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Abstract

In this paper, we present a Bayesian analysis of exponential power mixture
models in the presence of a covariate. Considering Gibbs with Metropolis-
Hastings algorithms, we get Monte Carlo estimates for the posterior quantities
of interest.
Key words: exponential power mixture model, Bayesian analysis, Gibbs
sampling algorithm.

1 Introduction
The use of mixture models has been considered in the literature as an al-

ternative to nonparametric methods to analyse data, since in many applications,
the usual parametrical models could not be appropriate for the particular data set.
These data could be observed when a group of subjects may not react to a given
treatment.

Considering the introduction of a covariate vector g which may influence both
the incidence probabilities and the conditional latency distribution, the mixture
model (see for example, Kuo and Peng, 1995) assumes the density.

J
f(yl.az,Q) = 2 PM”) ff (31mg) '

(1)
j=1

where yis the value of a. random variable Y and Q = (_,B_1,&, . . . , B_J, 1) is the vector
of all unknown parameters.



The probabilities P(j|g,1), assumes that 2L] P(j livl) = 1, where 1 is-the
vector of parameters in the incidence probabilities.

Logistic regression links could be considered for the incidence probabilities,
that is,

PUIz, 1) = —'—"":_f' (2)

The cumulative distribution function for Y, derived from (1), is given by

J
F(ylz:.,£) = >_: PM”) lbs-(yuan) (3)

j 1

where Fj is the distribution function for fj.

In this paper, we assume mixture of exponential power distributions (see for
example, Box and Tiao, 1973) with density,
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where —00 < y < oo;j = 1,2;
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a,~>0,—1 <5j<1and —oo<0j<oo.

This distribution includes a wider class of symmetric distributions which in-
cludes the normal distribution (dj = 0), together with other distributions more lep-
tokurtic (dj > 0) or more platykurtic (dj < 0).
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Classical inference for mixture models based on the maximum likelihood esti-
mators could be difficult even for simple cases considering J = 2 (see for example,
Titterington et al, 1985). Thus, we consider a Bayesian approach based on Gibbs
sampling with Metropolis-Hastings algorithms (see for example, Gelfand and Smith,
1990; or Smith and Roberts, 1993).

These Markov Chain Monte Carlo (MCMC) methods has been explored in
the literature by many authors for finite mixture of distributions (see for example,
Diebolt and Robert, 1994; or Kuo and Peng, 1995).

2 A Bayesian Analysis for the Model

Assuming g = (311,312, . . . ,yn) a random sample of size n, the likelihood function
for Q is given by,

n J
L(ng,z) = HZPQIQJ) ELM-lag) (5)

i=1j=1

Considering the special case J z 2 and assuming a prior density 7r(_9_), the joint
posterior density for Q is given by,

W (ngfi) 0C 7? (Q) {fl 22: P (1&1) fj (yi|£,_fll)} (6)
izl j=1

To get better performance for the Gibbs sampling algorithm, We consider the
introduction of latent variables (see for example, Kuo and Peng, 1995) given by
(2,1, 2,2) ,i = 1, 2, . . . ,n where z,1|Q,y,~,x, ~ b(1,h,~1) (a Bernoulli distribution) with
hil given by

h . _—=

P (1133131) f1(yil$i,&)
“1

i=1P(ji$i73’_) fj (31,1th

That is,



,, (a) o< hfi"(1— hum (8)

where 2,-1 = 1 with probability h;1(z,-1 = 0 with probability 1 — ha). Observe that
Zn + Zi2 =1.

Thus,

7r(zi,... 211) 0c

n J'=1{P (Md) fj(y‘l$“—’)}zu
(9)" ’_ 5:1{22'=1P (31334) ff (yilxh—j»

Combining (9) with (6), we get,

7r(21,£_,...,§li_,fllg,§) 0C ”(fl) {fin {POI-7351) fi(y;|a:,~,_))}’"} (10)
i=1 J=1

To generate samples of the joint posterior distribution (10), we use the Gibbs
sampling algorithm. Starting with initial values 2”) = (Gin),...,0,‘,°)), follow the
steps:

(i) Generate a sample g“) = (£(1),zg”,...5,,(,l’) ,

from (8). (11)

(ii) Generate a sample of 0, from the conditional distributions

7r (011030), . . . , 05°),g(1),_:c_), 1r(02[0{l), 0&0) . . . , 0£°),_z_(l),g) , . . .,

1r(0p[0m,..,0),l_)l,_z(1),a:)

Then, continue iteration by repeating steps (i) and (ii).

2.1 Mixture of Exponential Power Distributions
Let us assume only a covariate x, a mixture of J = 2 exponential power distri-

butions (1), with 0,- = a, + ,BJ-rc,j = 1,2; and the logistic regression link (2) with,



67+”:P(1lx777T) 2 1+ 67
T157a'nd

P(2lw,7,r) = 1— Pumf) = Trim
Assuming prior independence among the parameters, consider the following

prior densities for a1,fl1,0'1, 61,012,52, 02, 52,7, and T:

(i) al ~ N(a10,af1);am,af1 known,

(ii) fll N N(,310,Ui’2);,310,0122 known,

(iii) 01 ~ Flmllanllli mllynll known,

(iv) 51 ~ N(610,0'f3);510,af3 known,

(12)(v) 012 ~ N(a20,a§1);a20,a§1 known,

(Vi) flz ~ N(fi20,a§2);fi20,a§2 known,

(Vii) ”2 N F[m223n22]i m22,n22 known,

(viii) 62 ~ N(620,a§3);620,a§3 known,

(iX) 7 N N(70’ 034),’/0,0'f4 known,

(x) T ~ N(To,cr§4),ro,a§4 known,

where N (u, 02) denotes a normal distribution with mean 11 and variance 02; F [a, b]
denotes a gamma distribution with mean a/b and variance a/b2 .
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The joint posterior distribution for Q = (ahfll,01,51,02»fl2,0’2,52,7,7') is
(from (6)) given by,

”(QM oc 7r(Q)L(£lg,z) (13)

where

”(Q) 0‘ e$p{—2711-1-(a1 — 01102} 6$P{—2711'2‘(fl1 — fi10)2}

“$051 — 510V} exphigh — 70V}
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023
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2/(l+61)

L (Q i Qafi) = i=1 {Tim [LU(51)0'1 161131) <—C(61) y 0371
£111! +
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_ ML 2/(1+ 2

(T+—l+—=7 [w(52)0216$P(—C(52) “3,2 2x

With the introduction of latent variables (Zgl,z,'2),i = 1,2,...,n, we get
(fromuon,

) °< ”(M “WWW }[w<a,1r[w(52]n_,1r(zl 2 Q yg; . _—’ ’—"’ '—’ Z‘=1(1+e"+”') 0M”

€$P{— 651 Bi(al,fl1,51)— f(f3_232(027,32,52)}
a 0221+1

1

where 7r(_0_) is given in (13),
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r = E?“ 2a, n — 7' = 2&1 Ziz, “1 = 2&1 wizm

2 6Bl(a17flla61)= Z?=1 Z“ ly1 — al —131in “1+”,

Bz(02,fi2, 52) = 2L: 2&2 lyi — az — flzxijz/(H‘s’).

To generate samples of the joint distribution (14), we use steps (i) and (ii) of
the Gibbs algorithm (11), where the conditional distributions for the parameters are
given by, '

(i) 7? (01 I 181,017517027182102’62’7, T7§v£v£) 0C

637}? {—§U%n'(01 — 010V} ‘I’1(Q)

where,

‘I’1(Q)= 6$P{—agc(15251)Bl(abfl1,51)}
1

(ii) 7" (fll | 01,01,51,az,fi2,02,52,% Tagvyjz) 0C

exp {755m — film} MQ)

where,

‘I’2(.0.) = e$P{—;%g—i.25731(01,fl1,51)}
1

(iii) 7r(01 |011,51,51,02,,32,02,52a‘7,73§_,g,£) cx

Urll_l€$P{—"1101}‘I’3(Q)

where,

Kl



me) = exp {—rln(al) - af2f<1+5=>c(51)31(a1,fi1,cm}

(iV) 7‘- (61 I ahfll,0'1,02,,32,0'2,62,7,T,£,g,_1_7) (X

exp {—2ftllz;(51 —' 510V} W450.)

where,

‘I’4(Q) = ezp{rln(w(51)) — 0.26 {i
1
Bl(a1,fi1,51)}

1

(V) 7!‘ (Q2 I a1,,31,01,51,fi2,02,52,7,7354352) O(

(15)
exp {_§;Z(a2 — azo)2}‘1’5(_‘9.)

where,

‘I’5(Q) = €$P{—;%%Bz(a27fl2, 52)}
2

(Vi) ”(132|01,fl1,01,51,02,02,52,7,T,.2.,Q,£) 0<

exp{—-2-§r(fl2 — may} we)
22

where,

\IIG(Q) = exp { —a2c (15152) 32012, flz, 59}
2

(Vii) ”(0.2 I alafllv61701,a2a162’625777'7évgafi) OC

05"”'lemp{—n2202}\117(fl)

where,



‘I'7(Q) = exp{—(n -— r)ln(02) — a{2/(1+62)C(52)Bz(02,flz,52l}

(Viii) Tr (62 I 01,131,GI,51aa2a18270'2i777'a5agig) O(

637? {—2fi‘1,2';(52 —' 520V} ‘I’8(Q)

where,

M) = ezp{<n — r)ln<w<62>) — figemflm}
2

(ix) 7T (7 l 01,fl1,01,51,012,fiz,0’2,52, Taégé) 05

exp {331507 — 702} me)

where,
\Il9(Q) = exp {r’y — 2,21an + e”"’”")}

(X) 7'- (T l al9fllaala61aa2afi2a02762a 77§1_y_7.§) (X

1 2}ea: _ 7. __ 7, q, 0p i 2035 0) 10(_)

Where,

W1“) = “Half — I; In (1 + 67+TI‘)l

Observe that we need to use the Metropolis—Hastings algorithm to generate Q.

2.2 Mixture of Normal Distributions
In the special case of a mixture of two normal distributions ( 61 = 52 = 0 in the

exponential power distributions given in (4)), with the same logistic regression links
given in (2), consider the following prior densities for a1,,81,o‘1,a2,fi2,02,7 and ‘r:

0) al, fir, 01, 012, fig, 02 locally uniform,



(ii) 7 N N(70, 0124),70,0'f4 knownv (16)

(iii) T N N('yo, 034), 70,034 known,

We also assume independence among the parameters.

From (10), we get thejoint posterior density for g and Q = (a1, El, 01, az, fig, 02, 7, T),

a'"a"("—')
fr (QQQQ) 0c WW
emptfiw —7o)2 + 77‘ — 2—53; (r — To)? +m} (17)

{exp {—%lz Z?=1z;1(y.' — 01 — filzif — 561727 E?=1 Zia (y,- — 012 — 1321302”

where r,n — r and al are defined in (14).

The conditional distributions for the Gibbs sampling algorithm are given by,

n . . __ _ .
2

(i) 71' (vial’flli02,132,02’7)T)§’ £721) N F (5+1’LEM)
where v = 01—2

T‘
.. Y‘_ Z" g ._ 13x" 0.2
(H) 7r(ahlfi1,01,a2,fi2,02,7,Ta.Z_,Q,£) N F (2_ u 73-11

[61
)7_L)

(lll) 7‘- (filial1015021fl2702’77 Tvéygvg) ~
(18)

n _
2 a n _

225:1 2.11,- i=12u$~
N (21:1 2;1:c.~(y,-—al) 01 )

(iV) 7"(“lalaflh017012,flz,717'a£ay,£) N

N (finj‘flufil; )2Zn yi “ 02 — fi‘fli
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where u = 0-2‘2

(V) 7r(azlal,fi1,01,fi2,0’2,7,T,£’Qa£) N

N (ZLLZi2igi—fl2wi) 0“? )(n—r) ’(n—r)

(Vi) 7T(fi2la1afilaUl’a2102,7’T,§aZ_/_v£) N

N (EL; Zizxi (M f- 02) 03 )n ,, 2 , n . 2
5:1 4233; Zi=1 2:21”;

(Vii) 7r(7lal,181101’02,fl2a02a 735,37!) 0( 63317 {""'1T (7 ‘ 70)2}‘111(Q),
2014

where lIl1(Q) = exp {7,- _ 2:21 In“ + e‘7+"")}

(viii) 7" (flanfll, 01, amflz, 02,7,5, 31,1) 0c exp {———17— (T — T0)2} 1112 (Q) ,-' 2024

where ‘I’g (Q) = exp {Tal —- E?=1ln(1+ 674410}.

Observe that the variables 7 and ‘r should be generated using the Metropolis-
Hastings algorithm.
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3 A Numerical Illustration
In table 1, we have the lifetimes of n = 317 insects receiving four dosages of a

toxity. Among the 317 insects, 144, 69, 54 and 50 where sprayed with a insecticide
at concentrations of 0.20, 0.32, 0.50 and 0.80 mg/cmz, respectively. The log—doses
(denoted by at) are —1.61, -1.14, -0.69 and -0.22, respectively.

Table 1. Survival times (in hours) of n = 317 insects exposed to 4 dosages of
a insecticide.

L0g—Dosage(z) Survival Times (t)
1171 = —1.61 12,2(16),5(30),4(36),2(40),3(52),2(60),4(65),70,2(76),

2(80),3(90),2(100),2(110),130,2(140),150,160,180,280
300,20(400),30(500),15(700),6(900)

(1:2 = —1.14 3(10),2(16),2(20),3(30),3(35),2(40),2(45),4(50),3(56),
2(60),2(65),5(80),3(85),4(90),4(92),2(100),115,130,
160,340,5(400),5(500),4(580),3(600),2(800)

x3 = —O.69 2(10),2(18),20,3(30),2(32),2(40),45,4(50),3(60),2(65),2(68)
5(80),5(85),5(85),3(90),2(92),2(100),2(118),130,140,160,180
340,400,3(500),580,650

x4 = —0.22 2(10),2(18),3(30),3(38),2(40),2(45),2(50),2(60),3(68),
70,4(80),5(86),4(88),90,3(100),3(110),2(118),130,138
160,220,350,400

In figure 1, we have the histograms of all survival data (a), and for each individual
dosage xik,i = 1, 2, . . . , min = 1, 2,3,4.ln these graphs, we clearly observe bimodal
frequency distributions, indicating the need of fit of mixture distributions of the
form (1).

(a) All 0 31a x1=-1.s1
Inn

150 ‘0

30
100

20

5" 10

u
0 ma 400 son son was 0 2m 400 sun eon 1000

t [11 = 76.33 {21 = 560.80

12



4“ 40

an 30

an 20
111 10

[I g . _l
0 200 400 800 900 1000 [1 21113 41111 ID mm mm:

{12 = 64.26 {22 = 513.70 {13 = 70.77 {23 = 495.77

x4=.o.22
3D

25

20
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10

5 Au
fl 1M! 2M sun ADD sun

{14 = 70.65 {24 = 282.50

Figure 1. Histograms of Survival Data of Table 1.

To analyse the survival data of table 1, we first assume a mixture of exponential
power distributions (4), with a ligistic regression link. Considering the prior densities
for a1,fi1,01,51, az,,32, 02,62,7 and 1- given in (12) with am = 65.4, of, = 14.1,flm =
—3.5,a';’2 = 7.7, 5,0 = 0,033 = 001,520 = 0, 033 = 0.01,mll = 180,12" = 5.1,m22 =
137, 1222 = 1.0,a20 = 351.2103l = 3611.9,fi20 = —126.8,c7§2 = 1573.4,70 = 4.0, 03, =
2.5, To = 3.0 and 034 = 2.3 (the choice of these values for the parameters of the
prior densities was based on expert opinion combined with a preliminary analysis of
the data), we generated 3 separate Gibbs chains each of wich ran for 15.000 itera-
tion, and we monitored the convergence of the Gibbs samples using the Gelman and
Rubin (1992) method that uses the analysis of variance technique to determine if fur-
ther iterations are needed. For each parameter, we considered the 15th, 30th, 45th, . . .
iterations, which required a computational time of 7 hours working with the software

13



SAS in a Pentium 166 MHZ. In table 2, we have the obtained posterior summaries
for the parameters, and in figure 2 we have the approximate marginal posterior
densities considering the S = 1000 Gibbs samples. We also have in table 2, the
estimated potential scale reductions I? (see Gelman and Rubin, 1992) for all the
parameters. In this case, the considered number of iterations were sufficient for

approximate convergence (\/I:Z < 1.1 for all parameters).

Table 2. Posterior Summaries (mixture of two exponential power distribution)

Parameter Mean 95% Credible Interval R
(11 66.65000 (60.42 ; 72.61) 1.000711
(31 3.99000 (—8.87 ; -0.23) 1.000117
01 38.21000 (32.74 ; 42.83) 1.003883
5, 0.00870 (0.00106 ; 0.028) 1.000158
(12 337.73000 (249.16 ; 429.11) 1.001783
fig -124.12000 (-182.2 ; -64.82) 1.001530
02 148.84000 (125.66 ; 169.58) 1.000429
52 0.00710 (-0.0123 ; 0.027) 1.000107
7 4.02000 (1.53 ; 6.41) 1.001148
7 3.11000 (1.04 ; 5.20) 1001449

900 we
300 700
7110 soo
soo soo
5°° 400

g zoo

100 100

34.5 59,9 55.3 70.7 75.1 35.2 -s.7 4.2 1.3

01 HI

1000 “0
m we

g £33

500 50°

40° 400

300 zoo

zoo zoo
100 100

37,5 33,5 39.4 45.3 3.032 -o,o17 -o,ooz 0.013 0.029

01 ($1
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Figure 2. Approximate marginal posterior densities (mixture of two exponential power dis-

tributions).

From the observed results of table 2 (see also figure 2), we could consider a
mixture of two normal distributions to analyse the data of table 1, since the Bayes
estimators for 51 and 52 based on Monte Carlo approximations of the posterior
means are close to zero (also observe that both 95 % credible intervals for 51 and

15



(52 includes zero). Thus, considering a normal-normal mixture model, and the prior
densities (16) with 70 = 4.0,ai"4 = 0.60, To = 3.0 and 034 = 0.4, we also gener-
ated 3 separate Gibbs chains each of which ran for 26000 iterations, considering the
26th, 52th, 78”, . . . iterations, which required a computational time of 6 hours work-
ing with the software SAS in a. Pentium 166 MHZ. In table 3, we have the obtained
posterior summaries and in figure 3, we have the approximate marginal posterior
densities considering the S = 3000 Gibbs samples. We also observe approximate
convergence, since the estimated potential scale reductions introduced by Gelman
and Rubin (1992) are close to one for all parameters.

Table 3. Posterior Summaries (Normal-Normal Distribution).

Parameter Mean 95% Credible Interval R
ai 65.447 (57.248 ; 72.217) 1.00006700
61 -3.465 (-10.590 ; —0.142) 1.00002900
01 36.181 (31.993 ; 40.891) 1.00246600
az 351.260 (235.177 ; 468.857) 1.00353600
flz -126.806 (-203.062 ; —50.101) 1.00398100
02 135.419 (117.943 ; 158.697) 1.00196700
7 4.020 (2.620 ; 5.422) 1.00001800
7“ 3.021 (1.923 ; 4.085) 1.00342600

900

33; 000

700 700

000 500

500 500

400 400

300 300

zoo 200
100 100

048.8 59.4 70,1 00,5 35,1 40.6 -6.1 4.5 3.0 7.5

CY] fl].

900 900
000 000
700 700

sec 000
500 500
400 400
300 300
200 200
100 100

37.9 32.6 37,2 41.15 1036.5 232.0 327.5 423.0 510.0

01 012
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Figure 3. Approximate marginal posterior densities (normal-normal distribution).

We observe that the inference results for the parameters 01, m, 01, 02, fi2, 02, 7
and 7- are very similar, considering both mixture models. For the lifetime data of
table 1, it is reasonable to consider a mixture of two normal distributions.

4 Concluding Remarks
The use of mixture of exponential power distributions in the presence of one or

more covariates is a suitable way to analyse data in many applications. Usually, a
preliminary data analysis indicates that the standard parametrical models commonly
used to analyse data could not be appropriate, as it was seen for the lifetime data
of table 1. Classical inference approach for this model usually is difficult and the
obtained results could be not accurate, especially for small or moderate sample
sizes. The use of Bayesian methods considering MCMC methods is a suitable way
to analyse this family of models.

17



References

Box, G.E.P.; Tiao, G.C.(1973). Bayesian inference in statistical analysis, Addison—
Wesley Publishing Company.

Diebolt, J .; Robert, C. (1994). Estimation of finite mixture distributions through
Bayesian sampling. Journal of the Royal Statistical Society, Series B, 56, 363-
375.

Gelfand, A.E.; Smith, A.F.M. (1990) . Sampling based approaches to calcu—

lating marginal densities. Journal of the American Statistical Association, 85,
398—409.

Gelman, A.; Rubin, D.B. (1992) . Inference from iterative simulation using
multiple sequences (with discussion). Statistical Science, 7,457—511.

Kuo, L.; Peng, F. (1995) . A mixture-model approach to the analysis of sur—

vival data. Technical Report Number 95-31, dep. of Statistics, University of
Connecticut, Storrs.

Smith, A.F.M.; Roberts, G.O. (1993) . Bayesian computation via the Gibbs
sampler and related Markov Chain Monte Carlo methods, Journal of the Royal
Statistical Society, B, 55, 3-24.

Titterington, D.M.; Smith, A.F.M.; and Makov, U.E. (1985) . Statistical
Analysis of Finite Mixture Distributions. New York: John Wiley.

18



046/98

045/98

044/97

043/97

042/97

041/97

040/97

03 9/97

03 8/97

037/97

NOTAS D0 ICMSC

SERIE ESTATiSTICA

ANDRADE, M.G.; HUTTER, C.F.F. - Teste de sazonalidade para funcao de
autocorrelacao de processos auto-regressivos periédicos - PAR (pm)

ACHCAR, J .A.; ANDRADE, M.G.; LOIBEL, S. - Weibull hazard function
with a change-point: a bayesian approach using Markov chain Monte carlo
methods.

ACHCAR, J.A.; PEREIRA G.A. - Bayesian analysis of mixture models for
survival data: some computational aspects.

ACHCAR, J.A.; PEREIRA, G.A. - Mixture models for type II censored
survival data in the presence of covariates.

MOALA, F.A.; RODRIGUES, J. - A note on the prior distributions for the
Weibull reliability function.

RODRIGUES, J. - Diagnostic of convergence of a Rao-Black Wellised
estimate of the marginal density via calibrated divergence measures.

BARATELA, D.S.; RODRIGUES, J. - Uma caracterizaca'o da existéncia da
posteriori marginal do parametro N do modelo de J elinski-Moranda.

ACHCAR, J .A.; BRASSOLATI, D. - Use of Markov chain Monte Carlo
methods for a bayesian analysis of software reliability models.

FRANCELIN, R.A.; BALLINI, R.; ANDARDE, M.G. - Back-propagation
vs. Box and Jenkins model to streamflow forescasting.

ACHCAR, J .A.; LOIBEL, S. - Constant hazard fiinction models with a
change-point: a bayesian analysis using Markov chain Monte Carlo methods


