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Abstract 

In this paper we present conditions to finite and infinite extendibility for some 

of process partially exchangeable associated with several sequences of random vari­

ables X;1, X;2, ••. , i = 1, 2, ... , m taking values for countable sets. We derive a 

representation theorem in some cases and we show using this result that the prob­

lem of extendibility can be reduced to the multidimensional moment problems. The 

connectiomi with ordinary exchangeability a.Te established. 
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1 Introduction 

It is known that the de Finetti representation of 0-1 random variables and its ex­

tensions do not hold in general for finite sequences (see for example, Diaconis, 1977 and 

Spizzichino, 1982). The problem is that not every finite symmetric sequence is part of 

an infinitely long exchangeable sequence with the same type of symmetry. When this is 

possible we say that the sequence is extendible or representable. In this work we explore 

the problem of extendibility for partial exchangeability in the sense of de Finetti ( 1938, 



1959). We consider exchangeable sequences X;1,X;2, ... for random quantities observed 

in each i E { 1, 2, ... , m} contexts, with exchangeability within of each group. In general, 

for this class of sequences there is a representation theorem. For example, if Xii, X;2, ... , 

i = l, 2, ... , m are infinitely exchangeable sequences of 0-1 random quantities with joint 

probability measure P, there exists a probability measureµ on [O, I]m such that 

P( X;; = x;;, j = 1, 2, ... , n;; i = 1, 2, ... , m) 

= 1. ft e:;(n;)(l - e,r-l;(n;)dµ(61, 62, ... ,Om) 
[O,t]m i-=1 

(1) 

where t;(n;) = x;1 + x;2 + • • • + Xin;• Extension to this theorem in more general cases can 

be obtained using the notion of predictive sufficient statistics (Bernardo, J.M. and Smith, 

A.F.M, 1994). 

As in the case of ordinary exchangeability, representation analogous to {l) does not 

hold in general for finite partially exchangeable sequences. To discuss this problem, let us 

call a partially exchangeable sequence X;1,X;2, ..• ,Xin;, i = 1, 2, ... , m, (Ni, N2, ... , Nm)­

extendible if it is part of the longer sequences X;1,X;2, ... ,XiN;, i = 1,2, ... ,m with 

N; > n;, i = l, 2, ... , m which are partially exchangeable. [nfinite extendibility corre-

sponds to (N,, N2, ... , Nm)-extendibility for all N; > n;, i = l, 2, ... , m. The purpose of 

this work is to give conditions of extendibility for class of partial exchangeability. We con­

sider types of partially exchangeable sequences X;1, X;2, ••• , X;N;, i = 1, 2, ... , m taking 

values in X (countable) with the property that 

P(X;; = x;;; j = l, 2, ... , N;, i = l, 2, ... , m I T;(N;) = t;, i = 1, ... , m) 
m 

= IJ P(X;; = Xiji j = 1, 2, ... , N; I T;(Ni) = t;) 
i=I 

where T;(N;) is a function of X; 1 , X;2, ... , X;N; and P(· I T;(N;) = t;) is uniform. 

In section 2 we show that when X = {O, l} or X = IN and T;(N;) = Ef~1 X;; the 

conditions for extendibility are proved using the Multidimensional Hausdorff Moment 

Theorem (Shohat, J.A. and Tamarkin, J.D., 1943). 
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The case where X = N and Ti( N;) = max{ X;1 , ••• , XiN,} is presented in section 3. 

We derive a representation theorem and a simple necessary and sufficient condition is 

obtained based on the distribution of the vector (T1(N1), T2(N2 ), ••• , Tm(Nm)), 

Finally in section 4 finite forms and finite extendibility are discussed using the results 

for ordinary exchangeability. 

2 Infinite extendibility and Moment Hausdorff 
Problem 

Let X;1, X;2, ... , X;Ni, i = 1, 2, ... , m be finite sequences of random variables with 

joint probability measure pN, where N = (N1 , N2, ••. , N..,,). We say that the sequence is 

partially exchangeable if for each r; permutation of { 1, 2, ... , Ni}, i = l, 2, ... , m, 

(2) 

where X; = (X;1,X;2, ... 1 X;N;}, x,,i = (X;,.;(l), X;,r;(2}, •.. , X;,r;(N;)) and D denotes equal­

ity in distribution. For infinite sequences the definition above is true for every N; E l'l, 

i = 1, 2, ... , m. This type of invariance is sometimes called unrestricted exchangeabilty. 

For O - 1 random variables it is not difficult to see that finite partial exchangeability 

implies that 

where T;(N;) = Ef,;,1 X;;. That means that condicionally on the totals, the sequences 

Xii, X;2 , .•. , X;N,, i = 1, 2, ... , m are condicionally independents, each one uniformly 

distributed on the set {(y1, ... ,YN,): Ef,;,1 Y; = t;, i = 1,2, ... ,m}. 

Note that identity (3) implies that 

pN(X;; =x;;, j = 1,2, ... ,N;; i = 1,2, ... ,m) 
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m (Ni) = g ti P(Ti(Ni) =ti, ... ' Tm(Nm) = tm) (4) 

where ti= 1:~1 Xi;, i = 1, 2, ... , m. 

Obviously this is true for N-dimensional distribution of infinitelly partial exchangeable 

sequences of O - I random quantities. Hence, the condition for infinite extendibility 

is given in terms of th<! distribution of the totals T1(N1 ), ••• , Tm(Nm)- Consequently, if 

Xii, ... , X;N;, i = l, 2, ... , m is a partially exchangeable sequence of O - 1 random variables 

with joint probability measure pN, N = (Ni, N2 , •• • , Nm), then the sequence is infinitely 

extendible if, and only if, there exists a probability measureµ on [O, l]m such that 

for all (t1, t2 , ••• , tm) E x:1 {O, 1, ... , N;}, where X denotes cartesian product. Note that 

if PN(T1(N1) = t1, ... 1 Tm(Nm) = tm) = 0 for some (t1,t2, ... ,tm) then the sequence 

cannot be extended. 

A condition for infinite extendibility can be obtained from condition (5) using the 

solution to the Multidimensional Hausdorff Moment Problem. 

Let µ; 1 ; 2 ••• ;'" {ii, i2 , ••• , im = 0, 1, 2, ... ) be a real sequence. We attribute to the expres-

s1on 

the usual meaning where the first operator fl.~• applies to the first subscript i1, the second 

operator ~;;2 applies independently to the second subscript i2 , and so on, where 

Proposition 2.1 let X;1, Xil, ... , X;N,, 1 = 1, 2, . .. , m be a partially exchangeable se­

quence of O - I random quantities with joint probability measure pN. If the sequence is 
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extendible then 

/ori1c=0,l, ... ,t1c;k= 1,2, ... ,m. 

Proof: The hypothesis of extendibility implies that therP is µ, a probability measure on 

[O, l lm, such that 

Taking inverse operation both sides we have 

vf1-l1 ... v~m-1 ... ft ( N;)-1 pN(T1(Ni) =ti, ... ' T,,.(~,,.) = t,,.) 
i=I t, 

= { ft o:•dµ(01 , ... , 0,,.) . 
l[o,t)"' i=l 

Hence, extendibility implies that the constants on the left side of above expression corre­

sponds to moments of some distribution on [O, 1 ]m. Consequently, they are solutions to 

the Multidimensional Hausdorff Moment Problem. 

In the particular case of m = 2 and N1 = N2 = 2, the condition is Proposition 2.1 can 

be summarized by the following inequality 

Ap~ 0 



where 

Poo 
0 0 0 1/2 0 0 -1 0 0 P10 
0 1/2 -1 0 0 0 0 0 0 P20 
0 0 0 0 1/2 0 0 -1 0 Po1 

A= 0 0 0 0 1/2 -1 0 0 0 and P= Pu 
0 0 0 0 1/4 -1/2 0 -1/2 1 P21 

0 0 0 0 0 0 0 1/2 -1 Po2 
0 0 0 0 0 1/2 0 0 -1 P,2 

P22 

with P;; = P(T1(2) = i, T2(2) = j), i,j = 0, 1, 2. 

Example 2,1 Let X11,X12,X21,X22 be partially exchangeable O - l variables with joint 

probability measure P defined by 

By simple checking we see that. the first inequality in (6) cannot be verified. 

Remark 2.1 Note from expression (5) that extendibility implies extendibility of each 

sequence X;1, •.• , X;N,, i = l, 2, ... , m, but the converse is not true. Also, if N; = I, 

i = I, 2, ... , m then the sequence is always extendible, I.mt this case is unrealistic. 

The problem of infinite extendibility for finite partially exchangeable sequence of 0-1 

random quantities has been studied by Plato (1991) who gives a necessary condition. 

The condition presented in our work is an alternative to the Plato's condition. For 

N1 = N2 = 2, Plato's condition can be translated as 

In Example 2.1 this condition is satisfied, consequently nothing can be said from (7) 

with respect to extendibility. On the other hand, if the distribution of Xu, X12, X21, X21 

is given by 
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then the inequalities in (6) are true and, the Plato condition does not hold. However if 

we impose tha additional condition that 

P(Xn = l,X21 = l,X21 = l,X.n = 0) = P(Xn = l,X12 = 0,Xu = l,X22 = 1) 

= P( Xn = l, X12 = 0, X21 = 1, X22 = 0) = 0 

then conditioa (6) implies (7). 

For the class of measures satisfying the condition above, Plato's condition for non­

extendibility is stronger than the condition in Proposition 2.1. 

We consider the following partially exchangeable sequences Xii, X;2 , ••. , i = 1, 2, ... , m 

taking values in IN with the property that for all Ni E IN, i = I, 2, ... , m 

P(X;; = x;;, j = 1,2, ... ,N;, i = 1,2, ... ,m I T;(N;) = t;, i = 1,2, ... ,m) 
m 

= n P(X;; = x,;,; = 1,2, ... ,N;, T;(N;) = t;) 
i=I 

where T;(N,) = X;, + X,2 + ... + x,N, and P(· 1 T;(N,) 

{(y., Y2, · · ·, YN,) : Lr~. Yi = t;, i = l, · .. , m} , 

(8) 

t,) is uniform on the set 

As before, extendibility of a finite sequence in this case will depend on the joint 

distribution of the totals. 

It is known (Diaconis and Freeedman, 1987) that for each i E / fixed, X;1 , Xi2 , 

... , XiN;, ... are conditionally independent and identically distributed geometric random 

variables with sucess probability (Ji• This fact jointly with condition (8) and the law of 

large numbers implies that there is a probability measure µ over [O, l Jm such that for all 

N; E IN, i = 1, 2, ... , m 

P(X,; = x,;, j = 1,2, ... ,N,; i = 1,2, ... ,m) 

= 1 ft(l - oit;o:·<N;>dµ(01, ... , o,,.) 
j[0,1)"' i::I 
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where t;(N;) = x;1 + .. •+x;N,, i = 1, 2,, .. , m and Xii E IN. Thus, for all N;, i = l, 2, ... , m 

ti E IN, i = 1,2, ... ,m. Now 

l. Il(l -O;t•o:;{N;)dµ(01 ... ,Om) 
(0,1)"' •=I 

= 1 "'fI o:;{N,J °E ( N;) (-l)'iO:•dµ(61, ... ,Om) 
(0,1) i=I •;=O S, 

= l. ... ft °E(-1)"• (~;)o?+t;{N,)dµ(01,•••,0m) 
[O,I) i=I •;=0 • 

A N1 A Ni ••• A Nm l. nm 01,(N,)dµ(O O ) = "-lit U2 um i 1, . • . ' m • 
[O,l)"';=I 

' 
Taking inverse operation both sides we have that 

T""JN1'r"1N2 ••• ""'N-rrm (N;+t;-1)-IP(T.·(N·)=t· . 1 2 ) vi v2 vm t- , • .,1= ', ... ,m 
i=l ' 

m 
= I II 01•<N;Jd (O o ) Jr. i µ I, ... , m 

(0,1)"' i=l 
(11) 

t;(Ni) E IN; i = 1,2, ... ,m. 

In this manner extendibility to this class of sequences partially exchangeable is actually 

Multidimension Hausdorff Moment Problem. 

Proposition 2.2 Let X;1, ••• , XiN,, i = I, 2, ... , m be a finite sequence partially ex­

changeable taking values in IN satisfying condition (8). The sequence is extendible to 

the class of infinite sequences satisfying the representation in (9) if and only if 

6,~• 6.~ ... 6.~"' fi ( N; +/; - I )-
1 

P(T;(N;) = t;; i = l, ... , m) ~ 0 
1:l I 

for each k; E IN, t; E IN; i = I, 2, ... , m. 

Proof: It follows from identity (9) and the Multidimensional Hausdorff Moment Problem. 
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' Remark 2.2 It is also clear that in this case extendibility implies extendibility of each 

one of the sequences X;1 , X;2 , • •• , X;N,. On the other hand, if N; = I, the sequence is not 

necessarily extendible. 

In fact, applying this condition for N; = l and m = 2 we have that 

fork; EN, i = l,2. 

For k1 = k2 = l this implies that 

for x;; E IN. This inequality is not satisfied for arbitrary random variables taking val­

ues in IN. The conclusion is obvious because we consider only the subclass of partially 

exchangeable sequences taking values in IN. 

3 Infinite extendibility to Mixture of Product of 
Uniform Distribution 

In this section we consider the case in that T;( N;) = max1~;~N, { X;;}, i = I, 2, ... , m. 

In this case we have a reparametrization theorem. 

Theorem 3.1 Let X;1 , X;2 , ••• , i = l, 2, ... , m, be an infinite partially exchangeable se­

quence taking values in IN satisfying condition (8). Then exists a probability measure µ 

on INm such that, for each n; E IN, i = l, 2, ... , m, 

P(X,, = x;;; j = 1,2, ... ,n;, i = 1,2, .... m) 

= j (Oi :l)"• ···(Om :l)""' lx;: 1{0,1 .. -.,,>(.Ti~!. {z;;}i i = 1,2, ... , m) dµ(81, ... ,8m). 

(12) 
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Proof. For each n; ~ N;, i = 1, 2, ... , m, we have that 

p (x j = 1, 2, ... , n; I { 1 . ) 
i; = Xij i . 

1 2 
~ax X,; = m; , 1 = I, 2, ... , m 

& = , , ... , m l~1SN; 

= II P (x,; = x,; , j = l, 2, ... , n,I ~ax {X;;} = m;) 
~1 l~SM 

Now, for each i E {1,2, ... ,m} 

Hence, 

P (X 1_· = 1,2, •.• ,n;) ;; = x,; ; , = 1,2, ... ,m 

= L · .. L P (x;; = x,; ; 
m,..>m&KJ!,JS""' {o:,,} ffll >maxl!,JS"I {o:,,} 

xP(T1(Ni) = m1, ... ,Tm(Nm) = mm) 

+ '°' .. . '°' P (x--- ...... L...., L...., IJ - ..,IJ ! 

m,..=m&KJSJS""'{o:;,} m1=m&KtSJS"1 {o:;,} 

J: : l, 2, ... , n; I T1 ( N1) = m1, ... .' 

1-1,2, ... ,m Tm(N,,.)=mm, 

x P(T,(Ni) = m1, ... , T,,.(Nm) = mm) 

= 

+ E 

Ill 



,, 

+ fl ( 8;: I)•• { I - ( ~ t l 11,, ~.,,,., {,;, ; ..... ~ • .,, •• {,., ))) dµli( o,, o,, ... , o. I 

(13 

where µt:! = µN, x µN, x · · · x µN,.. fort:!= (N, N, ... , N) is the P-law of (T1(Ni), T2(N2}, 

· · ·, Tm(Nm)). 

Now, for each i E {I, 2, .. . , m} fixed, {µN, = µ,1 x µ;2 x .. · X µ;N,} N;EN, the P­

Iaw of T;(N;) is tight (lglesias-Zuazola, Pereira and Tanaka, 1993, p.17). Consequently 

(Billingsley, 1968, p.41) {µti}tieN"' is tight . Hence each sequence in family {µl'.i}tieN"' 

has a subsequence converging weakly to a probability measure µ on INm. Taking limit in 

(13) through subsequences we have the result. 

Corollary 3.1 Let X;1 , X;2 , ... , X;N, i = l, 2, . . . , m be a finite partially exchangeable 

sequence taking values in IN. The sequence is infinitely extendible if, and only if, there 

exists a probability measure µ on IN"' such that 

= 

Proof. By the hypothesis of the extendibility and Theorem 2.1 Lherc exists a probability 

measure on IN"' such that 

II 



where m; = max{X;1, ... , X;N.}, i = I, 2, ... , me (x;1, ... , x,N;) E INN,. 

Using the fact that 

the necessity is proved. 

Reciprocally, suppose that exists a probability measure µ on Nm such that (14) is 

satisfied. Now, 

P ( 
" i_ = 1, 2, ... , N;) 
Ajj = Xjj 1 

i = 1,2, ... ,m 

( 
j = 1, 2, ... , N; I ( ) ) ) =PX;;=x;;, ._ T1N1=m1, .. ,,Tm(Nm=mm 
I - 1,2, ... ,m 

xP(Ti(Ni) = m1, ... ,Tm(Nm) = mm) 

= 

Using (15) we have that 

p (x- • - x·· ,, - ., ' i_ = l, 2, .. . , N;) 
I= 1,2, . .. ,m 

= I (01: 1 )Ni 
(81 •... ,8.,.)~(m1 , ... ,m.,.) 

Consider now Z;1 , Z;2 , ••• , i = l, 2, ... , m be an infinite partially exchangeable sequence 

taking values in N such that, for each N; E IN, i = I, 2, .... m, 

P (z .. _ . . j = l, 2, . . . , N;) 
IJ - Z,3 I • 

i = l, 2, .. . , rn 

= I (0,: 1)N1 
(ll,, ... ,8.,.)~(m1, •.. ,m.,.) 
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Then, 

where xi = (X,1, ... 'xiNJ and Z; = (Z;1, ... , Z,NJ, i = 1, 2, ... , m. Hence the sequence 

is infinitely extendible. 

Corollary 3.2 Let X,., X,2, ... , X,N;, i = l, 2, be a finite partially ezchangeable sequence 

taking values in IN. The sequence is infinitely eztendible if and only if, the function 

/ : IN2 
-+ Ill defined by 

f(m1,m2) = (m1 + tt1(m2 + l)N2 rto,t}-tr•+•i (:.) (:J 
P(T1(Ni) = m1 + r1, T2(N2) = m2 + r2) (l

6
) 

((m1 + r, + l)Na - (m1 + rt)N1][(m2 + r2 + t)N2 - (m2 + r2)N2] 

is a probability measure on IN2
• 

Proof. If the finite sequence is extendible, we have by Corollary 2.1 that exists a proba­

bility measure µ on N"' such that 

= 
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In analogous manner 

and 

P(T1(Ni} = m1 + 1, T2(N2) = m2) 

= E E (m1 +2)N• -(m1 + l)N• (m2+ l)N2 -mf2 ({O O }) • (20) 
l1=mi+I'2=m

2 
(01+I)Ni (02+I)N2 µ 1, 

2 

Subtracting B from A we have 

(m1 + l)N1 - mf"• (m2 + 1)N2 - mf2 
(m1+I)N1 (m2+I)N2 µ({m1,m2}) 

= A - ( m1 + l)N• - mf" • ( m2 + 1 )N2 - mf2 B 
(m1 + 2)N1 - (m1 + 1)N1 (m2 + 2)N2 - (m2 + I)N2 

(m2 + l)N2 - mf2 (m1 + l)N1 - mf"• 
- (m2+I)N2 C- (m1+l)N1 D. (21) 

where, 

C = 

D = 

14 



Now, from (19) and (20), respectively, we have that 

and 

Summing (22) and (23) and replacing the result in (21) we have 

( mi + l )Na ( mi + l )N2 t t ( _ l)r1 +rl ( l ) ( 1 ) 
ra"'0~=0 r1 r2 

P(T1(Ni) = m1 + r,, T2(N2) = m2 + r2) 

Hence f defines a probability measure on N2
• 

Reciprocally, suppose that/ defines a probability measure P.I on N 2
, i.e. µ 1({m1, 

m2}) = /(m1,m2), (m1,m2) E 11'1'2. Let Zi1,Z;2, .. . , i = 1,2, be an infinite sequence 

partially exchangeable with joint probability measure P given by 

( 
j = 1,2, ... ,N;) J 1 l d ({9 9 }) 

p Zi; = Zi;' i = 1,2 = (91 + l)N1 (92 + 1)N2 Pl t, 2 , 

(l1,'2)~(m1,md 

N; E IN, i = 1, 2; m; = max{z;i, ... , z;N.} and (zit, ... , Z;NJ E NN, for i = 1, 2. 

Now, 

= (24) 

Making p = Pl on N 2 and using Corollary 2.1 we have that the finite sequence is ex­

tendible. 

15 



Although this case let more simple than the previous, the result is more stronger, in 

the sense that the Corollary 2.2 exhibt the form of the measure in the mixture, in the 

case of the finite sequence be extendible. The following example illustrate this fact. 

Example 3.1 Let X;1,X;2, ••• ,X;N,i i = 1,2, be a finite sequence of random variables 

taking vah1es in IN and let T;(N;) = max{X;i, X;2 , ••• , X;N.}, i = l, 2. If 

and if P(T1(Nt) = M1 + r,,T2(N2) = M2 + r2) = 0 when r 1 = r2 = 0 and r, = r2 = I for 

some M1 E IN and some M2 E N, P(T1(N1) = m1 + r 1, T2(N2 ) = m2 + r2 ) > 0 for other 

values of r 1 and r2 and for each m1 'F M1 and each m2 f:: M2, then the finite sequence 

Xil, X;2, ••. , X;N;, i = 1, 2, is not. extendible for a infinite sequence partially exchangeable 

of random variables. In fact, 

hence / no define a probability measure. Therefore by Corollary 2.2 we have that the 

finite sequence Xii, X;2, ... , XiN;i i = 1, 2, is not extendible. 

4 Finite extendibility 

Let X;1, X;2, ... , X;N;, i = I, 2, ...• m be a finite partially exchangeable sequence 

taking values in X ( countable) and T;( Ni) a function of X;1 , X;2 , ••• , X;N,, i = l, 2, ... , m. 

As in the previous section consider that the conditional distribution of X;1 , X;2, • .• , X;N,; 

i = l, 2, ... , m, given (T1(Nt), ... , Tm(Nm)l is uniform. Consider also xN, = ..-'t'xXx• · · ;r 

a N;-fold product from a set X and I; the image of xN, by T;( N; ), i = l, 2, ...• m. 
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Then, for each n; ~ N;, i = I, 2, ... , m, 

P(Xi;=xi;, j=l,2, ... ,n;, i=l,2, ... ,m) 

= '°' '°' rr"' ( j = I , 2, ... , n; I ( ) . ) L- · · · L- P X;; = x;; , . _ 
1 2 

T; N; = t;, i = 1, 2, ... , m 
11 EI1 1,,.e!,,. i=t 1 - , , • • • , m 
xP(T1 (N1) = t1,. •,, Tm(Nm) = tm) 

for x;; EX, j = I, 2, ... , n; and i = 1, 2, ... , m. 

This is an exact finite representation. Using this representation and the argument 

given in the previous section we can conclude that the finite sequence X;1, X;i, . .. , Xin;, 

i = I, 2, ... , m of partially exchangeable random variables ta.king values in X is ( N1, N2, 

... , N"')-extendible, with N; 2:, n;, for i = l, 2, ... , m, if and only if there exists a 

probability measure Won x~1I such that 

P(T;(n;) = t;; i = I, 2, ... , m) (25) 

"' =I>·· L IJ P(X;; = x;;,i = 1,2, ... ,n. jT;(N;) = t;,i = 1,2, ... ,m)wu., ... ,im) 
i1EI1 ;,,.er ... i=l 

where x denotes cartesian product. 

In the case that ;\.' = {O, I} and T;(N;) = 'i:~1 X;;, for i = l, 2, ... , m, we have 

(j;) (N;-j;) 
P (X . 2 I T.(N) . l 2 ) I; n;-1; ;; =x;;; J = I, , ... ,n; ; ; =t;, a= , , ... ,m = (~) , 

for i = I, 2, ... , m; when X = JN and Ti(Ni) = "2:f;.1 Xi;, for i = l, 2, ... , m, 

= 1,2, ... ,m, and finally, when X = IN and T;(N;) = max{Xi1,••·•X;N,}; for i = 
l, 2, ... , m, we have 

P (X;; = x;;; j = 1,2, ... ,n ;j T;(N;) = m;, i = 1,2, ... ,m) 
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= 

Using the total probability theorem, marginalization and extendibility we have the 

following proposition: 

Proposition 4.1 Let X11 , X12 , ... , X1" 0 i = 1, 2, ... , m, be a finite partially uchangeable 

sequence taking values in X (countable). If the sequence is (N1 , N2, ... , N,,.)-eztendible 

(N; > n;, i = 1,2, ... ,m} then/or each i = 1,2, ... ,m the sequence Xil,X;:,, ... ,Xin; as 

N;-extendible. 

The converse to the last proposition is not true in general, as the next example shows. 

Example 4. 1 Let X11 , X 12, X21 , X22 be a partially exchangeable random variables taking 

values in {O, 1} with joint probability measure determined by 

and 
. 1 
P(T1{2) = I)= P(T2(2) = l) = 2 . 

Then, Xn, Xm X21, X22 is not (3, 3)-extendible, but for each i = I, 2 we have that X;1 ,X;2 

is 3-extendible. 

In fact, it follows from (25) that if X11 , Xu, X21 , X22 is (3,3)-extendible, then, 

As in this example such inequality does not hold, the sequence is not extendible. 

1Q 



Now, by Diaconis' and Freedman (1980), we have that, for each i = 1,2, Xi1,Xi1 is 

3-extendible if, and only if, there exist weights W(j), j = 0, l, 2, 3, satisfying W(j) ~ 0, 

j = 0, 1,2,3; ~=o W(j) = 1 and 

[ 

W(O) l 1 1/3 0 0 W(l) P(Ti{2) = 0) 

[ O 2/3 2/3 0 l W(2) = [ P(T;(2) = L) l 
0 0 1/3 1 W(J) P(Ti(2) = 2) 

, i = 1,2. 

By simple computation we have that when P(T;(2) = 1) 5 2/3 for i = l, 2, then for 

each i = 1, 2, Xii, X;2 is 3-extendible. 

Finite forms of the representation exhibited in the previous section can be obtained 

by using the finite forms for ordinary exchangeable as in Diaconis and Freedman (1980, 

1986), lglesias-Zuazola (1993) and the fact that if Q; and P; are probability measures such 

that 

IIQi-P;II 5 C;, i == 1,2, ... ,m, (26) 

then 
m 

II x~, Q;- x~1Pdl ~ I:C;. (27) 

II · II denotes the total variation distance, x denotes the product measure and C;, i = 
1, 2, ... , m are cons tan ts. 

We denote by Q1i1 i = 1, 2, ... , m the uniform probability distribution on the set 

Q~• the n;-dimensional marginal probability distribution of Q,,, i = 1, 2, ... , m and p~; 

the probability distribution of the representation under extendibility. Then, using Di­

aconis and Freedman (1980, 1986) and (26) for Q~• and P-;7', i = I, 2, ... , m, we have 

that: 

When X = {0,1}, Ti(N;) = E~1 X;;; i = 1,2, ... ,m, and P~• denote the law o{ 

n; independent random variables with the common binomial (1, 0;) distribution for i = 
10 



1, 2, ... , m, then, for ti= T,t,',l, i = l, 2, ... , m, the right side of (27) is given by 

When X = IN, T;(N;) = LJ'.;, X;;, i = l, 2, ... , m, p~; denote the law of n; indepen­

dent random variables with the common geometric ( 8;) distribution for i = 1, 2, ... , m, 

then, for ti = N;1+1,, i = I, 2, ... , m, the right side of (27) is given by 

for l ~ n; ~ N; - 3, i = l, 2, ... , m, 

and finally, when X = IN, T;( N;) = max{ X;1, ... , X;N,}, i = l, 2, ... , m, and the Theorem 

l (Iglesias-Zuazola., Pereira. a.nd Tanaka., 1993, p.6) we have tha.t the right side of (27) is 

given by 

Finite versions follow using these facts and the convexity of the total variation distance. 
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