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1 Introduction 

Gauge theories constitute a class of models of central importance in field theory since 
they provide the conceptual basis for our present. undcrst.auding of three of the four 
fundamental interactions - strong, weak o.nd electromagnetic. At t.he very heart of gauge 
theories lies the principle of gauge invnriance, a.ccording to which physics is invariaut 
under symmetry transformations even if one is allowed to perform different symmt>try 
transfonnations at different points of space-time: such t.rnm,formations have come to be 
known as local symmetries, as opposed to rigid transformations which are the same at a.II 
points of space-time aud l\l"e commonly referred t.o as global symmetries. 1 

One of the rensons why gauge theories l\l"e so natural is that there is a standard pro­
cedure, due to Hermann \Veyl, for '·gauging" a. global symmetry so as to promote it 
to a local symmetry, or to put. it differently, for constructing a field theory with loc:al 
symmet-ries out of any given field theory ,,;t11 global symmetries. A salient feature of this 
met.bod is that it requires t.he introduction of a new field, the gauge potential, which is 
needed to define covariant derivatives that replace ordinary (partial) derivatives: such a 
presc1iption, known as "minimal coupling", is already familiar from genera.I relativity. 
(A subsequent step is to provide the gauge potential with a dynamics of its owu.) 
In his original proposal [l], Weyl explored the possibility to apply this construction t.o 
scale transformations and, by converting scale invariance into a local symmet.ry, arrive 
at a unified theory of grnvit.y and elect:romagnet.ism. Although th.is version WAS almost 
immediately dismissed 2 after Einst.ein had argued t.hat it Ir.ads to physically unacceptable 
prediction.~, t-hP met.hod as such persist:ed. It. bec.ime fruitful aft.er the advent. of quantum 
mechanics, when in his modified proposru [2], Weyl applied t.he same construction 1.0 phase 
trn.nsforml\t.ions and showed thl\t. converting phase invariance, which is a clu,rnct-eristic 
feature of quantum mechanics, into I\ local symmetry, the electromaguetic field (or better, 
the electromagnetic potential) emerges naturally. Jn this way, \Veyl created the concept of 
a gauge theory and established elect-romagnetism (coupled to matt.er) as its first example. 
lu the l950's, these ideas were ext.ended from the abelian group U(l) of quant.um mechan­
ical phases to the nonabelian isospin group SU(2) [3] and, soon after, to general compact 
co1111ected Lie groups G [4). 

Another aspect that deserves to be ment.ioned in this context is that the field theory 
governing the only one of the four fundament.al interactions not. covered by gauge theories 
of the standard Yang-!llills type, namely Einstein's general relativity, also exhibits a kind 
of loci\! symmetry (even though of 11. :slightly different type), n11.mely general coordinate 
invariance. The same type of loc:al symmetry, going under the name of repara.metrization 
invMiauc-e , prevails in string theory and membnme theory. Thus we may say th11.t. tbe 
concept of local symmetry pervades Rll of fundamental phy:sics. 

1 In this pnpN. when speaking or symmetries (local or globnl), we are tacitly ns,,--uming thot we are 
dealing with continuous symmetric-,;, not with discrete ones. 

2So.mcwhot- ironically. an imporiant remna11t- of this \'Ill)' fu-,;t o.t-tempt at o. uuificot-ion b .. t.wet-n the 
fun<lomentnl internet-ions (the only two known ones nt that. time) is the persistent use or the word ·•gauge" . 
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Unfortunstely, there is one basic mathematical aspect of local symmet1ies which is the 
source of innumerous diffic11lt.ies: the relevant symmetry groups are iufinite-climeusional. 
For example, on M arbitrary space-t.imc manifold Af, gauging a field theory which is 
invariant wider t.he A.Ction of some connect.eel compact: Lie group C will lead to a field 
theory which, in the simplest case where all fiber bundles involved a.re globally trivial, 
is invariant under the action of the infinite-dimensional group C""(M, G). Similarly, in 
geuerA.l relativity, we find invari1mce under the !let.ion of the infinite-dimensional group 
Diff(M) - the cliffeomorphism group of spuce-t.ime [5]. The same type of local symme­
try group also appears in striug theory and membrane theory, although in t.his case A1 
is to be interpreted as the parnruet.rizing manifold ,mcl not as space-time. As is well 
known, the mathematical difficulties one has to fnce when dealing with such infinit.e­
dimensional groups 1md their actions on infinite-dimensional spaces of field configurations 
or of solutions to the equations of motion (covariant phase space) i.re enormous and often 
insurmountable, in particular when M is not compact, as is the case for physically realistic 
models of spnce-time [5]. 

In view of this situation, it would be highly clesiroble to recast. the property of invari­
ance of a field theory under loC'al symmetries into u form where one deaJs exclusively with 
finite-dimensional objects. That such II reformnlat.ion might he possible is suggest.eel by 
observing that gauge transformations are, in o very specific sense, localized in space-tim<.>: 
according to the principle of reli.tivistic cnusalit.y, performing a gauge tninsformation iu a 
certain region can ba:ve no effec1. iu other, causally disjoint. regions. Intuitively speaking, 
gauge transformations are "spread out" over spuce-t.ime, and this should make it possible 
to eliminate all reference to infinite-dimensional objects if one looks at whn.t. happens ut 
each point of space-time separntdy nncl only fits I.he results together at the very eud. 

This idea can be readily implemented in mechanks, where spnee-tirne j\,/ is reduced 
to a copy of the real line JR representing the time axis. In the cont.ext of the lagrnugi1111 
formulation, the procedure works a.~ follows. Consider an autonomous mechanical s~•stem ~ 
with configuration space Q and lo.grnngia.u L , which is u given fundion on tl1c tangent 
bw1dle TQ of Q: its dy1rnmics is specified by post.ulatiug the solutions of t.he equations 
of mot.ion of the system to be the statio1111ry points of I-he uctiou fonct.ional S' associated 
with an 11.rbitrary t.ime interw~I [to, t1], defined by 

1
,, 

S[q] = dt L(q(t) , q(t)) ,., (1) 

for curves qeC""'(lR,Q) in Q. To implement t.he notion of symmet.ry, we must. fix a Lie 
group G' toget.her wit.h au act.ion 

GxQ --, Q 

(g, q) ,.._. g. q 

3The gt:neralization to non-nutonomou.s systems is straightforwnrd. 
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of G oil Q w1d note that. this induces an action 

GxTQ -+ TQ 

(g,(q,<j)) .......... g • (<J,<j) = (g·q,g•q) 
(3) 

of G oil the tangent bundle TQ of Q as well os, more generl\lly, an oction 

TGxTQ -+ TQ 

((g, Xg), (q, <j)) ........,. (g, Xg) · (q, cj) = (g · q , g · <j + Xq(g · q)) 
(4) 

of the tangent group TG of G on the tangent bundle TQ of Q. (Here, we use that the 
tangent. bundle TC of a Lie group G is Again a Lie group, whose group multiplication is 
simply the tangent. map to the original one, and that we can use, e.g., right translations 
to establish a global t.rivinlization 

TG -+ 

(g,g) >--+ 
(5) 

which shows thllt TG is isomorphic to the semidirect product of G with its own Lie algebra 
g and allows to bring the induced act.ion of TG on TQ, which is simply the tangent map to 
the origin11.l Act.ion of G on Q, into t.he form given in eqn (4).) Then the system will exhibit 
I\ global symmetry under G if Sis invatia.nt under the induced action of G on curves in Q. 
that is, if Sig• q) = Slq] where (g • q)(t) = g • q(t); obviously, this will be the case if and 
only if the lag1·1\ngian Lis invariout under the action (3) o( G on TQ. On the other bru1d. 
the system will exhibit a local symmetry under G if S is invariant under t.he induced ac­
t.ion of curves in G on curves in q, that is, if Sig -q] = Slq) wuere (g · q)(t) = g(t) · q(t). 
Now it is eusily verified t.hat this will be so if and only if the lagrangian L is invariant 
under th<i actiou (4) of TG on TQ (sec, e.g., Ref. 16)). In other words, the condition of 
i11varianc1' oft.he action fonct.ional uudcr t.he infinite-dimensional group C 00(1R, G) can be 
refornrnlated as a condition of invurianct-' oft.he lagrangian under a finite-dimensiouul Lie 
grnup, wuich is simply the tangent group TC oft-he 01iginal global symmetry group G. 
Moreover, it is also shown in Ref. l6J how one ran use t.his approach to "gauge" a given 
global symmetry t.o promote it- to a. local symmetry. provided one replaces the configu­
ration space Q by its cartesiim product with the Lie algebra 1:1 and st.udies t.he dynamics 
of ct1rves ( q, A) where A is R Logrange mult.iplier: the mechanical analogue of the gauge 
pot.ential. 0( course. in mcchanies there is uo nat.urnl dynamics for such a LagraJ1ge 
multiplier, since the '·curvature" of this "connec·tion'' vanishes identically. 

The main goal of the present paper. which is based on the PhD thesis of the second 
author [7], is to show how one cnn implement the s11.me program - recast.ing local symme­
trif's in a purely finite-dimensional setting - in field theory. that is. for foll-Hedged gauge 
theories nnd in I\ completely geometrir setup. As we shall see, this requires an important 
extension of the ml\t.hematkal tools employed to describe symmetries: the pAss11ge from 
Lie groups and t.heir actions on manifolds t.o Lie group blllldles and their actions ou fiber 
bundles (over the same base manifold) . 
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The formulation of ( classical) gauge theories in the language of modern differential gee>­
metry is 1\11 extensive subject that, since its beginu.iugs in t.l.1e 1970's, has been addressed 
by mMy l\uthors: some references in this direction which hiwe been useful in the course of 
our work arn [8-13]. It. should also be ment.ioned that. Lie group bundles can be regarded 
ns a special class of Lie groupoids, namely, locnlly t.rivin.l Lie groupoids for which the 
source projection and the target projection coincide [14], and the use of Lie groupoids in 
gauge theories has been advocated before by some authors [15, 16]. However, we believe 
that. the t.heory of Lie group bundles should uot be regarded as just. a special cnse of t.he 
theory of general Lie groupoids but has a flavor of its own. In particular, there are various 
eonstructions which are familiar from t.he theory of Lie groups that. can be extended in a 
fairly straightforn·ard manner t.o Lie group bundles but are far more difficult to formulate 
for general Lie groupoids. As nn ex11mple which is relevant here, cousider the fact. used 
above that the tangent bundle TG of a Lie group G is a Lie group and the tangent map to 
an aetion of n Lie group G is tlll artion of t.he tangent. Lie group TG: its 11at.urnl extension 
to Lie group bundles is formulated in Theorems 1 and 2 below, but. the question of how 
to extend it t.o general Lie gronpoids - i.e., how to define jct groupoids of Lie groupoids 
and their actions - does not seem to have been a.ddressed anywhere in the literature. 
Auother exl\mple would be the question of how to define the notion of invariance of a 
teusor field under the Rction of a Lie groupoid. And finally, similar statements hold 
c-oncerning the question of upplicutions: there ure lots of lagrangians in phyHics that am 
gauge invarim1t, but none that are gauge plus space-time diffeomorphiRm invariant. True 
Lie groupoids may become relevant if one wants to unify iuternal symmet1ies witb spuce­
time symmetries, but strong restrictions will have to be imposed on the space-time pa.rt: 
the question of how to formulate this ns elegnntly and concisely as possible is presc."ntly 
under inve:;t.igat.ion. At auy rate, we think that, intuitively spe11king, Lie group bundles 
ocrnpy a place "hulf way in bet.wren" Lie groups uud ~eneral Lie groupoids nnd that, they 
deserve a separate treatment R.11d a place in their own right. 

2 Jet bundles and the connection bundle 

The theory of jet bundles- AS exposed, e.g., in Ref. [l 7j - is ru1 importRnt tool iu differential 
geometry uud, in particular. plays u central role for the understanding of symmetries in 
gauge." theories as advoeuted in this paper. The general definition of jets (as equivalence 
classes of local mops whose Taylor expansions coiucide up to ii. certain order) is somewhat 
complicated but will not. be needed here sinc-e in first and second order (which is uJI we 
ore going to consider) there are itltemutive definitions that, arc." simpler [18). In fact., given 
a fiber lJlmdle E over u manifold Af with projection 11' : E - M, we can define ,it.s first. 
order jeL bundle J E aud it.s linearized first order jet bundle JE as follows: for any point 
e in E with base point m = 1r(e) in M, consider the affine sp11ce 

J.E = { ·u E L(TmM, TCE) I T.1r OU = ic½-,,,M} 1 (6) 
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and its difference vect.or space 

J',,E = L(T,,.M, V,,E) = T;,.Af ® VeE , (7) 

where i-:E = kerT,.1r is the vertical space of E at e, nnd note that this defines J E as 
1111 affine bundle over E and JE 11s a vector bundle over E with respect to the target 
project.ion (which takes J,E and J,.E toe) but also defines bot.h of them 11s fiber bundles 
over ll-f with respect to the source projection (which t11kes JeE and J',,E to m = ,r(e)). 
Moreover, composition "';th the appropriate tnngeut maps provides a canonical procedure 
for associating with every strict homomorphism f : E ---+ F of fiber bundles E and F 
over M a homomorphism J f : J E ---+ J F of affine bundles (sometimes called the jet 
prolongat.ion of/) and a homomorphism jJ: .iE---+ ]F of vect.or bundles cove1ing f: 
in this way, J and J become functors. Iterating the construction, we can Riso define t.he 
second order jet bundle J2 E by ( n) considering t.he i t.erated first order jet bundle J ( J E), 
(b) passing to the so-called semiholonomic second order jet bundle PE, which is t.he 
affine subbun<lle of J ( J E) over J E defined by the condition 

(8) 

where Ts and TJE are the target projections of JE and of J(JE), respectively, while 
ht:: J(.JE)---+ JE is the jet prolongation of TE: JE---+ E, and (c) decomposing t.his, 
ns a fiber produc·t of affine bund!P.s over J E, into 11- symmetric part and an antisymmetric 
part: the former is precisely PE l\nrl is an affine bundle ove\JE, with difference vector 
bundle equal to the pull-back t.o J E of the vector bundle 1r• (V T• M)@ VE over Eby the 
target project.ion TE, whercAS the lntter is a vector bundle over .J E, namely the pull-back 
to .J E of the vector bundle ,.• (/'/ T• Af} ® VE over E by the target projection rs: 

PE ~ J2E x 1s r;;(1r•(f,2T•,'vl) @VE) 

J2 E ~ r;;(r.•(V2
T'M)®VE) 

(9) 

Turning to gl\uge theories, we begin by recalling that the starting point for the formula­
tion of a gauge theory is the choice of (a) a Lie group G. with Lie algebra g, (b) a p1incipal 
G-bundlc P over the space-time manifold M ,~it.11 projection p : P---+ l'vf and carrying 
a naturally defined right action of G tlmt will be written in the form 

PxG ---+ P 

(p,g) ,__. p· g 
(10) 

l\nd (c) I\ mM1ifold Q carrying an act.ion of Gos in eqn (2) 11,hove, so that we can form the 
associated bundle E == P Xe Q over ,'v[ us well as the connection bundle CP = JP/G 
over M. Sect.ions of E represent the (multiplet of all) matter fields present in the theory, 
whereas sections of CP represent the gauge pot.entials (connections) . The group G is 
usually referred to us the struc-ture group of the model: it contains a compact "internal 
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part'' (e.g., a U(l) factor for electroclynamics or, more generally, an SU(2) xU(l) foctor for 
the elect-rowenk t.heory, an SU(3) fortor for chromody1rnmics, etc.) but- possibly also a non­
compact "space-time part" which is ru1 appropriate spin group, in order to accomodate 
teusor ancl spinor fields. 

The constructions of the associated bundle E = P x c Q and of the connection bundle 
C P = JP /G are standard (both can be obtained as quotients by a free action of G). and 
we just recall a few bosic aspects in order to fi.-x notation. 

The 6t'$t arises from t.be cartesian product P x Q, on which G acts accordiug to 

and we denote the equivaleuce class (orbit.) of a point (p, q) E P x Q by [r, , q] E P x G Q. 

The second is obtained from the first order jet buudle JP of P, which carries a natural 
right. C-act.ion induced from the given right G-nction on P by taking derivnt.ives (jet.s) of 
locsl sections: for any point me M, 

(imu) · 9 = j.,.(t1 · g) , 

and we denote the equiw1lence class (orbit-) of a point JmU E JP by [jmu] E C P. 
Such an equivalence class can be identified with 11. horizontal lifting m11p 011 the filwr 
P,,. of P at m , that is, a G-equivnriant homomorphism 

r,n: Pm X T,nAf--+ TP I Pm 

of vector bundles over Pm which, when composed with the restriction to T PI Pm of the 
tangent map Tp: TP--+ TM to the principal bundle projection p : P--+ Af, gives 
the identit.y. Still another representation, and the most. useful one for practical purposes, 
is in terms of a connection form on the fiber P,.. of Pat m, that is, a G-equivarianl, 1-form 
Am ou Pm with values in the Lie a.lgebrn g whose restriction to the vertical subspace VPP 
at each point p of Pm coincides with the canonical isomorphism of t,;,P with g given hy 
the stru1do.rd formnla for fundamental vector fields, 

g -+ t,;,P 

X f--+ ;t p(y) 
where Xp(l') = _dd J> - exp(t.X) I , 

t t=O 

the relation between the two beiug that the image of r.,, coincides witl1 the kernel of A.,, . 
Since JP is an affine bunclle over P , with difference vector bundle JP ~ p• (T• M) ® VP 
where VP is the vertical bundle of P which in tum is canonicnlly isomorphic to the trivial 
vector bundle P x g over P, and since G act.s by fiberwi8e affine trnnsforma.t.ions on JP 
and by fiberwise linear 1-ransformations on JP, it follows that CP is nn affine bundle 
over M , with differene;e vector bundle C Pg, T• M ® (P Xe: 9). 

Finally, we shall also ueed to consider t:he first order jet bundle of the connection 
b1mdle, which turns out to admit a cauonico.l decornposition into a syrnmet.ric and an 
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aut.isymmetric part. To derive this, uote that when we lift the given right G'-action 
from P first to JP as 11.bove and t.heu to J(.J P) by applying the same prescription again, 
the semiholonomic second order jet bundle J2 P will be a G-invutiant sub bundle of J( JP) 
and it.s quotient by G will be precisely J(CP): 

J(CP) ~ PP/G . (11) 

But the canonic:111 decomposition of J2 P into symmetric and antisymmetric part as given 
in eqn (9), when ~peciulized to p1incipal bundles, is manifestly G'-invuriant., so we can 
divide by the G-actiou to arrive at the desired canonical decomposition of .J(CP), as a 
fiber product of affine bundles over C P, into a symmetric part (an affine bundle) and a.n 
ant.isymruetric part (vect.or bundle): 

J(CP) ~ (J2P)/G Xcp "cP(f/T•M@(Pxcg)) 

(J'lP)/G' ~ "CP(V2
T•Af ® (P Xe g)) 

{12) 

The project.ion outo the second summand in this decomposition is called the curvature 
map because, at. t.he level of sections, it maps the 1-jet of a connect.ion form A t.o its 
curvnture form F_4 • See Theorem 1 of Ref. [12] and Theorems 5.3.4 and 5.3.5 of Ref. (17]. 

3 Gauge group bundles and their actions 

In this section we introduce tlw bnsic object needed to describe symmetries in gauge 
theories wit.bin a purely fiuite-dimcnsional sett.ing: the gauge group bundle and its de­
SC'endant.s. All of these am Lie group bundles which admit certain natural adions on 
various of t.he bundles introduced before 1,nd/or their descendants: our aim here will be 
to detiu<' them rigorous!~•- In order t.o do so, we lll\t5t first introduce the notion of a Lie 
group bundle 11nd of fill action of a Lie group bundle on a fiber bundle ( over the same 
base manifold): this involves the concept of a locally constant stn1cture on a fiber bundle. 

Let. E be 1\ fiber bundle over a b11se manifold Af with projection r. : E -+ M and 
typical fiber E0 , and suppose that hoth E0 and every fiber Em of E are equipped \\;th some 
determined geometric structure oft-he same kind. \-\'e say that such a geometric structure 
is locally constant along M if there exists a family ( <I> 

0
)

0
eA of local trivializations 

<J.1
0 

: r.- 1 (U,,) __, U~ x E0 of E whose domains U,. cover 1'1 and such that for every point 
m in U" the diffeomorphism (<1>0 ),,. : E,,. -+ E0 is structure prese1ving: aoy (local) 
trivi1ilizatio11 of this kind will be called compatible. 

Definition 1 A Lie group bundle (often abbreviated ;'LGB") over a given base mani­
fold i\;J is a fiber bundle G over M whose typical fiber is a Lie group G and which comes 
equipped with a st1-ir.t bundle homomorphism over M 

7 
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called multiplication or the product, a global section 1 of G called the unit and a 
strict bundle. homomorphism ot1er At 

a -+ G 
g .......... g-1 

(14) 

called inversion which, taken toget.her, define a Lie grnup structure in each fiber of G 
that is locally cori.startt along M. 

This definition coincides with the one >\dopted in Ref. [14, p. 11]. 

Example 1 Let P be a principal bundle over a given mru1ifold !vl with structure group G 
and bundle project.ion p : P --> M. Then the associated bundle P Xe G, where G is 
supposed to act on itself by conjugation, is a Lie group bundle over M, if we define 
multiplication by 

the unit by 

and inversion by 

[pl h] (p ' g] = [p ' hg] ' (15) 

(16) 

(17) 

\ 1Ve call it. the gauge group bundle associated with P because the group of its sections 
is naturally isomorphic to the group of strict automorphisms of P, which is usually re­
fen-ed to as t.he group of gauge transforn111tions (or sometimes simply. though somewhat 
misleadingly, the gauge group) !\Ssociated with P: 

f(P Xe G) ~ Aut-,(P) . (18) 

Definition 2 An action of a L-ie. gmup bundle (; on a fiber bundle E, both over th<! 
same !liven bu.se manifold M, is a strict bundle homomorphism over M 

GxME --+ E 

(g, e) >----+ g • e 
(19) 

which defines an action of each fiber of (; on the co1Tesponding fiber of E that is locally 
constant along AI. 

Example 2 Let P be a principal bundle over a given mauifold lvl with structure grnup C 
and bundle projec.t.ion p : P --> M and Q be a manifold carrying an action of G as in 
t>qn (2) above. Then the gRuge group bundle P Xe G acts uat.urnlly on the associated 
bundle P Xe Q, according to 

[p,g]·(p,q] = [p,g·q]. (20) 

A particular case occurs if we take Q t.o be G itself, but. this time let.tiug G (the structure 
group) a.ct. 011 G (the typical fiber) by left translation: usiug t.he foct that. the resulting 
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associated bundle is canonically isomorphic to P itsclf,4 we see that the gauge group 
bundle P xa G act.s nat,urally on P itself, according t.o 

[p, g) · (p · go) = 11 • (ggo) . {21) 

Note that this {left) action of P xa G on P commutes "'ith the (right) action of G on P 
specified in eqn (10) above - a. fact which can be viewed as a. oatura.l generalization, from 
Lie groups to principal bundles and bundles of Lie groups, of the well known statement 
that. left. translations commute with right translations (and to which it reduces when j\,[ 

is a single point). 

Bundles of Lie groups and their actions also behave naturally under ta.king derivatives. 
For exrunplc, we have the following 

Proposition 1 An action of a Lie group bundle G on a fiber bundle E, both 011e1· the 
same base man if old M, induces in a natuml way actions of G on the 11e1·tical bundle VE 
of E and on the line.arized jct bundle JE of E. 

Explicitly, the first of these induced actions is defined by 

d I d I g·dt: e(t) t=O = dt (g•e(t)) t=O for me]\,[, geG'm, e any smooth curve in Em, (22) 

whereas the second is obtninded by taking its tensor product with the t1ivial action of G on 
the cotangent bundle T" M of M, using the canonical isomorphism JE ~ r."(T• M)® VE. 
In t\ slightly different direction, we note the following 

Theorem 1 Let G be a Lie group bu-ndle over 1\1. Then for any r ~ 1, its r th order 
jet b1111dlc J'G ·is also II Lie group bundle over M.~ (When r = 1, -we often omit the 
s11perfi:,; 1·.) 

Theorem 2 An act·ion of a l,ic gr011p bundle G on a fibe1· bundle E, both ovet· the same 
ba.se manifold M, induces in a. natv.rnl way an acti.011 of J'G on J' E, for any r ~ l. 
(When r = 1, we often omit the sv.perfi:r. r .) 

Proof: Both theorems are direct consequences of the fact tbnt. taking r th order jets is 
a Ii.met.or, together witll I.Ile fact t.hat for any two fiber bundles E and F over the same 
base u11mifolcl M, there is a cauonical isomorpllism 

J'(ExMF) ~ .TExuJrF 

induced by the identification of (local) sections of E X,11 F with pairs of (local) sections 
of E 11ml of F. More specific111ly, we define the product, t.he unit and the iuversion in .J'G 

4Explicit.ly, this isomorphism iM given by mapping [p, gj top. 
Gone should note thnt a.n analogo\.18 statement for principal bundles would be false: the fa.ct that P 

i8 n principal bundle does not imply that J" P is a principal bundle. 

9 



by ext.ending the product, the w1it. and the inversion in G, respectively, pointwise to local 
sections and then taking r•b order jets, and similarly, we define the itct,ion of J'G on J' E 
by extending the action of G on E point.wise to local sections and then taking 1· th order 
~ D 

Example 3 Let P be a principal bundle over a given manifold,\,/ with structure group G 
and bundle projection p : P -> M. Then for any r ~ 1, the r th order jet bundle 
J'(P xa G) of the gauge group bundle P Xa G is a Lie group bundle over M which 
we shnll call the (rth order) derived gauge group bundle associated ,~ith P. (When 
r = 1, we oft.en omit the prefix "first order''.) 

\l\'ith these tools at our disposal, we proceed to define various actions of the gauge 
group bundle and the (first nncl second order) derived gauge group bundles that pl.iy an 
important role in the analysis of symmetries in gauge thcorie.~. Stlll'ting with the action 

(P xa G) x (P xa CJ) --+ P Xe Q (23) 

of the gauge group bundle P x c G on the matter field bundle P Xe Q already mentioned 
in Example 2 (cf. eqn (20)), consider first the induced !lction 

(P Xe G) x V(P Xe Q) -+ V(P Xe CJ) (24) 

of P Xe G 011 the vertical bundle V(P Xu Q) of P Xe Q obtained by taking derivatives 
along the fibers (this corre.sponds to the t.rnnsition from the action (2) to the uction (3) , 
using that, for each point- m in M, the fiber of V(P xa Q) over mis precisely the tangent 
bw1dle of the fiber of P Xe Q over m), and extend it trivially to an actiou 

(P xe G) x f(P x 0 Q) -+ f(P xa Q) (25) 

of P xcG on the linearized first order jet bundle .f(P x 0 Q) of P xcQ, using the canonical 
isomorphism 

f(P Xe Q) ~ -rr•(T" M) ® V(P Xe Q) 

and taking the tensor product with appropriate identities on -rr•(T• M). Similarly, the 
action (23) induces an action 

J(P Xe G) x J(P X e Q) --+ J(P Xe Q) {26) 

of J(P Xe G) on the first order jet bundle J(P Xe Q) of P xa Q, obtained by applying 
Theorem 2 (with r = 1). On the other hand, starting with the action 

(P xaG) x P -+ P 

of the gauge group bundle P x c G ou the p1incipal bundle P itself t1lre11dy mentioned in 
Example 2 (cf. equ (20)) , which commutes with the {right) action of G on P, Theorem 2 
with r = 1) provides an action 

J(P Xe; G) X JP --+ JP 
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of J(P Xe G) on the first order jet bundle JP of P which commutes with the induced 
(right) action of G on JP IIJld therefore factors through the quotient to yield an action 

J(P xeG) x GP -+ GP (27) 

of J(P Xe G) on the connection bundle GP of P. Finruly, applying Theorem 2 (with 
1· = 1) once more and using the fact that. J2(P Xe G) can be realized as a Lie group 
subbundle of the iterated Lie group bundle J(J(P Xe G)), we anive at an action 

J2(P xc G) x .J(CP) -+ .J(CP) 

of .P(P Xe G) on the first order jet bundle .J(CP) of GP. 

4 Local expressions 

(28) 

Our next goal \\ill be to derive local expressions for the actions (23-28) to show that they 
are global versions of well known 11n<l intuitively obvious constructions used by physicists. 

In order to build t,his bridge, the first obst,ucle to be overcome is the fact that physicists 
nsually write these ll.Ctions in tenns of fields, that is. of (local) sections of the bundles 
involved, r11t.her than the bundles themselves. In mat,hematicul terms. this corresponds to 
thinking in terms of sheaves, rnther than bundles. Now a Lie group btmdle corresponds 
to a "locally constant" sheaf of Lie groups and an action of a Lie group buudle 011 a 
fiber bundle corrt!sponds to a "locally constant" act.ion of a '·locally constllllt" sheaf of Lie 
1,rroups 011 a "locally const.aut" sheaf of manifolds. Explicitly, these shC'aves are obtained by 
assoria.t.ing with each open subset U of the base manifold M the group r(U, G) of sections 
g of G over U aml t.he spare f(U. E) of sections ip of E over U, and with each pair of 
open subsets of M, one of which is contained in the other, the appropriate restriction 
maps, The requirement. of local triviality then means that each point of Af admits an 
open neighborhood such that for every open subset U of M contained in it, we. have 
isomorphisms r(U,G) ==' C00 (U,G) and f(U,E) ==' C00(U,Q), and the requirement of 
local const,mcy means that these isomorphisms can be chosen such that the product, the 
unit uud the inversion in f( U, G) conespond to the pointwise defined prnduct, unit and 
inversion in C00 (U, G) and the action of r(U, G) on f{U, E) corresponds to the point.wise 
defined action of C00(U, G) on G00 (U,Q): 

(g1g2)(~:) = g1 (x) g2(.1:) g- 1 (x) for XEU 

(g • 9)(x) = g(x) - ip(:i:) for XE U 

This interpretllt.ion is particularly useful for considering induced actions of jet bundles of G 
on jet htmdles of E, because it allows to state their definition in the simplest possible 
way: t.he 11Ct-ion of JG on JE, say, indured by au action of G on E, when translated from 
nn 11Ction of fibers on fibers to au t\Ction of lol'al sections on local sections, is simply given 
h~• taking the derivnt.ive, according to the standard rules. 
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Let. us npply th.is strntegy to the actions of the gauge group bundle and its descendants 
introduced at the end of the previous sect.ion. To this end, we assume throughout. t.he 
rest of this section that U is an arbitrary hut fixed coordinate domain in Af over which 
P is trivial and thnt we hnve chosen a ~ction u of P over U, together with fl, system of 
coordinates xµ ou U: together, t,hese will induce, for each of the bundles appearing in 
eqns (23-28), a trivializa.t.ion over U which iu turn provides an isomorphism between its 
space of sect.ions over U and au appropriate function space. 6 

Under the identifications r(U,P x 0 G) ~ C00(U,G), r(U,P Xe Q) ~ C""(U,Q), 
f(U, V(Px0 Q)) ~ C00(U,TQ) aud f(U,](PxcQ)) ~ Hom(TU,TQ), for example, the 
act.ions (23), (24) aud (25) correspond, respectively, to an act.ion 

C00(U, G) X C00(U, Q) --+ C""(U, Q) 
(g, rp) I-+ g. cp 

(29) 

defiued point.wise, i.e., by 

(g • rp)(x) = g(x) • (f)(x) for XEU, (30) 

as above, wllere the symbol • ou t.he rhs stands for the original act.ion (2) of G on Q, t.o 
an actiou 

coc(U, G) x C""(U, TQ) --+ C00(U, TQ) 

(g,ocp) ,_. g•or.p 

defined pointwise, i.e., by 

(g · 6,p)(x) = g(:r.) · oip(x) 

and to an action 

C00(U, G) x Hom(TU, TQ) --+ 

(g' Di.;,) ,___. 

defined pointwise, i.e., by 

(g • D:.p)(x, u) = g(x) · D:p(x, u) 

for XEU, 

Hom(TU,TQ) 

g·Di.p 

for x E U, ·u c:. T,)\1 , 

(31) 

(32) 

(33) 

(34) 

where the symbol · on the rhs now st.ands for the induced action (3) of G on TQ 
and we have used the symbols O(f) and Dcp to indicate that the transformation ln.ws of 
these objects correspond to t.llose of variations of sect.ions 7 o.nd of covnriant. derivatives 

6 Among tb~ function spnces we \\ill find space;; oft.he form Horn(E, F), wbert' E and F aro vector 
bundles over (possibly different.) manifolds M and N, rc,;pectively, consist.ing of n.11 vector bundle homo­
morphislD6 from E to F , that is, of all smooth maps from the manifold E to the manifold F which ure 
fiber preserving and liberwiii<> linenr. N; nn exumplc, note thut for/ in coc(M. N}, it,; tangent map T /, 
which we shall also denote by 8/, is i11 Hom{T,'\,J, TN). 

7Variutions 6,p of a section If of 11 fiber bundl~ E over ,\J nre fonn,u fuot. order derivnt.ives of onc-­
par1<meter families (,;,,l-,<•« of S<,Ctioru; of E around ,p with respect. t-0 the pare.meter (<po = ,;,, 
di;:./dsi,=o = o<p) and are t-herefore sectioilll of t.11c pull-back ,p·(VE) of the vertical bundle VE of E 
to M via ;;,. If, formally. one considers the Hpnce r(E) of sections of E ns n manifold. they form its 
tnngent space at rp: T,,(r(E)) = r(,,,•(V E)). 
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of sections 8. Similarly, under the ident.ifications f(U, J(P Xe G)) ~ Hom(TU, TC) and 
r(U, J(P xc; Q)) ~ Hom(TU, TQ), the action (26) corresponds to an action 

Hom(TU, TG) x Hom(TU, TQ) --+ 

(ag. a9 ) ........... 

defined pointwise, i.e., by 

(Dg • 8;,:,)(x, u) = og(x, u) • 8:,p(x, u) 

Hom(TU,TQ) 

Dg · acp 

for xeU, ·ueT:z:i\1, 

{35) 

(36) 

where the symbol· on the rhs now sto.n<ls for the induced action (4) ofTG on TQ and we 
have used the symbol 89 to indicate t-hat the transformation law of this object corresponds 
to that of ordinary de1ivat.ives of sections; we can also imagine the symbol o<.p to represent 
the collection of all partial derivatives Oµ,P of tp and, similarly, the symbol og to represent 
the rollection of all partial de1ivat.ives &µg of g. 

In order to de1ll with the remaining two actions, as well as to rewrit.e the last of 
the previous ones iu a different form, we use additional identifications provided by the 
trivializat.ion (5) of t.he t.augent bundle TG of G and by the int.erpret.ation of sections 
of GP as connection forms t.o represent the peitinent objects in a more manageable form. 
Writ.ing 'Ji1(U, g) = 0 1(U, g) for t.he space of rank I tensor fields, or I-forms, ~(U, g) for 
the space of rank 2 tensor fields and ~ .• (U, g) for the spa.cc of symmetric rank 2 tensor 
fields on U ,,.,ith values in g, the pertinent isomorphisms for t.he derived gauge group 
bundles arc 

r(U,J(P xc:G)) ~ Hom(TU,TG} ~ Hom(TU,G x g) et C""(U,G) x 'J't(U,g), 

an<l 
r(U, .J2(P Xe G)) ~ C 00(U, G) x 'ft(U, 9) x ~ . .(U, g) , 

while those for the connection bundle and its first order jet bundle are 

r(U, GP) ~ 'ft(U, 9) , 

and 
r(U, J(CP)) ~ 'ft(U, g) x ~(U, g) , 

respectively. Explicitly, in terms of a G-valued function g on U representing a section of 
P xc;G over U, the first two isomorphisms are given by the prescription of taking its 1-jet, 
symbolically represented by the pair (g, Dg), to the pair (g, og g-1) and its 2-jet, sym­
bolically represented by the triple (g, ag, iJ2g), to the triple (g, og g-1 , /J(og g-1 

)} , where 

8Given an nrbitrary connection in n fiber bundle E over JI,/, whlch ran be viewed ns the choice of 
n horizontal bundle, or equi,·nlcnt.ly, u vertical project.ion, or equivnlcntly, a horizont.al project.ion, one 
hns 11. not.ion of c.ovuriunt derivative: t.he covariant derivative of a sect.ion is obt-nined from its ordi.t1ary 
derivative (tangent map) by composition with the vertical projection. Thus, for any sect ion :p of E an<l 
any 1>oint m < M, it8 ordinary derivative n.t. m ca.n be viewed a,; belonging to the uffine ~-pace J ,;,(m)E (jet 

6piu:e) b\lt its covarinnt derivative at m belongs t.o the vector •P"'-'<' i.,,(m)E (linllarized jet spn.ce). 
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we t'On imagine the expression 8 2g to represent. t.lie t'ollection of all second order partial 
dt>rivat.ives 8µ8vcp of r.p while the expression 8(8g g-1) is supposed to represent the collec­
tion of symmetrized pon.ial derivatives 8c,,(8v1K g-1 ) , with expansions into components 
as follows: 

ogg-1 = (8,,gg- 1) dx" 

8(8gg-1) = ½(8,,(8vgg-1)+t).,(8,,gg-1 )) dxl'®dxv 

Similarly, t.l1e last two isomorphisms amount to representing a section of C P over U by 
a g-valued councction I-form A on U and its I-jct by the pair (A, 8A), where we can 
imagine the expression DA to represent tbe collectiou of all partial deriva.tivcs 8µAv, with 
expansious into components as follows: 

A = A,, dx1' 

8A = Oi,Av dxl' ® dxv 

With these identifications, tbe action (35) cau be rewritten os an action 

(C00(U, G) x 'I'f(U, g)) x Hom(TU, TQ) 

((g, 8gg-1 ), 8cp) 

defined poiutwise, i.e., by 

-+ Hom(TU, TQ) 

,____. (g,ogg-l) , 8cp 
(37) 

((g , Dgg- 1) ·8cp)(x,u) = g(x) •(Dip(x, u)) + ((ogg-1)(:t,ll})Q(g(x)•cp(x)) , (
38

) 

for xe U, ueT:rM 

where the second symbol · on the rhs stands for tbe original act.ion (2) of G on Q, the 
first symbol · on t.be rhs for the induced action (:3) of G on Tq and. for auy X ell, XQ 
denotes the fundamental vector field on Q associated with this generator: this is the 
precise meo.uing of the intuitive but formnl "Leibniz rule for b'l·oup actions'' : 

8(g · cp) = g · [}rp + 8g · c;, . 

Similarly, the action (27) corresponds to au cl('tion 

(C00(U,G) x 'J1l(U,o)) x Ti(U, g) _. 'J1l(U,g) (39) 

to.kiug ( (g, ogg-1), A) to (g, Dgg-1 ) • A, which is given by the well known tro.usformation 
law 

((g,8gg- 1
) • A)µ = gA,,g-1 

- 8,,gg-1
, 

o.nd finaUy the action (28) corresponds t.o au act.ion 

(-10) 

(C""(U.G)x'J1l(U,o)x~ .• (U. g))x('J1l(U,g) x ~(U,g)) _. 'J1l(U.o)x~(U,g) (41) 

taking ((g, 8gg-1 , 8(8g g-1)), (A, oA)) to (g,8gg-1, o(Dg g- 1))·(A, t>A), which is given 
by differentio.ting eqn (40) and reananging terms: 

( (g, 8gg-1
, 8(8g g-1 )) · (A, 8.4)) /JV 

= gll"A,,g-1 + [8i,Kg-1 ,gAvg-1] - ½ [o,..gg-1 ,c:Jvgg-1) (42) 

- ½ 8,..(D,,gg-1 ) - ½ ov(D"gg-1) . 
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For later use, we decompose this transformation l11.w into its symmetric part 

((g,ogg-1,a(agg-I )). (A,oA)),.., + ((g,ogg-I ,o(ogg-1
)). (A,oA)t,. 

g(o,.A., + BvA,..) g-I + [8,.gg-•, gA.,g-I ] + (8.,gg-1 ,gA,.g-1) (43) 

- ½ 8µ(0.,gg-1
) - ½ 8.,(oµgg-1

), 

a.ud il:s antisymmetric part 

((g,ogg-1,a(vgg-1 )) • (A,DA))µv - ((g,ogg-I ,a(ogg-I )) · (A,oA)),,,.. 

g(aµA,, - 8.,A,.) g-1 + lo,,gg-I .gAvg-1] - [8.,gg- I ,gA,.g-1) (44) 

- 1a,,gg-1, a.,gg-1] , 

the latter being equivalent. to the simple transformlltion law 

(45) 

for the curvature form F of th(' counection fonn A, with components 

F,.., = oµAv - 8.,.4,, + (A,., A,,] . 

As is well known, t.he affine trnnsformatiou law (40) implies that one can, l\t. any given 
point of M , gauge the potential A to zero by au appropriate choice of gauge transforma.­
tion, namely by assuming that. at the given point. x, the value of g is 1 and that. of its 
fir!!t. order partial derivatives is given by 8,,g(x) = Aµ(x). lu t.he language adopted here, 
this trMSla.tes into 

Proposition 2 The action of .J(P Xe G) on C P ·is fiber tran.siti-uc. 

Similarly, the affine transformat.ion laws (42-44) imply t.ha.t one can, at any given point 
of M, gaug(' the potent.iRI A to zero, the symmetric part of its derivative to zero and t.he 
antisymmetric pmt of it.<; derivative to be equal to its curvature by an appropriate choice 
of gauge transformation, namely by assuming that. at. t.he given point. x, the value of g is 1, 
that of its first order partial derivatives is given by Oµg(x) = Aµ(x) and that of its second 
order partial derivatives is given by (81,(8.,g g-1 )+D,,(8µg g-1

)) (x) = (a"A.,+o.,.4µ) (x). 
In the lo.ugunge a.c.lopt.ed here, this tnmslutes into 

Proposition 3 The act·ion of J2(P xaG) on .J(CP) preserues the decomposition (12) 
into symmetric and antisymmetric part, is fibe,· transitive on the symmetric part and 
under the curvature map (which i.s -t/1e projection to t/ie antisymmetric part) is taken to 
the natural (l.ction of PxaG on l\2T•M®(P xcg) -i-ndttce<l by the adjoint representation 
of Gong. 



5 Global and local invariance 

In the usual geometric formulation of a gauge theory wit.h structure group G and under­
lying principal G-bundle P over spACe-time M, gauge potentials arc represented by con­
nection forms A ou P, which CM be reinterpreted as sections of the bundle C P of principal 
connections on P, and the matter fields (all assembled into one big multiplet) by sect.ions 
of a fiber bundle P Xe; Q associated to P. The configuration bundle of the whole theory 
is thus the fiber product. E = GP x,,t (P Xe Q). The group Ant,(P) of automorphisms 
of P and the subgroup Gau(P) of gauge transformations, or in mathematical terms, of 
strict automorphisms of P, act unturnlly on f(CP) and on r(PxeQ) and, therefore, also 
ou f(E), and it is to this group and its act.ions t.l1at. oue usually refers to when speaking 
about gauge invariance. Unfortunately, the group Gau{P) and all the ~paces 011 whicll 
it act.s are infinite-dimensioual, which makes I.his kind of symmetry very hare! to handle. 
As observed in the introduction, this happens already in the case of meclrnnics. And pre­
cisely a::. iu that case. there is a way out.: we can conYert the principle of gauge invariance 
into a completely finite-dimensional setting by making use of the natural aI:tions of Lie 
group bundles int,roduced in t,lle preceding two sect.ions. Iu fact., in a complet,ely geo­
metric forruulation of field theory, even the correct. implementation of global symmet.ries, 
in the matter field sector, already requires the use of actions of Lie group buudle.5 over 
space-time, rather than just ordinary Lie groups! 

At first sight, the render will probably find the la.st statement rather surprising (we 
certainly did when we first stumbled over it), partly because it seems to go against wide­
spread beliE'f (but as the reacfor will be able t.o convince himsc:lf 11s we go along, thi8 is 
not really t.he case), part.ly also because it is not immediat.ely visible in the mechanical 
analogue discussed in the iutroduct.ion. However. its origins are really quite easy to 
understand. Consider, for example, a function V on the t.otul space P Xe Q, which 
may represent a potential term for some matter field lobri·angian: then since it i~ not. 
the Lie group G itself but rather the Lie group bundle P xa G tlla.t- acts naturally on 
this tot.al spacc,9 the only wa:v to fonnulate the coudit.ion that V be globally iuv11ri1mt 
is to reqnire V to be invariant under the action of P Xe G. For a truly dynamical 
theory, "-;th configuration bundle P Xe Q, we must of course include clerivRtives of fields 
that are sections of P Xe Q. For simplicity, we shall assume, t\S alw,iys in this paper, 
that the dynamics of the theory is governed by a first order ''matter field lagrnngian" , for 
which we contemplate three slightly different options regarding the choice of its domain, 10 

depeuding on whether we use the linearized first. order jet bundle J(P Xe Q) or the full 
first order jet bundle .J(P xcQ) of P xcQ and whether we include an explicit dependence 
on connect.ions or not: 

9Recall thot. in the definitfon of P xa Q. we tlivide P x Q by t.l1c joint net.ion of G, so P xo Quo 
longer carries any rem1111nt,; of t.he 11ct-io11 of G on Q. 

10For the rnnge, we use ,·olume forms (ps,-udoscalani} mt.her thon scaloni: this 11llows us to int<igrat<" 
1 .. grangia.ns over regions of spact'-tim<" "'it.lwut having to fix a separately defined volu,ne form 011 M. 
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• lm•• : ](PxcQ)- /(T•M: such a. lagrangian will be called globally invariant 
if it. is invariant under the action (25) of the Lie group bundle P x aG on J(P xcQ). 

• .Cm•• : J(P Xe Q) --+ I\ T• M: such n lagraugian will be called locally invariant 
or gauge invariant it for every compact subset K of space-time M, the action 
functional (Sm • .)K : r(P Xe Q)--+ JR defined by int.ep;ration of .Cu,a, over K , i.e., 

(46) 

is invariant. under the action of the group Gau(P). 

•.Cm••: GP XM J(P Xe Q) __. /\"T•M : again, such a lagrangian v.•ill be called 
locally invariant or gauge invariant if, for every compact subse t. K of space­
time lvf, the action functional (S0 .,.,)K : f(CP X ,1f (P X e Q))--+ JR defined by 
int.cgratiou of .CruoL over[{ , i.e., 

(47) 

is invariant under the I\Ction of the group Gau(P). 

Regarding gauge invariance, we t.hcn hnve the following 

Theorem 3 The action functional Sm•• defined by integration of the Lagrangian .Cm•• 
over compact subsets of space-time is gauge invariant if and 011/y if the lagrcmgian .C.,,.,, is 
invariant under the action (26} of the Lie group bundle J(P Xe G) on J(P Xe Q), in the 
first case, and under the action of the Lie. group bundle J(P Xe G) on GP x M J(P xeQ) 
that i-csult.s from combining its actions {27} 011 GP and {26) on J(P x a Q), in the second 
case. 

Proof: As observed in the precPdiug sertious, the action (23) of PxcG on PxaQ, when 
lifted to sect.ions, induces the standru·d action of strict automorphisms of Pon sections <p 

of P Xa Q, the action (26) of J(P Xe G) on J(P X e Q), wheu lifted to sections, induces 
the stnndard act.ion of strict automorphisms of P on sections of P Xa Q together with 
t.heir first order derivatives, and finally t.be action (27) of J(P X a G) on GP, when lifted 
to sectious, induces t.he standard action of st.rict. automorphisms of P on counection forms 
on P by pull-back. Now since gauge trru1sfommt.ions do not move the points of space­
time, invariance of the integral (Smot)K over auy compact subset K of lvl is equivalent to 
invariance of the integrand .Cmat• □ 

It should be noted at this point that without specifying forthcr data, only the third of t.he 
above versions is physicnlly meaningful. Indeed, the function i,ur.t of the first version, by 
itself, is not. an acceptable la.grangiuu because lagrangians in field theory must be defined 
on the first order jet. bundle 11nd not. on the linearized first. order jet bundle. Ou the other 
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hand, lagrangians Lmot as iu the second version, depending only OD the matter fields 
and their first order partial derivatives, are impossible t.o coustruct directly: all known 
exomples require additional dat.a. (Iu part.icular, this holds when the fields iire represented 
by sections of bundles which may be non-trivial or 11-t least a.re not monifest.ly t.rivialized.) 
The only way to overcome these problems, !1.11 in one single st.roke, is to introduce some 
connection in P: this may eit.ber be a fixed (preferrably, flat) background connect.ion 
which allows ns to identify .f(P Xe Q) a.nd J(P Xe Q) (and is usually introduced tacit,ly, 
without. ever being mentioned e."plicitly), or it may itself be a dynamical variable, as 
indic.ated in the third version above. In the next sect.ion, we shall show t.hat when this 
is done, there is a natural prescription, called "minimal coupling". that allows us to puss 
from a globally invariant lagrangiau lmnt OD .J(P Xo Q) to a locally invariant lagrnngian 
£'""' on GP x_.,, J(P Xe CJ), and buck. 

In the gauge field sector, thf" situat.ion is completely analogous. Now the configur11t.ion 
bundle is just GP, ,md the dynamics of t.he theory is assumed to be governed by a first 
order "gauge field lagrangion", which is a map .C~•ui:c : .J(CP) --+ /V.'T• lvf. (The 
standard e.'Catnple is of course the Yaug-:t-.{ills lagnu1gian.) Again, such a lagrangion will 
be called locally invariant or gauge invariant if, for every compact subset K of space­
time !vi, the action functional ( S,nug,) K : r( C P) --+ Ill defined by integration of Li:augc 
over I(, i.e., 

(48) 

is iuvariant under the itet.ion of the group Gau(P). 

Theorem 4 The action functional Sgnugc defined by integl'ation of the lngrangian Lgoug" 

over compact subsets of space-t.ime is gauge invariant if and only if the lagrangicm £, .. us• 
is ini;ariant under the action {28) of the Lie group bundle .J2(P Xe G) on J(GP). 

Proof: As observed in the preceding scrtious, the action (27) of J(P Xe G) 011 CP, 
when lifted to sections, induces t.he standard act.ion of strict, automorphisms of P on 
connection forms A on P and the action (28) of J2(P xa G) on J(GP), when lifted to 
sections, induces the standard action of strict. automorphisms of P on connection forms 
on P together with their first order derivatives. Now since gauge transformations do not 
move the points of space-t ime, invariance of the integral (Sm.o.t)K over any compact. subset 
K of 11,f is equivalent to invruiance of the int.egrand Lma•· D 

The general sit.nation is bandied by simply combining the previous const.ruct.ions. 
The configuration bundle is now E = GP X,11 (P Xe Q), as st.11.ted at Uw beginning of 
the sect.ion, and the dynamics of t.l1e complete theory is governed by a total lagwngia.n 
C : J E --+ /\" T• At which is the sum of a "gauge field lagrangian" Cs•ug<, as before , and 
a "matt.er field lagriingian" .Cn,nt: CP X M J(P Xe Q)---> /\nT' M: 

(49) 
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(Note that the gauge fields do appear iu the matter field lagrangian - othernise, there 
would be 110 coupling between matter fields aud gauge fields and hence no interaction -
but 11ppear only as auxiliary fields, or Lagro.uge multipliers. i.e., through the gauge po­
tentials without any derivatives.) The hypothesis of local (or gauge) invariance is then 
imderstood to mean that both Lgaugc and £=-i should be locally (or gauge) inv11riant, and 
so Theorems 3 and 4 apply os before. 

An even stronger hypothesis thau gauge invnriance, which might. be coiled gauge plus 
space-time diffoomorphism invariance, would be that these functionals are invariant under 
the action of the whole group Aut(P). However, this condition is renlly much too strong: 
it is realized to some extent in "topological field theories··. the standard examples of 
which are Chem-Simons theories in 3-dimensional space-time, but it certainly does not 
hold for gauge theories that are of direct physic-al relevance. \\ihat might be considered is 
invariance under subgroups of Aut(P) that cover sp!'lce-time isometries (Poincare transfor­
mations, in the case of flat l\·Iinkowski space-time), rather thllll arbitrary diffeomorph.isms. 

6 Minimal Coupling 

Jn this sect.ion, we want to show that the prescription of "miuimn.l coupling", which 
plt\ys a central role in the construction of gauge invariaut lagrangilllls for tbe matt.er 
field sector, can be understood mat,hematically us a oue-to-one correspondence between 
globally inv11.riwt matt.er field lagrangians 

f.mM:f(PxcQ)----> l\'T"M , 

and locnlly invariant matter field lagrangians 

¼u.t: GP x.11 J(P Xe: Q) ---+ /'tT•M. 

(50) 

(51) 

The basic idea underlyiug this correspondence cau be summarized in a simple commutar 
tive diagram, 

.J(P Xe: G) 11-Cts 
-----► on CP X.1r J(P Xe: Q) 

~ 
D l\'T•M, (52} 

~ 
PxcG 

acts 
--------► on f(P Xe Q) 

where the first vertical anow is the target projecLion from J(P Xe G) to P Xe G while 
the second vertical arrow is the covariant derivative map defined by 

(53) 
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where, for auy local section cp of P Xe Q, its covariant derivative DA<P with respect 
to A can be defined simply as the composition of its st.nndnrd derivative 81.p with the 
corresponding vertical projection. As indicated in t-he dingTam, this map is equivariant 
under the respective actions of the Lie group bundles J(P Xe G) a.nd P Xe G, and even 
more thl\Il that is true: it takes the J(P Xe G)-orbits in GP x,11 .J(P Xe Q) prec-isely 
ont.o the (P Xe G)-orbits in f(P Xe Q). This proves our c-laim that t,he formula 

(54) 

establishes a one-to-one correspondence hetweeu (/\" r• M)-value<l functions Lmn~ on 
CP XM J(P xcQ) and (/\"T· M)-valued functions l.,,, .. on f(P XcQ): Hus c-oustrud.ion 
of the former from the latt.er is wl111t is known as the prescription of minimal coupling. 

7 Utiyama's Theorem 

Another important fact concerning the construction of gauge invariant. lagrangians, this 
time in the gauge field sector, is kno\111 as Utiyama's theorem: it states, roughly speaking, 
that any gauge invariant lagrangian in the g,u1ge field sector must be a function only 
of the c-urvature tensor and its covariant de1ivatives. Iu the present context where we 
rousider only first order lagrMgifms, it can be understood mathematically as a onc-to­
one correspondence between globally invariant lagrangians 

Lc.,r,: Nr·u ® (P XG g) - /\"T•M, (55) 

and locally invariant gauge field lagrnngians 

Lg•uge: J(CP) - /\"T•M. (56) 

Ag11i11, the basic idea underl~·ing this correspomlcnce can be summarized in a simple 
commutnt.ive diagram 

J2(P xcG) J(CP) 

(57) 

where the first vertical an·ow is the target. projection from .fl(P xcG) to P xcG while the 
second vertical arrow is the curvature map that t.o coch connection form A associat.es 
its c-urvat.ure form FA, As indicated iu t.he dingram, this map is equivuriant. under t.he 
respective actions of the Lir group bundles ./2(P Xe G) und P xa G, und os stated in 
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Proposition 3, it takes the J2(P xeG)-orbits in J(CP) precisely onto the (P XeG)-orbits 
in /\

2 
T• Jv[ ® ( P x c g) . This proves our claim t.hat the formula. 

(58) 

establishes a one-to-one con·espondcnce bet.ween (A" r• M)-vnlue<l functions .C,;,,uge on 
J(CP) nn<l (/\" T• .M)-vnlued funct.ions Lcurv on /l.2 T• M ® (P Xe g). 

8 Conclusions and Outlook 

As we have tried to demoust.rat.e in t.his paper, the appropriate mathematical concept for 
dealing with symmetries in da.ssical tield theory, when adopt.ing a geometrical and at t.he 
same time purely finite-dimeusional framework (!IS opposed to a functional approach), is 
that of Lie group bundles an<l t.heir actions on fiber bundles over space-t.ime M (whose 
sections constitute t.he fields of the model at. hand). This general statement applies to 
internal symmetries , global as well as local, allowing to view the passage from the former 
t.o the latter - generally known as the procedure of "gauging a symmetry" - simply as the 
transition from t.he original Lie group bundle to its jet bundle. It also allows for o. con­
ceptually transparent and natural formulation of various procedures and statements that 
play an important role in gauge theories, such as the prescription of "minimal coupling'" 
1md Utiyama's theorem on the possible fom1 of gnuge invariant h1grangiaus for t.he pure 
gauge field sector. The entire approach is a generalization of a corresponding appraocl.J. 
to classical mecho.nics [6], to which it 1:educes when one takes M = R which implies that. 
the piincipal G-bundle P over M i:; trivial (nnd hence so are all other bundles involved), 
and when 011e supposes that a fixed trivio.lizntion has beeu chosen: then the product in 
P Xo G ~ JR x G aud its uction on P Xe Q ~Rx Q do not depend on the base point, 
or in other words, they reduce to ru1 ordiuary Lie group product in G ond an ordinary 
action of G on the mMifold Q. SimilMly, the induced product. in J(P Xe G) 9c: JR x TC 
nud its induced action ou J(P Xe Q) G5 JR x TQ also do not depend on the bnse point 
an<l reduce to the ordinary induced Lie group product. iu TG and the ordinary induced 
i,ct.ion of TG on TQ. These reduct.ions explain why in the cose of mechanics, I.he need for 
using Lie group bundles, rather than ordinary Lie gTOups, was not. properly appreciated. 

Finally, the extension of this approach to achieve unifica.t.ion of internal symme­
tries with space-time symmetries requires the transition from Lie gronp bundles to Lie 
groupoids - n problem which is presently under investigation. Auot.ber issue is how to 
correctly formulate invaJiance of geometric objects represeuted by certain prescribed ten­
sor fields (snch as pseudo-iienuumio.n metrics or symplect.ic forms, for instance) uuder 
actious of Lie group bundles or, more generally, Lie gronpoids and/or their infinitesimal 
counterparts, that is, Lie algebra bundles or, more generally, Lie nlgebroids. These and 
similur questions will hove to be answered before one cau hope to really uuderstand what 
is the field theoretical analogue of the momentum map of classical meclrnuics. 
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