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1. INTRODUCTION 

In this short note we present a proof of the existence of sequences of discrete real random variables with the 
following property: Every pair of random variables in the sequence is dependent but zero correlated. Let X be 
a real discrete random variable. We will denote by ImX = {x E JR.: JP(X = x) > O} the image of this random 
variable. We will also write ImX = {x; E JR. : i E I C lN}. The probability function of X is denoted by fx­
If (X;)19:Sk is a discrete random vector then its joint probability function is denoted either by fcx,),<i<• or by 
fx, ... x., We will denote (XIA) the random variable whose probability function is hx-lAJ(x) = IP{~(Ar)~ ;,,here A 
is an event with positive probability. Of special interest will be the case (XklXk-l = Xk-l , .. ,X1 = x1). We use 
IN' =IN\ {O} . 

2. MAIN REsu1:r 

Theorem 2.1. Let, for all n E IN', Y,1 be a discrete real random variable such that #lmYn ~ 4. Then, there 
exists a sequence (Xn)neN·, such that for all n E JN•, Xn ~ Yn, with the following property: For every pair of 
distinct inde:ies, i and j, X; and X; are dependent but Cov(X;, X;) = 0. 

Proof Write J(n) = {k E IN: 0 $ k $ #ImYn - l} if [mYn is finite anrl I(n) = lN otherwise. Let us denote 
ImYr. = {Yn.m : m E I(n)}. Since the property of pairwise dependence and zero correlation for all pairs in the 
sequence is invariant under the addition of constants to the random variables, we may OSS\lme without loss of 
generality that for all n E IN' 0 E ImYn. We will also write, for all n E JN', Yn,I < Yn,2 < Yn.3• 

For all k E IN', let {e; : 1 $ i $ k} be the canonical basis of JR.k and, for 1 $ i $ k, 11; : !Rk -+ IR, 
11;(x1, ••·· Xk) = x,, be the ca.nonicu.l projection. Let hk(Y1, .. ,,yk) = nf~1 /y,(y;). 

Now, for aU k E IN, k ~ 2, we can constrnct a vector (X1, ... , X,1-) with the required property of pairwise 
dependence nnd zero correlation. This can be done by taking, for all i, l $ i $ k, lmX; = {x;,m = Yi,m: 0 $ m $ 
/(i)} = ImY; and fx, ... x. defined on n7=1 ImX; given by the following relations: 

For nil i and j, 1 $ i < j $ k, 

fx , .. .x.(x;.1e; + Xj,1e;) = h.k(x,,1e; + xi.le;) - ok,i,j, 

fx, ... x.(x;.2e; + Xj,lej) = hk(x;,2e; + x1.1e;) + Ok,i,j, 

fx, ... x.(x;,1e; + x;,2e;) = hk(x;,1e; + x;,2ei) + ok.lJ, 

fx, ... x.(x;.2e; + Xj,2e;) = hk(x;,2e; + Xj,2e1) - ok,1,; + <k,iJ, 

fx, ... x.(x;,3e; + Xj,2Cj) = hk(X;,3e; + Xj.2Cj) - Ek,iJ, 

fx, ... x,(x;,2e; + Xj.3Cj) = hk(X;,2C; + Xj.ae;) - Ek.i.j, 

fx, ... x, (x;,3e; + x;,3e;) = hk(x;,3e; + x;,3e;) + Ek.i.;, 

where Ok.i.; and Ek,iJ are such that 

0 < Ok,i.j < hk(X;,1e; + Xj,1e:;),· 

0 < Ek,i,i < min{h.k(x;,3e; + Xj,2ej), hk(x;.2e; + x;,3e;)}, 

0 $ h,1-(x1,2e; + Xj,2e;) - Ok,iJ + <k,i,j; · 
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and 

(1) 

and 

fx, ... x.(w) = h.k(u,) 

for all WE n~cl ImX, \ Uci.J1:1Si<j$k{(:ri,le; + :Z:J,lej), (:z:i,2e; + :i:;,1e;), (:z:1,1e; + :i:;,2e;), (:z:;,2e; + :Z:J,2e;), (:z:;,3e; + 
:z:;,2e;), (x1,2e; + :z:;,3e;), (:z:i.3t:i + :z:1,3e;)}. 

It is easy to verify that there exists t).k,iJ > 0 such that for every Ok,IJ E (0, t).k,i.;) the inequalities above are 
fulfilled by Ok,iJ and t.t,1.; given by equation ( l ). 

Clearly, for all i I j, X1 and X; are dependent. 
Denote (S) the subspace of lR.k generated by the set SC JRk. To simplify notation, denote /k = fx, .. .x •. 
Now, for all m ¢ {l, 2, 3}, 

/x,(:z:1,m) = L fk(w) = L h.k{w) = fy,(:z:i,m). 
wE•,1(.:,.,..) wEtr11(z,,,..) 

We also have 

/x,(:z:1,1) = fk(w) = 
mEir , 1(z;,1 )\(U1,,,.,.,,rn;• ( { •• ,c,})) 

L h.k{w) + L h.k(w) + L (-ok,IJ + Ok,IJ) = /y,(:z:1,1), 

wE• ,' (:r,., l\(uN,.,., s,:s•< { •••</ J >) we,rj"' '"'·' )n(u,,1,.,.,s,s• { { .,,.,})) ;,; 'Fi,1 s; Sk 

and, analogously, 

and 

/x, (:z:i,2) = L hk{w) + L h..t(w)+ 

wE•j"1(z,,2)\(u1,1,01,1:sis•< {«,•il)) we .. ,' (:r1,2)n(u1,,,.,.,s1s•<<••••il)) 

L Cot,;.;+ (-ok,1.; + ft,;.;) - ek,i,;l = !Y,(:z:1,2), 
j:J'Fi,1~$k 

/x,(:z:1,3) = L ht{w) + L h.k{w)+ 
wew,1(z,,,)\(Uj,j,Oi,l:S/StC{•, ,•1})) wew,'("<.>)n(Uj,j,01,ISJS•<<••••i))) 

L (-Ek,iJ + fk,iJ) = /Y,(:Z:i,3) , 
; :;,l,i,1$;$k 

Thus, for all i, 1 :S i :S k, Ix, = fy., i.e., X1 ~ }'I. 
Now, for all iandj, I :Si <j :S k, 

E(XiXj) = L :z:1:z:;h.1t{:Z:1, ... , :z:,.)+ 

(:r, , ... ,,i:.)em/'.., ImX,)\(Um,n,lS .. <•s•<l•m,e..))) 

(z,, ... ,,i:.)E<n~-1 /mX,)n(Um.n,lSm<nS>({e,.,e,,))) 

L :i:_;:z:;h..t(:z:1 , ..• ,:z:.t)+ L :l:j:Z:j/k(:Z:1, ... ,:z:k)= 

("••·..S•)EITTt;., lmX1)\(U....~1sm<ns•({-..,e.})) (:r,, ... ,,i:t)EITT~., tmX1)n({e1,•1 }) 

L x1:z:;h.k{:z:1, . .. , :z:k) + L :z:;:z:;h.t(:z:1, ... , :Z:.t)+ 

(z1,-..... )e<nl'.., tmX,)\(U....~1sm<•s•({-.. ... })) (1:, ....... )em/'.., tmX,)n({e,.e,Jl 

J;;.1:z:;,1 (-61t,;.;)+:z:i,2:z:;,101t,iJ+:Z:i,l:Z:J,20.t,iJ+:1:i,2:Z:;,2(-0k,IJ+fk,i.j)+x1,3x;,2{-tk,i,i)+:z:;,2x;,3(-e.t,lJ)+:z:i,3:z:;,3£.t,l.j = 

L :z:;:z:1hk(:i:1, ... ,:z:,.) +o = JEX,IEX;, 

(z,,. .. ,>:t)En/'..1 ImX, 

by relation (1). Tbll8, E(X1X;) - IEX11EX; = 0. 
Now, to generate the sequence we proceed inductively. Toke :z:1 a realization of the random variable X1 ~ Y1. 

Then, for all k ~ l we take, independently from all previous realizations,:z:1, ... xk, a realization :Z:k+! of the random 
variable_XH1 ~ (Z1o+1IZ1t = X1t, ••• , Z1 = :z:1) where {Z1 1 • • • ,Z.t+1) hnsjoint probability function fk+l • Let 118 prove 



that the sequence (Xn)nelN has the following property: For all m EN, m 2: 2, (X,.)i5n~m has probability function 
Im• We will prove this by induction. Observe also, that Ix, = /y1 • Denote /i =Ix,. 

For m = 2, we have 

lx,x2(:z:1,x2) = lP(X2 = :z:2,X1 = :i:1 ) = IP((Z2IZ1 = :i:1) = x2)IP(X1 = :i:1) = 
'2(:z:1 , :z:2) 

l1z.1z,=:,)(x2)/i(x1) = /i(xi) /i(:z:1) = h(:z:1,:i:2) -

If the law of (Xnh$n$k is /k we have 

lx, ... x .... 1(:z:1, ••. ,:z:k+il = IP{(Z.H1IZ.1: = :z:,1:, ..• , Z1 = :z:1) = :z:.H1)1P(X.1: = :z:,1:, .•• ,X1 = .z1) = 

l(Z>+1IZ•="'••···•Z1• >=1){.z.H1 )l,1:(:z:1, •··• :z:,1:) = 
lt+1(:z:1, ... , :z:.1:+1) ( ) l 

J. ( ) le :Z:J, •••,:Z:,l: = /k+1(:Z:i, •••,Zk+l I 
k Z1, ••• ,Xk 

that is, the law of (Xnh$n$k+l is lk+l• 

Thus, since their laws sre fm, all vectors (Xnh<n<m in the sequence (XnlneN· have the desired properties 
fxn = /yft and the random variables X; and X ; are -dependent but obey Cov(X1,X;) = 0, for all n, i, j, and 
m, l :5 n $ m, l $ i < j $ m, m 2: 2. So, the sequence (.zn)neN· is a realization of (XnlneN· , a sequence 
of dependent random variables with one dimensional msrginals distributed, for each n, like Y11 and satisfying 
Cov(X,, X;) = 0 whenever i 'F j. 

• 
The following corollary is important in the construction of some non internally correlated point processes. See 

[l). 

• Corollary 2.1. For every sequence of strictly positive real numbers, (An)neN , there exists a sequence of dependent 
Poisson mndom variable, (Xn)ner~, X,. ~ Poisson(>.n), such that, for alli andj inlN, ifi 'F j thenC0t1(X,,X;) = 
o. 

3. FINAL REMARK 

Observe that for every partition of the naturlll numbel'8, {I;};o, we c&n form a sequence of random variables 
(Xn)nel'I, X,. ~ Y,. with the following properties: for oil i and i in 11'1, If i 'Fi we·have Cov(X; , X;) = O; the 
subsequences (Xn)nelJ> j E J, are independent; there is dependence within all the variables that belong to the 
same subsequence. To form such sequence we can proceed in the following ways: First, for e.11 j E J, gcnerate 
independently the sequences, or vectors, (Xn)neN, if #I; = #IN, and (Xn)O$n$#T1-1, if #1; < oo, then apply 
the necessary reordering of indexes; alternatively, proceed as in the proof of Theorem 2.1, but choose ok,iJ = 0 
whenever i and j belong to different i;ets that form the partition of IN. 
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