) + > hi(w)+
weny Mz 3)\Uggmings<e({eies})) wen] (2i,3)N(Upgme 1 c5sn{{enes 1)
Do (ki + ekig) = fril=ia).
Ji#L1Zisk

Thus, for all 3, 1 i < k, fx; = fy;, le, Xi~ Y.
Now, foralliand j, 1 <i<j <k,
E(X:X;) = 3 i b (21, ooy Th)+
(210Z0 ) E([ Ty IMXN (U, nit smanga {{emien}))
Ti%5 (1, s Th) =
(=1 --uvn)E(ﬂf.. lmxl)n(um.m!Sm(nSk({ﬁn-ﬁﬂ”)

Z zizjhi(T1, . Tk) + E Tig; fi (31, o0 Th) =
(#1020 ) (T X\ (Ui i1 €mcngh{{em.en])) (=12 )€ Tiny ImXi)N{{enes D)
2:Z5ha (21, ooey z) + z a:‘-:x:,'hk(:rl, vy T )+
(Z31=21)E( Ty I X\ (U, n:1gmangh{{emiea})) (z10e 20 )€(TTims ImXi)N{ {025 ])
i 1 T3, (— Ok 0.5+ Ti,2T5.1 O g +2i 1 T, 20k 45+ 20,285,2(= O g g ek, 5 ) +24,3T 5 2( —€ ki g )4 Ti 2T 3 (— €, g ) TiaZg 36045 =
Z ziTihi(z1, ..y 2k) + 0 = EXGIEX;,

(10 ) €T, ImXy

by relation (1). Thus, E(X;X;) - EX;EX; =0.
Now, to generate the sequence we proceed inductively. Take z; a realization of the random variable X; ~ Y1.
Then, for all k > 1 we take, independently from all previous realizations,,, ...%, & realization 24y of the random
variable Xy ~ (Zk4112x = Tk, £1 = ) where (Z3,..., Zi41) has joint probability function fi4+. Let us prove
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that the sequence (X»)nemv has the following property: For all m € IN, m > 2, (Xa)1<nem has probability function
fm. We will prove this by induction. Observe also, that fx; = fy;. Denote f; = fx,.
For m = 2, we have
fxixa (21, 2) = P(X2 = 32, X1 = 71) = P((Z2| 21 = 71) = z2)IP(X1 = 21) =

fiziz=(z2) filT1) = %)-fx(zz) = fa(z1, Z2).

If the law of (Xn)i<ngk 15 fr We bave
FXpXngs @10 s Tet1) = P(Zrs1| 2k = 2k, ooy 21 = 31) = Tt )P( Xk = 2y o0y X1 = 1) =
.f(ZH,l|2‘,=:k,...,31=:r|)(:k+1).fk(zls --'lzk) =
Fee1(21, s Zaes)
fk(zh '--7Ik)
that is, the law of (Xn)1$n5b+l i5 fr+1.

Thus, since their laws are fr, all vectors (Xn)i<n<m in the sequence (X,)nen+ have the desired properties
fx. = fv. and the random variables X; and X; are dependent but obey Cov(Xy, X;) = 0, for all n, %, j, and
m1l1<n<m1<i<j<mm3222 So, the sequence (Tn)nem- is & realization of (Xn)new-, & sequence
of dependent random variables with one dimensional marginals distributed, for each n, like Y, and satisfying
Cov(Xj, X;) = 0 whenever i # j.

fielz1, o k) = fir1 (T2, 0 Ta1),

]
The following corollary is important in the construction of some non internally correlated point processes, See

.

- Corollary 2.1. For every sequence of strictly positive real numbers, (An)ne, there ezists a sequence of dependent
Poisson random variables (Xp)nem, Xn ~ Poisson(),), such that, for alli and j in N, ifi # j then Cov(Xy, X;) =
0.

3. FINAL REMARK

Observe that for every partition of the natural numbers, {/;};¢cs, we can form a sequence of random variables
(Xn)neN, Xn ~ Yo with the following properties: for all ¢ and j in N, if i # j we have Cov(X;, X;) = 0; the
subsequences (X,)neyy, 7 € J, are independent; there is dependence within all the variables that belong to the
same subsequence. To form such sequence we can proceed in the following ways: First, for all j € J, generate
independently the sequences, or vectors, {Xn)nem, if #I; = #IN, and (X,)ocn<pr-1, if #1; < co, then apply
the necessary reordering of indexes; alternatively, proceed &s in the proof of Theorem 2.1, but choose dxi; = 0
whenever i and j belong to different sets that form the partition of IN.
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