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Abstract

We examine the black-hole limits of the family of static and spherically symmetric
solutions of the Einstein field equations for polytropic matter, that was presented in a
previous paper. This exploration is done in the asymptotic sub-regions of the allowed
regions of the parameter planes of that family of solutions, for a few values of the
polytropic index n, with the limitation that n > 1. These allowed regions were deter-
mined and discussed in some detail in another previous paper. The characteristics of
these limits are examined and analyzed. We find that there are different types of black-
hole limits, with specific characteristics involving the local temperature of the matter.
We also find that the limits produce a very unexpected but specific type of spacetime
geometry in the interior of the black holes, which we analyze in detail. Regarding the
spatial part of the interior geometry, we show that in the black-hole limits there is a
general collapse of all spatial distances to zero. Regarding the temporal part, there
results an infinite overall red shift in the limits, with respect to the flat space at radial
infinity, over the whole interior region. The analysis of the interior geometry leads
to a very surprising connection with quantum-mechanical studies in the background
metric of a naked Schwarzschild black hole. The nature of the solutions in the black-
hole limits leads to the definition of a new type of singularity in General Relativity.
We argue that the black-hole limits cannot actually be taken all the way to their ulti-
mate conclusion, due to the fact that this would lead to the violation of some essential
physical and mathematical conditions. These include questions of consistency of the
solutions, questions involving infinite energies, and questions involving violations of
the quantum behavior of matter. However, one can still approach these limiting sit-
uations to a very significant degree, from the physical standpoint, so that the limits
can still be considered, at least for some purposes, as useful and simpler approximate
representations of physically realizable configurations with rather extreme properties.

Keywords General relativity - Einstein equations - Polytrope solutions - Black
holes - Event horizons - Quantum effects

B Jorge L. deLyra
delyra@Imail.if.usp.br

I TInstituto de Fisica , Universidade de Sdo Paulo, Rua do Matao, 1371, Sdo Paulo, SP 05508-090, Brazil

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10714-024-03317-6&domain=pdf
http://orcid.org/0000-0002-8551-9711

136 Page2of39 J.L.delyra

Contents
I Introduction . . . . . .. ... ... 2
2 Review of the solutions for polytropes . . . . . . . . . .. L 4
3 Description of the exploration . . . . . . . . .. ... 8
4 Resultsof theexploration . . . . . . . ... . ... L 14
4.1 Analysis of the behavior of the limits . . . . . . ... ... ... ... ... . .. ... ... 14
4.2 Physical feasibility of the limits . . . . . . . .. ... L 19
5 Analysis of the interior geometry . . . . . . . ..o 23
5.1 Concepts of singularity . . . . . . . .. ... ... 29
6 Conclusions . . . . . .. ... 31
Afull setof graphs . . . . . . . . . 33
References . . . . . . . . . . . L e 38

1 Introduction

The concept of a black hole in General Relativity was introduced more than a hundred
years ago, in connection to the properties of the exterior Schwarzschild solution [1], in
particular in the vicinity of its event horizon. That concept has been taken seriously for
more than fifty years, since about the time of the invention and popularization of the
term “black hole” by Wheeler. In time it has become an universally accepted concept,
and even a household name. Today there can be no doubt that astronomical objects
do exist whose exterior regions are described correctly by the exterior Schwarzschild
or Kerr [1, 2] solutions. Much has also been said about the interior regions of black
holes, beyond the position of the event horizon, almost all of it based on very uncer-
tain arguments or evidence. This is due to the fact that until recently there were no
significant solutions of the Einstein field equations in the presence of matter that had
the following two important properties: first, that they be valid along the whole three-
dimensional spatial manifold; and second, that they allow for the consideration of
limits that approach the formation of event horizons. For example, the combination
of the Schwarzschild exterior and interior [1, 3] solutions, connected by appropriate
boundary conditions at an interface between two concentric spherically symmetric
regions, has the first property, but not the second one.

However, a class of solutions in the presence of matter that do have these two prop-
erties now exists, which will allow us to discuss what happens in the interior region
of a black hole, or more precisely in the region of the solutions that is interior to the
radial position where the event horizon will eventually come into existence, when a
black-hole limit is taken, with basis on solid, explicit and precise mathematical results.
Given these circumstances, it should come as no surprise that what we find in this way
is entirely different from the almost universally accepted current cannons of the sub-
ject. In a previous paper [4] we established the static solutions of the Einstein field
equations for the case of spherically symmetric shells of gaseous polytropic fluids
located between radial positions ry and ro of the Schwarzschild system of coordi-
nates. This consists of a four-parameter family of solutions, that can be reduced to a
three-parameter family of solutions when they are written in terms of dimensionless
variables. The fourth parameter, which is the asymptotic gravitational mass M of the
system, is essentially factored out of the system, as was discussed in the subsequent
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previous paper [5], a fact which simply means that there are solutions for all possible
positive values of M.

In [5] the parameter space of this family of solutions was explored. For each value
of the polytropic index n the solutions can be described and classified according to
a parameter plane spanned by the other two dimensionless free parameters, namely
the dimensionless polytropic constant C associated with the usual polytropic constant
K, and the dimensionless parameter 7, that is associated with the maximum value of
the matter energy density, which were both introduced in [4]. Taking into account the
condition of the mathematical existence of the solutions of the differential equations
and the associated boundary conditions, as well as the Dominant Energy Condition
(or DEC for short) to be satisfied by the matter stress-energy tensor, certain allowed
regions are defined within these (C, m,) parameter planes. Graphs of the parameter
planes showing the corresponding allowed regions can be found in [5], for a few values
of n.

While these allowed regions exist within finite intervals of values of the parameter
C, between zero and a maximum value of the order of one, in terms of r, they extend
all the way from 7, = 0 to w, — oo. Due to the shape of the allowed regions, when
we make 7, — 0o we must also make C — 0, in order to stay within these allowed
regions. These asymptotic sub-regions of the allowed regions, where 7, becomes very
large and C very small, are where all the black-hole limits are to be found. These
limits are characterized by the approach to the formation of an event horizon at the
radial position r; of the outer surface of the matter. This is indicated by the fact that in
these limits the Schwarzschild radius ry; approaches the outer radius 5 from below,
thus generating at that position the well-known coordinate singularity of the exterior
Schwarzschild solution.

In this paper we explore the black-hole limits of this new class of solutions, with
two main objectives. First, to establish their existence, as mathematical limits, and
second, to establish some of their main properties, and in particular the geometrical
properties of the interior regions of the black holes in these limits. This will lead to
a surprising and admittedly unexpected connection with the results of Prof. Gerard
't Hooft [6] regarding the study of quantum mechanics in the background metric of
a naked Schwarzschild black-hole. This exploration will also lead us to a discussion
of the issue of whether or not these limits can actually be taken, in terms of the
physics involved, that is, of whether or not they lead to objects with well-defined and
acceptable physical properties. As we will see, the answer to this last question turns
out to be no. The limits can be approached to a certain extent, but cannot be actually
taken without mathematical inconsistencies and without violating essential physical
principles related to the behavior of the matter.

In order to avoid confusion, in this paper we will refer to the solutions for gaseous
shells presented in [4] as precise solutions. These solutions are complete in the sense
that they give, for any allowed set of values of the free parameters involved, the values
of all relevant functions that describe both the matter and the geometry. They are
also exact in the restricted sense that they do not involve any approximation schemes.
However, they are not completely known in closed analytical form. We will therefore
avoid the term “exact” and use instead the term “precise” to characterize this set of
circumstances.
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The fact has been drawn to the attention of the author that the sequences of solutions
examined here as constituting black-hole limits, and in particular those solutions which
are closer to the black-hole limits, seem to be related to the concept of a “quasi-black-
hole”, a review of which can be found in [7]. These are supposed to represent compact
stellar objects that are close to the configuration of a black hole, but still have not
formed an event horizon. These quasi-black-holes and the shell solutions examined
here, close to the black-hole limits, seem to have at least some similar properties.

This paper is organized as follows: in Sect.2 we review the new class of static
and spherically symmetric precise solutions for gaseous shells; in Sect. 3 we describe
the exploration of the asymptotic sub-regions of the allowed regions of the parameter
planes; in Sect.4 we give the results of that exploration, and discuss these results; in
Sect.5 we give an analysis of the geometry of the interior of the black holes, discuss
the concept of singularity in General Relativity, and propose the definition of a new
type of singularity; and in Sect. 6 we state our conclusions.

2 Review of the solutions for polytropes

In this section we review the solutions for gaseous fluids presented in [4], in order
to establish the relevant notation, as well as the most basic characteristics of these
solutions. Both the notation and the ideas presented in [4] rely on some of the notation
and ideas presented in the previous paper [8], in which we presented the exact solution
for the case of liquid fluids. Therefore, some elements of that previous paper will also be
included in this review. In this work we will use the time-like signature (+, —, —, —),
following [9]. In terms of the coefficients of the metric, for a static and spherically
symmetric geometry, the invariant interval is given in terms of the Schwarzschild
coordinates (ct, r, 6, ¢) by

ds? = 202 — B0 dr? - 12 do? + sin*(0)dg?). ()
where exp[v(r)] and exp[A(r)] are two positive functions of only r. As was shown

in[4], in this case the Einstein field equations reduce to the set of three first-order
ordinary differential equations

{1 ) [rk’(r)]} e = 1 _r2p(r), )
[1+2[ve]} e = 1412P0), 3)
[p(r) + P(M)]V (r) = —P'(r), “)

where p(r) is the energy density of the matter, P(r) is its isotropic pressure, and the
constant « is given by k = 87 G/c*, where G is the universal gravitational constant
and c is the speed of light. In these equations the primes indicate differentiation with
respect to r. It is convenient for the analysis of the solutions to change variables in
the field equations from the function A(r) to a new function B(r), sometimes called a
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mass function, which is defined to be such that 8(r) = 1 corresponds to the exterior
Schwarzschild solution, and which is defined by

20(r) _ r
AT ©)

where ry; = 2GM /c? is the Schwarzschild radius associated with the total asymptotic
gravitational mass M. This then implies that we have for the corresponding derivatives

B(r) —rp'(r)
r—rup@)

Substituting the expressions in Egs. (5) and (6) in the component field equation shown

in Eq. (2) a very simple relation giving the derivative of 8(r) in terms of p(r) results,

2k (r) = —ry (6)

2
krep(r)
B(r) = ———. (7
™
Therefore, in any interval where p(r) = 0 we have that B(r) is a constant. The

constancy of the quantity 7/ B(r) outside the matter region can be interpreted as
indicating the existence of a constant total mass M within the spherical surface at
the radial position r. Since we must have that p(r) > 0, it therefore follows that
B(r) is a monotonically increasing function, which is a constant if and only if we
are within a vacuum region. In addition to this, since according to the asymptotic
boundary condition we must have that §(r) — 1 when r — o0, it also follows that
B(r) is limited from above by 1.

In the previous paper [4] we established the static solution of the Einstein field
equations for the case of a spherically symmetric shell of gaseous fluid located between
the radial positions r; and r, of the Schwarzschild system of coordinates. These
positions are not arbitrary, but rather are obtained as part of the solution of the problem.
For this problem we assume the hypothesis that the gas satisfies the polytropic equation
of state

P(r) =K [p(r]T/", ®)

where K, the polytropic constant, is a positive real constant, and n > 1, the polytropic
index, is a real number that, merely for simplicity, may be taken to be an integer or
half-integer. For convenience we define the auxiliary quantity

F(r)=K[p(]'", ©)
which means that, with the use of Equation (7), F(r) can be written in terms of the
derivative B8’ (r), and in terms of which the polytropic equation of state becomes simply

P(r) = F(r)p(r). (10)

This has the form of the fundamental equation of state of an ideal gas, thus betraying
the fact that F'(r) is related to the temperature of the gas. Given the field Egs. (2), (3)
and (4) and the equation of state shown in Eq. (8), the complete solution is given in
terms of the function 8(r) by
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1
1n<r+r”> for0O <r <r,

2 r
1
2
1

In

Ay =1 Lﬁ()}

forr; <r <nr, (11

21n<r_rM> forr, <r < oo,

;
1 1-— 1

—IHM +—lnr+—r” for0 <r <ry,

2 I +ru/r 2 r

v(rp) — (mn+ 1) In[l + F(r)] forry <r <nr, (12)

1 _
—ln(r rM) forry <r < oo.
2 r

v(r) =

Note that the solution is known analytically, in closed form, in the two vacuum regions.
The solution introduces into the system the new physical parameter r,, with dimensions
of length, which can be associated with a mass parameter u by r, = 2Gu/ c2. The
determination of the function B(r) in the matter region leads to the determination of
all the functions that describe both the matter and the geometry of the system within
that region, by means of

pry = M0 (13)
Kr
’ 1+1/n
P(r)=K [”“32(”] , (14)
Kr
/ 1/11
Fir) =K [”‘“Bz(r)] , (15)
Kr
O : 16
U el o
v(r) = v(r2) — (1 + D[l + F(r)]. (17)

The determination of B(r) also determines the solutions within the inner and outer
vacuum regions, which are known analytically, in closed form, and which depend
only on the parameters r;, and ry, through the interface boundary conditions at | and
r>. Therefore, at this point the whole problem has been reduced to the determination
of the function B(r). The four free parameters of the system are K, n and M, all of
which describe the nature and state of the matter, and the value of B’(r) at its point
of maximum, which can also be seen to be related to the state of the matter, since it
determines the general scale of the matter energy density, as can be seen from Eq. (7).

For all sets of parameters for which there is a solution of the differential problem
the function B’(r) has a single point of maximum within the matter region, which
is the point where B(r) has its single inflection point. As was shown in [4], for all
existing solutions with i > 0 it holds that r,, > 0, which implies that S(r) has a
single zero within the matter region. The strictly positive value of r, implies that
the solutions have singularities at the origin. However, although these singularities
have the invariant character of curvature singularities, as was shown in [8], their most
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important property is that they have also a repulsive rather than attractive character,
and thus are not associated with infinite concentrations of matter, but rather to exactly
zero matter energy density around the singular point.

Both for the subsequent analysis and for the numerical approach, it is convenient
to further transform variables at this point, in order to write everything in terms of
dimensionless variables and functions. In order to do this we must now introduce
an arbitrary radial reference position r9 > 0. This mathematical device allows us to
define a dimensionless radial variable and a dimensionless parameter associated with
the mass M by

r
§=—, (18)
ro
™
ro

as well as to define the dimensionless function of &, meant to assume the role of B(r),

v (&) =EuB(r). (20)

The functions y (¢) and S(r) are both determined by the second-order ordinary dif-
ferential equation, which was derived in [4],

2 1 1+ F(§,
ﬂ,(g):n(g){__ n +FG n){y(&)

F ’ k]
E ntlt—y® 2FGm) | & TG ﬂ)n(é)“

2D
where (§) = y /(&) is the derivative of y (&), the primes now indicate derivatives
with respect to &, and F (&, i) is given by

1/n
JT(E)} ’ 22)

52
1/n . . . . . .
where C = K/ (fcrg) /" is a dimensionless constant associated with the polytropic
constant K. This differential system can be interpreted as a pair of first-order coupled

ordinary differential equations determining y (§) and 7 (§), the other equation being
simply

F(S,n)=C|:

y'(€) =m). (23)

This pair of first-order ordinary differential equations can be used for the numerical
integration of this differential system, using for example the program freely available
in [10], in order to obtain y (&) and B(r). In terms of these dimensionless variables
the equation of state shown in Eq. (8) can be written as

P() =Cp@&)1 ", (24)

where we define the dimensionless pressure and energy density by

@ Springer



136 Page8of39 J.L.delyra

P(&) = krg P(&), (25)
p(E) = krgp(€). (26)

The relation in Eq. (7), when written in terms of the dimensionless variables, becomes

m(E) = E2p(E). (27)

Note that the mass M and the Schwarzschild radius rj; no longer appear explicitly in
the equations. The mass M is a free parameter of the system that has effectively been
factored out of it. This simply means that there are solutions for all possible values
of M and rjy;. Note also that the arbitrary parameter ro has vanished from view as
well, thus indicating the existence of a scaling invariance within this new family of
solutions.

3 Description of the exploration

Let us start by recalling the properties of the allowed regions within the (C, 7,) param-
eter planes, which were established and analyzed in [5], where 7, is the maximum
value of the function 7 (§) within the matter region. For each value of n the allowed
region is limited by the 7, axis and by two curves in the corresponding (C, 7,) param-
eter plane, as can be seen in the graphs presented in [5]. Below, for the smaller values of
1., we have the Tooper curve, and above, for the larger values of 7., we have the DEC
(Dominant Energy Condition) curve. As was shown in [5], this condition translates,
in our case here, as P(r) < p(r) for all r within the matter region. The Tooper curve
starts at the origin (C, m,) = (0, 0) and has positive derivative everywhere. The DEC
curve diverges to r, — oo near C = 0 and has negative derivative everywhere. These
two curves eventually cross at some finite value of C, which is therefore the maximum
possible value of C for that value of nn. All existing and physically acceptable solutions
must be above the Tooper curve, below that DEC curve, and away from the 7, axis,
where there are no stable solutions, since C = 0 with finite values of ., implies that
the matter consists of pressureless dust. The DEC curve is always somewhat below
the limiting curve given by the simple relation

7. (C) = % (28)
and stays close to that limiting curve as m, increases. Therefore, when we make
T, — 00 it is necessary to also make C — 0, in order to stay within the allowed
region, below the DEC curve. For each value of n, what we refer to as the “asymptotic
region” is the portion of the allowed region for very large but finite values of 7, and
hence for very small but non-zero values of C.

Our first question here is that of deciding how to scan this region in the best possible
way. In order to do this we will define a family of curves along which one can take
limits that go indefinitely deep into this asymptotic region. These paths for the limits
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are proportional do the limiting curve, being a certain positive factor tp < 1 below it,
and are given by

7.(C) = 19 % (29)
The larger t9 becomes, up to the position of the DEC curve at 7y ~ 1, the closer the
path is to that curve, near which the matter displays deep relativistic behavior, with
extremely high temperature and very large speed of sound, close to c¢. This tp — 1
limit is one along which one reaches relativistically high temperatures, so that both the
thermal energy and the temperature diverge to infinity. The smaller 7o becomes, the
closer we get to the low-temperature, low sound speed regime. One can see this from
the argument that follows, establishing the relation between tp and the non-relativistic
local temperature of the gas.

According to Eq. (29) for tp — 0 we have that 7, — 0, and since m, is the
maximum value of the necessarily non-negative function 7 (), this implies that in
this case we have that 7(§) — O for all £ within the matter region. Since according
to Egs. (13), (20) and (23) the energy density p(r) is proportional to (£) within the
matter interval [£], &], it follows from 7 (§) — O that p(r) — 0 everywhere within
the matter region [rq, r2]. Now, comparing Eq. (10) with the fundamental equation
of state of an ideal gas, which is certainly valid at least in the low temperature limit,
we conclude that F(r) is proportional to the local temperature of the gas, at least for
low temperatures. In addition to this, from Eqs. (13) and (15) we see that F(r) is
proportional to the positive power 1/n of the matter energy density. Therefore, when
p(r) — 0 we have that F(r) — 0, and hence that the local temperature of the gas
goes to zero everywhere within the matter region.

We can therefore say that 7 is essentially a measure of the local temperature of
the matter, although it is not simply proportional to it. Note that, as can be seen in
Eq. (10), the DEC, which is the statement that P (r) < p(r), can be written very simply
in terms of F(r), as F(r) < 1. Therefore we see that the allowed values of F'(r) are
within the interval [0, 1], with F(r) = 0 corresponding to zero local temperature of
the matter, and F(r) — 1 corresponding to a divergent local temperature. Therefore
the parameter 7 has the properties that increasing it towards 1 corresponds to tending
to an infinite local temperature of the gas when one approaches the DEC curve, and
that 7o — 0 corresponds to approaching zero local temperature of the gas.

In the graphs shown in Figs. 1, 2, 3 and 4 we can see the curves representing the paths
for the black-hole limits within the (C, m,) parameter planes for the four particular
values of n used in this paper, and a set of 8 values of ty over a fairly wide range.
In order to plot these graphs we used integer values of w, from 1 to 100, and then
calculated the corresponding values of C, inverting Eq. (29). The values used for n
were 1.5, 2.0, 2.5 and 3.0. The values used for 7y were 0.001, 0.002, 0.005, 0.01,
0.02, 0.05, 0.1 and 0.2. The value 1o = 1 corresponds, of course, to the limiting curve
itself, and is used here only as a visual reference, one which we also used in the graphs
shown in [5].

In the graphs shown in Figs.5, 6, 7 and 8 we can see a visual representation of the
black-hole limits, for limits along paths in the parameter planes such as those described
in Eq. (29), for n = 1.5, from the point of view of the central function y (&) of the
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The Black-Hole Paths for n = 1.5

70 = 1.000 -
— 70 = 0.200

| ---- 719 = 0.100 |
80 --- 79 = 0.050
== T0 = 0.020

— 70 = 0.010 B
i ---- 719 = 0.005

60 i -—— 70 = 0.002 L
--- 19 = 0.001

Fig. 1 The paths used for the black-hole limits, within the (C, 7.) parameter planes, for the case n = 1.5.
The light dotted curve, that corresponds to g = 1, is the limiting curve to the DEC curve

family of precise solutions. The behavior of the corresponding graphs for the other
values of n is similar to the ones shown here. In obtaining these graphs we used for the
arbitrary parameter rq the position r, of the inflection point of 8(r), so that we have
for the corresponding dimensionless radial position &, = r,./rg of the inflection point
of y (&) the value &£, = 1. In fact, the same choice was used in all the runs involved
in the results shown in this paper. These graphs show sequences of functions y (§)
obtained numerically for a corresponding sequence of 8 values of 7, representing the
initial part of a black-hole limit, namely the values 5, 10, 15, 20, 25, 30, 35 and 40.
The dotted vertical line at £ = 1 is the starting point of the numerical integration to
either side, and is the common inflection point of all the curves shown. This is also
the common point of maximum of the derivative (&) of y (§).

In the graphs shown in Figs.5, 6, 7 and 8 the constant values of y (£) on the left
correspond to the inner vacuum region, and the constant values on the right correspond
to the outer vacuum region. The constant values on the left diverge to —oo in the black-
hole limits, and those on the right converge to a finite value of the order of 1. Since the
constant values on the left are given by —&,,, this divergence on the left corresponds
to the divergence of &, and r;, to positive infinity, and since the constant values on the
right are given by &y, they thus correspond to finite values of r), in the black-hole
limits. One can see that in the black-hole limits the function y (§) seems to approach
a point of non-differentiability at the radial position r, of the outer surface of the
matter. This behavior indicates the formation of the event horizon, although the non-
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The Black-Hole Paths for n = 2.0
100

7o = 1.000 r
— 70 = 0.200

| 7y =0100 | |
80 : --- 19 = 0.050
-- 79 = 0.020

— 109 = 0.010 B
w70 = 0.005

60 — ——- 79 = 0.002 —
-- 19 = 0.001

C

Fig.2 The paths used for the black-hole limits, within the (C, w.) parameter planes, for the case n = 2.0.
The light dotted curve, that corresponds to 7y = 1, is the limiting curve to the DEC curve

differentiability is only actually reached in some of the black-hole limits, namely the
zero-temperature limits we will examine later on.

Our next task at this point is to determine how the parameter &,, behaves along the
curves shown in Figs. 1, 2, 3 and 4. This can be seen on the graphs shown in Fig. 9, for
the value of n = 1.5, and for 7, varying from 1 to 500. In Appendix A one can find a
more complete set of graphs, for all the values of n used. The behavior of §,, () in all
cases is similar to the one seen in Fig.9. As can be seen in that graph, &, is essentially
linear with ., specially for the larger values of 7,. We included in these graphs linear
fits for &,, (77, ), calculated for the 100 larger values of 7., given by

(o) = ap + o1 7. (30)

These fits turn out to be essentially exact within the numerical precision used. The
regression correlation coefficients are consistently equal to 1 within that numerical
precision. The errors in the coefficients are negligible. Table 1 shows the linear regres-
sion coefficients g and o1 shown in Eq. (30), for all values of n used. The regressions
are applied in each case to the last 100 of the 500 values of . used, that is, from
7w, = 401 to w, = 500. This shows that for large values of . the dimensionless radius
&,, is very precisely linear with 7., with still fairly small deviations only for very small
values of 7.
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The Black-Hole Paths for n = 2.5

100

7 \ \ \

70 = 1.000 -
— 710 = 0.200

] ---- 19 = 0.100 |
80 --- 19 = 0.050
-- 19 = 0.020

— 710 = 0.010 B
---- 10 = 0.005

60 — —-—- 79 = 0.002 -
--- 19 = 0.001

0.5

Fig.3 The paths used for the black-hole limits, within the (C, w.) parameter planes, for the case n = 2.5.
The light dotted curve, that corresponds to 7y = 1, is the limiting curve to the DEC curve

The following important conclusion can be drawn from this analysis. Since the
black-hole limits are obtained when we make 7, — o0, it follows that we always
have that

£, — 00, 31)

in all black-hole limits. This means that the §,, — oo limitis equivalent to the 7, — oo
limit, as a way to characterize the black-hole limits. This implies, in particular, that in
such limits r,, always diverges to infinity, as does the energy uc? associated with it.
We will come back to this important fact later on.

The exploration of the black-hole limits was performed in terms of certain useful
diagnostic variables. These diagnostic observable are the same that were previously
defined and used in [5], namely the ratios

u
= , 32
BT e 2
Em
Hp = —, 33
R 5 (33)
&1
=5t 34
Or P (34)
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The Black-Hole Paths for n = 3.0
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Fig.4 The paths used for the black-hole limits, within the (C, 7.) parameter planes, for the case n = 3.0.
The light dotted curve, that corresponds to 7y = 1, is the limiting curve to the DEC curve

all of which assume values within the interval [0, 1]. The first one, in Eq. (32), we
refer to as the Energy Ratio, the second one, in Eq. (33), as the Horizon Ratio, and the
last one, in Eq. (34), as the Quantum Ratio. The meanings of these observables were
discussed in [5], and we will quickly review them here.

The Energy Ratio Er has the property of being equal to zero at the Tooper curve
and, since we just saw that £, — oo in the black-hole limits, it has the property of
tending to 1 in such limits. It therefore distinguishes and interpolates between the
Tooper solutions and the black-hole limits. The Horizon Ratio Hg, by comparing the
Schwarzschild radius rj; with the outer radius 7, characterizes the overall energy
density of the solution, as well as the proximity to the formation of an event horizon at
ro. It is very small for the very low-density solutions, and tends to 1 in the black-hole
limits.

The Quantum Ratio Qg, by comparing the inner radius r; with the outer radius
r2, identifies situation in which the quantum properties of matter come into play. It
is zero at the Tooper solutions, which are characterized by having r; = 0, as well as
by having r, = 0, and tends to 1 when the width of the matter shell tends to zero. In
such situations, when the proper width of the matter shell approaches the wavelength
of the quantum fields associated with the particles of matter contained within it, the
quantum behavior of that matter will prevent the shell from becoming any thinner. It
would therefore be physically impossible to actually take a physical limit in which
Qg assumes the value 1.
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(&) for n = 1.5 and 79 = 0.001
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Fig.5 Sequences of functions y (§) for n = 1.5 and for a sequence of values of 7, from 5 to 40, illustrating
the approach to a black-hole configuration, for the case 7y = 0.001

4 Results of the exploration

The behavior of the diagnostic observables along the paths shown in Figs. 1, 2, 3 and
4 can be seen in Figs. 10, 11 and 12. The values used for 7, were the integers, starting
from 1 and going up to 500. For each one of the graphs shown here, which are all for
the case n = 1.5, a more complete set of graphs, for all values of n that were used,
can be found in Appendix A. In the numerical runs used to obtain all these graphs we
used for the parameter o the position 7, of the inflection point of §(r), so that we
have for the corresponding dimensionless radial position &, = r,/rg of the inflection
point of y (&) the value &, = 1.

4.1 Analysis of the behavior of the limits

The graphs of Eg(m,.) shown in Fig. 10 indicate that in all these limits we have that
Eg(m,) — lg, which corresponds to §,;, — oo, as we already know must be the
case. This shows quite clearly that all these limits are in fact black-hole limits, in the
sense that &, diverges on them. The pace of the approach of Eg to 1 varies with the
parameter 7. It is somewhat slower for the low-temperature cases, with smaller values
of 79, and faster for the high-temperature cases, with larger values of tg. Note that
in this discussion we will consider only the high-temperature regimes which are still
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~(&) for n = 1.5 and 19 = 0.005

Fig.6 Sequences of functions y (§) for n = 1.5 and for a sequence of values of 7, from 5 to 40, illustrating
the approach to a black-hole configuration, for the case 7y = 0.005

well below the relativistic high temperature regime near 79 ~ 1. The conclusion here
is that the black-hole limits seem to exist and to behave, by and large, as expected.

The graphs of Hg(w,) shown in Fig. 11 indicate that in all these limits we have
that Hr(m,) — lg as well, which corresponds to &y — &>5. Once more, this shows
quite clearly that all these limits are in fact black-hole limits, in the sense that they
approach the formation of an event horizon at the position r, of the outer surface of
the matter. Once again, the pace of the approach of Hg to 1 varies with the parameter
79. It is somewhat slower for the low-temperature cases, with smaller values of 7,
and faster for the high-temperature cases, with larger values of ty. The conclusion
here is that these limits do indeed take us to black-hole solutions, that display an event
horizon at r;. In the limit the exterior part of the solution is indistinguishable from the
solution for a naked black hole, represented by the exterior Schwarzschild solution
forall r > rp.

In the case of the graphs of Qg(m.) shown in Fig. 12, on the other hand, we see
a very different picture. The graphs of Qg (7,.) indicate that for each value of 7 this
observable approaches a constant value smaller than 1, as we make 7w, — oo, with
values that depend on 7. We must therefore conclude that in the limits along the paths
shown in Figs. 1, 2, 3 and 4 the observable Qg (r.) does not tend to 1 when we make
m. — oo. Instead, it tends to constant values that are strictly smaller than 1. For the
larger values of 7o (higher-temperature cases) they are significantly smaller than one,
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(&) for n = 1.5 and 79 = 0.02
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Fig.7 Sequences of functions y (§) for n = 1.5 and for a sequence of values of 7, from 5 to 40, illustrating
the approach to a black-hole configuration, for the case 7y = 0.02

and for the smaller values of 7y (lower-temperature cases) they are close to 1. As is to
be generally expected, the quantum effects appear predominantly when the matter is
at low temperatures. However, they do not tend to 1 in the limit, so that the coordinate
thickness rp — ry of the matter shell does not tend to zero. Therefore in these limits we
always have that r| < r. The conclusion here is that there are different types of such
black-hole limits, in which the local temperature of the matter has different values.
Since 7 varies monotonically with the local temperature of the matter, for large values
of 1y the temperature will be large, and for small values of 7( the temperature will be
small. Only for very low temperatures the proper thickness of the matter shell will be
commensurate with the wavelength of the quantum matter fields, so that the quantum
limitations on the behavior of matter come into play.

One can verify that in the cases of Eg(m,) and Hg(m,.) the functions do tend to
1, and that they do so with a power behavior, by making logarithmic plots of the
quantities Ey (w,) = 1 — Eg(mw,) and Hy (w,) = 1 — Hr(m,) versus m,. The graphs
of In(Ey) and In(Hy) versus In(m,) are shown in Figs. 13 and 14. The curves tend
to behave as straight lines for large values of 7., which indicates that Ep (r,) and
Hj (m,) decrease asymptotically to zero as powers. The absolute value of the negative
slopes of the graphs are smaller than and close to 1, indicating that these quantities
fall to zero approximately as 1/7,.
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(&) for n = 1.5 and 79 = 0.1
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Fig.8 Sequences of functions y (§) for n = 1.5 and for a sequence of values of 7, from 5 to 40, illustrating
the approach to a black-hole configuration, for the case 79 = 0.1

Due to the behavior of Qg () in these limits, so far we must conclude that all
these limits correspond to non-zero local matter temperatures. In order to construct a
limit in which the local matter temperature tends to zero, we must decrease C faster
than in the limits that we have been using so far, given in Eq. (29) or, in other words,
we must increase 1, slower as C — 0. This can be accomplished with limits along
paths given by

1
cn—e

1
=1(0) o (35)

7.(C) = 11

where ¢ > 0, which corresponds to a decreasing local temperature 7 (C) of the gas as
C — 0, and where 7(C), which goes to zero in this limit, is given by

7(C) = 1, C8. (36)

One can see the behavior of Q g (7r,) in these new limits in Fig. 15, for the case ¢ = 0.5.
In this new type of limit we have that Qr — lg when 71, — oo. For the smaller
values of 71, and therefore the smaller decreasing temperatures, the approach of Qg
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Graph of ¢, as a function of 7, for n = 1.5
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Fig. 9 The behavior of &, as a function of 7, for the case n = 1.5, for the eight values of 7y used. The

heavy solid lines are linear fits to the last 100 point of each graph, which turn out to be perfect fits within the
numerical precision used. A more complete set of graphs, for all values of n, can be found in Appendix A

to 1 is faster, and for the larger values of 71, and therefore the larger decreasing
temperatures, the approach of Qr to 1 is slower. But in any case we will always end
up with Q g = 1 in the limit, which means that in these limits we will always approach
the limitations associated with the quantum behavior of the matter, for any value of 7;.
Once again, as is to be generally expected, the quantum effects appear predominantly
when the matter is at low temperatures. One can see in Fig. 16 the graphs of In(Q71)
versus In(m,), where Q (w,) = 1 — Qr(7m,), in this new type of limit. Once more the
curves tend to behave as straight lines for large values of 7., which again indicates
that Qy (7.) decreases to zero as a power.

In the new type of limit just discussed, we have that 77, (C) diverges to infinity slower
than 1/C", as we make C — 0, since we have that ¢ > 0. One might also consider
limits in which 7. (C) diverged to infinity faster that 1/C”, which would correspond
to ¢ < 0. However, in this case 7, (C) would increase faster than the limiting curve
of the DEC curve as we make C — 0, and would therefore eventually cross the DEC
curve, so that the solutions would become incompatible with the Dominant Energy
Condition. Therefore these are not physically useful limits.
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Table 1 The linear regression coefficients for the graphs in Fig.9, as well as in Figures AO1-A04 of
Appendix A

n 70 ) o n 70 ap o
1.5 0.200 —0.3852892 0.4503448 2.5 0.200 —0.4782566 0.5275016
0.100 —0.1936474 0.3780476 0.100 —0.3971084 0.4800606
0.050 +0.0359390 0.3029430 0.050 —0.3002054 0.4337708
0.020 +0.3386680 0.2078438 0.020 —0.1490952 0.3726328
0.010 +0.5254569 0.1475215 0.010 —0.0214393 0.3262976
0.005 +0.6608857 0.1007877 0.005 +0.1115560 0.2806850
0.002 +0.7646767 0.0585121 0.002 +0.2838054 0.2235925
0.001 +0.7949933 0.0380426 0.001 +0.4032393 0.1844273
2.0 0.200 —0.4488262 0.4964475 3.0 0.200 —0.4948009 0.5502534
0.100 —0.3329712 0.4403132 0.100 —0.4328028 0.5085879
0.050 —0.1912202 0.3839310 0.050 —0.3605405 0.4685270
0.020 +0.0257299 0.3083408 0.020 —0.2490029 0.4165601
0.010 +0.1962239 0.2525214 0.010 —0.1534554 0.3774229
0.005 +0.3563128 0.2008355 0.005 —0.0503161 0.3384133
0.002 +0.5341043 0.1425684 0.002 +0.0926441 0.2876908
0.001 +0.6368277 0.1073342 0.001 +0.2010366 0.2507694

The coefficient « is the intercept and the coefficient o] is the slope. The errors in the coefficients, and
specially in the slope, are negligible

4.2 Physical feasibility of the limits

We must now discuss whether or not these black-hole limits can actually be taken,
from the physical standpoint. We will see that there are at least three issues involved,
leading to the conclusion that the black-hole limits cannot actually be physically taken.

The first is a question of mathematical consistency. Since the paths of the black-hole
limits in the parameter planes are below the curve 7, = 1/C", and since during the
limit we necessarily have that w, — 00, it follows that we must also have that C — 0.
However, according to the polytropic equation of state given in Eq. (24) the value
C = 0 corresponds to pressureless dust so long as the energy density is finite, and
in these circumstances there can be no static solution, thus leading to a mathematical
inconsistency. The only possible alternative is that the energy density is infinite in the
limit, which is a singular situation, not physically acceptable, since it implies that we
have somewhere a finite and non-zero amount of matter energy compressed into a null
volume, which is not possible due to the quantum properties of the matter.

The second issue comes from the fact that, since we saw that in the 7, — ©0
black-hole limits we have that £, — o0, it follows that we also have that r,, — oo
and that uc?> — oo, where puc? = rﬂc4 /(2G). The quantity uc? is an energy, that
as we will see shortly can be written in terms of the matter energy density, whose
complete nature may not yet be entirely clear, but that can be associated with some
combination of the thermal energy of the system and the gravitational binding energy
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Graph of Fgr as a function of 7, for n = 1.5
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Fig. 10 The behavior of E as a function of . for the case n = 1.5, for the eight values of 7 used. A
more complete set of graphs, for all values of n, can be found in Appendix A

of the system. Having this energy diverge to infinity would mean that at least one of
these forms of energy diverges to infinity, which is physically impossible.

The third issue comes from the fact that, as we saw before, the black-hole limits in
which the local matter temperature goes to zero have the property that the quantum
ratio behaves as Qg — 1. These zero-temperature limits take us to a situation where
the quantum properties of the matter prevent us from further compressing the matter,
and hence force the process of taking the limits to be halted. Even if this process is
rather slow, and allows the limiting procedure to proceed to an extraordinary extent, it
still stops us from being able to assign any real physical significance to the limit itself.

In order to further examine the last two issues, we can construct an interesting inte-
gral involving energies and the matter energy density. Using Eq. (13), and integrating
over a spherically symmetric coordinate volume from the position r, of the zero of
B(r) to the outer radius r,, we get

4r /rz drr2p(r) = 4n %M /rz dr B'(r). (37)

z

One can now see that the integral on the right-hand side is trivial, and since we have
that 8(r;) = 0 and that B(») = 1, we get

r
Mc? = 471/ drr’p(r), (38)
I
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Graph of Hg as a function of 7, for n = 1.5
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Fig. 11 The behavior of Hg as a function of 7, for the case n = 1.5, for the eight values of 7( used. A
more complete set of graphs, for all values of n, can be found in Appendix A

where we have replaced « and rj; by their values in terms of M, G and ¢. We have
therefore an expression for the physically meaningful energy Mc? in terms of a coor-
dinate volume integral of the matter energy density. Note however that the integral
does not run over the whole matter region, since it starts at », > rq rather than at ry.
Therefore, if we consider the integral from r; to r;, in a similar way we get

4r / drrtp(r) = 4n ™ / dr B'(r). (39)
r r

1 K

Once again one can see that the integral on the right-hand side is trivial, and since we
have that 8(r;) = 0 and that B(r;) = —r,/rpy, we now get

rz
uc? = 47t/ drr’p(r), (40)
r

1

where we have now replaced « and r;, by their values in terms of 1, G and c¢. We
have therefore an expression for the energy yuc? in terms of another coordinate volume
integral of that same energy density, this time over the remaining part of the matter
region. It is at least a reasonable assumption that this energy must be physically
meaningful, just like the energy Mc2, even if its complete physical meaning is not yet
entirely clear.
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Graph of Qg as a function of m, for n = 1.5
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Fig. 12 The behavior of Qg as a function of 7, for the case n = 1.5, for the eight values of 7( used. A
more complete set of graphs, for all values of n, can be found in Appendix A

If we now consider the integral over the whole matter region, due to the additive
property of the integrals over the union of disjoint domains, using Eqgs. (38) and (40)
we obtain the result that

2
4:1/ drr’p(r) = pc® + Mc?. (41)
r

Now, in the black-hole limits we have that 7, — oo, whichimplies that © — oo. Since
M is finite and the integration domain is a finite interval, this implies that the integrand
has to diverge in order for the integral do diverge to infinity, and since r is within that
finite interval, it is necessary that p(r) has a non-integrable hard singularity within
some interval with non-zero length, and in particular that its maximum value, which is
necessarily assumed somewhere within that interval, diverges in the black-hole limits.
Therefore, so long as » — ri does not go to zero in the limit, the black-hole limit
implies once again the existence of infinite concentrations of matter, resulting in infinite
energies, since uc? goes to infinity, a situation which is physically unacceptable.

The only possible alternative to the situation just described is that we have a black-
hole limit in which » — r; — 0 in the limit, in which case we now have that
QORr(me) — lg, and hence we now have in force the limitation that eventually the
quantum properties of matter will prevent us from taking the limit to its ultimate con-
clusion. We see, therefore, that in either case the black-hole limit cannot really be
taken in a physically meaningful way.
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Log graph of E;, =1 — Er as a function of m, for n = 1.5
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Fig. 13 Logarithmic plot of the behavior of E; = 1 — Eg as a function of 7, for the case n = 1.5, for the
eight values of 7 used. A more complete set of graphs, for all values of n, can be found in Appendix A

5 Analysis of the interior geometry

Let us now inquire into the nature of the spacetime geometry of the interior region in
the black-hole limits. The spatial geometry is given by the radial and angular proper
lengths between pairs of points. By symmetry we may limit the discussion to the
plane 6 = 7 /2. In this case the elements of proper arc-lengths along the angle ¢ are
simply given by d¢4 = r d¢, and the elements of proper radial distance are given by
dl, = exp[r(r)]dr, according to the invariant interval given in Eq. (1). According to
the results in [4], inside the inner vacuum this is given by

7
deé, = dr, 42
r rtr, r (42)

dty =rdp, (43)

and integrating between two given points in either case we get the proper lengths

¢ = / dr (44)
r+ ru
to = r(gs — Pa)- 43)
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Log graph of Hy, =1 — Hp as a function of m, for n = 1.5
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Fig. 14 Logarithmic plot of the behavior of H; = 1 — Hg as a function of 7, for the case n = 1.5, for the
eight values of 7 used. A more complete set of graphs, for all values of n, can be found in Appendix A

While in the 7, — oo black-hole limits £4 does not change at all, in the case of £,
since in the 7, — oo limits we have that r, — oo, it follows that

b
lim ¢ = lim [ dr |——. (46)
TTe—> 00 ru—=o0 J. r+ry

This is the integral of a limited function over a finite interval, and is therefore finite.
Since in the limit the denominator of the integrand increases without bound, it follows
that

lim ¢, =0, 47)
TTe—> 00
for all values of r, and rp, of any two points aligned along a radius, within the inner
vacuum region [0, r1]. In fact, it can be verified numerically that, since within the
matter region we have that, from Eq. (5),

A _ r
R IOk @

where everywhere strictly to the left of its single zero at r, the function 8(r) is negative
and tends to —oo in the black-hole limits, this result can actually be extended to the
part of the matter region that is strictly to the left of the single zero r, of S(r). The
conclusion is that in this whole inner region, from r = 0 to the zero r; of B(r), given
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Second graph of Qg as a function of 7, for n = 1.5
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Fig. 15 The behavior of Q g as a function of 7, for the case n = 1.5, for the eight values of 7] used, in the
case of the second type of limit, with ¢ = 0.5. A more complete set of graphs, for all values of n, can be
found in Appendix A

any two points r, and r, along the radial direction, the distance between them goes
to zero in the black-hole limits. It follows, in particular, that the whole actual proper
width of the matter region in the black-hole limits lies entirely within the interval
[r;, r2]. It should be noted here that for black-hole limits with 7y > 0, leading to finite
and non-zero matter temperatures, we have that r, < r», so that this interval has some
finite and non-zero proper radial length.

If we now consider the distance between any two points within this inner region
[0, r,], for any values of the angles, to be the minimum possible path length among
all the possible paths connecting the two points, then this implies that the distance
between any two points within this region goes to zero in the black-hole limits. This
is so because we can always first go from one of the points to the center along a
radial direction, and then go out again to the other point along another radial direction.
Both legs of this path have length zero in the limit, and therefore the overall distance
is zero. Therefore, all the distances between pairs of points within the inner region
[0, ;] collapse to zero in the black-hole limits.

This implies that any events occurring at these points, such as, for example, thermal
of quantum fluctuations, will be completely correlated to one another. All the points
within the inner region will in fact act as a single point, notwithstanding the fact that
there are paths with non-zero lengths connecting pairs of such points, such as angular
paths. The minimum length of all possible paths connecting any two points is always
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Second log graph of Q@ =1 — Qg as a function of mw, for n = 1.5
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Fig. 16 Logarithmic plot of the behavior of Q; = 1 — Qg as a function of n, for the case n = 1.5, for
the eight values of 71 used, in the case of the second type of limit, with ¢ = 0.5. A more complete set of
graphs, for all values of n, can be found in Appendix A

zero. In black-hole limits in which r; approaches r,, namely in the zero-temperature
cases, this behavior will extend to the whole interior of the black hole, inside the event
horizon. It is to be presumed that this is the case for what are usually called “naked
black hole” solutions, with no matter at all at or outside the horizon. In this case we
see that all the points of the horizon are fully correlated to one another.

In the way of confirmation of these results, it is interesting to note that the integral
in Equation (46) can be calculated exactly. Using the dimensionless variables and
parameters x = r/ru, Xa = a/ry and xp = rp/ry, leading to d x = dr /r;,, we can

write the integral as
= / “ d X 49
L = —_—
r=ru ) T4y (49)

One can verify that the primitive of the integrand in this dimensionless integral is given
by

/dx,/$=ﬁM+ln<m—ﬁ)- (50)

Note that this function is zero at y = 0. We therefore have for our integral

b =] [ViE VT (V50 - V)| +
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- [V ViF (VT - vi) ) G

In order to take the r, — oo limit, in which we have both that x, — 0 and that
x» — 0, we first write this as

rb\/ﬁ«/—1+Xb+ln(«/—l+X 0 N

L=
Xb
_, \/XaV1+Xa+ln(V1+Xa_«/Xa) (52)
a Xa b
where r, and rj, are kept constant during the limit, so that we can write that
Sxb 1+ xp +1In(V/1 4+ x5 — o/
lim ¢, = ry tim YYTE0ADTE D = V0)
rp—>00 xp—0 Xb
. «/XaV1+Xa+ln(\/1+Xa_\/Xa)
—ry hmo . (53)
Xa— Xa

The limits of both terms on the right-hand side are now of the form 0/0, so we use the
L’Hopital theorem and thus get for these limits

lim ¢, =rp lim ——— v Xb —r, lim _yXa
=00 w0 /14 xp xa—0 /1 + x4

=0. (54)

In particular, the whole proper radius of the inner vacuum region goes to zero in the
limit. As a consequence, the inner vacuum has zero proper volume in the black-hole
limits, despite the fact that its surface has a finite and non-zero proper area, associated
with a non-zero apparent coordinate volume. One might even say that in the black-hole
limits the inner vacuum region is not really there in any physically meaningful way.
The same is the case for the inner region within [0, 7;].

Shifting now our attention to the temporal part of the geometry, let us discuss the
m, — o0 black-hole limits of v(r), which we recall are the same as the r, — oo
limits. From Eq. (12) we have for the temporal coefficient of the metric in the inner
vacuum,

v _ 2T rM rtru
) r ry+ry

(55)

Taking the black-hole limits we get

lim ") = < lim r-‘) ( lim 2" ) ( lim H—r““) (56)
Te—> 00 ru—>00 1y rp—>00 r rp—>00 r1 + I
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So long as we have that 0 < r < rq, the r, — oo limit of the last of the three factors
above is just 1, so that we get

. . . rh—r
lim &> = ( lim - ) ( lim 2™ ) . (57)
TTe—> 00 rp—>00 1) 7y —>00 r
Since in the black-hole limits we by definition have that ry; — r»g, for all r # O the
second limit above is zero, while the first one is some finite number, so that we get

lim e’ =0, (58)
TTe—> 00

so long as r # 0, a result which corresponds to v(r) — —oo. There is therefore an
infinite amount of red and blue shifts, with respect to asymptotic flat space at radial
infinity, for all points within the inner vacuum, except for the origin. This indicates
that close to the black-hole limits we have a radical slowing-down of the apparent
time within most of the interior of the black holes under formation, as seen by an
observer at radial infinity. Note that we still have the repulsive singularity at r = 0
in the black-hole limits, but that it is now a removable, strictly point-like singularity,
where the temporal coefficient of the metric is positive and infinite, while it is zero
everywhere else in a neighborhood of that point.

This result can be extended to the whole interior of the black hole, inside the event
horizon. In fact, since by Eq. (15) we have that in the matter region F'(r) > 0, thus
leading to In[1 + F(r)] > 0, and considering also that in the black-hole limits we
have that v(r;) — —o0, due to the singularity of v(r) at the horizon of the exterior
Schwarzschild solution, it follow from Eq. (12) that in the black-hole limits we have
that v(r) — —oo in all the interior of the black hole, inside the event horizon that
takes form at r5.

The nature of the interior geometry that is obtained in the black-hole limits is way
beyond our ability to imagine it in the usual visual way, and we must adhere only to
the mathematics in order to be able to deal with it. The geometry of a two-dimensional
section through the origin is not embeddable in three dimensions in any simple way
that could help us to form an intuitive visual understanding of it, in the way that is
usually done for the exterior Schwarzschild geometry. But this is not all that there is to
it, since we find ourselves here confronting a very strange and unexpected connection
with results obtained by Prof. Gerard 't Hooft [6] from the study of quantum mechanics
in the background metric of a naked Schwarzschild black hole, which is what we get,
in any black-hole limit, for the exterior region of the black hole.

Two of the main results of that work seem to be the necessity for the identification
of antipodal points of the horizon, and the absence of the interior of the black hole
in any physically meaningful way. These two results map in an uncanny way onto
the results that we get here for the zero-temperature limits, but in fact we get even
more radical results here. While the results from [6] require only the identification of
antipodal points, our results for the zero-temperature limits imply that all points of
the horizon are equally identified with one another. And even more than that, so are
all the points of the interior as well. Regarding the effective absence of the interior, it
maps onto the fact that the whole proper volume of the interior vacuum region is zero
according to our results here.
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This identification of results becomes even more surprising and strange if we point
out that while the results in [6] come from a quantum-mechanical analysis in the
background geometry of a black-hole, our derivations here are entirely classical. On a
purely operational level they are no more and no less than the derivation and analysis
of solutions to the Einstein field equations of General Relativity.

5.1 Concepts of singularity

Despite the fact that the exterior Schwarzschild solution is valid only outside the posi-
tion ry; of the event horizon, and only at radial positions outside spherical surfaces
outside of which there is no matter at all, there seems to be a tendency to take seri-
ously the invariant curvature singularity at » = 0 that is displayed by this well-known
solution. One reason for this is that there is no such curvature singularity a the position
of the horizon itself, since the singularity seen there is only a coordinate singularity,
and not an invariant curvature singularity. This means that it is possible to find alter-
native systems of coordinates that display no singularity at all at that event horizon,
making it possible, from the purely differential-geometric point of view, to consider
connecting the inner and outer regions on either side of the horizon in a continuous
and differentiable way.

However, these transformations of coordinates tend to interchange the roles of the
temporal and radial (and hence spatial) coordinates. This is not physically reason-
able, since the temporal and spatial coordinates are conceptually very different from
a physical point of view. While there is a fundamental symmetry between the tempo-
ral and spatial coordinates in General Relativity, we should not go so far as to claim
that the temporal and a spatial coordinates can be simply interchanged, since they are
such markedly different physical concepts. The invariance by coordinate transforma-
tions is fundamentally important, but so is the preservation of the signature of the
metric, which identifies and differentiates the time coordinate. Therefore, physically
acceptable coordinate transformations should not completely interchange the temporal
coordinate with a spatial coordinate, or do anything that is equivalent to that.

None of this is an issue for our family of solutions in themselves here, since within
this family event horizons never form, for any set of finite values of the free parameters
of the family of solutions. However, when the black-hole limits are taken, leading
to infinite values of 7., we get a very definite, if strange and unexpected, resulting
geometry within the horizon, just as we get the far more familiar exterior Schwarzschild
geometry in the region outside of it. In this case, while the geometry we obtain outside
the horizon is the familiar one given by the exterior Schwarzschild metric right down
to the event horizon, the one we get inside that surface has no relation at all to what
the exterior Schwarzschild metric does inside that event horizon, when it is extended
across the horizon.

This suggests that a new definition of singularity is in order, one that takes into
account the conceptual difference between temporal and spatial coordinates, as well
as the preservation of the signature of the metric. One possible definition, that is based
on very basic physical principles of the theory of Relativity, can be formulated as
follows. An important concept of Relativity is that related to the invariance of events,
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in the sense that, if an event at a certain spatial point happens in a given system of
coordinates, then it must happen at that same spatial point, but possibly at different
times, in all other systems of coordinates as well. In other words, the existence of an
event is a coordinate-invariant concept, which should be independent of the reference
frame used to describe the events. This concept is often used in Special Relativity, even
if it is not always explicitly stated, and it should be equally valid in General Relativity.
Let us consider then an arbitrarily given solution of the Einstein field equations of
General Relativity. We propose the following conceptual definition of a new type of
singularity.

Definition: if there is a spatial point in a solution of the Einstein field equations
of General Relativity which is such that there exists an event at that point which
happens in one reference frame but not in other reference frames, then that point
should be considered as a singular point of the solution, on physical grounds.

In general this new type of singularity does not have to be an invariant curvature
singularity, and this new definition is being proposed here in addition to the usual one
based on differential-geometric concepts, not as a replacement for it.

A simple example of this is any point at the event horizon of the exterior
Schwarzschild solution, considered now as the boundary of physical validity of that
solution. It is a straightforward task to construct an event at such a point that exists
in some reference frames, but does not exist in others. Just consider a material point
particle falling freely in the radial direction towards the event horizon. As is well
known, in the proper reference frame of the particle a finite proper time elapses from
any arbitrary initial time to the time of the event “the particle arrives at the horizon”.
Therefore, in this reference frame the event happens at a finite time, and therefore
exists. However, when this same process is seen from a reference frame fixed at a very
large radial distance, and as is equally well known, the time to that same event is infi-
nite in that frame of reference, and therefore the event never happens, and hence does
not exist. Therefore, we should consider all points at the horizon as singular points in
the new physical sense being proposed here.

Given that the horizon is singular in this new sense, one should not expect that the
exterior Schwarzschild solution has any physical meaning at all beyond that singular
surface. Thus it is necessary to find other solutions that are valid in the whole spatial
manifold, without the hard singularities of the coordinate functions A(r) and v(r) at
the event-horizon surface. This is exactly what our new family of precise solutions
does. Note that the physical impossibility of actually taking the black-hole limits
within our family of solutions to their ultimate consequences, as discussed in Sect. 4.2,
represents the physical impossibility of having actual singular points of this type
in our family of solutions. The black-hole solutions can be approached, but cannot
be assumed. These limiting solutions can only be considered as simple approximate
representations of physically very extreme solutions, not as exactly realizable physical
solutions themselves.
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6 Conclusions

In this paper we have completed the exploration, started in [5], of the parameter
space of the new family of precise solutions of the Einstein field equations that was
presented in [4]. This part of the exploration was dedicated to the asymptotic sub-
regions of the allowed regions of the parameter planes of these solutions, for a few
values of the polytropic index n. These are the regions where one can construct limits
of solutions that approach the configurations of black holes. We have established the
existence of many such black-hole limits within this region, in which limiting solutions
containing event horizons are approached. We have also established that the new mass
parameter (., associated with the parameter r, that is introduced by the interface
boundary conditions, diverges to infinity in all such limits.

There are, however, different types of such black-hole limits that can be considered.
While in all of these limits the resulting exterior geometry, outside the event horizon, is
always the same, namely the familiar exterior Schwarzschild geometry, as one would
expect, the interior geometry is completely different from any expectations that one
might have had, and depends, in its details, on the way in which the limit is taken. In
some limits a shell of matter with non-zero proper thickness is left over, immediately
within the horizon, and in other limits, those that lead to the matter being at zero local
temperature, all the matter collapses completely to the position of the horizon. This
leads, of course, to considerations involving the quantum behavior of the matter, which
would prevent such a collapse.

Considerations involving the mathematical consistency of the solutions in the limits,
the fact that there is a divergent energy in the limits, as well as the considerations involv-
ing the quantum behavior of the matter, all lead to the conclusion that the black-hole
limits can be approached to a certain extent, but cannot be ultimately and completely
taken. In any physically realizable situation there will always be matter in the vicinity
of the position where the horizon would form. It is important to note that the presence
of the repulsive singularity at the center has an important consequence regarding the
possibility of the gravitational collapse of the matter. In any situation leading to such
an event, the gravitational collapse will not happen simply inwards, towards the center,
but rather towards the surface at the position of the formation of the event horizon,
both from without and from within that surface. Due to this, once more the region
around the position of the horizon never ceases to contain matter.

Independently of whether or not one takes black-hole limits, in these new solutions
the geometry outside the position r, of the outer surface of the matter is always
the familiar exterior Schwarzschild geometry. However, within that surface it is a
completely different and unexpected thing. In a general way, the difference can be
described by pointing out the fact that, while outside the surface at the zero r, of
the function B(r) the proper radial lengths are stretched, meaning that the proper
lengths are larger than the corresponding variations of r, inside that surface the proper
radial lengths are contracted, meaning that the proper lengths are smaller than the
corresponding variations of r. This makes the interior geometry non-embeddable in
the usual illustrative way used for the exterior Schwarzschild metric, and hence harder
to understand intuitively.

@ Springer



136 Page320f39 J.L.delyra

In the black-hole limits the situation of the interior geometry becomes radically
more extreme. As we saw in Sect.5, in the whole region within the position of the
zero r, of B(r), including the whole internal vacuum region, all proper radial distances
between any pairs of points aligned along a radial direction simply collapse to zero in
the black-hole limits. As a consequence, the minimum proper distance between any
two points within this region, independently of whether or not they are aligned along
a radius, all become zero. In other words, the physical distances between all pairs of
points within a spherical surface at the position r, become zero. From the point of
view of the physics, all points in that regions become identified with one another. For
all physical intents and purposes they are all one and the same point. Depending on the
type of black-hole limit which is taken, this may or may not extend to the whole region
within the horizon. For the zero-temperature limits the identification of all points does
extend right up to the position of the horizon. For other limits, with non-zero local
matter temperatures, there will be a thin shell within and right next to the horizon
where there still are non-zero proper radial distances.

At this point we establish a surprising and unexpected connection to the results
obtained by Prof. Gerard ’t Hooft [6] from the study of quantum mechanics in the
background metric of a naked Schwarzschild black hole. As was pointed out in Sect. 5,
the two main results of that analysis, the identification of antipodal points of the
horizon, and the physical absence of the interior of the black holes, can be easily and
immediately interpreted in terms of the results that we get from the analysis of the
interior geometry in the black-hole limits, for the case of the zero-temperature limits.
If anything, our results here are even more radical than those reported in [6]. Since in
our case here, for the zero-temperature limits, all the points in the interior region of
the black-holes turn out to be the same point, for all physical purposes, it follows that
all the points at the horizon are completely correlated to one another, and hence this
is valid in particular for the antipodal pairs of points.

In addition to this, as a consequence of our results for the interior geometry in
the zero-temperature black-hole limits, it is easy to see that the proper volume of
the interior of the black holes is zero. This volume is simply the sum of the proper
volumes of concentric spherical shells, all of which have zero proper volume in the
black-hole limits, since their proper thicknesses become zero in the limit. This may be
counter-intuitive and even bizarre, but follows unequivocally from the mathematics.
In the limit the surfaces of the zero-temperature black-holes have finite and non-zero
proper areas, but enclose zero proper volumes, even if there is a corresponding non-
zero apparent coordinate volume. Hence, for all relevant physical purposes, we may
conclude that the interior of the zero-temperature black hole is as good as absent.
Whatever external perturbation is incident at one point of the surface of the event
horizon, it has immediate effect on any other point of that surface, as if there was
nothing else between them.

This relation with the results in [6] becomes that much more surprising if we point
out that the work in [6] was done in the quantum-mechanical domain, while our work
here, on the face of it, is entirely classical, in the sense that it is non-quantum in its
intent. In so far as we can tell at this time, operationally there is no more to our work
here than the derivation and analysis of solutions to the Einstein field equations of
General Relativity. However, this unexpected relation to the quantum results in [6]
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suggests rather strongly that there may be more to General Relativity than hits the
eye. It suggests that there may be some underlying quantum structure in the theory
of General Relativity, which is somehow intrinsic to it, even if it is not immediately
apparent.

It is important to observe that one basic intent behind the work in [6] seems to be
to solve the black-hole information loss paradox, and that the conclusions arrived at
in that work are required in order to avoid the temporal development of pure quantum
states into thermal states. This strongly suggests that the black-hole solutions being
dealt with there should correspond to zero-temperature situations, which is exactly
the case in which those conclusions match very well our results here. Another way
to put this is to say that the imposition of the requirement of an unitary temporal
development on [6] corresponds to the imposition of the requirement of taking only
zero-temperature limits in our case here. It is as if the quantum mechanical wave
function leaked through the classically forbidden boundary of the event horizon, and
thus acquired some sense of what is on the other side. This situation is reminiscent of
the similar situation with the electron wave function in the case of the Aharonov-Bohm
effect of quantum electrodynamics.

The fact that in all cases the interior geometry bears no resemblance at all to the
behavior of the exterior Schwarzschild solution extended beyond the horizon, but is
instead something completely different from that, leads to the definition of a new
type of singularity, as explained in detail in Sect. 5.1. The definition proposed in
that Subsection is based on the important physical concept of the invariance of the
existence of an event, which is a very fundamental concept of the theory of Relativity.
The adoption of this new concept of singularity leads to the conclusion that the horizon
is in fact the boundary of the region of physical validity of the exterior Schwarzschild
solution, and that in the context of the shell solutions for polytropic matter that are
discussed here there is no sense in trying to work out a differential-geometric or
analytical continuation of that solution beyond that boundary, without reference to the
matter that gives origin to the curvature of spacetime, which is always present at or
near the horizon.

A full set of graphs

In this appendix we present full sets of graphs of each of the main observables deter-
mined in the exploration, for all 4 values of n and all the 8 values of 7y or t; that
were used, for all the black-hole limits considered. There are two general types of
black-hole limit involved in these results. The first is the more basic type, leading to
limits in which the matter has non-zero local temperatures. The second type of limit
is characterized by a variable local temperature, leading to limits in which the matter
has zero local temperature.

e In Figures 17a through 17d we show the behavior of the dimensionless length
variable &, as a function of ., for the first type of black-hole limit considered.
The heavy solid lines are linear fits to the last 100 point of each graph, which turn
out to be perfect fits within the numerical precision used.
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Graph of &, as a function of 7, for n = 1.5

Graph of &, as a function of m, for n = 2.0
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Second graph of Qp as a function of m. for n = 1.5 Second graph of Qp as a function of m. for n = 2.0
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Fig. 23 Figures 23a—23d: The behavior of Q as a function of 7., in the case of the second type of limit
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the second type of limit
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e In Figures 18a through 18d we show the behavior of the Energy Ratio Ey as a
function of 7., for the first type of black-hole limit considered.

e In Figures 19a through 19d we show the behavior of the Horizon Ratio Eg as a
function of m,, for the first type of black-hole limit considered.

e In Figures 20a through 20d we show the behavior of the Quantum Ratio Qg as a
function of 7., for the first type of black-hole limit considered.

e In Figures 21a through 21d we show the behavior of the quantity In(Ey ), where
E; = 1 — Eg, as a function of In(7w,), for the first type of black-hole limit
considered.

e In Figures 22a through 22d we show the behavior of the quantity In(H} ), where
H; = 1 — Hpg, as a function of In(r,), for the first type of black-hole limit
considered.

e In Figures 23a through 23d we show the behavior of the Quantum Ratio Qg as a
function of =, for the second type of black-hole limit considered.

e In Figures 24a through 24d we show the behavior of the quantity In(Q ), where
Q1 = 1 — QOg, as a function of In(r,), for the second type of black-hole limit
considered.
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