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The Multiscale Robin Coupled Method (MRCM) is a domain decomposition procedure 
that has been developed to efficiently approximate velocity and pressure fields for 
single-phase flows in highly heterogeneous porous media. It generalizes other well-
established multiscale domain decomposition mixed methods and it adds great flexibility 
to the choice of interface spaces as well as in the boundary conditions for subdomain 
coupling. We investigate the approximation of two phase flows in porous media using 
the MRCM to compute velocity fields. We consider an operator splitting strategy, where 
a scalar conservation law for the saturation of one of the phases and the velocity field 
are updated sequentially. We find that the coupling of nearest neighbor subdomains 
through the imposition of a continuous pressure (respectively, normal fluxes) is the best 
strategy to approximate two-phase flows in the presence of high (resp., low) permeability 
channels (resp., regions). A new adaptivity strategy for setting an algorithmic parameter 
of the MRCM, that controls the relative importance of Dirichlet and Neumann boundary 
conditions in the coupling of subdomains, is proposed and tested in challenging, high-
contrast permeability fields. Our numerical simulations of two-phase flows show that 
by switching between existing multiscale procedures we can observe unprecedented 
accuracy, in that we produce better solutions for problems with high-contrast permeability 
coefficients when compared to solutions obtained with some standard multiscale mixed 
methods.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Problems of interest to the industry today involve several billion cells and thousands of time steps. Traditional simulation 
techniques developed for serial calculations cannot handle effectively problems of such magnitude. Multiscale methods aim 
at reducing the computational complexity of the numerical simulation of such problems by decomposing large computa-
tional tasks in a family of smaller problems that can be solved simultaneously in state-of-the-art parallel machines. These 
methods have received considerable attention of several groups. See [1] for a very comprehensive comparison of procedures 
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of this type. Multiscale methods have been developed in the framework of the finite volume, finite element and mixed finite 
element methods.

The multiscale procedures based on the finite volume method [2,3] were firstly proposed to solve elliptic problems 
arising in two-phase flows and then extended to complex physics and fractures (see [4–6] and references therein). The finite 
element approach, introduced in [7], has been used to solve elliptic problems and applied to composite materials as well 
as to flows in porous media [8]. The variational [9], the generalized [10] and the hybrid [11] finite element approximations 
have been also introduced. Applications to complex domains, possibly including fractures, are presented in [12–15] among 
many others.

Here we focus on multiscale mixed finite element methods. One of these procedures that has been recently proposed is 
the Multiscale Robin Coupled Method (MRCM) [16,17] which is based on a domain decomposition described in [18] and on 
the Multiscale Mixed Method (MuMM) [19]. The domain decomposition of the MRCM considers weak continuity of normal 
fluxes and pressures through the imposition of Robin boundary conditions. The MRCM can be seen as a generalization of the 
Multiscale Mortar Mixed Finite Element Method (MMMFEM) [20] and the Multiscale Hybrid-Mixed Finite Element Method 
(MHM) [21,22]. In the MMMFEM the pressure continuity is satisfied in the fine-grid scale, while normal flux continuity 
is ensured weakly on a larger scale. In the MHM the continuity of the normal flux is satisfied at the fine-grid scale and 
the pressure continuity is imposed weakly on a larger scale. Other well known multiscale methods based on mixed finite 
elements are presented in [23–25].

Several multiscale methods have been used to approximate two-phase flows in high-contrast heterogeneous porous 
media. Developments with the MMMFEM can be found in [26,27], while examples of two-phase flows with other multiscale 
methods can be found in [28–31] and references therein. Aiming at coupling flow and transport equations both operator 
splitting techniques [32–35] and fully implicit formulations [36,37] have also been considered.

In this work we focus on two-phase (oil-water) immiscible displacement in high-contrast porous media. The governing 
system of equations is approximated by an operator splitting scheme, as presented in [38–40]. We combine the MRCM for 
the approximation of Darcy’s velocity with a finite volume method to approximate the hyperbolic conservation law for the 
water saturation. Any hyperbolic solver can be combined with the MRCM. Different schemes for this transport equation have 
been used in the approximation of flows through porous media. For example, the upwind method (considered in [3,33,41]), 
high order variations of the Godunov method [42] and central schemes [43]. In this paper we consider the central scheme 
Kurganov-Tadmor [44,45], which is known to produce robust approximations along with accurate numerical solutions.

We find that the coupling of adjacent subdomains through the imposition of a continuous pressure is the best strat-
egy to approximate two-phase flows in the presence of high permeability channels; such coupling can be implemented by 
the MMMFEM. On the other hand, the coupling of subdomains through the imposition of continuous normal components 
of fluxes is an adequate strategy to handle low permeability regions; this can be accomplished by the use of the MHM. 
Thus, accuracy in the approximation of two-phase flows would require that, adaptively, the numerical procedure to solve 
for velocity and pressure switches between the MMMFEM and MHM, depending on the underlying heterogeneity (given by 
the product of the total mobility and absolute permeability of the problem at hand). A method that allows one to switch 
between the MMMFEM and MHM locally in the skeleton of the domain decomposition is not known. However, such task 
is easily accomplished if one takes advantage of a built-in algorithmic parameter of the MRCM, that allows this method to 
produce either MMMFEM-like or MHM-like solutions, by setting this parameter to extreme values. To the best knowledge 
of the authors the MRCM is the only multiscale procedure that has this flexibility to switch from Dirichlet-dominated to 
Neumann-dominated coupling of subdomains; a new adaptive scheme based on this idea is proposed and tested through 
several numerical simulations of two-phase flows in high-contrast formations. We show that the MRCM can produce con-
siderably more accurate solutions than some standard multiscale methods. We remark that the concept of adaptivity has 
been very recently applied in the numerical approximation of two-phase flows [6], where improved accuracy in numerical 
solutions requires the construction of special multiscale basis functions adapted to the underlying heterogeneity.

The paper is organized as follows. In Section 2 the governing equations describing two-phase flows in porous media 
are presented. Then, in Section 3 we present the operator splitting scheme that we use in the approximation of two-phase 
flows and we recall the MRCM, the method of our choice to solve for velocity and pressure. Numerical simulation results of 
two-phase flows are presented and carefully discussed in Section 4; initially we compare multiscale procedures in terms of 
norms that measure global quantities. Then, we perform a detailed analysis of the approximation of fingering instabilities. 
Finally, we present our conclusions and plans for future work in Section 5. The Kurganov-Tadmor scheme for hyperbolic 
conservation laws appears in the Appendix A.

2. Mathematical setting

We consider immiscible and incompressible two-phase flow of water and oil (denoted by w and o, respectively) in a 
heterogeneous reservoir. For simplicity, a fully saturated regime is considered, meaning that the sum of both oil and water 
saturation is equal to one, while other effects such capillary pressure and gravity are neglected. The resulting differential 
equations for this model consists of the Darcy’s law with a statement of conservation of mass, given by

∇ · u = q, u = −λ(s)K (x)∇p, (1)
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Algorithm 1 Solving equations (1)-(2) by operator splitting.
1: Given sn(x), pn(x) and un(x) computed from previous time step
2: for k = 1 to C do
3: tn,k = tn + k�ts

4: Compute ue(x, tn,k) from Eq. (4)
5: Solve Eq. (2) with u = ue to compute s(x, tn,k) using the KT method
6: end for
7: Given sn+1(x), update κ = λ(sn+1(x))K (x)

8: Solve Eq. (1) to obtain pn+1(x) and un+1(x) using the MRCM
9: Make n ← n + 1 and return to step 1

coupled with the hyperbolic conservation law for the transport of water saturation [46,47], which is given by

∂s

∂t
+ ∇ · ( f (s)u) = 0. (2)

Here u(x, t) is the Darcy velocity, s(x, t) represents the water saturation, K (x) is the absolute permeability and p(x, t) is the 
pressure. Both the total mobility λ(s) = λw(s) + λo(s) and the fractional flow of water f (s) functions are respectively given 
by

λ(s) = krw(s)

μw
+ kro(s)

μo
and f (s) = λw(s)

λ(s)
, (3)

where krj(s) and μ j , j ∈ {w, o}, are respectively the given relative permeability function and viscosity of phase j. For 
simplicity we assume a constant porosity and it has been scaled out by changing the time variable.

To complete the mathematical model, an initial condition for saturation and boundary data for pressure or normal fluxes 
are required, usually taking into account injection and production wells, such that water is injected to displace the trapped 
oil towards the production wells. These conditions will be detailed in the next section.

3. Numerical approximation

In this work, the coupled system of model equations (1)-(2), along with suitable boundary and initial conditions, will be 
solved by a popular technique of operator splitting. Since both equations are very different in nature, being (1) elliptic and 
(2) hyperbolic, it is only natural to split the computation of both these equations in time, taking advantage of the specific 
methods developed for each class of equations. We are particularly interested in using the Multiscale Robin Coupled method 
to solve equation (1), while the transport of saturation modeled by equation (2) will be handled by a well known scheme 
for hyperbolic conservation laws, the Kurganov-Tadmor (KT) method [44,45] (see Appendix A).

3.1. Handling different time steps

Another advantage of splitting equations (1)-(2) is that efficiency in the computation of the solution can be improved, 
usually considering larger time steps for the pressure equation (1) compared to those used for the hyperbolic equation 
(2), where CFL-type condition is enforced to ensure numerical stability of explicit schemes (more details can be found in 
[38–40]).

Let �ts be the time step used in the discretization of the saturation equation, and let �tp be the time step for pressure 
(and velocity) updates. We set the relation �tp = C�ts , where C is a positive integer, assuming that �ts is constant (in 
practice we allow for variable �ts). Therefore, pressure and velocity are updated at times tn = n�tp , for n = 0, 1, . . . , while 
the saturation is computed at intermediate times tn,k = tn + k�ts , for k = 1, 2, . . . , C , such that tn < tn,k ≤ tn+1.

Accuracy can be further improved by extrapolation of the last computed velocities for each time tn,k of the saturation 
transport time step. In that sense, the velocity field to be considered at time tn,k can be computed as

ue(x, t) =
⎧⎨
⎩

u0(x), if 0 ≤ t ≤ t1,

t − tn−1

�tp
un(x) − t − tn

�tp
un−1(x), if tn < t ≤ tn+1,

(4)

for each t = tn,k , k = 1, 2, . . . , C , where un(x) is the velocity computed by the pressure equation (1) at time t = tn , approxi-
mating u(x, tn) (see [39]). The algorithm to compute the approximate solutions for saturation, velocity and pressure at time 
tn+1 from the solutions at time tn , is described in Algorithm 1.

3.2. Solving the elliptic equation by the MRCM

Considering the most up-to-date saturation sn+1(x), one can obtain the most recent uniformly positive definite perme-
ability tensor field κ = λ(sn+1(x))K (x), which allows the solution of pressure equation in the whole domain �. The pressure 
equation (1) together with suitable boundary conditions can be written as
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u = −κ∇p in �

∇ · u = q in �

p = g on ∂�p

u · n = z on ∂�u

(5)

Here, q = q(x, t) is a source term, g = g(x, t) the pressure boundary data and z = z(x, t) the normal velocity data (n is the 
outward unit normal), specified respectively at the boundaries ∂�p and ∂�u . From now onwards, for the sake of notation, 
we will drop the time dependency on these equations, keeping in mind that this dependency can only come from the source 
term, the boundary data (which is rather uncommon in most applications), and most importantly, from the permeability 
field.

The Multiscale Robin Coupled method (MRCM) is a non-overlapping multiscale domain decomposition method that gen-
eralizes the Multiscale Mixed Method (MuMM) [19], which is based on a domain decomposition method that was first 
introduced by Douglas et al. [18]. The main idea of these methods is to subdivide the domain � in N non-overlapping 
subdomains �i , i = 1, 2, . . . , N , such that local solutions can be computed independently for each �i (which is naturally 
parallelizable) in a fine scale h, associated to the size of the discretization of the local problems. Continuity of the solution 
is enforced by compatibility conditions, that in the multiscale sense, are weakly imposed only on a coarse scale H � h to 
reduce computational cost. Let � be the skeleton of the decomposition, i.e., the union of all interfaces �i j = �i ∩ � j . This 
means that the multiscale solution (uh, ph) obtained by the MRCM satisfies the compatibility conditions∫

�

(u+
h − u−

h ) · ň ψ d� = 0 and
∫
�

(p+
h − p−

h ) φ d� = 0 (6)

for all (φ, ψ) ∈ UH ×PH , which are low-dimensional spaces defined over the set of edges Eh of the skeleton �. The + and 
− superscripts denote the solution on each side of the interface �. In this equation we refer to a fixed (global) normal 
vector ň to the skeleton �, pointing outwards from the subdomain with smallest index. One of the key ingredients of the 
MRCM is the definition of normal flux and pressure unknowns at the interfaces, namely (U H , P H ) ∈ UH ×PH such that these 
compatibility conditions can be fulfilled by imposing the Robin-type boundary conditions on the local problems, namely

− αH

κi(x)
ui

h · ňi + pi
h = − αH

κi(x)
U H ň · ňi + P H , x ∈ �i j, (7)

where �i j = �i ∩ � j stands for the interfaces between �i and its nearest neighbor subdomains � j , (ui
h, pi

h) denotes the 
multiscale solution within subdomain �i , and ňi is the normal vector to � pointing outwards of �i .

Two observations can be drawn from equations (6)-(7). First one can note from (6) that in the limit case of H = h, the 
fine grid solution obtained in the undecomposed case is recovered, and continuity of both velocity and pressure is satisfied 
at the fine scale h. Second, the parameter appearing in equation (7) for the Robin boundary condition, namely

βi(x) = αH

κi(x)
, (8)

can modify the behavior of the MRCM in such way that other popular methods can be recovered. It was demonstrated in 
[16] that in the limit α → 0, the solution of the Multiscale Mortar Mixed Finite Element Method (MMMFEM) of Arbogast 
et al. [20] is recovered, while in the limit α → +∞, the solution of the Multiscale Hybrid-Mixed Finite Element Method 
(MHM) of Harder et al. [21,22] is obtained. This is intuitively controlled by the parameter α in equation (7): In the former 
(MMMFEM), only flux continuity is weakly imposed in the coarse scale, while in the latter (MHM), only pressure continuity 
is weakly imposed in the coarse scale. The choice of the coarse spaces UH and PH also plays an important role in the 
approximation, which is well explored in [17], however in this work we only consider low-dimensional polynomial spaces 
built as subspaces of

Fh(Eh) = { f : Eh → R; f |e ∈ P0 , ∀ e ∈ Eh} . (9)

The differential formulation of the MRCM can be written as: Find solutions (ui
h, pi

h) for each subdomain �i , and global 
unknowns (U H , P H ) satisfying the local problems

ui
h = −κ ∇pi

h in �i

∇ · ui
h = q in �i

pi
h = gp on ∂�i ∩ ∂�p

ui
h · ňi = gu on ∂�i ∩ ∂�u

−β ui · ňi + pi = −β U ň · ňi + P on ∂� ∩ �

(10)
i h h i H H i
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and the compatibility conditions on the skeleton �
N∑

i=1

∫
∂�i∩�

(ui
h · ňi) ψ d� = 0

N∑
i=1

∫
∂�i∩�

βi(ui
h · ňi − U H ň · ňi) φ (ň · ňi) d� = 0

(11)

which must hold for all pair of functions (φ, ψ) ∈ UH ×PH . The complete variational formulation, some theoretical results 
about existence and uniqueness of the solution of MRCM, along with its implementation and algorithmic details can be 
seen in two previously published works [16,17], and will be omitted in this work for conciseness. In short, the efficient 
implementation of this method solves equations (10) in parallel to obtain a set of local multiscale basis functions, that are 
further used to write the global solution as a linear combination that is obtained by the solution of the global problem 
induced by equation (11).

Notice that no method was specified for the discretization of (10). Any method such as finite volumes, finite elements 
or finite differences can be used, provided that edge fluxes and pressures at subdomain interfaces are available for the 
multiscale method when requested.

We intend to take advantage of the flexibility of the MRCM to improve its accuracy by introducing an adaptive strategy 
to select the regions of high permeability for a specific treatment. For this purpose, instead of dealing with a previously 
fixed α parameter in equation (8), we will instead consider a more flexible definition of βi ,

βi(x) = α(x)H

κi(x)
, (12)

such that α(x) can be locally chosen in an adaptive fashion.

3.3. Cost estimation of the MRCM

The overall cost of the MRCM method can be assessed in previous publications (see [16,17]). To give an idea of the cost 
of just the elliptic solver by the MRCM in 2D, suppose we have a domain decomposition of N = Nx × N y subdomains, each 
one with nx × ny fine grid cells. The cost is heavily dependent on the choice of the interface spaces UH and PH , described 
above. Let NU = dim(UH ) and N P = dim(PH ) be the dimensions of the interface spaces, the number of multiscale basis 
functions in each subdomain can be estimated as NB = 4 × (NU + N P ) + 1, which corresponds to the set of homogeneous 
basis functions for each one of the 4 edges of the subdomain, plus one additional basis function for the inhomogeneous part 
of the solution. Notice that some subdomains will have less than that due to physical boundary conditions. To compute the 
complete set of multiscale basis functions, one has to solve approximately NB problems for a grid size of nx × ny cells per 
each one of the N subdomains. These problems are independent and can be solved in parallel using multicore machines.

To complete the MRCM algorithm, the solution of one global problem (11) has to be computed to write the final solution. 
The size of this global problem depends on the number of interfaces between subdomains, that is exactly NI = Nx × (N y −
1) + N y × (Nx − 1). Then the size of the global interface system is estimated to be NI × (NU + N P ).

Let us consider as an example a domain decomposition of 11 × 3 subdomains discretized by 20 × 20 fine grid cells each, 
with linear interface spaces for both flux and pressure. This is a typical domain decomposition in the numerical experiments 
below. In this example, NU = N P = 2, and the total number of multiscale basis functions to be computed is roughly NB = 17
per subdomain, requiring the solution of linear systems for a grid size of 20 × 20 = 400 cells. The total amount of work is 
thus (a) solving 33 local linear systems of dimension 400, each with 17 different right-hand sides, which can be solved all 
in parallel with no required communication between processing cores, plus (b) solving the global system (11) that couples 
the different subdomains, which has size NI × (NU + N P ) = 52 × 4 = 208 unknowns. Therefore the solution yielded by the 
MRCM for this example, computed in a parallel environment, is, in principle, cheaper than the cost of the undecomposed 
case, which requires the solution of a linear system for a grid of size 220 ×60 = 13200 cells. The gain increases when larger, 
three-dimensional problems are considered.

3.4. Velocity post-processing (downscaling)

The weak imposition of flux continuity in a coarse scale by the MRCM brings a well known problem in multiscale 
methods: the normal component of fluxes may not be continuous at the interfaces of the skeleton �. A continuous flux at 
the fine scale is necessary for applications involving the transport of species, such as pollutants (in single-phase flows) or 
saturation (in two-phase flows and more complex models). Solutions for this problem include post-processing fluxes using 
downscaling techniques [48,19,2].

One of these possible approaches is by averaging fluxes on interfaces defined by

Ūi j
h = 1 (

ui
h|�i j + u j

h|�i j

)
, (13)
2
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for each interface �i j , which defines a unique normal flux, but unbalances masses across subdomains. A remedy is to use 
the averaged fluxes at the interfaces to define new Neumann local problems to recover mass conservation at the fine scale, 
by solving

∇ · ũi
h = qi in �i

ũi
h = −κ ∇ p̃i

h in �i

ũi
h · ňi = ui

h · ňi on ∂�i ∩ ∂�

ũi
h · ňi = Ūi j

h · ňi on �i j ∀ j

(14)

for all �i , i = 1, 2, . . . , N . Note that the local problems are undefined up to a pressure constant. In order to remove this 
indeterminacy, a common approach is to impose pressure at some point. After solving all these local problems, normal 
fluxes are ensured to be continuous and the overall solution is conservative, however, by doing that we violate Darcy’s law 
across subdomains, which is a small price to pay for normal flux continuity. The cost of the downscaling post-processing is 
one extra local problem solution per subdomain.

4. Numerical results

In this section we present numerical experiments to investigate the accuracy of the MRCM in the approximation of 
two-phase flows in high-contrast permeability fields typical of petroleum reservoirs. Initially we study global errors of 
saturation and velocity fields and compare our findings with single-phase flows results discussed in [16,17]. Then we focus 
on a detailed analysis of fingering instabilities in heterogeneous permeability fields. Initially we consider high-contrast 
permeability fields having either a high permeability channel or a low permeability region. Our numerical studies indicate 
that the best solutions for two-phase flows in such challenging fields occur for extreme values of α. These numerical results 
will be used in the design of an adaptive strategy for setting the parameter α, aiming at an improved accuracy of the MRCM 
solution.

In all simulations the reservoir is initially fully saturated with oil and water is injected at a constant rate. We use 
quadratic relative permeability curves: kro = (1 − s)2 and krw = s2, such that the fractional flow function is given by

f (s) = Ms2

Ms2 + (1 − s)2
, (15)

where M = μo/μw . We take M = 40 in our numerical experiments.
For each production well the oil fractional flow F(t) (the fraction of oil in the produced fluid) is given by

F(t) = 1 −
∫
∂�out

f (s) u · n dl∫
∂�out

u · n dl
, (16)

where ∂�out denotes the outflow well boundaries with the outward unit normal n. We refer to the dimensionless time 
expressed in PVI (pore volume injected), a standard time unit in reservoir simulation that refers to the fraction of the total 
accessible pore volume that has been injected into the domain [49]

TPVI = −V −1
p

t∫
0

∫
∂�in

u(x, τ ) · n dl dτ , (17)

where V p is the total pore-volume of the reservoir, t is the time taken for injection and ∂�in the inflow well boundaries 
with the outward unit normal n.

The time steps are chosen such that they satisfy a CFL condition [50]. The number of transport steps between successive 
elliptic updates used in the operator splitting scheme is at most 20.

We present and discuss results of numerical simulations performed with two-dimensional permeability fields set ini-
tially to be layers of the 3D SPE10 field (http://www.spe .org /web /csp /index .html) [51]. For the fields considered here the 
permeability contrast is Kmax/Kmin ≈ 106 and the computational grid has 220 × 60 cells distributed on a rectangular do-
main � = [0, 11/3] × [0, 1]. In most of our simulations, we consider a slab geometry, with no-flow boundary conditions at 
the top and bottom boundaries (y = 0 and y = 1) along with an imposed flux on the left (x = 0) and right (x = 11/3) 
boundaries, with no source terms. This is the geometry considered in the numerical experiments unless stated other-
wise.

Concerning the MRCM, we consider linear spaces PH,1 and UH,1 for interfaces unknowns. For simplicity, the skeleton 
partition TH is built by taking only one element per interface �i j between subdomains. Refinements of TH are possible in 
the MRCM algorithm, but these are left for future work.

http://www.spe.org/web/csp/index.html
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Fig. 1. Relative errors computed at TPVI = 0.3. L2(�) errors for flux (top) and L1(�) errors for saturation (bottom). Each curve shows the results of a 
different SPE10 layer as a function of the algorithmic parameter α. Note that the minimum errors for saturation and flux are attained at intermediate 
values of α. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

4.1. Two-phase flows: global errors

The objective of this study is to investigate whether the improved accuracy shown by the MRCM when compared to 
existing procedures in the approximation of single phase flow [16,17] is also present for two-phase flows. In the references 
just mentioned the improved accuracy of the MRCM indicates that typically minimal error for pressure and flux is attained 
somewhere between the MMMFEM-like and MHM-like solutions. Note that by setting small (respectively, large) values for 
the MRCM algorithmic parameter α one can produce MMMFEM-like (resp., MHM-like) numerical approximations.

Numerical results obtained with the MRCM for two-phase problem at TPVI = 0.3 are shown in Fig. 1 for some selected 
layers of the SPE10 field that contain channelized structures. The domain is divided into 11 × 3 subdomains with 20 × 20
cells into each one. The L2(�) and L1(�) relative errors, for flux and water saturation, respectively, are computed with 
respect to a reference fine grid solution. Fig. 1 shows that the behavior of the errors for the flux is similar to that reported 
in [16], where a strong dependence on the parameter α is noticed. We have observed that applying a downscaling procedure 
(used here, but not in [16]) shifts the position of the minimum for the errors from values of α ∈ [1, 100] to α ∈ [0.01, 1]. 
Moreover, the minimum errors for saturation and flux are attained at essentially the same values of α. Once the minimum 
errors for saturation occur for intermediate values of α we confirm that the MRCM when applied to two-phase flows 
produces more accurate solutions when compared to both MMMFEM and MHM. We have selected layer number 36 of 
the SPE10 field to investigate flux and saturation errors throughout a simulation. Fig. 2 shows that the minima for both 
quantities do not vary significantly over time.

Next, in line with similar studies discussed in [1,17], we consider all SPE10 layers in a study to assess the accuracy of the 
MRCM when compared to two-phase flows approximated by the MMMFEM and the MHM. We set α = 1 in the MRCM (see 
[17] for a justification of this choice) and we refer to the method with this choice as the MRCM-usual. In order to produce 
MMMFEM-like and MHM-like solutions we take α = 10−8 and α = 108, respectively. In Fig. 3 we present L2(�) and L1(�)

relative errors for flux and saturation, respectively. The errors are computed at TPVI = 0.3 for all SPE10 layers. Note that 
the MHM-like solutions are the least accurate ones, a result that is similar to a study presented in [17] (performed with 
other choices of interface spaces, without the effect of downscaling and for single-phase flows). The MRCM-usual solution 
is comparable in accuracy to the MMMFEM-like solution, however for the flux variable the MMMFEM-like solution behaves 
poorly for some of the layers around 40 and 80. These results are reflected also in the corresponding saturation fields. 
Our results indicate that the MRCM-usual produces more accurate solutions for flux and saturation than the corresponding 
solutions produced with the MHM-like method, for all layers of the SPE10 field. Moreover the MRCM-usual results are more 
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Fig. 2. Relative errors for layer 36 as a function of the algorithmic parameter α at different times. L2(�) errors for flux (top) and L1(�) errors for saturation 
(bottom). Note that the behavior of errors for both quantities do not vary significantly throughout the simulation.

Fig. 3. Relative flux and saturation errors for the MRCM-usual, the MMMFEM-like method and the MHM-like method for each layer of the SPE10 field 
at TPVI = 0.3. L2(�) error for flux (top) and L1(�) error for saturation (bottom). Note that the MRCM-usual is the most accurate procedure on highly 
channelized permeability layers (36 to 85).
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Fig. 4. Relative L1(�) error for saturation as a function of the algorithmic parameter α for different choices of the domain decomposition. Errors are 
calculated for the 36th layer of the SPE10 field at TPVI = 0.3. We compare results for subdivisions of the domain in 11 × 3, 20 × 4 and 22 × 6 subdomains 
with 20 × 20, 11 × 15 and 10 × 10 fine grid cells in each subdomain, respectively. Note that all domain decompositions considered share the same trend 
for the saturation error curves.

accurate than the simulation results performed with the MMMFEM-like method in the case where the permeability field is 
highly channelized (layers 36 to 85).

We close this discussion of global errors with the result reported in Fig. 4. In order to illustrate that the choice of a do-
main decomposition does not affect the main trend of saturation error curves, we consider different domain decompositions 
for the 36th layer of SPE10 project. Errors are computed at TPVI = 0.3 and can be seen in Fig. 4. We consider subdivisions 
of 11 × 3, 20 × 4 and 22 × 6 subdomains, having 20 × 20, 11 × 15 and 10 × 10 fine grid cells inside each subdomain, 
respectively.

Multi-phase flows in high-contrast formations are typically dominated by fingering instabilities. The details of such fin-
gers are not well captured by the global norms considered above. However, the correct approximations of such water-oil 
fingers is essential in predicting breakthrough times, that are important for decision making in reservoir engineering. Next 
we perform a more detailed assessment of the performance of multiscale mixed methods by comparing their 2D satura-
tion profiles. We will also compare results produced by multiscale mixed methods with a classical multiscale method: the 
Multiscale Finite Volume Method (MSFV) [2,52].

4.2. Two-phase flows: detailed analysis

We now compare saturation profiles of two-phase flows approximated by the MRCM, the MMMFEM-like and MHM-like 
procedures and the MSFV.

4.2.1. Permeability field with a high permeability channel
In our first study we consider the 36th layer of the SPE10 field with a domain decomposition of 20 × 4 subdomains, 

each one discretized by 11 × 15 cells. Note that the MSFV version that we use for comparison (presented in [2] with the 
correction functions proposed in [52]) requires an odd number of cells in each direction in the discretization of subdomains. 
Layer 36 of the SPE10 project has a channel of high permeability. The approximation of the velocity field in such a high-
contrast formation presents a challenge for the multiscale methods. Fig. 5 shows the permeability field (log-scaled) along 
with the saturation profiles at TPVI = 0.06 (before breakthrough time) approximated by multiscale methods. The methods 
that produce a saturation solution closer to the reference run (fine grid solution of the problem at hand) are the MRCM-
usual and MMMFEM-like method, while the latter is the most accurate in capturing the details of the fingers. The MSFV 
and the MHM-like method produce very inaccurate solutions for this channelized permeability field. The oil production 
curves along with saturation relative errors corresponding to the simulations reported in Fig. 5 are displayed in Fig. 6. In 
this figure, the breakthrough time for the fine grid simulation is illustrated by a dashed line in the saturation relative errors 
plot. The oil production curve computed by the MHM-like method clearly differs considerably from the reference one. The 
procedures that better predict oil production curves are the MRCM-usual and the MMMFEM-like method. The saturation 
global errors reflect these results: we note that the errors associated with the MRCM-usual and MMMFEM-like method are 
the smallest.

We also consider another version of this example by using a point source for water injection and production wells, along 
with no-flow boundary condition in the whole domain, keeping the same permeability field and domain decomposition of 
the previous case. Water is injected at the bottom-left corner while the production well is located at the top-right corner. 
The saturation profiles at TPVI = 0.13 (just before breakthrough time) are shown in Fig. 7, where one can observe the same 
behavior as for the slab geometry, with the MMMFEM-like being the most accurate in capturing the details of the fingers. 
Similar results are also attained for the oil production curves and saturation relative errors, presented in Fig. 8, where better 
predictions of oil production curves are obtained by the MMMFEM-like method, as well as the smallest saturation global 
errors.
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Fig. 5. Comparison of multiscale methods. Saturation profiles at TPVI = 0.06 for layer 36 of the SPE10 field are shown. Left column, top to bottom: high-
contrast permeability field (log-scaled); MSFV saturation profile; MMMFEM-like saturation profile. Right column, top to bottom: reference fine grid solution; 
MRCM-usual saturation profile; MHM-like saturation profile. The MMMFEM-like method is the most accurate in capturing the details of the fingers on this 
field with a high permeability channel.

Fig. 6. Oil production curve (left) and relative L1(�) errors for saturation (right) on layer 36 of SPE10 model as a function of time. The breakthrough time 
is illustrated by a dashed line (right plot). We note that the best approximations of oil production curves and the smallest saturation errors are performed 
by the MRCM-usual and MMMFEM-like method.

4.2.2. Permeability field with a region of low permeability
Regions of low permeability also pose difficulties for multiscale methods. In order to assess the various methods con-

sidered here in such a situation we built a region of low permeability taking advantage of the channelized structure of 
layer 36. We consider a region at the bottom left corner of the layer 36 with 165 × 45 fine grid cells divided into 15 × 3
subdomains. The low permeability region is defined along the channel of layer 36. The boundary conditions for this case 
follow the slab geometry as before. Fig. 9 shows the permeability field (log-scaled) with the region of low permeability 
and saturation profiles at TPVI = 0.09 (before breakthrough). In contrast to our findings in the previous example the only 
procedure that produces a saturation field close to the reference solution is the MHM-like method. Fig. 10 shows the oil 
production curve and the relative saturation error as a function of time. Note that all oil production curves are quite in-
accurate. This confirms that problems with obstacles are difficult to approximate by multiscale methods. The saturation 
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Fig. 7. Comparison of multiscale methods using point source and no-flow boundary conditions. Saturation profiles at TPVI = 0.13 for layer 36 of the SPE10 
field are shown. Left column, top to bottom: high-contrast permeability field (log-scaled); MSFV saturation profile; MMMFEM-like saturation profile. Right 
column, top to bottom: reference fine grid solution; MRCM-usual saturation profile; MHM-like saturation profile. The MMMFEM-like method is the most 
accurate in capturing the details of the fingers.

Fig. 8. Oil production curve (left) and relative L1(�) errors for saturation (right) on layer 36 of SPE10 model as a function of time using point source and 
no-flow boundary conditions. The breakthrough time is illustrated by a dashed line (right plot). We confirm the better performance of the MMMFEM-like 
method throughout the simulation.

errors produced by the MHM-like method after breakthrough time are the smallest. These results indicate that the remain-
ing procedures (MRCM, MMMFEM-like method and MSFV) produce poor quality solutions in presence of low permeability 
regions.

We repeat this example now with point source and sink, along with no-flow boundary condition in the whole domain, 
keeping the same permeability field and domain decomposition as the previous simulation. Water is injected at the bottom-
left corner, while the production well is located at the top-right corner of the domain. The saturation profiles at TPVI = 0.18
(just before breakthrough time) are shown in Fig. 11, where one can note that the MHM-like is the most accurate method, 
the same conclusion as in the slab geometry case. Similar results are also obtained for the oil production curves and 
saturation relative errors, which are presented in Fig. 12. All approximations of oil production curves are inaccurate and the 
smallest saturation global errors after breakthrough time are associated with the MHM-like method.
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Fig. 9. Comparison of multiscale methods. Saturation profiles at TPVI = 0.09 for a permeability field exhibiting a low permeability region are shown. 
Left column, top to bottom: high-contrast permeability field (log-scaled); MSFV saturation profile; MMMFEM-like saturation profile. Right column, top to 
bottom: reference fine grid solution; MRCM-usual saturation profile; MHM-like saturation profile. Note that the MHM-like solution is considerably more 
accurate than the others.

Fig. 10. Oil production curve (left) and relative L1(�) errors for saturation (right) on a region of low permeability as function of time. The breakthrough 
time is illustrated by dashed line (right plot). We note that all approximations of oil production curves are inaccurate. The smallest saturation errors are 
obtained by the MHM-like method.

4.3. Adaptive MRCM

The two studies reported above (permeability fields with either a high permeability channel and a low permeability 
region) illustrate the difficulties of multiscale methods in the approximation of velocity fields in high-contrast formations. 
Although relative errors for saturation attain minima for the MRCM with the algorithmic parameter α ≈ 1 (see Fig. 1) we 
have determined that α = 10−8 (the MMMFEM-like method) is appropriate for the approximation of velocity fields in the 
presence of high-permeability channels. This is an indication that the coupling of nearest neighbor subdomains through 
the imposition of a continuous pressure is the best strategy to approximate flow in the presence of high permeability 
channels. On the other hand, the coupling of subdomains through the imposition of continuous normal components of 
fluxes accomplished by setting α = 108 (the MHM-like method) is an adequate strategy to handle low permeability regions. 
Note that the MRCM, as opposed to the other multiscale procedures discussed here, has enough built-in flexibility to handle 
both challenging permeability fields, by varying its algorithmic parameter α.
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Fig. 11. Comparison of multiscale methods using point source and no-flow boundary conditions. Saturation profiles at TPVI = 0.18 for a permeability 
field exhibiting a low permeability region are shown. Left column, top to bottom: high-contrast permeability field (log-scaled); MSFV saturation profile; 
MMMFEM-like saturation profile. Right column, top to bottom: reference fine grid solution; MRCM-usual saturation profile; MHM-like saturation profile. 
Note that the MHM-like solution is the most accurate.

Fig. 12. Oil production curve (left) and relative L1(�) errors for saturation (right) on a region of low permeability as a function of time, using point source 
and no-flow boundary conditions. The breakthrough time is illustrated by a dashed line (right plot). We confirm the better performance of the MHM-like 
method.

In order to further assess the accuracy of the methods considered here we construct a challenging, high-contrast perme-
ability field that contains both types of structures: a high permeability channel and a low permeability region. The domain 
considered is � = [0, 33/12] × [0, 3/2] with 165 × 90 fine grid cells equally divided into 15 × 6 subdomains. The upper 
half of the permeability field contains part of the channel structure from layer 36 of the SPE10 project and the lower half 
contains a region of low permeability. The permeability contrast is Kmax/Kmin ≈ 109 and the field is shown in Fig. 13. 
The upper and lower regions are separated by a low permeability strip. The studies reported above indicate that for this 
permeability field all the multiscale methods that we have considered might produce inaccurate solutions.

In order to approximate the saturation solution in this challenging permeability field we propose initially a naive strategy 
for the selection of the MRCM parameter α. We use α = 10−8 (MMMFEM-like method) for the upper half containing the 
high permeability channel and α = 108 (MHM-like method) for the half containing the low permeability region. We refer to 
this method as the MRCM-naive. We intend to use this example as a proof of concept: by varying the algorithmic parameter 
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Fig. 13. A high-contrast permeability field (log-scaled) built to assess the accuracy of multiscale methods. The upper half contains the channel structure 
from layer 36 of the SPE10 field and the lower half contains a low permeability region. The permeability contrast is Kmax/Kmin ≈ 109.

Fig. 14. Choice of the parameter α on subdomain boundaries for the MRCM-naive. The upper half considers the MMMFEM-like method by setting α = 10−8

(red). The lower half considers the MHM-like method by setting α = 108 (cyan).

α of the MRCM we intend to show that we can produce good approximations velocity fields in complex, high-contrast 
formations. Clearly this strategy would not be applicable in fields exhibiting multiple channelized and low permeability 
regions. We will address the general case later.

Fig. 14 shows the choice for α at the boundaries of subdomains. A comparison of multiscale solution methods at TPVI =
0.06 is illustrated in Fig. 15. For the upper half of the domain the MHM-like procedure is clearly inaccurate while for the 
lower half the remaining procedures (MSFV, MRCM-usual and the MMMFEM-like method) provide poor approximations. 
Therefore the only procedure that produces a saturation solution close to the reference run is the MRCM-naive. Fig. 16
shows the comparison of saturation profiles at TPVI = 0.5, where it can be seen that these findings are even more evident 
after breakthrough.

Aiming at approximating velocity fields in realistic permeability fields where a clear separation of high and low perme-
ability regions would not be possible we introduce an adaptive strategy for the choice of the α parameter. The basic idea 
is to identify the regions of high permeability and set α adaptively. We remark that a special treatment for distinct perme-
ability regions has recently appeared in [6] where the focus was the construction of additional multiscale basis functions in 
selected regions. Our focus is computationally more competitive because we achieved improved approximation capabilities 
without adding multiscale basis function to the original set.

Our proposed strategy consists in setting the value of α locally, depending on the values of the permeability field at the 
boundaries of the subdomains. We set α = 10−8 (a MMMFEM-like method) for regions where the permeability is larger 
than a cutoff value ζ and α = 108 (a MHM-like method) for the remaining subdomain boundaries. This procedure can be 
considered in a preprocessing operation, in which we map the absolute permeability variations and set α only once in an 
offline step. We refer to MRCM with α set through this procedure as the MRCM-adaptive. Fig. 17 shows the α values set by 
the proposed method for ζ ∈ [100, 101, 102, 103]. We note that the high permeability channel structure is well captured for 
ζ = 101 or ζ = 102. In the study reported below we set ζ = 10.

The comparison of saturation profiles for the MRCM (MRCM-usual, MRCM-naive and MRCM-adaptive) at TPVI = 0.06 is 
displayed in Fig. 18. Note in Fig. 18 that the MRCM-naive and MRCM-adaptive provide more accurate solutions than the 
MRCM-usual. This comparison for a later time (TPVI = 0.5) is shown in Fig. 19. Note that the better solutions produced by 
the MRCM-naive and MRCM-adaptive remain the best after breakthrough. Fig. 20 shows oil production curves and relative 
saturation errors as a function of time. The procedures that yield oil production curves close to the reference one are 
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Fig. 15. Saturation profiles at TPVI = 0.06 (before breakthrough) on the high-contrast permeability field that combines a high permeability channel and a 
low permeability region. Left column, top to bottom: reference fine grid solution; MRCM-usual saturation profile; MMMFEM-like saturation profile. Right 
column, top to bottom: MSFV saturation profile; MRCM-naive saturation profile; MHM-like saturation profile. The only procedure that produces a saturation 
solution close to the reference run is the MRCM-naive.

Fig. 16. Saturation profiles at TPVI = 0.5 on the high-contrast permeability field that combines a high permeability channel and a low permeability region. 
Left column, top to bottom: reference fine grid solution; MRCM-usual saturation profile; MMMFEM-like saturation profile. Right column, top to bottom: 
MSFV saturation profile; MRCM-naive saturation profile; MHM-like saturation profile. We note that the MRCM-naive approximation is the only method that 
produces a solution close to the reference saturation map after the breakthrough.
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Fig. 17. Choice of the parameter α on subdomain boundaries for the MRCM-adaptive. The red color considers the MMMFEM-like method (α = 10−8) on 
the subdomain boundaries that are in regions of high permeability. The cyan color considers the MHM-like method (α = 108) on the remaining subdomain 
boundaries. We compare four possibilities for cutoff value ζ . Left column, top to bottom: ζ = 100; ζ = 102. Right column, top to bottom: ζ = 101; ζ = 103. 
The high permeability channel structure is well captured for ζ = 101 or ζ = 102.

Fig. 18. Comparison of the saturation solutions calculated with the different versions of the MRCM on the high-contrast permeability field that combines a 
high permeability channel and a low permeability region. Saturation profiles at TPVI = 0.06 (before breakthrough) are shown. Left column, top to bottom: 
reference fine grid solution; MRCM-naive saturation profile. Right column, top to bottom: MRCM-usual saturation profile; MRCM-adaptive saturation profile. 
The MRCM-naive and MRCM-adaptive provide more accurate solutions than the MRCM-usual.

the naive and adaptive versions of the MRCM. The saturation results after breakthrough time (illustrated by the dashed 
line) show smaller errors for these strategies. Note that, in particular, the MRCM-adaptive produces the smallest errors. In 
summary with the adaptive strategy we have successfully predicted reservoir production in high contrast formations with 
both channels and obstacles.
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Fig. 19. Comparison of the saturation solutions calculated with the different versions of the MRCM on the high-contrast permeability field that combines 
a high permeability channel and a low permeability region. Saturation profiles at TPVI = 0.5 are shown. Left column, top to bottom: reference fine grid 
solution; MRCM-naive saturation profile. Right column, top to bottom: MRCM-usual saturation profile; MRCM-adaptive saturation profile. The MRCM-naive 
and MRCM-adaptive results remain more accurate than the MRCM-usual after breakthrough.

Fig. 20. Oil production curve (left) and relative L1(�) errors for saturation (right) on the built permeability field as function of time. The breakthrough 
time is illustrated by dashed line (right plot). We note that the best approximations of oil production curves are performed by the MRCM-naive and 
MRCM-adaptive. The MRCM-adaptive produces the smallest saturation errors.

5. Conclusions and future work

The Multiscale Robin Coupled method has been carefully investigated for the numerical solution of two-phase, oil-
water flows in heterogeneous, high-contrast porous media. The governing system of equations is discretized by an operator 
splitting technique, such that elliptic equations for velocity and pressure and a hyperbolic conservation law for the water 
saturation are solved sequentially in time.

Initially we show that, in line with results obtained for single phase flows by some of the authors and their collaborators, 
the MRCM produces more accurate solutions than other well known multiscale procedures (in terms of global norms of 
velocity and saturation fields). Then we focus on a detailed investigation of how well multiscale methods approximate 
oil-water fingering instabilities in very high-contrast, realistic permeability fields. We show that, within multiscale mixed 
methods, the best scenario for the approximation of these problems involve two well known procedures: the Multiscale 
Mortar Mixed Finite Element Method (that we show to be appropriate for the approximation of flows in high permeability 
channels) and the Multiscale Hybrid-Mixed Finite Element Method (that we show to be adequate to handle low permeability 
regions). By taking advantage of an algorithmic parameter of the MRCM we develop a new adaptivity strategy, such that 



18 F.F. Rocha et al. / Journal of Computational Physics 409 (2020) 109316
depending on the local properties of the permeability field we can easily switch between the known procedures to achieve 
much better accuracy in comparison with these procedures alone.

The MRCM for two phase flows as presented here can take advantage of state-of-the-art supercomputers, its computa-
tional cost is comparable to existing procedures, and the quality of the solutions obtained are clearly better than the ones 
produced by the standard multiscale methods that we have considered. The authors intend to investigate the use of the 
MRCM in the implicit solution of multiphase flow and transport problems, possibly including compressibility effects.
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Appendix A. The Kurganov-Tadmor scheme for two-phase flows

We present the Kurganov-Tadmor method (KT) [44,45] to approximate the solution of scalar conservation laws. Let us 
consider the hyperbolic conservation law (2) in the form

∂s

∂t
+ ∂

∂x
( f (s) ux) + ∂

∂ y
( f (s) u y) = 0, (A.1)

where ux = ux(x, y, t) and u y = u y(x, y, t) denote the x and y components of the velocity field u. The spacial finite volume 
semi-discretization is given by

d

dt
si, j(t) = − 1

�x

(
Fi+1/2, j(t) − Fi−1/2, j(t)

)
− 1

�y

(
Gi, j+1/2(t) − Gi, j−1/2(t)

)
, (A.2)

where the variable si, j(t) = s(xi, y j, t) is assumed to have a piecewise constant variation over each cell (i, j) at time t . The 
KT central scheme has discrete fluxes Fi−1/2, j on interfaces xi−1/2 given by

Fi−1/2, j =
(

f (s−
i, j) + f (s+

i−1, j)

2
− ai−1/2, j

2

(
s−

i, j − s+
i−1, j

))
ux

i−1/2, j, (A.3)

where ai−1/2, j is an estimate to local speeds of wave propagation on interfaces

ai−1/2, j = max
s∈[si−1, j ,si, j ]

∣∣ f ′(s)
∣∣. (A.4)

The discrete fluxes Gi, j−1/2 are calculated in y direction analogously to the Fi−1/2, j in x direction.
The saturation solution considers a spatial reconstruction of the form

s(x, y, t) = si, j(t) + σ x
i (x − xi) + σ

y
j (y − y j), (A.5)

for xi−1/2 ≤ x < xi+1/2 and y j−1/2 ≤ y < y j+1/2. We consider the KT spatial reconstruction given by the limiter function 
minmod [50]:

σ x
i = minmod

(
si+1, j − si, j

�x
,

si, j − si−1, j

�x

)
(A.6)

and

σ
y
j = minmod

(
si, j+1 − si, j

�y
,

si, j − si, j−1

�y

)
, (A.7)

where

minmod(a1, · · · ,am) =
⎧⎨
⎩

sgn(a1) min
1�k�m

{|ak|}, if sgn(a1) = · · · = sgn(am)

0, otherwise
. (A.8)
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One can observe that if the reconstruction is constant (i.e., σ x
i = 0 ∀ i and σ y

j = 0 ∀ j) then this discretization will result 
in the Rusanov method [53]. In our numerical simulations, Eq. (A.2) is approximated by the classical Forward Euler method.
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