





1959). We consider exchangeable sequences Xy, Xi2,... for random quantities observed
in each i € {1,2,...,m} contexts, with exchangeability within of each group. In general,
for this class of sequences there is a representation theorem. For example, if X, Xis,.. .,
it =1,2,...,m are infinitely exchangeable sequences of 0-1 random quantities with joint

probability measure P, there exists a probability measure g on [0, 1]™ such that

P(Xij = Tijy J=1L2,...,n5 1= 1,2,...,171)

= ./[0 ‘]m H 0:-(».)(1 = ai)ﬂi—li(m)d’l(oh 02, e ,0,,,) (1)

i=1
where t,(n;) = zyy + Zi2 + * - * + Tin,. Extension to this theorem in more general cases can
be obtained using the notion of predictive sufficient statistics (Bernardo, J.M. and Smith,
A.F.M, 1994).

As in the case of ordinary exchangeability, representation analogous to (1) does not
hold in general for finite partially exchangeable sequences. To discuss this problem, let us
call a partially exchangeable sequence Xy, Xi3, ..., Xin, i = 1,2,...,m, (N1, Ny, ..., N,,.)-
extendible if it is part of the longer sequences Xi, Xiz,..., Xin, 1 = 1,2,...,m with
N; > n;, i = 1,2,...,m which are partially exchangeable. Infinite extendibility corre-
sponds to (Np, Ny, ..., N, )-extendibility for all N; > n;, ¢ = 1,2,...,m. The purpose of
this work is to give conditions of extendibility for class of partial exchangeability. We con-
sider types of partially exchangeable sequences Xy, Xi2,...,Xin,, 1 = 1,2,...,m taking
values in X’ (countable) with the property that

P(Xij ==z 5=12,...,N;, e =1,2,....m|T{(N;))=¢;, i=1,...,m)

= T1P(Xy =253 j = 1,20, N | Ty(Ne) = 1)

i=1
where T;(N;) is a function of X1, Xi2,..., Xin, and P(- | T;(N;) = ¢t,) is uniform.
In section 2 we show that when X = {0,1} or X = IN and T(W;) = 9’__‘.1 Xi; the
conditions for extendibility are proved using the Multidimensional Hausdorff Moment

Theorem (Shohat, J.A. and Tamarkin, J.D., 1943).
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The case where X = IN and T;(N;) = max{X;,...,Xn,} is presented in section 3.
We derive a representation theorem and a simple necessary and sufficient condition is
obtained based on the distribution of the vector (Ty(N1), T2(Nz), ..., Tm(Nn)).

Finally in section 4 finite forms and finite extendibility are discussed using the results

for ordinary exchangeability.

2 Infinite extendibility and Moment Hausdorff
Problem

Let Xi1, Xiz2,...,Xin,, t = 1,2,...,m be finite sequences of random variables with
joint probability measure P, where N = (Ny, Ny, ..., N,,). We say that the sequence is

partially exchangeable if for each #; permutation of {1,2,...,N;},i=1,2,...,m,
(X1, Xar oo Xm) 2 (Xrys Xirar o2 X)) ()

where X; = (Xi1, Xizy- - - Xin)s Xoi = (Xiwi(1)s Xim(2)s - - - » Xim(nvs)) and ID denotes equal-

ity in distribution. For infinite sequences the definition above is true for every NV; € N,

i=1,2,...,m. This type of invariance is sometimes called unrestricted exchangeabilty.
For 0 - 1 random variables it is not difficult to see that finite partial exchangeability

implies that

PN(Xi;=2ijy = 1,20 Ny i=1,2,...,m | Ti(Ny) = tay ..o, Ton(Nm) = t)
m N.‘ -1 N,

= H( ) Iey (Z X.-,-) (3)
i=1 ti j=1

where T;(N;) = Zﬁ, X;;. That means that condicionally on the totals, the sequences
X, Xi2,..., Xin, i = 1,2,...,m are condicionally independents, each one uniformly

distributed on the set {(y1,...,¥n,): Eﬁ.‘_, y;=t,i=12,...,m}L

Note that identity (3) implies that

PN(X.',' =Zij, ] = 1,2,...,N;; 1= 1,2,...,m)
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m

= T1() PTM) =t T ) = 1) (4)

e=1
— N ==
where t, =12 2,5, 1= 1,2,...,m.

Obviously this is true for N-dimensional distribution of infinitelly partial exchangeable
sequences of 0 - 1 random quantities. Hence, the condition for infinite extendibility
is given in terms of the distribution of the totals Ty(Ny),...,Tm(Ny). Consequently, if
Xir,-.., Xin;, t = 1,2,...,mis a partially exchangeable sequence of 0 - 1 random variables
with joint probability measure PY, N = (N;, N, ..., N,,), then the sequence is infinitely

extendible if, and only if, there exists a probability measure x on [0,1]™ such that
N (Vi t Ni-t =
PN(Ty(Ny) =t ..., To(Nom) = tm) = / I 8 (1 — 8)M =t du(8y,. .., 00) ()
foajm iy \ &

for all (t1,t3,...,tm) € X2,{0,1,..., N;}, where X denotes cartesian product. Note that
if PN(T,(NI) = ti,..., Tn(Nn) = tn) = 0 for some (ty,13,...,t,) then the sequence
cannot be extended.

A condition for infinite extendibility can be obtained from condition (5) using the
solution to the Multidimensional Hausdorff Moment Problem.

Let pi;iz.rim (1592, -, = 0,1,2,...) be a real sequence. We attribute to the expres-
sion :

A;” A;lz . Av':;m/"ill'z"-l'm

the usual meaning where the first operator A applies to the first subscript i;, the second
operator A;* applies independently to the second subscript i;, and so on, where
k d k
A*p, = Z(—l)"'( )I‘n+m-
m=0 m

Let Vi= A7 i=1,2,...,m.

Proposition 2.1 Let X, Xi3,...,Xin, i = 1,2,....m be a partially exchangeable se-

quence of 0 - | random quantities with joint probability measure PV, If the sequence is

]
4



extendible then

AL AR ] (’Z_‘)_' PY(Ty(Ny) = tay e, To(Non) = tm) > 0 (6)

f=1

Joriz=0,1,...,6; k=1,2,...,m.

Proof: The hypothesis of extendibility implies that there is u, a probability measure on
[0, 1™, such that

i (N").1 PY(Ty(Ny) = . .., To(Now) = )

1=1 t"

m
_/[0 1™ H 05' (1 - oi)N‘.-t.d#(gh 02, ceny om)

=1

oS (M=) oo duon, . 0m)

‘/[0.11"' £Il ri=0

At At gt [ T]60du(B, ) -

o™ 5

Taking inverse operation both sides we have
m N -1
Ot Ot TT(T) PY(TMN) =ty To(N) = )
=1

= -/[0 ﬁo:'d[l(oh--'som) .

‘l]m 1=1
Hence, extendibility implies that the constants on the left side of above expression corre-
sponds to moments of some distribution on [0, 1]™. Consequently, they are solutions to

the Multidimensional Hausdorff Moment Problem.

In the particular case of m = 2 and N, = N, = 2, the condition is Proposition 2.1 can

be summarized by the following inequality

Ap =20



where

P T
(0 0 0 1/2 0 0 -1 0 © Py
01/2-10 0 0 0 0 0 Py
00 0 0 1/2 0 0 -1 0 Poy

A=|0 0 0 0 1/2 -1 0 0 0 and P=| Py
0 0 0 0 1/4 —1/2 0 -1/2 1 Py
00 0 0 0 o0 0 1/2 -l Py,
00 0 0 0 1/2 0 0 -I| Py,

| Py

with P; = P(Ty(2) = i, To(2) = j), 4, = 0,1,2.

Example 2.1 Let Xj, Xi2, X21, X29 be partially exchangeable 0 - 1 variables with joint
probability measure P defined by '

4 1
P(Tl(2) = thT‘Z(2) = t?) = 4—9'(5)"_‘2; thtz = 07 112

By simple checking we see that the first inequality in (6) cannot be verified.

Remark 2.1 Note from expression (5) that extendibility implies extendibility of each
sequence Xjy,...,Xin;, i = 1,2,...,m, but the converse is not true. Also, if N; = 1,

i =1,2,...,m then the sequence is always extendible, but this case is unrealistic.

The problem of infinite extendibility for finite partially exchangeable sequence of 0-1
random quantities has been studied by Plato (1991) who gives a necessary condition.
The condition presented in our work is an alternative to the Plato’s condition. For

Ny = N; = 2, Plato’s condition can be translated as
PXn=1LXu=1)P(Xn=1,Xn=1)2[P(X,, = 1,X; =1)P. (7)

In Example 2.1 this condition is satisfied, consequently nothing can be said from (7)
with respect to extendibility. On the other hand, if the distribution of X, X12, X21, X2g
is given by

16 1
P(T|(2) = tlvT2(2) = tg) = E(;)‘H’lz; th‘? - 01 1127
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then the inequalities in (6) are true and, the Plato condition does not hold. However if

we impose tha additional condition that

P(Xn = l,le = l,le = l,Xn =0) = P(X" = l,Xn = O,Xn = l,Xzz = 1)

= P(Xu=1LX3=0,X5=1,X5,=0)=0

then condition (6) implies (7).
For the class of measures satisfying the condition above, Plato’s condition for non-

extendibility is stronger than the condition in Proposition 2.1.

We consider the following partially exchangeable sequences Xy Xigy..i=12,....m

taking values in IN with the property that for all N; € N,i=1,2,...,m

P(X.'_,‘ =z, 3=12,...,N,1=12,....m | T(N;)=t;, i = L,2,...,m)

= ﬁP(X.'J'=$ij, 71=0L2,...,N; |T,'(N,')=t,') (8)

i=1
where T{(N:) = Xi + Xiz + -+~ + Xin, and P(- | T(N.) = ¢,) is uniform on the set
{yn.un) SNy =t i=1,...,m}.
As before, extendibility of a finite sequence in this case will depend on the joint
distribution of the totals.
It is known (Diaconis and Freeedman, 1987) that for each i € I fixed, Xi;, X3,
-+ Xin,, ... are conditionally independent and identically distributed geometric random
variables with sucess probability #;. This fact jointly with condition (8) and the law of
large numbers implies that there is a probability measure g over [0, 1]™ such that for all

N:eN,i= 1,2,...,m

P(X.-J' = Ii;, j= 1,2,...,N.'; 1= 1,2,...,"1)

= /[o ﬁ(l - 0.-)N.-0:-(N.-)d,1(01,...,om) (9)

)™ 1=1



where ti(N;) = zy+ - +zin,, i = 1,2,5..,mand z;; € N. Thus, forall N;,i = 1,2,...,m

P(T"(N')=t" t= 1'2""’m) = = —=f) N, ‘_'(N-) 0 e 0 10
=1 (Nﬁf‘—l) -—-/[01]"-1-1(1 0:)™0,"" du(by, ..., 0m) , (10)

t;,eN,i1=1,2,...,m. Now

AUHU 0™ 6™ du(o, ...,00)

1=1

/[o,],,l'[‘" (N"Z( )( 16 du(By, ..., 0m)

=0

_ / m N. 1y ( )0.,+t (N')d[l(al 1 0.)
o) =1 :'—0
= AM AN’ ANm H 01 (N')du(a 0,) .

[oa]m ;4

)

Taking inverse operation both sides we have that

o N+t —1\"" .
v{"xv;"n--vﬁ-]‘[( "'t_ ) P(TN) = tiy i =1,2,...,m)
=1 $

Amﬂwmwmwwm (1)

=1
LIN)eEN;i=1,2,...,m
In this manner extendibility to this class of sequences partially exchangeable is actually

Multidimension Hausdorff Moment Problem.

Proposition 2.2 Let Xi,...,Xin, ¢ = |,2,...,m be a finite sequence partially ez-
changeable taking values in IN salisfying condition (8). The sequence is extendible to

the class of infinite sequences satisfying the representation in (9) if and only if

m 5 A -1
A’;'A‘;:---A,':,MH(N"L;' ') P(TAN) =ti; i=1,...,m) 20

i=1 '

foreach k;e N, t;,e N; 1 =1,2,...,m

Proof: It follows from identity (9) and the Multidimensional Hausdorff Moment Problem.



Remark 2.2 It is also clear that in this case extendibility implies. extendibility of each
one of the sequences X, Xiz,...,Xin,. On the other hand, if N; = 1, the sequence is not

necessarily extendible.
In fact, applying this condition for N; = I and m = 2 we have that
AP AP P(Xyy =211, X1z = 212) 20

fork;e N,i=1,2.

For k; = k3 = 1 this implies that

P(Xn=zn, Xu=zu)+P(Xn=an+1,Xp=13+1)

> PXn=zn+L,Xp=zp)+P(Xn =z, Xz=212+1)

for z;; € IN. This inequality is not satisfied for arbitrary random variables taking val-
ues in IN. The conclusion is obvious because we consider only the subclass of partially

exchangeable sequences taking values in IN.

3 Infinite extendibility to Mixture of Product of
Uniform Distribution

In this section we consider the case in that T,(N;) = max,;<n, {Xi;}, 1 =1,2,...,m.

In this case we have a reparametrization theorem.

Theorem 3.1 Let X;, Xi2,..., 1 = 1,2,...,m, be an infinite partially exchangeable se-
quence taking values in IN satisfying condition (8). Then ezists a probability measure u

on IN™ such that, for eachn; e N, i =1,2,...,m,

PIX, =25 j=12,....,n 1=1,2,....m)
_/ 1 1
EACE I R O

o Ix'_n_-l(o',,__,g,}(lg?:l{z.-,-}; t=1,2,..., m) du(6y,...,0,).

(12)



Proof. For each n; < N;, i = 1,2,...,m, we have that

=012
P(Xij=zij; t1=1,2,..., |1<,<N{X"} mi, i=12, )
HP(X,'J'=Z,',' y j= 1'2""’7""'12'}2’15,_{/\,5.5} =m;) .
i=1 LIS

Now, for each i € {1,2,...,m}
= (X.',' =z;5; j=12,...,n 12’}2’,{,,{){-‘,‘} = m.’)

! {1(—~)} ‘

if maxigjca, {Zi} < My

L (mi+ 1w | 4 _ (ﬁT)M
(m.—il- 1) { 3 (m_l,_"iT)N if maxigjca, {2} = mi.

= o d=h2m
= Z E P(Xu"'-’tus i=l,2,“_,m

Mm>MAX| <) <nm {z;} ml>m1515n|(’l))

X P(Ty(N1) = m1, ..., T(Nn) = mm)

TI(NI) = ml)"'?)
Tm(Nm) =My

3

j=l,2,...,n.' Tl(N1)=m1,...,
+ PlX;=xz;:"
2 Z ( i = T z=l,2,...,m| T(Nm) = mp

Mm=MaX| < <nm (’i)) my=maxigy<ny (:i,}

x P(Ty(N1) = my, ..., To(Nim) = 11m)

_ n 1 (gg)"
= Z Z Hm,+l)"'{ l_(_ﬂx_)N' }

M >MaX| <) <nm {24} m1>maxig,<n, (r,,}|=l e

x P(Ty(N:) = my, ..., Tn(N,) = m,,)

ks el g

m,,.:max,s,s,‘m{:.-,) my=max,<,<n, {%iy} i=1
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XP(T](N]) =my,... ,Tm(Nm) = m,,.)

o \ N
(9; + 1)"' 1 o\ (B1>maxy ¢y g {71 }-Om>maxs gy cnm {70}

N;
= — —
Nm =t (0.‘+1)

1
+ II (0 +l)"l { ( )N-} 1(0l=mux§,5n,(xi);"'9m=lnll|5,5n,,.(tu,})) dFN(oh 021 e 19m]

b
8 +1

(13
where BN = BNy X BNy X2+ X i, for N= (N, N,...,N)is the P-law of (T\(M), T2(N,),
s T (Nm)).

Now, for each i € {1,2,...,m} fixed, {un, = pa X piz X -+ X pin, }N;enN, the P-
law of Ti(/V;) is tight (Iglesias-Zuazola, Pereira and Tanaka, 1993, p.17). Consequently
(Billingsley, 1968, p.41) {ﬂ&}NeNm is tight. Hence each sequence in family {#N}NGN"'
has a subsequence converging weakly to a probability measure s on IN™. Taking limit in

(13) through subsequences we have the result.

Corollary 3.1 Let X;y,Xi2,...,Xin, i = 1,2,...,m be a finite partially ezchangeable
sequence taking values in IN. The sequence is infinitely extendible if, and only if, there

erists a probability measure u on IN™ such that

P(Ty(Ny) =my, ..., Tn(Ny) =m,)

N N N Nm
= / (ml (-; l_)', ;)Nlrnl T (mm(;_ l_)i_ l)N =l d (911 am) . (14)
(810 8m) 2 (M1 e i) ! m

Proof. By the hypothesis of the extendibility and Theorem 2.1 there exists a probability

measure on IN™ such that

j= 1,2,...,1V.'
P(X"’:z""’ i=12... m)

1 |
G+ D% O+ ) du

(9],... )

(8y e sm )2 (M1 ,yeccomm)
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where m; = max{X;;,...,Xin,}, i=1,2,...,me (za,.... Iin,) € NM.

Using the fact that

P(Ti(Ny) = my,..., Ta(Np) =) = [(my+ D)™ = m] - [(mm + 1) = m]n]

R BRI
XP(X;_,- =Zi , J ’ m)

the necessity is proved.

Reciprocally, suppose that exists a probability measure p on IN™ such that (14) is
satisfied. Now,

, j=112)---1N'
P(/\,‘,’:I.’jl = ol ml)

o N;
T(M) = my, ..., Tl Now) = m,..)
c,m

I
w

XP(TI(NI) =My, .. '1Tm(Nm) = mm)

=P e N
= (81208 )>(/ )P(Xij=1ij! i=1,2,..,,m|T‘(N1)=mh-"va(Nm)=mm)
Lyeacy m)2(My ...y Mm
(m+ )M —m)"  (mpy + D)V — e

T—du(dy,...,0x) .
(01+1)N1 (0m+l)N"‘ #( 1 )

Using (15) we have that

DA=RIS2%. .. N
P(X"’:""‘ i=l2...m)
e L ! L (6. 00) -

@1 (Ot 1)

Consider now Z;;, Ziz,...,t = 1,2,...,m be an infinite partially exchangeable sequence

taking values in IN such that, for each N; € N,: = 1,2,....m,

- / L e ihiol el
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Then, '
(X1, X2y, X) B (21, 2y, Znm)

where X; = (Xa,...,Xin,) and Z; = (Zy,...,2ZiN,), 1 = 1,2,...,m. Hence the sequence

is infinitely extendible.

Corollary 3.2 Let X, Xia,...,Xin,, : = 1,2, be a finite partially exchangeable sequence

taking values in IN. The sequence is infinitely extendible if and only if, the function

f:IN? = R defined by

fmy,ma) = (my+ 1)M(my + 1) Z Z( 1)"+n( 1)(1)

ry=0r3=0 T2
P(Ty(Ny) = my + 11, To(N;) = my + 13)
[((mi+r + DM — (my +r)M][(me + 12+ DM — (ma + 1y

ypa (16)

is a probability measure on IN%,

Proof. If the finite sequence is extendible, we have by Corollary 2.1 that exists a proba-

bility measure u on IN™ such that

A = P(Ty(Ny) = m, Ty(N;) = my)

_ (my + DM — mM (my + DV —md?

B (& .h)Z.(/vn;.m,) (6: + )M (0, + )M dp(6,,6;)
oo o0 Nl _ | N

= Z Z (ml + 1) my (mz + 1) ”({91’02})

(01 + l)M (0 + l)N:

fy=my 3=my

0o m Nn_ml 2 — mV2
- Tl lRomtmat )P om g,

&=m, (01 + l)Nl (m + l)Nz

N

+ i i (a4 1M — my" (my + 1)

f1=m §y=ma+1 (6, +1)™ (0; + 1)N, 2 1({61,62})

(m1+ DM — m" (my + 1)™ — )"
(my +1)M (mq + 1)M2

({ 1, Ma})
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;- (m‘+l)Nl _m{v, (m'.'-}-l)N’—mévz

+0,=§,+1 (01 <+ 1)N1 (mz + l)N, I‘({glsmz})
& (m+ )™ - miv' (mgy + 1)N2 — m;v’

* n:gn::n (my + 1)M (8, + 1) p({m1,0,})

o0

3 (my + )M —m (my + )N — mp
+ol=§.+u,=§m 0+ )™ Grnm A{oned) (1)

In analogous manner

B =: P(T)(M) =m + 1, T5(N;) =my + 1)
00 ) Ny _ Ny M _ (m N
= ,l=§+l hg;"z(ml + 2()01 . 1()’7’311 + )™ (my + 2()92 - l()N: +1) ({60, 0:1)(18)

P(Ty(Ny) = my, T(Np) =ma + 1)

& & (mi+ )M —mt (my 4+ 2)M — (my + 1)
[ 0|=Eml h=§+1( (-;1 -:- 1)M e ()93+ 1()N2 ! #(161,62}) (19)

and

P(Ty(M) = my + 1,T5(N,) = my)

- 2 (my +2)M — (my + DM (my + 1)V = m)?

= ,lz,‘:.“ ,2;,,,, G 03 + 1) #({61,63}) . (20)
Subtracting B from A we have

(m + )M —m{" (mp + 1)M — m3"

2
(my + 1)Nx (mqy + l)N2 p({mi,ma})
= /= (m, +l)~' —m{v' (m2+1)Nz _m;V'z S
(ml + 2)Nl = (ml + I)Nl (1n2 + 2)N3 ) (m2 + l)N’
_(m2 + 1)M — mQ” L (my + 1)M - m{\h -
(mg + l)N" (ml + l)N' a
where,
C y (my + DN —m ({Br.ma)) and
0y=my +1 (6 + )M e
D = = (m;+1)M —m?

f2=ma+1 (8, +1)M2 p({m,62}) .



Now, from (19) and (20), respectively, we have that

N, N
D = I I PO = mu T(0) = ma
(mat )% —md® (a4 1) - mg"
(i + 2N — (my + 1M (mg + 2)M — (g + 1) )
and
(m1 + )M —m]" (m2 + ‘)"’ 9”

(2% — (ma + 1) (g + 2% — (g + 1) (®)

Summing (22) and (23) and replacing the result in (21) we have

H(lmymad) =+ )M (mat 17 3 3 (- 1)"*"(1,)(1)

r1=0 rp=0 T2
P(Ty(Ny) = my + 1y, T5(N3) = my +13)
X1m1 + 11+ DM — (my + 1) [(ma + ra + )M = (mg + )]

Hence f defines a probability measure on IN%.
Reciprocally, suppose that f defines a probability measure u; on IN?, i.e. pg({m,
my}) = f(my,ma), (my,m;) € N%. Let Zi,Zp,..., i = 1,2, be an infinite sequence

partially exchangeable with joint probability measure P given by

i = (61 + 1)M: (6, +1)N’

i=1,2,...,N; 1
P (Z;,- =z, 17, 1o ) = / dps({6:,62}) ,
’ (61.82)2(m1,m3)

N, e N,i=1,2; m; = max{zy,...,zn,} and (2,...,2N,) € N fori=1,2.

Now,
P(max{Zn. ZlN,} =m,, maX{Zgl, ZZN;} — mz)
= (ma + )M = m (my + Y — m)?
- o--zm. oEn, G (Genm ) (24)

Making u = u; on IN? and using Corollary 2.1 we have that the finite sequence is ex-

tendible.
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Although this case let more simple than the previous, the result is more stronger, in
the sense that the Corollary 2.2 exhibt the form of the measure in the mixture, in the

case of the finite sequence be extendible. The following example illustrate this fact.

Example 3.1 Let X;1, Xiz,...,Xin;; i = 1,2, be a finite sequence of random variables

taking values in IN and let T;(N;) = max{Xi1, Xizy..., Xin }, i = 1,2. If

thxﬂa--"XINUXIHXZZ,-"SXNW | (TI(NI) = thz(Nz) = mz)

~ U{(I,’l,.’t,'z, ...,.t,'N.-) € NN‘ :ma.x{z.-l,.. .,J:,-N..} =m; t= 1,2}

and if P(Ty(Ny) = My + r1, Ta(N2) = Mg+ r2) =0 whenry =r; =0and ry =r; = 1 for
some M; € N and some M, € N, P(Ty(N,) = my + ry, Ta(Vy) = ma 4 r3) > 0 for other
values of 7y and r; and for each m; # M; and each my # M,, then the finite sequence
Xy, Xiay- -y Xiny, i = 1,2, is not extendible for a infinite sequence partially exchangeable

of random variables. In fact,
MM = (Ms b 1) (M, 1y PO = Mo, To(Ma) = My + 1)
f( 1 2) ( l+l) ( 2+1) { [(Ml-{-l)Nl—M{V'][(M2+2)N’—(Mz+l)N’]

» P(Ty(N,) = M, +1,T5(N3) = M) } 2l
(M1 +2)M — (My + 1)V ][(Mz + 1)V — M3 ’

hence f no define a probability measure. Therefore by Corollary 2.2 we have that the

finite sequence X, Xiz,...,Xin,; 1 = 1,2, is not extendible.

4 Finite extendibility

Let X, X2, ..., Xin,, © = 1,2,....m be a finite partially exchangeable sequence
taking values in X' (countable) and Ti(N,) a function of X, Xiz,.... Xin,, 0 = 1,2,...,m.
As in the previous section consider that the conditional distribution of X, Xia,- - ., Xin,;
i=1,2,...,m,given (Ty(M),. .., T(Ny)) is uniform. Consider also XY™ = X'xXx--- X
a N;-fold product from a set X and Z; the image of ANoby Ti(N;), i =1,2,....m.
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Then, for each n; < N;, 1 =1,2,...,m, !

P(.\’,’j = Tij J= 1,2,...,71,', 1t = l,2,...,m)

z .=1721'--a i .
= E Z HP(X.—,“—'I.“,', ] :;lﬂ(N.')=t.', z=1,2,...,m)

NED,  tmElmi=] 1=12,...,
xP(Ty(M) =t1,...,Tn(Nm) = tm)
forz;eX,j=12,...,n;and i=1,2,...,m.

This is an exact finite representation. Using this representation and the argument
given in the previous section we can conclude that the finite sequence X;;, Xia, .. vy Xini»
i =1,2,...,m of partially exchangeable random variables taking values in X is (N, N,

-+ Np)-extendible, with N; > n;, for : = 1,2,...,m, if and only if there exists a

probability measure W on x™,7 such that

P(T,(Tl,) = t.'; 1= l,2,...,m) (25)

=YY MP(Xy==ii5= L2, m|TUN:) = tiyi = 1,2,...,m)W(hh, ..., jm)

NELL  jm€Imi=1
where x denotes cartesian product.

In the case that X' = {0,1} and T;(N;) = TP, Xij, for i = 1,2,...,m, we have

5i) (Ni-1i
P(X,‘j =T ) = 1,2,...,n.-| T{N;)=t;, i= l,2,...,m) = %)_—lg s

ny

fori=1,2,...,m; when X’ = N and T}(N;) = =0, Xy, for i = 1,2,...,m,

N;—n; +j.'—f.') (N.'+j.‘— 1)_l

P(A,ij=zij;j=1a27""ni j.‘-t.‘ Ji

T(N) =) = (

it = 1,2,...,m, and finally, when X’ = N and T;(N;) = max{Xi,...,Xin,}; for 1 =

1,2,...,m, we have

P(X-‘J‘ =z 1= 1'21---,".1 T(N)=m, i = l,2,...,m)

17



L o)
bt if max,sjsn'{t.-,-} <mg

4 ng m; Nu'
_ (mi + 1) 1- ;—h)
1 1 'f ] ) = A
(mi + 1)~ 1= _'"J_)N-' 2 max,s,SN,-{z.,} =il
m;+1

Using the total probability theorem, marginalization and extendibility we have the

following proposition:

Proposition 4.1 Let Xi1, Xia, .., Xini, 1 =1,2,...,m, be a finite partially exchangeable
sequence taking values in X' (countable). If the sequence is (N1, N3, ..., Ny )-extendible
(N;>n;,i=1.2,...,m) then for each i = 1,2,...,m the sequence Xiy, Xizy - s Xin; 13

N;-extendible.
The converse to the last proposition is not true in general, as the next example shows.

Example 4.1 Let Xy, X12, X21, X212 be a partially exchangeable random variables taking

values in {0, 1} with joint probability measure determined by

P(Mi(2)=1,Tr(2)=1) =

(=23 Kol

and

P(Ty(2)=1)= P(Tz(2) = 1) =

o) —

Then, X1, X12, Xa1, X2z is not (3, 3)-extendible, but for each i = 1,2 we have that X, X
is 3-extendible.

In fa.ct, it follows from (25) that if Xn,Xu,Xgl,Xzz is (3,3)-extendible, then,
3 3 9
1-SP(Ti(2) = 1) - 3P(T(2) = 1) + 7 P(Ta(2) = 1, To(D) = 1)>0.

As in this example such inequality does not hold, the sequence is not extendible.

1Q



Now, by Diaconis and Freedman (1980), we have that, for each i = 1,2, X;;, Xiz is
3-extendible if, and only if, there exist weights W (j), j = 0,1,2,3, satisfying W(j) > 0,
i=0,1,2,3; 3 ,W()=1and

w(0)

11/3 0 0 P(T:(2) = 0)

023 23 0| YOI | pmizy=1) |, i=12

0o 0 13 1)|%@3 PR =2
W (3) '

By simple computation we have that when P(T;(2) = 1) < 2/3 for i = 1,2, then for
each i = 1,2, X, Xj; is 3-extendible.

Finite forms of the representation exhibited in the previous section can be obtained

by using the finite forms for ordinary exchangeable as in Diaconis and Freedman (1980,

1986), Iglesias-Zuazola (1993) and the fact that if Q; and P, are probability measures such
that

IQi—-Pl<Ci, i=12,...,m, (26)

then
| X7z, @i — xZ, P < ZC-‘ . (27)

i=1

| - Il denotes the total variation distance, x denotes the product measure and C;, i =
1,2,...,m are constants.

We denote by Q;, ¢ = 1,2,...,m the uniform probability distribution on the set
{(.‘L‘,‘l,l,‘g,. .. inN.) € XN' H T,(N,) = t,—; 1= 1,2, .. .,m}, t,' € I.';

Q%' the n;-dimensional marginal probability distribution of Q,,, i = 1,2,...,m and Pg;
the probability distribution of the representation under extendibility. Then, using Di-
aconis and Freedman (1980, 1986) and (26) for Q7' and P{'", 1= 12,...,m, we have
that:

When X = {0,1}, Ti(N:)) = Z;-v;, Xii i = 1,2,...,m, and Pg' denote the law of
n; independent random variables with the common binomial (1,6;) distribution for : =

10



1,2,...,m, then, for k; = ﬂNE_-l, i=1,2,...,m, the right side of (27) is given by

m n; :
2;7@ :
When X = N, T{(N;) = E‘?’;l Xij, i =1,2,...,m, Pg' denote the law of n; indepen-

dent random variables with the common geometric (6;) distribution for: =1,2,...,m,

then, for & = g, i =1,2,...,m, the right side of (27) is given by

5 2
2.2 ((N,- —n; = 1)(Ni=n; = 2) o l)

=1

for 1 <n; < N.~—3, = l,2,...,m,
and finally, when X = N, Ti(N;) = max{Xi,... ,Xin},i=1,2,...,m, and the Theorem
1 (Iglesias-Zuazola, Pereira and Tanaka, 1993, p.6) we have that the right side of (27) is

given by
m n'
2 ; 5

Finite versions follow using these facts and the convexity of the total variation distance.
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